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Preface 


‘Electrical Circuit Theory and Technology 3rd Edition’ 
provides coverage for a wide range of courses that contain 
electrical principles, circuit theory and technology in their 
syllabuses, from introductory to degree level. 


New topics included in this edition are a complete update 
on semiconductor diodes and transistors, and additional 
material on batteries and fuel cells, relative and abso- 
lute voltages, self and mutual inductance, virtual test 
and measuring instruments, complex waveforms, Fourier 
series and ABCD parameters. In addition, applications in 
all areas are expanded and emphasised and new further 
problems added. 


A new feature is that a free Internet download is avail- 
able of a sample (over 700) of the 1000 further problems 
contained in the book — see below. 


The text is set out in four parts as follows: 


PART 1, involving Chapters | to 12, contains ‘Basic 
Electrical Engineering Principles’ which any student 
wishing to progress in electrical engineering would need 
to know. An introduction to electrical circuits, resistance 
variation, batteries, series and parallel circuits, capacitors 
and capacitance, magnetic circuits, electromagnetism, 
electromagnetic induction, electrical measuring instru- 
ments and measurements, semiconductor diodes and 
transistors are all included in this section. 


PART 2, involving Chapters 13 to 22, contains ‘Elec- 
trical Principles and Technology’ suitable for National 
Certificate, National Diploma and City and Guilds courses 
in electrical and electronic engineering. D.c. circuit the- 
ory, alternating voltages and currents, single-phase series 
and parallel circuits, d.c. transients, operational ampli- 
fiers, three-phase systems, transformers, d.c. machines 
and three-phase induction motors are all included in this 
section. 


PART 3, involving Chapters 23 to 45, contains 
‘Advanced Circuit Theory and Technology’ suitable 
for Degree, Foundation degree, Higher National Certifi- 
cate/Diploma and City and Guilds courses in electrical 
and electronic/telecommunications engineering. The two 
earlier sections of the book will provide a valuable refer- 
ence/revision for students at this level. 

Complex numbers and their application to series and par- 
allel networks, power in a.c. circuits, a.c. bridges, series 
and parallel resonance and Q-factor, network analysis 
involving Kirchhoff’s laws, mesh and nodal analysis, 
the superposition theorem, Thévenin’s and Norton’s the- 
orems, delta-star and star-delta transforms, maximum 


power transfer theorems and impedance matching, 
complex waveforms, harmonic analysis, magnetic materi- 
als, dielectrics and dielectric loss, field theory, attenuators, 
filter networks, magnetically coupled circuits, transmis- 
sion line theory and transients and Laplace transforms are 
all included in this section. 


PART 4 provides a short, ‘General Reference’ for stan- 
dard electrical quantities — their symbols and units, the 
Greek alphabet, common prefixes and resistor colour 
coding and ohmic values. 


At the beginning of each of the 45 chapters learning 
objectives are listed. 


At the end of each of the first three parts of the text is a 
handy reference of the main formulae used. 


It is not possible to acquire a thorough understanding of 
electrical principles, circuit theory and technology with- 
out working through a large number of numerical prob- 
lems. It is for this reason that ‘Electrical Circuit Theory 
and Technology 3rd Edition’ contains some 800 detailed 
worked problems, together with over 1000 further 
problems (with answers), arranged within 175 Exercises 
that appear every few pages throughout the text. Over 1100 
line diagrams further enhance the understanding of the 
theory. 


Fourteen Revision Tests have been included, inter- 
spersed within the text every few chapters. For example, 
Revision Test 1 tests understanding of chapters 1 to 
4, Revision Test 2 tests understanding of chapters 5 to 7, 
Revision Test 3 tests understanding of chapters 8 to 12, 
and so on. These Revision Tests do not have answers given 
since it is envisaged that lecturers/instructors could set 
the Revision Tests for students to attempt as part of their 
course structure. Lecturers/instructors may obtain a com- 
plimentary set of solutions of the Revision Tests in an 
Instructor’s Manual available from the publishers via 
the internet — see below. 


I am very grateful to Mike Tooley for his help in updat- 
ing chapters on Semiconductor diodes, Transistors, and 
Measuring instruments and measurements. 


‘Learning by Example’ is at the heart of ‘Electrical 
Circuit Theory and Technology 3rd Edition’. 


JOHN BIRD 

Royal Naval School of Marine Engineering, 
HMS Sultan, formerly University of Portsmouth 
and Highbury College, Portsmouth 
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1 Units associated with basic electrical 


quantities 


At the end of this chapter you should be able to: 


e state the basic SI units 

e recognize derived SI units 

e understand prefixes denoting multiplication and 
division 

@ state the units of charge, force, work and power and 
perform simple calculations involving these units 


e state the units of electrical potential, e.m-f., resist- 
ance, conductance, power and energy and perform 
simple calculations involving these units 


1.1 SI units 


The system of units used in engineering and science is the 
Systéme Internationale d’ Unités (International system of 
units), usually abbreviated to SI units, and is based on the 
metric system. This was introduced in 1960 and is now 
adopted by the majority of countries as the official system 
of measurement. 

The basic units in the SI system are listed with their 
symbols, in Table 1.1. 


Table 1.1 Basic SI Units 


Quantity Unit 

length metre, m 
mass kilogram, kg 
time second, s 
electric current ampere, A 
thermodynamic temperature kelvin, K 
luminous intensity candela, cd 
amount of substance mole, mol 


Derived SI units use combinations of basic units and there 
are many of them. Two examples are: 


e Velocity — metres per second (m/s) 
e Acceleration — metres per second squared (m/s) 


SI units may be made larger or smaller by using prefixes 
which denote multiplication or division by a particular 
amount. The six most common multiples, with their mean- 
ing, are listed in Table 1.2. For a more complete list of 
prefixes, see page 668. 


Table 1.2 

Prefix, Name Meaning 

M mega multiply by 1 000000 (i.e. x 10°) 

k kilo multiply by 1000 (i.e. x 103) 
m milli divide by 1000 (ie. x 1073) 
wb micro divide by 1 000000 (ie. x 10-°) 
n nano divide by 1 000 000 000 (ice. x 107) 
p pico divide by 1000000000000 = (i.e. x 107!) 


1.2 Charge 


The unit of charge is the coulomb (C) where one coulomb 
is one ampere second. (1 coulomb = 6.24 x 10!® elec- 
trons). The coulomb is defined as the quantity of electricity 
which flows past a given point in an electric circuit when 
a current of one ampere is maintained for one second. 
Thus, 


charge, in coulombs | Q=It 


where J is the current in amperes and f is the time in 
seconds. 


Problem 1. If a current of 5A flows for 2 minutes, 
find the quantity of electricity transferred. 


Quantity of electricity Q = Jt coulombs 
I=SA,t=2 x 60= 120s 
Hence Q=5 x 120=600 C 
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1.3 Force 


The unit of force is the newton (N) where one newton 
is one kilogram metre per second squared. The newton is 
defined as the force which, when applied to a mass of one 
kilogram, gives it an acceleration of one metre per second 
squared. Thus, 


force, in newtons| F =ma 


where m is the mass in kilograms and a is the acceler- 
ation in metres per second squared. Gravitational force, 
or weight, is mg, where g= 9.81 m/s”. 


Problem 2. A mass of 5000 g is accelerated at 2 m/s” 
by a force. Determine the force needed. 


Force = mass x acceleration 


k 
=5Skg x 2m/s?= 10-= =10N 
Ny 


Problem 3. Find the force acting vertically down- 
wards on a mass of 200 g attached to a wire. 


Mass = 200 g = 0.2 kg and 

acceleration due to gravity, g = 9.81 m/s* 

Force acting downwards = weight = mass x acceleration 
=0.2kg x 9.81 m/s” 
= 1.962 N 


1.4 Work 


The unit of work or energy is the joule (J) where one 
joule is one newton metre. The joule is defined as the work 
done or energy transferred when a force of one newton is 
exerted through a distance of one metre in the direction of 
the force. Thus 


work done on a body, in joules| W = Fs 


where F is the force in newtons and s is the distance in 
metres moved by the body in the direction of the force. 
Energy is the capacity for doing work. 


1.5 Power 


The unit of power is the watt (W) where one watt is one 
joule per second. Power is defined as the rate of doing 
work or transferring energy. Thus, 


2 Ww 
power in watts,} P= 7 


where W is the work done or energy transferred in joules 
and t is the time in seconds. Thus 


energy, in joules,| W = Pt 


Problem 4. A portable machine requires a force of 
200N to move it. How much work is done if the 
machine is moved 20m and what average power is 
utilized if the movement takes 25 s? 


Work done = force x distance = 200N x 20m 
= 4000 Nm or 4kJ 


work done 4000J 
Power = 


time taken 255 


= 160 J/s=160W 


Problem 5. A mass of 1000kg is raised through a 
height of 10m in 20s. What is (a) the work done and 
(b) the power developed? 


(a) Work done = force x distance and 
force = mass x acceleration 
Hence, work done = (1000 kg x 9.81 m/s?) x (10m) 
= 98 100 Nm 
= 98.1kNm or 98.1kJ 
work done 98 100J 


= — 4 
time taken 20s Poss 
= 4905 W or 4.905 kW 


(b) Power = 


Now try the following exercise. 


Exercise 1 Further problems on units associated 
with basic electrical quantities. (Take g = 9.81 m/s” 
where appropriate) 


1. What force is required to give a mass of 20 kg an 
acceleration of 30 m/s? [600 N] 
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2. Find the accelerating force when a car having a 
mass of 1.7 Mg increases its speed with a constant 


acceleration of 3 m/s” [5.1 kN] 
3. A force of 40N accelerates a mass at 5 m/s?. 
Determine the mass. [8kg] 


4. Determine the force acting downwards on a mass 
of 1500 g suspended on a string. [14.72 N] 


5. A force of 4N moves an object 200cm in the 
direction of the force. What amount of work is 
done? [8 J] 


6. A force of 2.5 kN is required to lift a load. How 
much work is done if the load is lifted through 
500.cm? [12.5 kJ] 


7. Anelectromagnet exerts a force of 12 N and moves 
a soft iron armature through a distance of 1.5 cm 
in 40 ms. Find the power consumed. 

[4.5 W] 


8. A mass of 500 kg is raised to a height of 6m in 
30s. Find (a) the work done and (b) the power 
developed. [(a) 29.43 kNm (b) 981 W] 


9. What quantity of electricity is carried by 
6.24 x 10?! electrons? [1000 C] 


10. In what time would a current of 1A transfer a 
charge of 30 C? [30s] 


11. Acurrent of 3 A flows for 5 minutes. What charge 
is transferred? [900 C] 


12. How long must a current of 0.1A flow so as to 
transfer a charge of 30 C? [5 minutes] 


13. Rewrite the following as indicated: 


(a) 1OOOpF=......... nF 

(D) 2002 tie pF 

(c) 5000kHz=......... MHz 
(Gh) AV TRO = ooo 6 ce MQ 

(@) O22 iV osc0506 pA 


[(a) 1 nF (b) 20 000 pF (c) 5 MHz 
(d) 0.047 MQ (e) 320 pA] 


1.6 Electrical potential and e.m.f. 


The unit of electric potential is the volt (V) where one 
volt is one joule per coulomb. One volt is defined as the 
difference in potential between two points in a conductor 
which, when carrying a current of one ampere, dissipates 
a power of one watt, i.e. 


watts joules/second 
volts = = 
amperes amperes 
joules joules 
“ampere seconds —_ coulombs 


A change in electric potential between two points in an 

electric circuit is called a potential difference. The elec- PART 
tromotive force (e.m.f.) provided by a source of energy j 
such as a battery or a generator is measured in volts. 


1.7. Resistance and conductance 


The unit of electric resistance is the ohm (@) where one 
ohm is one volt per ampere. It is defined as the resistance 
between two points in a conductor when a constant electric 
potential of one volt applied at the two points produces a 
current flow of one ampere in the conductor. Thus, 


resistance, in ohms| R= — 


where V is the potential difference across the two points 
in volts and J is the current flowing between the two points 
in amperes. 

The reciprocal of resistance is called conductance and 
is measured in siemens (S). Thus, 


1 
conductance, in siemens} G=— 


where R is the resistance in ohms. 


Problem 6. Find the conductance of a conductor of 
resistance (a) 10 Q, (b) 5kQ and (c) 100 mQ. 


1 
siemen=90.1S 
10 


1 
(a) Conductance G= a 


1 1 

b) G=—= =0.2x 107°37S=0.2 

(b) G z 5x 193 8= 02% 10 S mS 
1 1 10° 

(c) G= S= S=10S 


R~ 100x 10-3 100 


1.8 Electrical power and energy 


When a direct current of J amperes is flowing in an elec- 
tric circuit and the voltage across the circuit is V volts, 
then 


power, in watts} P= VI 


Electrical energy = Power x time 
=Vit Joules 
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Although the unit of energy is the joule, when dealing with 
large amounts of energy, the unit used is the kilowatt hour 
(kWh) where 


1 kWh = 1000 watt hour 
= 1000 x 3600 watt seconds or joules 
= 3 600 000 J 


Problem 7. A source e.m.f. of 5 V supplies a current 
of 3A for 10 minutes. How much energy is provided 
in this time? 


Energy = power x time and power = voltage x current. 
Hence 
Energy = Vit =5 x 3 x (10 x 60) = 9000 Ws or J 


=9kJ 


Problem8. Anelectric heater consumes 1.8 MJ when 
connected to a 250 V supply for 30 minutes. Find the 
power rating of the heater and the current taken from 
the supply. 


Energy = power x time, hence 


energy 


power = —, 
time 


_ 18x 10°J 


= =1 = 1000 W 
30 x 60s 000 J/s = 1000 


i.e. Power rating of heater = 1kW 


Power P = VI, thus J = af = 1000 =4A 
V 250 


Hence the current taken from the supply is 4A 


Now try the following exercise. 


Exercise 2 Further problems on units associated 
with basic electrical quantities. 


1. Find the conductance of a resistor of resistance 
(a) 10 Q (b) 2kQ (c) 2mQ 
[(a) 0.1 S (b) 0.5 mS (c) 500 S] 


2. A conductor has a conductance of 50 wS. What is 
its resistance? (20 kQ2] 


3. Ane.m.f. of 250 V is connected across a resistance 
and the current flowing through the resistance is 4 A. 
What is the power developed? [1 kW] 


4. 450J of energy are converted into heat in 1 minute. 
What power is dissipated? [7.5 W] 


5. A current of 10A flows through a conductor and 
10 W is dissipated. What p.d. exists across the ends 
of the conductor? {1 V] 


6. A battery of e.m.f. 12 V supplies a current of 5A 
for 2 minutes. How much energy is supplied in this 
time? [7.2kJ] 


7. A dc electric motor consumes 36 MJ when con- 
nected to a 250 V supply for 1 hour. Find the power 
rating of the motor and the current taken from the 
supply. [10 kW, 40 A] 


1.9 Summary of terms, units and their symbols 


Quantity Quantity Unit Unit symbol 
Symbol 
Length l metre m 
Mass m kilogram kg 
Time t second S 
Velocity v metres per m/sorms7! 
second 
Acceleration a metres per m/s? orms~* 
second 
squared 
Force F newton N 
Electrical charge Q coulomb Cc 
or quantity 
Electric current I ampere A 
Resistance R ohm Q 
Conductance G siemen S 
Electromotive E volt Vv 
force 
Potential V volt Vv 
difference 
Work Ww joule J 
Energy E(orW) — joule J 
Power P watt WwW 


AS progress is made through Electrical Circuit Theory 
and Technology many more terms will be met. A full list 
of electrical quantities, together with their symbols and 
units are given in Part 4, page 665. 


2 An introduction to electric circuits 


At the end of this chapter you should be able to: 


@ recognize common electrical circuit diagram 
symbols 

e understand that electric current is the rate of move- 
ment of charge and is measured in amperes 

© appreciate that the unit of charge is the coulomb 

e calculate charge or quantity of electricity Q from 
Q=It 

e understand that a potential difference between two 
points in a circuit is required for current to flow 

@ appreciate that the unit of p.d. is the volt 

e understand that resistance opposes current flow and 
is measured in ohms 

@ appreciate what an ammeter, a voltmeter, an ohm- 
meter, a multimeter and an oscilloscope measure 

e distinguish between linear and non-linear devices 


2.1 Standard symbols for electrical components 


Symbols are used for components in electrical circuit dia- 
grams and some of the more common ones are shown in 
Figure 2.1. 


Conductor 


Two conductors Two conductors 
crossing but not joined together 
joined 


—_L_+—_, @ I 
Fixed resistor Alternative symbol 
for fixed resistor 


—|— — i — —r ~-|-~— 


Variable resistor 


Cell Battery of 3 cells Alternative symbol 
for battery 
eeu eae —}— SS — 
Switch j 
Filament lamp Fuse 


(4) © —o<0- 


Voltmeter Alternative fuse 
symbol 


Ammeter 


Figure 2.1 


4 4 
—orR=— 


e state Ohm’s law as V=/R or I 


e use Ohm’s law in calculations, including multiples 
and sub-multiples of units 
e describe a conductor and an insulator, giving 
examples of each 
© appreciate that electrical power P is given by 
v2 
P=SVSPrR= se Watts 


calculate electrical power 

define electrical energy and state its unit 

calculate electrical energy 

state the three main effects of an electric current, 
giving practical examples of each 

e explain the importance of fuses in electrical circuits 


2.2 Electric current and quantity of electricity 


All atoms consist of protons, neutrons and electrons. 
The protons, which have positive electrical charges, and 
the neutrons, which have no electrical charge, are con- 
tained within the nucleus. Removed from the nucleus 
are minute negatively charged particles called electrons. 
Atoms of different materials differ from one another by 
having different numbers of protons, neutrons and elec- 
trons. An equal number of protons and electrons exist 
within an atom and it is said to be electrically balanced, 
as the positive and negative charges cancel each other out. 
When there are more than two electrons in an atom the 
electrons are arranged into shells at various distances from 
the nucleus. 

All atoms are bound together by powerful forces of 
attraction existing between the nucleus and its electrons. 
Electrons in the outer shell of an atom, however, are 
attracted to their nucleus less powerfully than are electrons 
whose shells are nearer the nucleus. 

It is possible for an atom to lose an electron; the 
atom, which is now called an ion, is not now electrically 
balanced, but is positively charged and is thus able to 
attract an electron to itself from another atom. Electrons 
that move from one atom to another are called free elec- 
trons and such random motion can continue indefinitely. 
However, if an electric pressure or voltage is applied 
across any material there is a tendency for electrons to 
move ina particular direction. This movement of free elec- 
trons, known as drift, constitutes an electric current flow. 
Thus current is the rate of movement of charge. 
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Conductors are materials that contain electrons that 
are loosely connected to the nucleus and can easily move 
through the material from one atom to another. 

Insulators are materials whose electrons are held 
firmly to their nucleus. 

The unit used to measure the quantity of elec- 
trical charge Q is called the coulomb C (where 1 
coulomb = 6.24 x 10!8 electrons). 

If the drift of electrons in a conductor takes place at 
the rate of one coulomb per second the resulting current 
is said to be a current of one ampere. 

Thus, 1 ampere = | coulomb per second or 1 A= 1 C/s 
Hence, 1 coulomb = | ampere second or 1 C= 1 As 
Generally, if J is the current in amperes and ¢ the time in 
seconds during which the current flows, then J x t repre- 
sents the quantity of electrical charge in coulombs, i.e. 


quantity of electrical charge transferred, 


Q =I x t coulombs 


Problem 1. What current must flow if 0.24 coulombs 
is to be transferred in 15 ms? 


Since the quantity of electricity, Q = /t, then 


=1@ 0.24 0.24 10° 240 


t 15 x 10-3 15 15 : 


Problem2. Ifacurrent of 10A flows for four minutes, 
find the quantity of electricity transferred. 


Quantity of electricity, Q = Jt coulombs 
I=10A;t=4 x 60=240s 
Hence Q= 10 x 240 = 2400 C 


Now try the following exercise. 


Exercise 3 Further problems on electric current 
and quantity of charge 


1. In what time would a current of 10 A transfer a 
charge of 50 C? [5s] 


2. A current of 6 A flows for 10 minutes. What charge 
is transferred? [3600 C] 


3. How long must a current of 100 mA flow so as to 
transfer a charge of 80 C? [13 min 20s] 


2.3 Potential difference and resistance 


For a continuous current to flow between two points in 
a circuit a potential difference (p.d.) or voltage, V, is 
required between them; a complete conducting path is 
necessary to and from the source of electrical energy. The 
unit of p.d. is the volt, V. 

Figure 2.2 shows a cell connected across a filament 
lamp. Current flow, by convention, is considered as flow- 
ing from the positive terminal of the cell, around the circuit 
to the negative terminal. 


Current 
flow 


Figure 2.2 


The flow of electric current is subject to friction. This 
friction, or opposition, is called resistance R and is the 
property of a conductor that limits current. The unit of 
resistance is the ohm; | ohm is defined as the resistance 
which will have a current of 1 ampere flowing through it 
when | volt is connected across it, i.e. 


potential difference 


resistance R = 
current 


2.4 Basic electrical measuring instruments 


An ammeter is an instrument used to measure current and 
must be connected in series with the circuit. Figure 2.2 
shows an ammeter connected in series with the lamp to 
measure the current flowing through it. Since all the cur- 
rent in the circuit passes through the ammeter it must have 
a very low resistance. 

A voltmeter is an instrument used to measure p.d. and 
must be connected in parallel with the part of the cir- 
cuit whose p.d. is required. In Figure 2.2, a voltmeter is 
connected in parallel with the lamp to measure the p.d. 
across it. To avoid a significant current flowing through it 
a voltmeter must have a very high resistance. 

An ohmmeter is an instrument for measuring resistance. 
A multimeter, or universal instrument, may be used to 
measure voltage, current and resistance. An ‘Avometer’ 
and ‘fluke’ are typical examples. 

The oscilloscope may be used to observe waveforms and 
to measure voltages and currents. The display of an oscil- 
loscope involves a spot of light moving across a screen. 
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The amount by which the spot is deflected from its initial 
position depends on the p.d. applied to the terminals of 
the oscilloscope and the range selected. The displacement 
is calibrated in ‘volts per cm’. For example, if the spot 
is deflected 3cm and the volts/em switch is on 10 V/cm 
then the magnitude of the p.d. is 3cm x 10 V/cm, i.e. 30 V 
(See Chapter 10 for more detail about electrical measuring 
instruments and measurements.) 


2.5 Linear and non-linear devices 


Figure 2.3 shows a circuit in which current J can be var- 
ied by the variable resistor Ro. For various settings of 
Ro, the current flowing in resistor R;, displayed on the 
ammeter, and the p.d. across Rj, displayed on the volt- 
meter, are noted and a graph is plotted of p.d. against 
current. The result is shown in Figure 2.4(a) where the 
straight line graph passing through the origin indicates that 
current is directly proportional to the p.d. Since the gradi- 
ent i.e. (p.d./current) is constant, resistance R; is constant. 
A resistor is thus an example of a linear device. 


Figure 2.3 


p.d, p.d. 


Figure 2.4 


If the resistor Rj in Figure 2.3 is replaced by a component 
such as a lamp then the graph shown in Figure 2.4(b) 
results when values of p.d. are noted for various current 
readings. Since the gradient is changing, the lamp is an 
example of a non-linear device. 


2.6 Ohm’s law 


Ohm’s law states that the current J flowing in a circuit is 
directly proportional to the applied voltage V and inversely 


proportional to the resistance R, provided the temperature 
remains constant. Thus, 


V V 
I=— or V=JIR or R=— 
R I 


Problem 3. The current flowing through a resistor is 
0.8 A when a p.d. of 20V is applied. Determine the 
value of the resistance. 


From Ohm’s law, 


resistance 
pct wae 220 ane 
I 0.8 8 


2.7 Multiples and sub-multiples 


Currents, voltages and resistances can often be very large 
or very small. Thus multiples and sub-multiples of units 
are often used, as stated in Chapter 1. The most common 
ones, with an example of each, are listed in Table 2.1 


Table 2.1 


Prefix Name Meaning Example 


M mega multiply by 1000000 2M 


(ie. x 10°) = 2000 000 ohms 
k kilo multiply by 1000 10kV 

(ie. x 103) = 10000 volts 
m milli divide by 1000 ey eee 

(i.e. x 1077) 1000 

= 0.025 amperes 
i divide by 1000000 50yV = Vv 

rv micro divide by LV = 550000 


(ie. x 10~®) 
= 0.000 05 volts 


A more extensive list of common prefixes are given on 
page 668. 


Problem4. Determine the p.d. which must be applied 
to a 2 kQ resistor in order that a current of 10 mA may 
flow. 


Resistance R=2kQ2=2 x 10? = 20002 
Current /=10mA 
10 10 
= 10x 107-7A or — or —~A 
- “Te ° 1000 


=0.01A 
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From Ohm’s law, potential difference, 
V =/R= (0.01) (2000) = 20 V 


Problem 5. A coil has a current of 5|0mA flowing 
through it when the applied voltage is 12 V. What is 
the resistance of the coil? 


12 12 x 10° 
Resistance, R = — = = 
I 50 x 10-3 50 
_ 12 000 — 2409 
50 


Problem 6. A 100V battery is connected across a 
resistor and causes a current of 5 mA to flow. Deter- 
mine the resistance of the resistor. If the voltage is 
now reduced to 25 V, what will be the new value of the 
current flowing? 


— 100 100 x 10° 
I 5x103 5 
=20 x 10°=20k2 


Resistance R = 


Current when voltage is reduced to 25 V, 


Ve 25) 95 
R 20x 103 ~~ 20 


l= x 10-3 = 1.25mA 


Problem 7. What is the resistance of a coil which 
draws a current of (a) 50mA and (b) 200 A from a 
120V supply? 


' 120 
(a) Resistance R= — = 
I 50x 10-3 
iy ull 2400 @ or 2.4kQ2 
0.05 2) 
: 120 120 
(b) Resistance R = = 
200 x 10-& ~— 0.0002 
= ao = 600 000 Q or 600 kQ 


or 0.6 MQ 


Problem 8. The current/voltage relationship for two 
resistors A and B is as shown in Figure 2.5. Determine 
the value of the resistance of each resistor. 


Current /mA 


(0) 4 8 12 16 20 24 
Voltage /uV 


Figure 2.5 


For resistor A, 


VV 20A 2 2 
R eae 1000 & or 1kQ 
I 20mA_ 0.02 2 


For resistor B, 


VV 16V 16 16 000 
I SmA 0.005 5 


3200 Q or 3.2kQ2 


Now try the following exercise. 


Exercise 4 Further problems on Ohm’s law 


1. The current flowing through a heating element is 
5 A when a p.d. of 35 V is applied across it. Find the 
resistance of the element. [7 Q] 


2. A 60W electric light bulb is connected to a 240V 
supply. Determine (a) the current flowing in the bulb 
and (b) the resistance of the bulb. 

[(a) 0.25 A (b) 960 Q] 


3. Graphs of current against voltage for two resistors P 
and Q are shown in Figure 2.6. Determine the value 
of each resistor. [2 mQ, 5mQ] 


nN 
a 


Sa 
oO a oo 


Current /mA 


ao 
a) 
D 
(ee 
& 
° 
= 
D 


4 


8 12 16 20 
Voltage / V 


Figure 2.6 
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4. Determine the p.d. which must be applied to a 5 kQ 
resistor such that a current of 6mA may flow. 
[30 V] 


5. A 20V source of e.m.f. is connected across a circuit 
having a resistance of 400 Q. Calculate the current 
flowing. [50 mA] 


2.8 Conductors and insulators 


A conductor is a material having a low resistance which 
allows electric current to flow in it. All metals are con- 
ductors and some examples include copper, aluminium, 
brass, platinum, silver, gold and carbon. 

An insulator is a material having a high resistance 
which does not allow electric current to flow in it. Some 
examples of insulators include plastic, rubber, glass, 
porcelain, air, paper, cork, mica, ceramics and certain oils. 


2.9 Electrical power and energy 


Electrical power 


Power P in an electrical circuit is given by the product of 
potential difference V and current /, as stated in Chapter 1. 
The unit of power is the watt, W. Hence 


P =V x1 watts (2.1) 


From Ohm’s law, V =/R 
Substituting for V in equation (2.1) gives: 


P=(IR)xI 


ice. P =PR watts 


Also, from Ohm’s law, / = — 


Substituting for J in equation (2.1) gives: 


Poe’ 
R 


2 
1.e. P = — watts 
R 


There are thus three possible formulae which may be used 
for calculating power. 


P 
Power P= V x I, from which, current J = V 


100 10 2 
tl=—-=—=-=04A 
(a) Curren 950 7 25.75 0 
2 2 
(b) Resistance R Ls 250 mal 625 
I 04 4 


Problem 10. Calculate the power dissipated when a 
current of 4mA flows through a resistance of 5 kQ. 


Power P=/?R= (4x 1073)7(5 x 103) 
=16x10-°x5 x 10° =80 x 10-3 
= 0.08 W or 80 mW 


Alternatively, since J = 4 x 107? and R=5 x 10° 
then from Ohm’s law, 

voltage V=IR=4 x 107? x 5x 10-7 =20V 
Hence, power P=V x 1=20x 4x 10-3 =80mW 


Problem 11. An electric kettle has a resistance of 
30 Q. What current will flow when it is connected to a 
240 V supply? Find also the power rating of the kettle. 


Vv 240 | 


C t, J=—~= —-=8A 
urren es SG 
Power, P = VI = 240 x 8 = 1920 W 
=1.92kW 


= power rating of kettle 


Problem 12. A current of 5 A flows in the winding of 
an electric motor, the resistance of the winding being 
100 8&2. Determine (a) the p.d. across the winding, and 
(b) the power dissipated by the coil. 


(a) Potential difference across winding, 
V=I/R=5 x 100=500V 
(b) Power dissipated by coil, P=I7R =5? x 100 


= 2500 W or 2.5kW 
P=VxI=500x5=2500W or 


(Alternatively, 
2.5kW) 


Problem 9. A 100 W electric light bulb is connected 
to a 250V supply. Determine (a) the current flowing 
in the bulb, and (b) the resistance of the bulb. 


Problem 13. The hot resistance of a 240 V filament 
lamp is 960 2. Find the current taken by the lamp and 
its power rating. 
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From Ohm’s law, 
24 1 


R 960 96 4 


current I A or 0.25A 


1 
Power rating P = VJ = c240)( 5) =60W 


Electrical energy 


Electrical energy = power x time 


If the power is measured in watts and the time in seconds 
then the unit of energy is watt-seconds or joules. If the 
power is measured in kilowatts and the time in hours then 
the unit of energy is kilowatt-hours, often called the ‘unit 
of electricity’. The ‘electricity meter’ in the home records 
the number of kilowatt-hours used and is thus an energy 
meter. 


Problem 14. A 12V battery is connected across a 
load having a resistance of 40 2. Determine the cur- 
rent flowing in the load, the power consumed and the 
energy dissipated in 2 minutes. 


V 12 
C tl=—~=—=03A 
urren Ro a0 
Power consumed, P = VJ = (12)(0.3) = 3.6 W 
Energy dissipated 


= power x time 
= (3.6 W)(2 x 60s) = 432 J (since 1 J= 1 Ws) 


Problem 15. A source of e.m.f. of 15 V supplies a 
current of 2A for six minutes. How much energy is 
provided in this time? 


Energy = power x time, and power = voltage x current 


Hence energy = Vit = 15 x 2 x (6 x 60) 
= 10800 Ws or J=10.8kJ 


Problem 16. Electrical equipment in an office takes 
a current of 13 A from a 240V supply. Estimate the 
cost per week of electricity if the equipment is used 
for 30 hours each week and 1 kWh of energy costs 
13.56 p. 


Power = VI watts = 240 x 13 =3120W =3.12kW 


Energy used per week 
= power x time 
= (3.12 kW) x 30h) = 93.6kWh 


Cost at 13.56 p per kWh= 93.6 x 13.56 = 1269.216p 
Hence weekly cost of electricity = £12.69 


Problem 17. An electric heater consumes 3.6 MJ 
when connected to a 250 V supply for 40 minutes. Find 
the power rating of the heater and the current taken 
from the supply. 


energy 3.6 x 10°J 
= - (or W) = 1500 W 
time 40 x 60 s rc 


i.e. Power rating of heater = 1.5 kW 


P1500 
Power P= VI, thus J = — = —— = 

V 250 
Hence the current taken from the supply is 6A 


Power = 


6A 


Problem 18. Determine the power dissipated by the 
element of an electric fire of resistance 20 Q when a 
current of 10A flows through it. If the fire is on for 
6 hours determine the energy used and the cost if 1 unit 
of electricity costs 13 p. 


Power P=1?R = 10° x 20= 100 x 20 = 2000 Wor2 kW 
(Alternatively, from Ohm’s law,V= JR = 10 x 20 = 200 V, 
hence power P= V x J=200 x 10 = 2000 W=2 kW) 
Energy used in 6 hours 


= power x time 
=2kW x 6h=12kWh 


1 unit of electricity = 1 kWh 
Hence the number of units used is 12 
Cost of energy = 12 x 13 = £1.56 


Problem 19. A business uses two 3 kW fires for an 
average of 20 hours each per week, and six 150W 
lights for 30 hours each per week. If the cost of elec- 
tricity is 14.25 p per unit, determine the weekly cost of 
electricity to the business. 


Energy = power x time 


Energy used by one 3 kW fire in 20 hours 
=3kW x 20h=60kWh 


Hence weekly energy used by two 3 kW fires 
=2 x 60= 120kWh 


Energy used by one 150 W light for 30 hours 
=150W x 30h 


= 4500 Wh= 4.5 kWh 
Hence weekly energy used by six 150 W lamps 
=6x 45 =27kWh 
Total energy used per week = 120 + 27= 147 kWh 
1 unit of electricity = 1 kWh of energy 


Thus weekly cost of energy at 
14.25 p per KWh= 14.25 x 147 = 2094.75 p 


= £20.95 


An introduction to electric circuits 13 


Now try the following exercise. 


Exercise 5 Further problems on power and 
energy 


1. The hot resistance of a 250V filament lamp is 
625 (2. Determine the current taken by the lamp 
and its power rating. [0.4A, 100 W] 


2. Determine the resistance of a coil connected to 
a 150V supply when a current of (a) 75 mA (b) 
300 LA flows through it. [(a) 2kQ (b) 0.5 MQ] 


3. Determine the resistance of an electric fire which 
takes a current of 12 A from a 240V supply. Find 
also the power rating of the fire and the energy 
used in 20h. [20 Q2, 2.88 kW, 57.6 kWh] 


4. Determine the power dissipated when a current 
of 10mA flows through an appliance having a 
resistance of 8kQ. [0.8 W] 


5. 85.5J of energy are converted into heat in nine 
seconds. What power is dissipated? [9.5 W] 


6. A current of 4A flows through a conductor and 
10 W is dissipated. What p.d. exists across the ends 
of the conductor? [2.5 V] 


7. Find the power dissipated when: 
(a) a current of 5mA flows through a resistance 


of 20 kQ ; j 
(b) a voltage of 400 V is applied across a 120 kQ2 


resistor 
(c) a voltage applied to a resistor is 10 kV and the 


current flow is 4mA. 
[(a) 0.5 W (b) 1.33 W (c) 40 W] 


8. A battery of emf. 15V supplies a current of 
2A for 5min. How much energy is supplied in 
this time? [9 kJ] 


9. Inahousehold during a particular week three 2 kW 
fires are used on average 25 heach and eight 100 W 
light bulbs are used on average 35h each. Deter- 
mine the cost of electricity for the week if 1 unit 
of electricity costs 12.82 p. [£22.82] 


10. Calculate the power dissipated by the element of 
an electric fire of resistance 30 2 when a current 
of 10A flows in it. If the fire is on for 30 hours 
in a week determine the energy used. Determine 
also the weekly cost of energy if electricity costs 
12.50 p per unit. [3 kW, 90 kWh, £11.25] 


2.10 Main effects of electric current 


The three main effects of an electric current are: 


(a) magnetic effect 
(b) chemical effect 
(c) heating effect 


Some practical applications of the effects of an electric 
current include: 


Magnetic effect: bells, relays, motors, generators, 
transformers, telephones, car-ignition 
and lifting magnets 


Chemical effect: primary and secondary cells and 


electroplating 

Heating effect: cookers, water heaters, electric fires, 
irons, furnaces, kettles and 
soldering irons 

2.11 Fuses 


If there is a fault in a piece of equipment then excessive 
current may flow. This will cause overheating and possibly 
a fire; fuses protect against this happening. Current from 
the supply to the equipment flows through the fuse. The 
fuse is a piece of wire which can carry a stated current; 
if the current rises above this value it will melt. If the 
fuse melts (blows) then there is an open circuit and no 
current can then flow — thus protecting the equipment by 
isolating it from the power supply. 

The fuse must be able to carry slightly more than the 
normal operating current of the equipment to allow for 
tolerances and small current surges. With some equipment 
there is a very large surge of current for a short time at 
switch on. If a fuse is fitted to withstand this large current 
there would be no protection against faults which cause the 
current to rise slightly above the normal value. Therefore 
special anti-surge fuses are fitted. These can stand 10 times 
the rated current for 10 milliseconds. If the surge lasts 
longer than this the fuse will blow. 

A circuit diagram symbol for a fuse is shown in 
Figure 2.1 on page 7. 


Problem 20. If 5A, 10A and 13A fuses are avail- 
able, state which is most appropriate for the following 
appliances which are both connected to a 240 V supply 
(a) Electric toaster having a power rating of 1 kW 

(b) Electric fire having a power rating of 3 kW. 


P 
Power P = VI, from which, current J = V 
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(a) For the toaster, 


P 1 
current / = — tO 100 417A 
V 240 24 


Hence a 5A fuse is most appropriate 
(b) For the fire, 
P 3000 =300 


current J = — —=12.5A 
V 240 24 


Hence a 13A fuse is most appropriate 


Now try the following exercise. 


Exercise 6 Further problem on fuses 


1. A television set having a power rating of 120W 
and electric lawn-mower of power rating | kW are 
both connected to a 240V supply. If 3A, 5A and 
10A fuses are available state which is the most 
appropriate for each appliance. [3 A, 5A] 


3. Resistance variation 


At the end of this chapter you should be able to: 


@ appreciate that electrical resistance depends on four 
factors 
e appreciate that resistance R= a where p is the 
a 
resistivity 
® recognize typical values of resistivity and its unit 


i 
e perform calculations using R= a 
a 
e define the temperature coefficient of resistance, a 
@ recognize typical values for a 
e perform calculations using Rp = Ro(1 + a6) 


3.1 Resistance and resistivity 


The resistance of an electrical conductor depends on 
4 factors, these being: (a) the length of the conductor, 
(b) the cross-sectional area of the conductor, (c) the type 
of material and (d) the temperature of the material. 

Resistance, R, is directly proportional to length, /, of 
a conductor, i.e. R «x /. Thus, for example, if the length of 
a piece of wire is doubled, then the resistance is doubled. 

Resistance, R, is inversely proportional to cross- 
sectional area, a, of a conductor, i.e. Ra 1/a. Thus, for 
example, if the cross-sectional area of a piece of wire is 
doubled then the resistance is halved. 

Since Ra/ and R« 1/a then R «//a. By inserting a 
constant of proportionality into this relationship the type 
of material used may be taken into account. The con- 
stant of proportionality is known as the resistivity of the 
material and is given the symbol p (Greek rho). Thus, 


resistance| R = — ohms 


p is measured in ohm metres ((2m). 

The value of the resistivity is that resistance of a unit 
cube of the material measured between opposite faces of 
the cube. 

Resistivity varies with temperature and some typical 
values of resistivities measured at about room temperature 
are given below: 


Copper 1.7x 10-8 Qm = (or 0.017 122m) 
Aluminium 2.6x 10-8 Qm = (or 0.026 pQm) 
Carbon (graphite) 10x 10-8 Qm (or 0.10 1.2m) 
Glass 1x 10!°Qm (or 104 ~Qm) 
Mica 1x 103 Qm (or 107 pQm) 


Note that good conductors of electricity have a low value 
of resistivity and good insulators have a high value of 
resistivity. 


Problem 1. The resistance of a 5 m length of wire is 
600 82. Determine (a) the resistance of an 8m length 
of the same wire, and (b) the length of the same wire 
when the resistance is 420 Q. 


(a) Resistance, R, is directly proportional to length, /, i.e. 
Ral 


Hence, 600 Q «5m or 600 = (k)(5), where k is the 
coefficient of proportionality. Hence, 
_ 600 


k = — = 120 
5 


When the length / is 8 m, then resistance 
R=kl= (120)(8) = 960 Q 
(b) When the resistance is 420 Q, 420 = kl, from which, 


420 420 
length ] = —- = 


meee F 
eo 6 Ten 


Problem 2. A piece of wire of cross-sectional area 
2 mm” has a resistance of 300 &. Find (a) the resistance 
of a wire of the same length and material if the cross- 


sectional area is 5 mm”, (b) the cross-sectional area of 
a wire of the same length and material of resistance 
750 Q. 


Resistance R is inversely proportional to cross-sectional 


area, a, i.e. RX — 
a 
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1 

3 )> 

from which, the coefficient of proportionality, k = 300 x 2 
= 600 


Hence 300 2 « = or 300 = (k) 
2mm 


(a) When the cross-sectional area a= 5 mm? 


then R =(k) (=) = (600) (=) =1202 


(Note that resistance has decreased as the cross- 
sectional is increased.) 

(b) When the resistance is 750Q then 750 = (k)(1/a), 
from which cross-sectional area, 


k 600 ; 
a= 755 = 459 — 08mm 


Problem 3. A wire of length 8 m and cross-sectional 
area 3mm has a resistance of 0.16. If the wire 
is drawn out until its cross-sectional area is 1 mm”, 
determine the resistance of the wire. 


Resistance R is directly proportional to length /, and 
inversely proportional to the cross-sectional area, a, i.e. 


I l 
Rax- or r=k(-), where k is the coefficient of 
a a 


proportionality. 


8 
Since R=0.16, /=8 and a=3, then 0.16=(k) (5). 
from which 
k=0.16 x ; = 0.06 


If the cross-sectional area is reduced to ; of its original 
area then the length must be tripled to 3 x 8, i.e. 24m 


l 24 
New resistance R=k ( ) = 0.06 ( 1 ) = 1442 
a 


Problem 4. Calculate the resistance of a 2 km length 
of aluminium overhead power cable if the cross- 
sectional area of the cable is 100mm?. Take the 
resistivity of aluminium to be 0.03 x 107° Qm. 


Length /=2 km=2000m; area, a= 100 mm? = 100 x 
10-° m?; resistivity p = 0.03 x 10-6 Qm 
pl _ (0.03 x 10~° 2m)(2000 m) 
a (100 x 10-6 m2) 

0.03 x 2000 
= DD 

100 

= 0.62 


Resistance R= 


Problem 5. Calculate the cross-sectional area, in 
mm”, of a piece of copper wire, 40m in length and 
having a resistance of 0.25 Q. Take the resistivity of 
copper as 0.02 x 107° Qm. 


: 1 : 1 
Resistance R = = hence cross-sectional area a = a 
a 


(0.02 x 10-© Qm)(40 m) 
= 0.25Q 


=3.2x 10° m? 


= (3.2 x 10~°) x 10° mm? = 3.2 mm? 


Problem 6. The resistance of 1.5km of wire of 
cross-sectional area 0.17 mm? is 150 &. Determine the 
resistivity of the wire. 


Resistance, R= ia 
a 


Ra (1502)(0.17 x 107° m?) 
Ll (1500 m) 


hence, resistivity p = 


= 0.017x 10~° Qm or 0.017 »2m 


Problem 7. Determine the resistance of 1200m of 
copper cable having a diameter of 12mm if the 
resistivity of copper is 1.7 x 107° Qm. 


' 2 
Cross-sectional area of cable, a = mwe=n (3) 


= 367 mm” 
= 36 x 10°° m2 


pl _ (1.7 x 107§ Qm)(1200 m) 
a (367 x 10-6 m2) 


Resistance R = 


1.7 x 1200 x 10° 1.7 x 12, 


Q 
108 x 36 360 


= 0.180 Q 
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Now try the following exercise. 


Exercise 7 Further problems on resistance and 
resistivity 


1. The resistance of a 2m length of cable is 2.5 Q. 
Determine (a) the resistance of a 7m length of the 
same cable and (b) the length of the same wire when 
the resistance is 6.25 Q. [(a) 8.75 Q (b) 5 m] 


2. Some wire of cross-sectional area 1 mm? has a resist- 
ance of 20 Q. Determine (a) the resistance of a wire 
of the same length and material if the cross-sectional 
area is 4 mm”, and (b) the cross-sectional area of a 
wire of the same length and material if the resistance 
is 32 Q. [(a) 5 Q (b) 0.625 mm?] 


3. Some wire of length 5m and cross-sectional area 
2 mm has a resistance of 0.08 ©. If the wire is drawn 
out until its cross-sectional area is 1 mm2, determine 
the resistance of the wire. [0.32 &2] 


4. Find the resistance of 800 m of copper cable of cross- 
sectional area 20 mm”. Take the resistivity of copper 
as 0.02 pQm. [0.8 Q] 


5. Calculate the cross-sectional area, in mm”, of a piece 
of aluminium wire 100 m long and having a resist- 
ance of 2 Q. Take the resistivity of aluminium as 
0.03 x 10° Qm. [1.5mm] 


6. (a) What does the resistivity of a material mean? 
(b) The resistance of 500m of wire of cross- 
sectional area 2.6mm? is 5 Q. Determine the 
resistivity of the wirein pQm. [0.026 pQm] 


7. Find the resistance of 1 km of copper cable having 
a diameter of 10 mm if the resistivity of copper is 
0.017 x 10-° Qm. [0.216 Q] 


3.2 Temperature coefficient of resistance 


In general, as the temperature of a material increases, most 
conductors increase in resistance, insulators decrease in 
resistance, whilst the resistance of some special alloys 
remain almost constant. 

The temperature coefficient of resistance of a mater- 
ial is the increase in the resistance of a 1 Q resistor of that 
material when it is subjected to a rise of temperature of 
1°C. The symbol used for the temperature coefficient of 
resistance is a (Greek alpha). Thus, if some copper wire 
of resistance | Q is heated through 1°C and its resistance 
is then measured as 1.0043 Q then a = 0.0043 Q/ Q°C for 
copper. The units are usually expressed only as ‘per °C’, 


i.e. a = 0.0043/°C for copper. If the 1 Q resistor of copper 
is heated through 100°C then the resistance at 100°C 
would be 1 + 100 x 0.0043 = 1.43 Q. 

Some typical values of temperature coefficient of 
resistance measured at O°C are given below: 


Copper 0.0043/°C Aluminium 0.0038/°C 
Nickel 0.0062/°C Carbon —0.000 48/°C 
Constantan 0 Eureka 0.000 01/°C 


(Note that the negative sign for carbon indicates that its 
resistance falls with increase of temperature.) 

If the resistance of a material at 0°C is known the 
resistance at any other temperature can be determined 
from: 


Ro = Ro + a8) 


where Ro = resistance at 0°C 
Ro = resistance at temperature 60°C 
ao = temperature coefficient of resistance at 0°C 


Problem 8. A coil of copper wire has a resistance 
of 100 &2 when its temperature is 0°C. Determine its 
resistance at 70°C if the temperature coefficient of 
resistance of copper at 0°C is 0.0043/°C. 


Resistance Rg = Ro(1 + a8) 


Hence resistance at 70°C, R79 = 100[1 + (0.0043)(70)] 
= 100[1 + 0.301] 
= 100(1.301) 
= 130.12 


Problem 9. An aluminium cable has a resistance of 
27 Q at atemperature of 35°C. Determine its resistance 
at 0°C. Take the temperature coefficient of resistance 
at 0°C to be 0.0038/°C. 


Resistance at 6°C, Re = Ro(1 + a9) 


Hence resistance at 0°C, Ro = Ror 
(1 + a8) 
27 
~ [E+ (0.0038)(35)] 
27 27 
~ 140.133 1.133 
= 23.83 Q 
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Problem 10. A carbon resistor has a resistance of 
1kQ at 0°C. Determine its resistance at 80°C. Assume 
that the temperature coefficient of resistance for carbon 
at 0°C is —0.0005/°C. 


Resistance at temperature 06°C, Rg = Ro(1 + ao) 


i.e. Ro = 1000[1 + (—0.0005)(80)] 
= 1000[1 — 0.040] = 1000(0.96) 
= 960 2 


If the resistance of a material at room temperature 
(approximately 20°C), Roo, and the temperature coef- 
ficient of resistance at 20°C, a29, are known then the 
resistance Rg at temperature 0°C is given by: 


Ro = Rao[1 + a20(6 — 20)] 


Problem 11. Avcoil of copper wire has a resistance of 
10 Q at 20°C. If the temperature coefficient of resist- 
ance of copper at 20°C is 0.004/°C determine the 
resistance of the coil when the temperature rises to 
100°C. 


Resistance at 06°C, R= Ro0[1 + a29(0 — 20] 
Hence resistance at 100°C, 


Rio = 10[1 + (0.004)(100 — 20)] 
= 10[1 + (0.004)(80)] 
= 10[1 +0.32] 
= 10(1.32) 
=13.22 


Problem 12. The resistance of a coil of aluminium 


wire at 18°C is 200 Q. The temperature of the wire 
is increased and the resistance rises to 240 Q. If the 
temperature coefficient of resistance of aluminium is 
0.0039/°C at 18°C determine the temperature to which 
the coil has risen. 


Let the temperature rise to 6° 
Resistance at 60°C, Ro = Rig[1 + a18(6 — 18)] 


ie. 240=200[1 + (0.0039)(6 — 18)] 
240 = 200 + (200)(0.0039)(6 — 18) 
240 — 200 = 0.78(0 — 18) 
40 = 0.78(6 — 18) 


51.28 = 6 — 18, from which, 
6=51.28+ 18 = 69.28°C 


Hence the temperature of the coil increases to 69.28°C. 


If the resistance at O°C is not known, but is known at 
some other temperature 6,, then the resistance at any 
temperature can be found as follows: 


R, = Ro(1 + a6) and R2 = Ro(1 + a2) 


Dividing one equation by the other gives: 


Ry 1+ 006 
Ry 1+ 0062 


where R2 = resistance at temperature 62. 


Problem 13. Some copper wire has a resistance of 
200 Q2 at 20°C. A current is passed through the wire 
and the temperature rises to 90°C. Determine the resist- 
ance of the wire at 90°C, correct to the nearest ohm, 
assuming that the temperature coefficient of resistance 
is 0.004/°C at 0°C. 


Ro9 = 200 Q, ap = 0.004/°C 


R20 = [1 + @0(20)] 
Roo [1 + ao(90)] 


Ro0[1 + 90a] 


Hence R99 = 
[1 + 20a] 


__ 200[1 + 90(0.004)] 
~ [1 + 20(0.004)] 


_ 200[1 + 0.36] 
~~ [1 +.0.08] 


_ 200(1.36) 


— 251.852 
(1.08) 


i.e. the resistance of the wire at 90°C is 252 Q. 
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Now try the following exercise. 


Exercise 8 Further problems on temperature 
coefficient of resistance 


1. A coil of aluminium wire has a resistance of 50 Q 
when its temperature is 0°C. Determine its resis- 
tance at 100°C if the temperature coefficient of 
resistance of aluminium at 0°C is 0.0038/°C. 

[69 2] 


2. A copper cable has a resistance of 30 Q at a temper- 
ature of 50°C. Determine its resistance at 0°C. Take 
the temperature coefficient of resistance of copper 
at 0°C as 0.0043/°C. [24.69 92] 


3. The temperature coefficient of resistance for carbon 
at 0°C is —0.00048/°C. What is the significance of 
the minus sign? A carbon resistor has a resistance 
of 500 2 at 0°C. Determine its resistance at 50°C. 

[488 Q] 


4. A coil of copper wire has a resistance of 20 Q at 
18°C. If the temperature coefficient of resistance of 
copper at 18°C is 0.004/°C, determine the resistance 
of the coil when the temperature rises to 98°C. 

[26.4 Q] 


5. The resistance of a coil of nickel wire at 20°C is 
100 &2. The temperature of the wire is increased 
and the resistance rises to 130 Q. If the tempera- 
ture coefficient of resistance of nickel is 0.006/°C 
at 20°C, determine the temperature to which the coil 
has risen. [70°C] 


6. Some aluminium wire has a resistance of 50 Q 
at 20°C. The wire is heated to a temperature of 
100°C. Determine the resistance of the wire at 
100°C, assuming that the temperature coefficient 
of resistance at 0°C is 0.004/°C. [64.8 Q2] 


7. A copper cable is 1.2km long and has a cross- 
sectional area of 5mm*. Find its resistance at 
80°C if at 20°C the resistivity of copper is 
0.02 x 10~° Qm and its temperature coefficient of 
resistance is 0.004/°C. [5.952 Q] 
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At the end of this chapter you should be able to: 


e list practical applications of batteries 

© understand electrolysis and its applications, includ- 
ing electroplating 

@ appreciate the purpose and construction of a simple 
cell 

e explain polarization and local action 

e explain corrosion and its effects 

e define the terms e.m.f., E, and internal resistance, r, 
of a cell 

e perform calculations using V = E — Ir 

e determine the total e.m.f. and total internal resis- 
tance for cells connected in series and in parallel 


e distinguish between primary and secondary cells 

e explain the construction and practical applications of 
the Leclanché, mercury, lead-acid and alkaline cells 

e list the advantages and disadvantages of alkaline cells 
over lead-acid cells 

e understand the term ‘cell capacity’ and state its unit 

e understand the importance of safe battery disposal 

@ appreciate advantages of fuel cells and their likely 
future applications 

e understand the implications of alternative energy 
sources and state five examples 


4.1 Introduction to batteries 


A battery is a device that converts chemical energy to 
electricity. If an appliance is placed between its terminals 
the current generated will power the device. Batteries are 
an indispensable item for many electronic devices and are 
essential for devices that require power when no mains 
power is available. For example, without the battery, there 
would be no mobile phones or laptop computers. 

The battery is now over 200 years old and batteries 
are found almost everywhere in consumer and industrial 
products. Some practical examples where batteries are 
used include: in laptops, in cameras, in mobile phones, 
in cars, in watches and clocks, for security equipment, 
in electronic meters, for smoke alarms, for meters used 
to read gas, water and electricity consumption at home, 
to power a camera for an endoscope looking internally at 
the body, and for transponders used for toll collection on 
highways throughout the world. 

Batteries tend to be split into two categories — 
primary, which are not designed to be electrically 
recharged, i.e. are disposable (see Section 4.6), and sec- 
ondary batteries, which are designed to be recharged, 
such as those used in mobile phones (see Section 4.7). 

In more recent years it has been necessary to design 
batteries with reduced size, but with increased lifespan 
and capacity. 

If an application requires small size and high power 
then the 1.5V battery is used. If longer lifetime is 
required then the 3 to 3.6 V battery is used. In the 1970s 
the 1.5V manganese battery was gradually replaced 
by the alkaline battery. Silver oxide batteries were 


gradually introduced in the 1960s and are still the preferred 
technology for watch batteries today. 

Lithium-ion batteries were introduced in the 1970s 
because of the need for longer lifetime applications. 
Indeed, some such batteries have been known to last well 
over 10 years before replacement, a characteristic that 
means that these batteries are still very much in demand 
today for digital cameras, and sometimes for watches 
and computer clocks. Lithium batteries are capable of 
delivering high currents but tend to be expensive. 


4.2 Some chemical effects of electricity 


A material must contain charged particles to be able to 
conduct electric current. In solids, the current is carried 
by electrons. Copper, lead, aluminium, iron and carbon 
are some examples of solid conductors. In liquids and 
gases, the current is carried by the part of a molecule 
which has acquired an electric charge, called ions. These 
can possess a positive or negative charge, and examples 
include hydrogen ion Ht, copper ion Cut* and hydroxyl 
ion OH. Distilled water contains no ions and is a poor 
conductor of electricity whereas salt water contains ions 
and is a fairly good conductor of electricity. 

Electrolysis is the decomposition of a liquid compound 
by the passage of electric current through it. Practi- 
cal applications of electrolysis include the electroplating 
of metals, the refining of copper and the extraction of 
aluminium from its ore. 
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An electrolyte is a compound which will undergo elec- 
trolysis. Examples include salt water, copper sulphate and 
sulphuric acid. 

The electrodes are the two conductors carrying cur- 
rent to the electrolyte. The positive-connected electrode 
is called the anode and the negative-connected electrode 
the cathode. 

When two copper wires connected to a battery are 
placed in a beaker containing a salt water solution, cur- 
rent will flow through the solution. Air bubbles appear 
around the wires as the water is changed into hydrogen 
and oxygen by electrolysis. 

Electroplating uses the principle of electrolysis to 
apply a thin coat of one metal to another metal. Some 
practical applications include the tin-plating of steel, 
silver-plating of nickel alloys and chromium-plating of 
steel. If two copper electrodes connected to a battery 
are placed in a beaker containing copper sulphate as the 
electrolyte it is found that the cathode (i.e. the electrode 
connected to the negative terminal of the battery) gains 
copper whilst the anode loses copper. 


4.3 The simple cell 


The purpose of an electric cell is to convert chemical 
energy into electrical energy. 

A simple cell comprises two dissimilar conductors 
(electrodes) in an electrolyte. Such a cell is shown in Fig- 
ure 4.1, comprising copper and zinc electrodes. An electric 
current is found to flow between the electrodes. Other 
possible electrode pairs exist, including zinc-lead and 
zinc-iron. The electrode potential (i.e. the p.d. measured 
between the electrodes) varies for each pair of metals. By 
knowing the e.m.f. of each metal with respect to some 
standard electrode the e.m.f. of any pair of metals may be 
determined. The standard used is the hydrogen electrode. 
The electrochemical series is a way of listing elements in 
order of electrical potential, and Table 4.1 shows a number 
of elements in such a series. 


Zinc electrode 


Copper _--— 
ce (cathode) 


electrode 
(anode) 


Dilute 
sulphuric acid 
(electrolyte) 


Figure 4.1 


Table 4.1 Part of the electrochemical series 


Potassium lead 
sodium hydrogen 
aluminium copper 
zinc silver 
iron carbon 
In a simple cell two faults exist — those due to 


polarization and local action. 


Polarization 


If the simple cell shown in Figure 4.1 is left connected for 
some time, the current J decreases fairly rapidly. This is 
because of the formation of a film of hydrogen bubbles on 
the copper anode. This effect is known as the polarization 
of the cell. The hydrogen prevents full contact between the 
copper electrode and the electrolyte and this increases the 
internal resistance of the cell. The effect can be overcome 
by using a chemical depolarizing agent or depolarizer, 
such as potassium dichromate which removes the hydro- 
gen bubbles as they form. This allows the cell to deliver a 
steady current. 


Local action 


When commercial zinc is placed in dilute sulphuric acid, 
hydrogen gas is liberated from it and the zinc dissolves. 
The reason for this is that impurities, such as traces of 
iron, are present in the zinc which set up small primary 
cells with the zinc. These small cells are short-circuited by 
the electrolyte, with the result that localized currents flow 
causing corrosion. This action is known as local action of 
the cell. This may be prevented by rubbing a small amount 
of mercury on the zinc surface, which forms a protective 
layer on the surface of the electrode. 

When two metals are used in a simple cell the electro- 
chemical series may be used to predict the behaviour of 
the cell: 


(i) The metal that is higher in the series acts as the nega- 
tive electrode, and vice-versa. For example, the zinc 
electrode in the cell shown in Figure 4.1 is negative 
and the copper electrode is positive. 

(ii) The greater the separation in the series between the 
two metals the greater is the e.m.f. produced by the 
cell. 


The electrochemical series is representative of the order 

of reactivity of the metals and their compounds: 

(i) The higher metals in the series react more readily with 
oxygen and vice-versa. 

(11) When two metal electrodes are used in a simple cell 
the one that is higher in the series tends to dissolve in 
the electrolyte. 
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4.4 Corrosion 


Corrosion is the gradual destruction of a metal in a damp 
atmosphere by means of simple cell action. In addition to 
the presence of moisture and air required for rusting, an 
electrolyte, an anode and a cathode are required for corro- 
sion. Thus, if metals widely spaced in the electrochemical 
series, are used in contact with each other in the presence 
of an electrolyte, corrosion will occur. For example, if 
a brass valve is fitted to a heating system made of steel, 
corrosion will occur. 

The effects of corrosion include the weakening of 
structures, the reduction of the life of components and 
materials, the wastage of materials and the expense of 
replacement. 

Corrosion may be prevented by coating with paint, 
grease, plastic coatings and enamels, or by plating with 
tin or chromium. Also, iron may be galvanized, i.e. plated 
with zinc, the layer of zinc helping to prevent the iron 
from corroding. 


4.5 E.m.f. and internal resistance of a cell 


The electromotive force (e.m.f.), E, of a cell is the p.d. 
between its terminals when it is not connected to a load 
(i.e. the cell is on ‘no load’). 

The e.m.f. of a cell is measured by using a high resist- 
ance voltmeter connected in parallel with the cell. The 
voltmeter must have a high resistance otherwise it will pass 
current and the cell will not be on no-load. For example, if 
the resistance of a cell is 1 Q and that of a voltmeter 1 MQ 
then the equivalent resistance of the circuit is 1 MQ + 1 Q, 
i.e. approximately 1 MQ, hence no current flows and the 
cell is not loaded. 

The voltage available at the terminals of acell falls when 
a load is connected. This is caused by the internal resist- 
ance of the cell which is the opposition of the material of 
the cell to the flow of current. The internal resistance acts 
in series with other resistances in the circuit. Figure 4.2 
shows a cell of e.m.f. E volts and internal resistance, r, 
and XY represents the terminals of the cell. 

When a load (shown as resistance R) is not connected, 
no current flows and the terminal p.d., V = E. When R is 
connected a current J flows which causes a voltage drop in 


Sede eset 
AR 


ces 


Figure 4.2 


the cell, given by Jr. The p.d. available at the cell terminals 
is less than the e.m.f. of the cell and is given by: 


V=E-Ir 


Thus if a battery of e.m.f. 12 volts and internal resis- 
tance 0.01 Q delivers a current of 100A, the terminal p.d., 


V = 12 —(100)(0.01) 
SI=1=11V 


When different values of potential difference V, across a 
cell or power supply are measured for different values of 
current J, a graph may be plotted as shown in Figure 4.3. 
Since the e.m.f. E of the cell or power supply is the p.d. 
across its terminals on no load (i.e. when J = 0), then E is 
as shown by the broken line. 


Terminal P.d., V 


Current, / 


Figure 4.3 


Since V = E — /r then the internal resistance may be 
calculated from 


When a current is flowing in the direction shown in 
Figure 4.2 the cell is said to be discharging (F > V). 

When a current flows in the opposite direction to that 
shown in Figure 4.2 the cell is said to be charging (V > E). 

A battery is a combination of more than one cell. The 
cells in a battery may be connected in series or in parallel. 


(i) For cells connected in series: 
Total e.m.f. = sum of cell’s e.m-f.’s 
Total internal resistance=sum of cell’s internal 
resistances 
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(ii) For cells connected in parallel: 
If each cell has the same e.m.f. and internal resistance: 
Total e.m.f. = e.m.f. of one cell 
Total internal resistance of n cells 


Ue ; 
= — x internal resistance of one cell 
n 


Problem 1. Eight cells, each with an internal resist- 
ance of 0.2 Q and an e.m.f. of 2.2 V are connected 
(a) in series, (b) in parallel. Determine the e.m.f. and 
the internal resistance of the batteries so formed. 


(a) When connected in series, total e.m-f. 
= sum of cell’s e.m.f. 
=2.2x 8=17.6V 
Total internal resistance 
= sum of cell’s internal resistance 
=0.2 x 8=162 
(b) When connected in parallel, total e.m.f. 
=e.m.f. of one cell 
=2.2V 
Total internal resistance of 8 cells 


= x internal resistance of one cell 


=; x 0.2=0.0252 


Problem 2. Acell has an internal resistance of 0.02 Q 
and an e.m.f. of 2.0 V. Calculate its terminal p.d. if it 
delivers (a) 5A, (b) 50A. 


(a) Terminal p.d.. V=E —IJr where E= e.m.f. of cell, 
ZI =current flowing and r = internal resistance of cell 


E=2.0V, 1=5A andr=0.02 2 
Hence V = 2.0 — (5)(0.02) = 2.0 -—0.1=1.9V 
(b) When the current is 50A, terminal p.d., 
V=E-—Ir=2.0—50(0.02) 
ie. V=2.0-—10=1.0V 


Thus the terminal p.d. decreases as the current drawn 
increases. 


Problem 3. The p.d. at the terminals of a battery 
is 25V when no load is connected and 24V when a 
load taking 10A is connected. Determine the internal 
resistance of the battery. 


When no load is connected the e.m.f. of the battery, E, is 
equal to the terminal p.d., V, ie. E=25V 

When current J = 10A and terminal p.d. V = 24V, then 
V=E- Ir,ie.24=25—(10)r 


Hence, rearranging, gives 107 =25—24=1 and the 
internal resistance, r= th =0.12 PART 


Problem 4. Ten 1.5 V cells, each having an internal 
resistance of 0.2 Q, are connected in series to a load of 
58 Q. Determine (a) the current flowing in the circuit 
and (b) the p.d. at the battery terminals. 


(a) For ten cells, battery e.m-f., E = 10 x 1.5=15V, and 
the total internal resistance, r= 10 x 0.2 =2 Q. When 
connected to a 58 Q load the circuit is as shown in 
Figure 4.4. 


E=15V 
r=2Q0 
Figure 4.4 
e.m.f 15 
Current J = - = 
total resistance 58+2 
15 
=— =0.25A 
60 
(b) P.d. at battery terminals, V = E — Ir 
ie. V=15—(0.25)(2)=14.5V 


Now try the following exercise. 


Exercise 9 Further problems on e.m.f. and inter- 
nal resistance of cells 


1. Twelve cells, each with an internal resistance of 
0.24 Q and an e.m.f. of 1.5 V are connected (a) in 
series, (b) in parallel. Determine the e.m.f. and 
internal resistance of the batteries so formed. 

[(a) 18 V, 2.88 Q (b) 1.5 V, 0.02 Q] 


2. A cell has an internal resistance of 0.03 Q and 
an e.m.f. of 2.2 V. Calculate its terminal p.d. if it 
delivers (a) 1 A, (b) 20A, (c) 50A. 

[(a) 2.17 V (b) 1.6 V (c) 0.7 V] 


3. The p.d. at the terminals of a battery is 16 V when 
no load is connected and 14V when a load taking 
8 A is connected. Determine the internal resistance 
of the battery. [0.25 Q2] 


4. A battery of e.m.f. 20V and internal resistance 
0.2 Q supplies a load taking 10A. Determine the 


24 Electrical Circuit Theory and Technology 


p.d. at the battery terminals and the resistance of 
the load. [18 V, 1.8 Q] 


5. Ten 2.2 V cells, each having an internal resistance 
of 0.1 &2 are connected in series to a load of 21 Q. 
Determine (a) the current flowing in the circuit, and 
(b) the p.d. at the battery terminals. 

{(a) 1A (b) 21 V] 


6. For the circuits shown in Figure 4.5 the resistors rep- 
resent the internal resistance of the batteries. Find, 
in each case: (a) the total e.m.f. across PQ (b) the 
total equivalent internal resistances of the batteries. 


4Vv 5V 3V 
10 20 19 


(i) 


Figure 4.5 
[(a)G) 6 V Gi) 2 V (b)G) 4 Q (ii) 0.25 Q] 


7. The voltage at the terminals of a battery is 52V 
when no load is connected and 48.8 V when a load 
taking 80A is connected. Find the internal resis- 
tance of the battery. What would be the terminal 
voltage when a load taking 20 A is connected? 

[0.04 2, 51.2V] 


4.6 Primary cells 


Primary cells cannot be recharged, that is, the conversion 
of chemical energy to electrical energy is irreversible and 
the cell cannot be used once the chemicals are exhausted. 
Examples of primary cells include the Leclanché cell and 
the mercury cell. 


Leclanché cell 


A typical dry Leclanché cell is shown in Figure 4.6. Such 
a cell has an e.m.f. of about 1.5V when new, but this 


falls rapidly if in continuous use due to polarization. The 
hydrogen film on the carbon electrode forms faster than 
can be dissipated by the depolarizer. The Leclanché cell 
is suitable only for intermittent use, applications includ- 
ing torches, transistor radios, bells, indicator circuits, gas 
lighters, controlling switch-gear, and so on. The cell is the 
most commonly used of primary cells, is cheap, requires 
little maintenance and has a shelf life of about 2 years. 


_ Metal cap 


CARBON ROD ANODE 
(positive terminal) 

Pitch seal 

DEPOLARIZER 

to remove hydrogen produced 
on rod surface. 


(ammonium chloride, manganese dioxide 
and powdered carbon) 


ELECTROLYTE 
(sal ammoniac, zinc chloride, 
plaster of paris, water) 


ZING CASE CATHODE 
(negative terminal) 


DRY LECLANCHE CELL 


Figure 4.6 


Mercury cell 


A typical mercury cell is shown in Figure 4.7. Such a 
cell has an e.m.f. of about 1.3 V which remains constant 
for a relatively long time. Its main advantages over 
the Leclanché cell is its smaller size and its long shelf 
life. Typical practical applications include hearing aids, 
medical electronics, cameras and for guided missiles. 


Steel cap cathode 
a (negative terminal) 
SS Insulating gasket 


Steel case anode 
(positive terminal) 


Zinc cylinder 


Electrolyte 
(potassium hydroxide) 


Mercuric oxide 


Insulation 


MERCURY CELL 


Figure 4.7 


4.7 Secondary cells 


Secondary cells can be recharged after use, that is, the 
conversion of chemical energy to electrical energy is 
reversible and the cell may be used many times. Examples 
of secondary cells include the lead-acid cell and the nickel 
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cadmium and nickel-metal cells. Practical applications 
of such cells include car batteries, emergency lighting, 
mobile phones, laptop computers and personal stereos. 


Lead-acid cell 
A typical lead-acid cell is constructed of: 
(i) A container made of glass, ebonite or plastic. 
Gi) Lead plates 
(a) the negative plate (cathode) consists of spongy 
lead 
(b) the positive plate (anode) is formed by pressing 
lead peroxide into the lead grid. 
The plates are interleaved as shown in the plan view of 
Figure 4.8 to increase their effective cross-sectional 
area and to minimize internal resistance. 


pL Container 


Negative plate 


Positive plate [1 (cathode) 
(anode) 
PLAN VIEW OF LEAD-ACID CELL 
Figure 4.8 


(iii) Separators made of glass, celluloid or wood. 
(iv) An electrolyte which is a mixture of sulphuric acid 
and distilled water. 


The relative density (or specific gravity) of a lead-acid 
cell, which may be measured using a hydrometer, varies 
between about 1.26 when the cell is fully charged to about 
1.19 when discharged. The terminal p.d. of a lead-acid cell 
is about 2 V. 

When a cell supplies current to a load it is said to be 
discharging. During discharge: 

(i) the lead peroxide (positive plate) and the spongy lead 
(negative plate) are converted into lead sulphate, and 

(11) the oxygen in the lead peroxide combines with hydro- 
gen in the electrolyte to form water. The electrolyte is 
therefore weakened and the relative density falls. 


The terminal p.d. of a lead-acid cell when fully discharged 
is about 1.8 V. 

A cell is charged by connecting a d.c. supply to its 
terminals, the positive terminal of the cell being connected 
to the positive terminal of the supply. The charging current 
flows in the reverse direction to the discharge current and 
the chemical action is reversed. During charging: 

(i) the lead sulphate on the positive and negative plates 
is converted back to lead peroxide and lead respect- 
ively, and 


(11) the water content of the electrolyte decreases as the 
oxygen released from the electrolyte combines with 
the lead of the positive plate. The relative density of 
the electrolyte thus increases. 


The colour of the positive plate when fully charged is dark 
brown and when discharged is light brown. The colour of 
the negative plate when fully charged is grey and when 
discharged is light grey. 


Nickel cadmium and nickel-metal cells 


In both types of cells the positive plate is made of nickel 
hydroxide enclosed in finely perforated steel tubes, the 
resistance being reduced by the addition of pure nickel 
or graphite. The tubes are assembled into nickel-steel 
plates. 

In the nickel-metal cell, (sometimes called the Edi- 
son cell or nife cell), the negative plate is made of iron 
oxide, with the resistance being reduced by a little mer- 
curic oxide, the whole being enclosed in perforated steel 
tubes and assembled in steel plates. In the nickel-cadmium 
cell the negative plate is made of cadmium. The electrolyte 
in each type of cell is a solution of potassium hydroxide 
which does not undergo any chemical change and thus 
the quantity can be reduced to a minimum. The plates are 
separated by insulating rods and assembled in steel con- 
tainers which are then enclosed in a non-metallic crate to 
insulate the cells from one another. The average discharge 
p.d. of an alkaline cell is about 1.2 V. 


Advantages of a nickel-cadmium cell or a nickel-iron cell 
over a lead-acid cell include: 


(i) More robust construction 

(ii) Capable of withstanding heavy charging and dis- 
charging currents without damage 

(iii) Has a longer life 

(iv) For a given capacity is lighter in weight 

(v) Can be left indefinitely in any state of charge or 
discharge without damage 

(vi) Is not self-discharging 


Disadvantages of nickel cadmium and nickel-metal cells 
over a lead-acid cell include: 


(i) Is relatively more expensive 
(ii) Requires more cells for a given e.m.f. 
(iii) Has a higher internal resistance 
(iv) Must be kept sealed 
(v) Has a lower efficiency 


Nickel cells may be used in extremes of temperature, in 
conditions where vibration is experienced or where duties 
require long idle periods or heavy discharge currents. 
Practical examples include traction and marine work, 
lighting in railway carriages, military portable radios and 
for starting diesel and petrol engines. 
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4.8 Cell capacity 


The capacity of a cell is measured in ampere-hours (Ah). 
A fully charged 50 Ah battery rated for 10 h discharge can 
be discharged at a steady current of SA for 10h, but if 
the load current is increased to 10A then the battery is 
discharged in 3-4 h, since the higher the discharge current, 
the lower is the effective capacity of the battery. Typical 
discharge characteristics for a lead-acid cell are shown in 
Figure 4.9. 


“ 
Discharge at \ 
twice 10h rate 


Discharge at 
10h rate 


Terminal p.d. (volts) 


Discharge time (hours) 


Figure 4.9 


4.9 Safe disposal of batteries 


Battery disposal has become a topical subject in the UK 
because of greater awareness of the dangers and implica- 
tions of depositing up to 300 million batteries per annum — 
a waste stream of over 20000 tonnes — into landfill sites. 

Certain batteries contain substances which can be a haz- 
ard to humans, wildlife and the environment, as well a 
posing a fire risk. Other batteries can be recycled for their 
metal content. 

Waste batteries are a concentrated source of toxic heavy 
metals such as mercury, lead and cadmium. If batteries 
containing heavy metals are disposed of incorrectly, the 
metals can leach out and pollute the soil and groundwater, 
endangering humans and wildlife. Long term exposure to 
cadmium, a known human carcinogen (i.e. a substance 
producing cancerous growth), can cause liver and lung 
disease. Mercury can cause damage to the human brain, 
spinal system, kidneys and liver. Sulphuric acid in lead 
acid batteries can cause severe skin burns or irritation upon 
contact. It is increasingly important to correctly dispose 
of all types of batteries. 


4.10 Fuel cells 


A fuel cell is an electrochemical energy conversion device, 
similar to a battery, but differing from the latter in that it 
is designed for continuous replenishment of the reactants 
consumed, i.e. it produces electricity from an external 
source of fuel and oxygen, as opposed to the limited 
energy storage capacity of a battery. Also, the electrodes 


within a battery react and change as a battery is charged or 
discharged, whereas a fuel cells’ electrodes are catalytic 
(i.e. not permanently changed) and relatively stable. 

Typical reactants used in a fuel cell are hydrogen on the 
anode side and oxygen on the cathode side (i.e. a hydro- 
gen cell). Usually, reactants flow in and reaction products 
flow out. Virtually continuous long-term operation is 
feasible as long as these flows are maintained. 

Fuel cells are very attractive in modern applications for 
their high efficiency and ideally emission-free use, in con- 
trast to currently more modern fuels such as methane or 
natural gas that generate carbon dioxide. The only by- 
product of a fuel cell operating on pure hydrogen is water 
vapour. 

Currently, fuel cells are a very expensive alterna- 
tive to internal combustion engines. However, continued 
research and development is likely to make fuel cell 
vehicles available at market prices within a few years. 

Fuel cells are very useful as power sources in remote 
locations, such as spacecraft, remote weather stations, and 
in certain military applications. A fuel cell running on 
hydrogen can be compact, lightweight and has no moving 
parts. 


4.11 Alternative and renewable energy sources 


Alternative energy refers to energy sources which could 
replace coal, traditional gas and oil, all of which increase 
the atmospheric carbon when burned as fuel. 
Renewable energy implies that it is derived from a 
source which is automatically replenished or one that is 
effectively infinite so that it is not depleted as it is used. 
Harnessing energy which have less damaging impacts on 
the environment include the following: 

(i) Solar energy could be used to run cars, power plants 
and space ships; solar panels on roofs capture heat 
in water storage systems. Photovoltaic cells, when 
suitably positioned, convert sunlight to electricity. 

(ii) Wind power can be used without producing by- 
products that are harmful to nature. Like solar 
power, harnessing the wind is highly dependent upon 
weather and location. 

(iii) Hydroelectricity is achieved by the damming of 
rivers and utilising the potential energy in the water. 
As the water stored behind a dam is released at high 
pressure, its kinetic energy is transferred onto turbine 
blades and used to generate electricity. 

(iv) Tidal power utilises the natural motion of the tides 
to fill reservoirs which are then slowly discharged 
through electricity-producing turbines. 

(v) Geothermal energy is obtained from the internal 
heat of the planet and can be used to generate steam 
to run a steam turbine which, in turn, generates 
electricity. 


Revision test 1 


This revision test covers the material contained in 
Chapters 1 to 4. 


The marks for each question are shown in brackets at 
the end of each question. 


. An electromagnet exerts a force of 15 N and moves 
a soft iron armature through a distance of 12mm in 
50 ms. Determine the power consumed. (4) 


. Ad.c. motor consumes 47.25 MJ when connected to 
a 250V supply for | hour 45 minutes. Determine the 
power rating of the motor and the current taken from 
the supply. (4) 


. A 100W electric light bulb is connected to a 200V 
supply. Calculate (a) the current flowing in the bulb, 
and (b) the resistance of the bulb. (4) 


. Determine the charge transferred when a current of 
5 mA flows for 10 minutes. (2) 


. A current of 12A flows in the element of an electric 
fire of resistance 25 Q. Determine the power dissi- 
pated by the element. If the fire is on for 5 hours every 


day, calculate for a one week period (a) the energy 
used, and (b) cost of using the fire if electricity cost 
13.5 p per unit. (6) 


. Calculate the resistance of 1200 m of copper cable of 


cross-sectional area 15 mm7. Take the resistivity of 
copper as 0.02 ~Qm. (4) 


. At a temperature of 40°C, an aluminium cable has a 


resistance of 25 . If the temperature coefficient of 
resistance at 0°C is 0.0038/°C, calculate it’s resistance 
at 0°C. (4) 


. (a) State six typical applications of primary cells. 


(b) State six typical applications of secondary cells. 

(c) State the advantages of a fuel cell over a 
conventional battery and state three practical 
applications. (12) 


. Four cells, each with an internal resistance of 0.40 Q 


and an e.m.f. of 2.5 V are connected in series to a 
load of 38.40 Q. (a) Determine the current flowing in 
the circuit and the p.d. at the battery terminals. (b) If 
the cells are connected in parallel instead of in series, 
determine the current flowing and the p.d. at the battery 
terminals. (10) 
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5 Series and parallel networks 


At the end of this chapter you should be able to: 


e calculate unknown voltages, currents and resis- 
tances in a Series circuit 

e understand voltage division in a series circuit 

e calculate unknown voltages, currents and resist- 
ances in a parallel network 

e calculate unknown voltages, currents and resist- 
ances in series-parallel networks 


5.1 Series circuits 


Figure 5.1 shows three resistors R1, R2 and R3 connected 
end to end, i.e. in series, with a battery source of V volts. 
Since the circuit is closed a current J will flow and the p.d. 
across each resistor may be determined from the voltmeter 
readings V;, V2 and V3 


Figure 5.1 


In a series circuit 


(a) the current J is the same in all parts of the circuit and 
hence the same reading is found on each of the two 
ammeters shown, and 

(b) the sum of the voltages V;, V2 and V3 is equal to the 
total applied voltage, V, i.e. 


V=V,4+V24+V3 


From Ohm’s law: 
Vi = IR,, V2 = IRo, V3 = TR3 and V =IR 


where R is the total circuit resistance. 
Since V=V, + V2 + V3 
then JR =IR, + IR2 + IR3 


e understand current division in a two-branch parallel 
network 

e understand and perform calculations on relative and 
absolute voltages 

e describe the advantages and disadvantages of series 
and parallel connection of lamps 


Dividing throughout by J gives 


R=R,+R2+R3 


Thus for a series circuit, the total resistance is obtained by 
adding together the values of the separate resistances. 


Problem 1. For the circuit shown in Figure 5.2, deter- 
mine (a) the battery voltage V, (b) the total resistance 
of the circuit, and (c) the values of resistance of resis- 
tors R,, Ro and R3, given that the p.d.’s across Rj, R2 
and R3 are 5 V, 2 V and 6V respectively. 


RA, Ro Ry 


4A 


Figure 5.2 


(a) Battery voltage V=V, + V2 + V3 


=5+2+6=13V 
tate ; Vs 13 
(b) Total circuit resistance R= foe 3.25 Q 
a) 
(c) Resistance Rj = = a 1.25 2 
Vo 2 
Resistance Ro = ae Z =0.52 
V3 «6 
Resistance R3 = 7 = Z =152 


(Check: R1 +R2+R3 = 1.25+0.5+1.5 =3.25Q=R) 
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Problem2. For the circuit shown in Figure 5.3, deter- 
mine the p.d. across resistor R3. If the total resistance 
of the circuit is 100 Q, determine the current flowing 
through resistor R;. Find also the value of resistor R2. 


Ry Ro Ry 


Figure 5.3 


P.d. across R3, V3=25 —10-—4=11V 


V 25 
Current J/=—= =0.25A, which is the current 
em: R100 
flowing in each resistor 
V: 4 
Resistance R7 = Bone ides 162 
I 0.25 


Problem 3. A 12V battery is connected in a circuit 
having three series-connected resistors having resist- 
ances of 42, 9Q and 11 Q. Determine the current 
flowing through, and the p.d. across the 9 Q resistor. 
Find also the power dissipated in the 11 Q resistor. 


The circuit diagram is shown in Figure 5.4. 


Figure 5.4 


Total resistance R=4+9+11=24Q 


12 
Current J = a = 4 =0.5A, which is the current in the 


9 Q resistor. 


P.d. across the 9 Q resistor, Vj = 7 x 9=0.5 x 9 
=4.5V 

Power dissipated in the 11 Q resistor, P = PR= 0.5°(1 1) 
= 0.25(11) 
= 2.75 W 


5.2 Potential divider 


The voltage distribution for the circuit shown in 
Figure 5.5(a) is given by: 


Figure 5.5 


The circuit shown in Figure 5.5(b) is often referred to 
as a potential divider circuit. Such a circuit can consist 
of anumber of similar elements in series connected across 
a voltage source, voltages being taken from connections 
between the elements. Frequently the divider consists of 
two resistors as shown in Figure 5.5(b), where 


Ve Ro \y 
OUT = Ri +Ro IN 


A potential divider is the simplest way of producing a 
source of lower e.m.f. from a source of higher e.m.f., and 
is the basic operating mechanism of the potentiometer, 
a measuring device for accurately measuring potential 
differences (see page 99). 


PART 


30. Electrical Circuit Theory and Technology 


Problem 4. Determine the value of voltage V shown 
in Figure 5.6. 


50 V 60 Vv 


Figure 5.6 


Figure 5.6 may be redrawn as shown in Figure 5.7, and 
voltage 


6 
V= (4) (50) = 30V 


4Q 
50 V 
ca hy 
Figure 5.7 
Problem 5. Two resistors are connected in series 


across a 24V supply and a current of 3 A flows in the 
circuit. If one of the resistors has a resistance of 2 Q 
determine (a) the value of the other resistor, and (b) the 
p.d. across the 2 Q resistor. If the circuit is connected 
for 50 hours, how much energy is used? 


The circuit diagram is shown in Figure 5.8 


R,=20 Ry 


Figure 5.8 


are : V 24 

(a) Total circuit resistance R= 7 = = = 
Value of unknown resistance, Ry =8 —2=6Q 

(b) P.d. across 2 Q resistor, Vj =/Rj =3 x 2=6V 
Alternatively, from above, 


ee aca We gen (pe (24) =6V 
ARR NE a 


8Q 


Energy used = power x time 
=VxIxt 
= (24 x 3 W) (50h) 
= 3600 Wh = 3.6 kWh 


Now try the following exercise. 


Exercise 10 Further problems on series circuits 


1. The p.d’s measured across three resistors connected 
in series are 5 V,7 V and 10 V, and the supply current 
is 2A. Determine (a) the supply voltage, (b) the 
total circuit resistance and (c) the values of the three 
resistors. 

[(a) 22 V (b) 11 Q (c) 2.5 Q, 3.5 Q, 5 Q] 


2. For the circuit shown in Figure 5.9, determine 
the value of V. If the total circuit resistance is 
36 Q determine the supply current and the value 
of resistors R;, Ro and R3. 

[10 V, 0.5A, 20 Q, 10 Q, 6 Q] 


Figure 5.9 


3. When the switch in the circuit in Figure 5.10 is 
closed the reading on voltmeter | is 30 V and that 
on voltmeter 2 is 10 V. Determine the reading on 
the ammeter and the value of resistor R,. 

[4A, 2.5 Q] 


Figure 5.10 


4. Two resistors are connected in series across an 18 V 
supply and a current of 5A flows. If one of the 
resistors has a value of 2.4 {2 determine (a) the 
value of the other resistor and (b) the p.d. across the 
2.4 Q resistor. [(a) 1.2 Q (b) 12 V] 
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5. An arc lamp takes 9.6A at 55 V. It is operated from 
a 120V supply. Find the value of the stabilizing 
resistor to be connected in series. [6.77 Q2] 


6. An oven takes 15 A at 240 V. It is required to reduce 
the current to 12 A. Find (a) the resistor which must 
be connected in series, and (b) the voltage across 
the resistor. [(a) 4 Q (b) 48 V] 


5.3. Parallel networks 


Figure 5.11 shows three resistors, R,, R2 and R3 connected 
across each other, i.e. in parallel, across a battery source 
of V volts. 


R, 
t= =] 


=O 
r@ 


Figure 5.11 


In a parallel circuit: 


(a) the sum of the currents /,, /2 and J3 is equal to the 
total circuit current, J, i.e. = +1,+4;, and 

(b) the source p.d., V volts, is the same across each of the 
resistors. 


From Ohm’s law: 


V V 
h=—and/ = — 
R3 R 


where R is the total circuit resistance. 


Since J=h +h+h 


VeOV V 4 
then — = | | 
R RR, Ro RR 


Dividing throughout by V gives: 


toi iii 
RR, Ro R3 


This equation must be used when finding the total resist- 
ance R of a parallel circuit. For the special case of two 
resistors in parallel 


1 1 1 R+R 
R Ry Ryo RiRo 


Hence 


R,R2 . _ product 
a 1.e. 
Ri, +R sum 


Problem 6. For the circuit shown in Figure 5.12, 
determine (a) the reading on the ammeter, and (b) the 
value of resistor Ro. 


Figure 5.12 


P.d. across R; is the same as the supply voltage V. 


Hence supply voltage, V=8 x 5=40V 


40 
(a) Reading on ammeter, / = — =— =2A 
R320 
(b) Current flowing through R2 =11—8-2=1A 
V 40 
Hence, Ro = — = — = 402 
Ih 1 


Problem 7. Two resistors, of resistance 3 Q and 6 Q, 
are connected in parallel across a battery having a volt- 
age of 12 V. Determine (a) the total circuit resistance 
and (b) the current flowing in the 3 Q resistor. 
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The circuit diagram is shown in Figure 5.13. 


hy Ry=3 09 
Cae) 
[<=] 
| 
12V 


Figure 5.13 


(a) The total circuit resistance R is given by 


1 1 1 1 1 


1 2+1 3 


R 6 6 


Hence, R= $ = 2.9 


RiR 3x6 18 
(Attematively,k salted . 2) 


~Ri+R. 34+6 9 | 


V 
(b) Current in the 3 Q resistance, J) = R = = =4A 
1 


Problem 8. For the circuit shown in Figure 5.14, find 
(a) the value of the supply voltage V and (b) the value 
of current J. 


Figure 5.14 


(a) P.d. across 20 Q resistor = Ro = 3 x 20 = 60V, 
hence supply voltage V=60V since the circuit is 
connected in parallel. 


60 


(b) Current J; R 10 6A; =3A 
4 60 
bh=—=—=I1A 
R360 


Current J/=/,+/o+/3 andhenceJ =6+3+1=10A 


1 14346 10 


ee ee 
migenaively oe = 
emanvey: R60 90 10 60 60 


Hence total resistance R = 10 =62 


en) ee ey aT 
R 6 


Problem 9. Given four 1 Q resistors, state how they 
must be connected to give an overall resistance of 
(a) i Q (b) 1Q (c) 13 Q (d) 25 Q, all four resistors 
being connected in each case. 


(a) All four in parallel (see Figure 5.15), 
1 1 1 1 4, 


Figure 5.15 


(b) Two in series, in parallel with another two in series 


(see Figure 5.16), since | Q and 1 Qin series gives 2 Q, 
2x2 4 
and 2 Q in parallel with 2 Q gives: oe ae 
2+2 4 


Figure 5.16 


(c) Three in parallel, in series with one (see Fig- 
ure 5.17), since for the three in parallel, 


— 
— 
— 


1 ae 1 1. : 
=-¢4 t = -, ie.R=—Qand — Q in series 
1 1 3 


with 1 Q gives 13 Q 
12 
Ld 
12 
— 18 


12 
{| 


Figure 5.17 
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(d) Two in parallel, in series with two in series (see 
Figure 5.18), since for the two in parallel 


1x1 1 1 : : 
= = —Q, and = 2,1 Q and | Q in series 
14+1 2 2 
1 
ives 2— Q 
gives 5 


1Q 
12 19 
19 


Figure 5.18 


Problem 10. Find the equivalent resistance for the 
circuit shown in Figure 5.19. 


Figure 5.19 


R3, R4 and Rs are connected in parallel and their equivalent 
resistance R is given by: 


1 1 De 1 6+3+1 10 
R 3 6 18 18 18 


18 
Hence R= —=1.8Q 
10 


The circuit is now equivalent to four resistors in series and 
the equivalent circuit resistance = 14 2.2+1.8+4=9Q 


5.4 Current division 


For the circuit shown in Figure 5.20, the total circuit 
resistance, Rr is given by: 

Ri Ro 
RL +Ro 


Rr 


Figure 5.20 


RiR 
and V=1Rr =1 ( a ) 
Ri +R 


V I R,R2 Ro 
Current 1) = — = = (Dd) 
Ri Ry \Ri +R R,+R2 


Similarly, 


V I R,Ro Ri 
current [7 = = — dd) 
Ro Ro \Ri +R Ri +R, 


Summarizing, with reference to Figure 5.20 


h= ( R Jo and h= ( Ri )o 
a R,+R2 a Ri +R, 


Problem 11. For the series-parallel arrangement 
shown in Figure 5.21, find (a) the supply current, (b) 
the current flowing through each resistor and (c) the 
p.d. across each resistor. 


Figure 5.21 


(a) The equivalent resistance R, of R2 and R3 in paral- 


lel is: 

6x2 12 
The equivalent resistance Rr of Rj, R, and Rq in 
series is: 


Rr =2.5+15+4= 8 


V 200 
Supply current ] = — = —-=25A 
Rr 8 


(b) The current flowing through R; and Rq4 is 25A 
The current flowing through R2 


= I= 25 
Ro + R3 64+2 


=6.25A 
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The current flowing through R3 


a es Ny os 
Ro + R3 6+2 


=18.75A 


(Note that the currents flowing through R2 and R3 
must add up to the total current flowing into the 
parallel arrangement, i.e. 25 A) 


(c) The equivalent circuit of Figure 5.21 is shown in 
Figure 5.22. 
p.d. across Rj, ie. Vj = IR; = (25)(2.5) = 62.5 V 
p.d. across R,, i.e. Vy =IRy = (25)(1.5) = 37.5 V 
p.d. across Rg, i.e. V4 = IR4 = (25)(4) = 100 V 
Hence the p.d. across Ry = p.d. across R3 = 37.5V 


Ay=2.5Q Ay=15Q Ay=40 


1=25A 


Figure 5.22 


Problem 12. For the circuit shown in Figure 5.23 cal- 
culate (a) the value of resistor R, such that the total 
power dissipated in the circuit is 2.5 kW, and (b) the 
current flowing in each of the four resistors. 


iF Ry=15.0 Is R3=38 2 


250 V 


Figure 5.23 


(a) Power dissipated P = VI watts, hence 2500 = (250)(/) 


E 2500 
ie. / = ——=10A 
250 
V = 250 
From Ohm’s law, Rr = 7 = 70 = 25 Q, where Rr 


is the equivalent circuit resistance. 
The equivalent resistance of R; and R2 in parallel is 


15x10 = 150 
= =62 
15+ 10 25 


(b) 


The equivalent resistance of resistors R3 and R, in 
parallel is equal to 25 Q — 6 Q, i.e. 19 Q. 

There are three methods whereby R, can be deter- 
mined. 


Method 1 

The voltage V; = JR, where R is 6 Q, from above, 
ie. Vi = (10)(6) = 60 V 

Hence V2 = 250 V — 60 V= 190 V = p.d. across R3 


= p.d. across R, 


1 
h= aaa. Thus [4 = 5 A also, 
since 1=10A 
V: 190 
Thus Ry = — = — =382 
Ig 5 
Method 2 


Since the equivalent resistance of R3 and R, in 
parallel is 19 Q, 


I9= 38Ry es product 
38 + Ry sum 


Hence 19(38 + Ry) = 38R, 


722 + LOR, = 38Ry 
722 = 38R, — 19R, = 19R, 


722 
Thus R, = 19 = 382 


Method 3 

When two resistors having the same value are con- 
nected in parallel the equivalent resistance is always 
half the value of one of the resistors. Thus, in 
this case, since Rr =19Q and R3=38Q, then 
R, = 38 Q could have been deduced on sight. 


Rs 10 
th= pe (eG 
umes (se) (ses) 09 
= (5) ao=4a 
=(5 = 
Current I (Z I ( Ie (10) 
urren = — 
2 Rt RS 15+ 10 


3 


From part (a), method 1,43 =I4=5A 
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Problem 13. For the arrangement shown in Fig- 
ure 5.24, find the current /,. 


; 22 h 142 hy 


17V 9Q 20 8a 


| 


Figure 5.24 


Commencing at the right-hand side of the arrangement 
shown in Figure 5.24, the circuit is gradually reduced in 
stages as shown in Figure 5.25(a)—(d). 


9x3 
9+3 


= 2.25 Q 


' 22 
17V | 
(c) 
! 
WV eee 
=4.25 0 
(d) 


17 
F Fi 5.25(d), /= ——=4A 
rom Figure (d) 495 


Figure 5.25 


From Figure 5.25(b), 1) = (5 : 5) (1)= (5) (4)=3A 


2 2. 
F Fi 5.24, .= | —— ]) 1) = | — ] G)=0.6A 
rom Figure f (a): 1) Gar ) oane 


Now try the following exercise. 


Exercise 11 Further problems on_ parallel 
networks 


1. Resistances of 4 Q and 12 Q are connected in paral- 
lel across a9 V battery. Determine (a) the equivalent 
circuit resistance, (b) the supply current, and (c) the 
current in each resistor. 

[(a) 3 Q (b) 3A (c) 2.25 A, 0.75 A] 


2. For the circuit shown in Figure 5.26 determine 
(a) the reading on the ammeter, and (b) the value 
of resistor R. [2.5 A, 2.5 Q] 


Figure 5.26 


3. Find the equivalent resistance when the following 
resistances are connected (a) in series, (b) in parallel 
@) 3Q and 2Q (ii) 20 kQ and 40 kQ 
ii) 4 2,8 Q and 16 Q (iv) 800 2,4kQ and 1500 Q 


[(a) G) 5 Q (i) 60 kQ (iii) 28 Q Gv) 6.3kQ 

(b) G) 1.2 Q G1) 13.33 kQ (iii) 2.29 Q (iv) 461.5 Q2] 

4. Find the total resistance between terminals A and B 

of the circuit shown in Figure 5.27(a) [8 Q] 
6Q 


152 = = 


Figure 5.27 
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5. Find the equivalent resistance between terminals C 
and D of the circuit shown in Figure 5.27(b) 
[27.5 Q] 


6. Resistors of 20 Q, 20 Q and 30 Q are connected in 
parallel. What resistance must be added in series 
with the combination to obtain a total resistance of 
10 &2. If the complete circuit expends a power of 
0.36 kW, find the total current flowing.[2.5 Q, 6A] 


7. (a) Calculate the current flowing in the 30 Q 
resistor shown in Figure 5.28. 


209 


64V 


Figure 5.28 


(b) What additional value of resistance would have 
to be placed in parallel with the 20 Q and 30 Q 
resistors to change the supply current to 8A, 
the supply voltage remaining constant. 

[(a) 1.6A (b) 6 Q] 


8. Determine the currents and voltages indicated in 
the circuit shown in Figure 5.29. 

[fh =5A,b=2.5A,B=19A,4=2A 

Is =3A, lg =2A, Vi = 20V, V2 =5V, 


v3 =6V] 
b 29 
49 
{J ° 
Va 
TaN 
Vj L_# 
ly 6Q > Ae 
o- ie ae 
| (©) 
Ont 31V 
Figure 5.29 
9. Find the current / in Figure 5.30. [1.8 A] 
162 1.50 20 | 
| 62 ay) 30 
Figure 5.30 


10. A resistor of 2.42 is connected in series with 
another of 3.2 (2. What resistance must be placed 
across the one of 2.4 Q so that the total resistance 
of the circuit shall be 5 Q? (7.2 Q] 


11. A resistor of 8 Q is connected in parallel with one 
of 12 Q and the combination is connected in series 
with one of 4Q. A p.d. of 10 V is applied to the 
circuit. The 8 (2 resistor is now placed across the 
4 © resistor. Find the p.d. required to send the same 
current through the 8 & resistor. [30V] 


5.5 Relative and absolute voltages 


In an electrical circuit, the voltage at any point can be 
quoted as being ‘with reference to’ (w.r.t.) any other point 
in the circuit. Consider the circuit shown in Figure 5.31. 
The total resistance, 


Ry = 30+504+5+ 15 = 100Q 


200 
and current, / = —-~ =2A 

100 

1=2A 302 A 500 B 

= e @ 

200 VL 52 
e 
C 150 ae 


Figure 5.31 


If a voltage at point A is quoted with reference to 
point B then the voltage is written as Vap. This is 
known as a ‘relative voltage’. In the circuit shown in 
Figure 5.31, the voltage at A wrt. B is I x 50, Le. 
2 x 50=100V and is written as Vag = 100 V. 

It must also be indicated whether the voltage at A w.r.t. 
B is closer to the positive terminal or the negative terminal 
of the supply source. Point A is nearer to the positive 
terminal than B so is written as Vag = 100V or Vag = 
+100V or Vag = 100 V + ve. 

If no positive or negative is included, then the voltage 
is always taken to be positive. 

If the voltage at B w.r.t. A is required, then Vga is neg- 
ative and written as Vga = —100V or Vga = 100 V —ve. 

If the reference point is changed to the earth point then 
any voltage taken w.r.t. the earth is known as an ‘absolute 
potential’. If the absolute voltage of A in Figure 5.31 is 
required, then this will be the sum of the voltages across 
the 50 Q and 5 Q resistors, i.e. 100+ 10=110V and is 
written as Va=110V or Va=+110V or Va=110V 
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+e, positive since moving from the earth point to point 
A is moving towards the positive terminal of the source. If 
the voltage is negative w.r.t. earth then this must be indi- 
cated; for example, Vc = 30 V negative w.r.t. earth, and is 
written as Vc = —30V or Vc = 30V —ve. 


Problem 14. For the circuit shown in Fig. 5.32, cal- 
culate (a) the voltage drop across the 4kQ resistor, 
(b) the current through the 5 kQ resistor, (c) the power 
developed in the 1.5 kQ resistor, (d) the voltage at point 
X w.r.t. earth, and (e) the absolute voltage at point X. 


1KQ = 4kQ 


5 kQ 


1.5kQ 24V 


Figure 5.32 


(a) Total circuit resistance, Rp = [(1 + 4)kQ in parallel 
with 5 kQ] in series with 1.5kQ 


5x5 
i.e. Rp = —— +15 =4kQ 
coe aad 
24 
Total circuit current, /7 = ¥ = ——~. =6mA 
Rr 4x 103 


By current division, current in top branch 


5 
= (> _)x6=3maA 
(sata) * 7 


Hence, volt drop across 4kQ resistor 
=3x 1077 x4x 107=12V 


(b) Current through the 5k resistor 


144 arr 
= x O=ImMm 
54144 


(c) Power in the 1.5 kQ resistor 
=[-R=(6 x 107)?(1.5 x 10°) =54mW 

(d) The voltage at the earth point is 0 volts. The volt drop 
across the 4kQ is 12 V, from part (a). Since moving 
from the earth point to point X is moving towards the 
negative terminal of the voltage source, the voltage at 
point X w.r.t. earth is -12V 

(e) The ‘absolute voltage at point X’ means the ‘voltage 
at point X w.r.t. earth’, hence the absolute voltage 
at point X is —12 V. Questions (d) and (e) mean the 
same thing. 


Now try the following exercise. 


Exercise 12 Further problems on relative and 
absolute voltages 


1. For the circuit of Figure 5.33, calculate (a) the abso- 
lute voltage at points A, B and C, (b) the voltage atA 
relative to B and C, and (c) the voltage at D relative 
to BandA. 

[(a) +40 V, +29.6 V, +24 V (b) +10.4V, +16V 
(c) —5.6 V, —16 V] 


LOO AN lo B 
o 


Figure 5.33 


2. For the circuit shown in Figure 5.34, calculate (a) 
the voltage drop across the 7 Q resistor, (b) the 
current through the 30 resistor, (c) the power 
developed in the 8 Q resistor, (d) the voltage at 
point X w.r.t. earth, and (e) the absolute voltage 


at point X. 
[(a) 1.68 V (b) 0.16A (c) 460.8 mW (d) +2.88 V 
(e) +2.88 V] 
82 x 72 5Q 
| e a a 
18 
@ 
30 
ae 
| it 
| 12V 
Figure 5.34 


3. In the bridge circuit of Figure 5.35 calculate (a) the 
absolute voltages at points A and B, and (b) the 
voltage at A relative toB. [(a) 10 V, 10 V (b) OV] 


Figure 5.35 
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5.6 Wiring lamps in series and in parallel 


Series connection 


Figure 5.36 shows three lamps, each rated at 240V, 
connected in series across a 240 V supply. 


Lamp 1 Lamp2 Lamp3 


240 V 


Figure 5.36 


240 
(i) Each lamp has only cs V, i.e. 80 V across it and thus 


each lamp glows dimly. 
(ii) If another lamp of similar rating is added in series 


with the other three lamps then each lamp now has 
240 

ar V, i.e. 60 V across it and each now glows even 
more dimly. 

(iii) If a lamp is removed from the circuit or if a lamp 
develops a fault (i.e. an open circuit) or if the switch 
is opened then the circuit is broken, no current flows, 
and the remaining lamps will not light up. 

(iv) Less cable is required for a series connection than for 
a parallel one. 


The series connection of lamps is usually limited to 
decorative lighting such as for Christmas tree lights. 


Parallel connection 


Figure 5.37 shows three similar lamps, each rated at 240 V, 
connected in parallel across a 240 V supply. 


Lamp 1 


240V 


Figure 5.37 


(i) Each lamp has 240 V across it and thus each will glow 
brilliantly at their rated voltage. 


(ii) If any lamp is removed from the circuit or develops 
a fault (open circuit) or a switch is opened, the 
remaining lamps are unaffected. 

(iii) The addition of further similar lamps in parallel does 
not affect the brightness of the other lamps. 

(iv) More cable is required for parallel connection than 
for a series one. 


The parallel connection of lamps is the most widely used 
in electrical installations. 


Problem 15. If three identical lamps are connected 
in parallel and the combined resistance is 150 Q, find 
the resistance of one lamp. 


Let the resistance of one lamp be R, then, 


1 1 1 1 3 : 
a + — = —, from which, R=3 x 150 
150 R R R R 

= 4502 


Problem 16. Three identical lamps A, B and C are 
connected in series across a 150 V supply. State (a) the 
voltage across each lamp, and (b) the effect of lamp C 
failing. 


(a) Since each lamp is identical and they are connected 


150 
in series there is —— V, i.e. 50 V across each. 


(b) If lamp C fails, i.e. open circuits, no current will flow 
and lamps A and B will not operate. 


Now try the following exercise. 


Exercise 13 Further problems on wiring lamps in 
series and parallel 


1. If four identical lamps are connected in parallel 
and the combined resistance is 100, find the 
resistance of one lamp. [400 2] 

2. Three identical filament lamps are connected (a) in 
series, (b) in parallel across a 210 V supply. State 
for each connection the p.d. across each lamp. 

[(a) 70 V (b) 210 V] 


6 Capacitors and capacitance 


At the end of this chapter you should be able to: 


@ appreciate some applications of capacitors 
describe an electrostatic field 

define electric field strength E and state its unit 
define capacitance and state its unit 

describe a capacitor and draw the circuit diagram 
symbol 


e perform simple calculations involving C = and 


Q=It 
e define electric flux density D and state its unit 
e define permittivity, distinguishing between ¢9, €- 
and ¢ 
Q 


e perform simple calculations involving D= A’ 


V D 
E=— and — =€0é; 
D E 


e understand that for a parallel plate capacitor, 
C= égé,A(n — 1) 


e perform calculations involving capacitors connected 
in parallel and in series 

e define dielectric strength and state its unit 

e state that the energy stored in a capacitor is given by 
W= 5 CV? joules 

e describe practical types of capacitor 

e understand the precautions needed when discharging 
capacitors 


6.1 Introduction to capacitors 


A capacitor is an electrical device that is used to store elec- 
trical energy. Next to the resistor, the capacitor is the most 
commonly encountered component in electrical circuits. 
Capacitors are used extensively in electrical and electronic 
circuits. For example, capacitors are used to smooth rec- 
tified a.c. outputs, they are used in telecommunication 
equipment — such as radio receivers — for tuning to the 
required frequency, they are used in time delay circuits, 
in electrical filters, in oscillator circuits, and in magnetic 
resonance imaging (MRI) in medical body scanners, to 
name but a few practical applications. 


6.2 Electrostatic field 


Figure 6.1 represents two parallel metal plates, A and B, 
charged to different potentials. If an electron that has a 


Att+++etttetatt+tt 


B i 


Figure 6.1 Electrostatic field 


negative charge is placed between the plates, a force will 
act on the electron tending to push it away from the neg- 
ative plate B towards the positive plate, A. Similarly, a 
positive charge would be acted on by a force tending to 
move it toward the negative plate. Any region such as that 
shown between the plates in Figure 6.1, in which an elec- 
tric charge experiences a force, is called an electrostatic 
field. The direction of the field is defined as that of the 
force acting on a positive charge placed in the field. In 
Figure 6.1, the direction of the force is from the positive 
plate to the negative plate. 

Such a field may be represented in magnitude and 
direction by lines of electric force drawn between the 
charged surfaces. The closeness of the lines is an indica- 
tion of the field strength. Whenever a p.d. is established 
between two points, an electric field will always exist. 
Figure 6.2(a) shows a typical field pattern for an isolated 
point charge, and Figure 6.2(b) shows the field pattern 
for adjacent charges of opposite polarity. Electric lines of 
force (often called electric flux lines) are continuous and 
start and finish on point charges. Also, the lines cannot 
cross each other. When a charged body is placed close to 
an uncharged body, an induced charge of opposite sign 
appears on the surface of the uncharged body. This is 
because lines of force from the charged body terminate 
on its surface. 

The concept of field lines or lines of force is used 
to illustrate the properties of an electric field. However, 
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(a) 


(b) 


Figure 6.2 (a) Isolated point charge; (b) adjacent 
charges of opposite polarity 


it should be remembered that they are only aids to the 
imagination. 

The force of attraction or repulsion between two elec- 
trically charged bodies is proportional to the magnitude of 
their charges and inversely proportional to the square of 
the distance separating them, 


: 41492 
i.e. forcex —— or} force =k—— 
a d 


where constant k ~ 9 x 10° in air 


This is known as Coulomb’s law. 

Hence the force between two charged spheres in air 
with their centres 16 mm apart and each carrying a charge 
of +1.6 WC is given by: 


9192 (hb x 10-P 
force =k 5 xO x 10 ex 10-32 
= 90 newtons 


6.3 Electric field strength 


Figure 6.3 shows two parallel conducting plates separated 
from each other by air. They are connected to opposite 
terminals of a battery of voltage V volts. 


Figure 6.3 


There is therefore an electric field in the space between 
the plates. If the plates are close together, the electric 
lines of force will be straight and parallel and equally 
spaced, except near the edge where fringing will occur 
(see Figure 6.1). Over the area in which there is negligible 
fringing, 


74 
Electric field strength, E = Fi volts/metre 


where d is the distance between the plates. Electric field 
strength is also called potential gradient. 


6.4 Capacitance 


Static electric fields arise from electric charges, electric 
field lines beginning and ending on electric charges. Thus 
the presence of the field indicates the presence of equal 
positive and negative electric charges on the two plates of 
Figure 6.3. Let the charge be +Q coulombs on one plate 
and —Q coulombs on the other. The property of this pair of 
plates which determines how much charge corresponds to 
a given p.d. between the plates is called their capacitance: 


capacitance C = c 


The unit of capacitance is the farad F (or more usually 
wF =10~° F or pF= 10-!? F), which is defined as the 
capacitance when a p.d. of one volt appears across the 
plates when charged with one coulomb. 
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6.5 Capacitors 


Every system of electrical conductors possesses capaci- 
tance. For example, there is capacitance between the con- 
ductors of overhead transmission lines and also between 
the wires of a telephone cable. In these examples the 
capacitance is undesirable but has to be accepted, min- 
imized or compensated for. There are other situations 
where capacitance is a desirable property. 

Devices specially constructed to possess capacitance 
are called capacitors (or condensers, as they used to 
be called). In its simplest form a capacitor consists of 
two plates which are separated by an insulating material 
known as a dielectric. A capacitor has the ability to store 
a quantity of static electricity. 

The symbols for a fixed capacitor and a variable 
capacitor used in electrical circuit diagrams are shown 
in Figure 6.4. 


——|}— 


Fixed capacitor 


—4+-—_ 


Variable capacitor 


Figure 6.4 


The charge @Q stored in a capacitor is given by: 


Q=I1-x tcoulombs 


where J is the current in amperes and f¢ the time in 
seconds. 


Problem 1. (a) Determine the p.d. across a 4F 
capacitor when charged with 5 mC. 


(b) Find the charge on a 50pF capacitor when the 
voltage applied to it is 2kV. 


(a) C=4yF=4x 10-°F;9=5mC=5~x 10-3C 


Q 5x10-3 5x 10° 
C 4x10-6 4x 103 


Since C= - then V= 


5000 


4 


Hence p.d. = 1250 V or 1.25kV 


(b) C=50pF=50 x 107? F; V=2kV =2000V 


5x2 
108 
=0.1 x 10~° 


Q=CV=50~x 10- x 2000 = 


Hence charge = 0.1 wC 


Problem 2. A direct current of 4 A flows into a previ- 
ously uncharged 20 F capacitor for 3 ms. Determine 
the p.d. between the plates. 


1=4A;C = 20pF = 20 x 10°F; 
t=3ms=3x 10-°s 
O=It=4x3x 10°C 
O AX 3x10. 12% 108 


= = = 0.6 x 10° 
G> ox 10-6 ~ ox 


V= 


= 600V 
Hence, the p.d. between the plates is 600 V 


Problem 3. A 5\F capacitor is charged so that the 
p.d. between its plates is 800 V. Calculate how long 
the capacitor can provide an average discharge current 


of 2mA. 


C=5pF=5 x 10-°F;V = 800V; 
T=2mA=2~x 103A 

Q=CV=5x 10° x 800=4x 10°C 
Q 4x10° 


T 2x10 


Hence the capacitor can provide an average discharge 
current of 2mA for 2s 


Also, Q=I/t. Thus, t= s 


Now try the following exercise. 


Exercise 14 
capacitance 


Further problems on charge and 


1. Find the charge on a 10 WF capacitor when the 
applied voltage is 250 V. [2.5 mC] 


2. Determine the voltage across a 1000 pF capacitor 
to charge it with 2 tC. (2kV] 
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3. The charge on the plates of a capacitor is 6 mC when 
the potential between them is 2.4 kV. Determine the 
capacitance of the capacitor. [2.5 LF] 


4. For how long must a charging current of 2 A be 
fed to a5 wF capacitor to raise the p.d. between its 
plates by S500 V. [1.25 ms] 


5. A steady current of 10 A flows into a previ- 
ously uncharged capacitor for 1.5 ms when the p.d. 
between the plates is 2kV. Find the capacitance of 
the capacitor. [7.5 WF] 


6.6 Electric flux density 


Unit flux is defined as emanating from a positive charge of 
1 coulomb. Thus electric flux Y is measured in coulombs, 
and for a charge of Q coulombs, the flux Y = Q coulombs. 

Electric flux density D is the amount of flux pass- 
ing through a defined area A that is perpendicular to the 
direction of the flux: 


electric flux density, D = e coulombs/metre” 


Electric flux density is also called charge density, o 


6.7 Permittivity 


At any point in an electric field, the electric field strength 
E maintains the electric flux and produces a particular 
value of electric flux density D at that point. For a field 
established in vacuum (or for practical purposes in air), 
the ratio D/E is a constant €o, 1.e. 


=& 


ml S 


where €0 is called the permittivity of free space or the 
free space constant. The value of €9 is 8.85 x 1071? F/m. 

When an insulating medium, such as mica, paper, plas- 
tic or ceramic, is introduced into the region of an electric 
field the ratio of D/E is modified: 


E = €0&r 


where ¢,, the relative permittivity of the insulating 
material, indicates its insulating power compared with that 
of vacuum: 


flux density in material 


relative permittivity e, = — 
flux density in vacuum 


€, has no unit. Typical values of ¢, include: 

air, 1.00; polythene, 2.3; mica, 3-7; glass, 5—10; 

water, 80; ceramics, 6—1000. 

The product ¢o¢; is called the absolute permittivity, <, 
i.e. 


& = &0& 


The insulating medium separating charged surfaces is 
called a dielectric. Compared with conductors, dielectric 
materials have very high resistivities. They are therefore 
used to separate conductors at different potentials, such 
as capacitor plates or electric power lines. 


Problem 4. Two parallel rectangular plates measur- 
ing 20 cm by 40 cm carry an electric charge of 0.2 uC. 
Calculate the electric flux density. If the plates are 
spaced 5mm apart and the voltage between them is 
0.25 kV determine the electric field strength. 


Charge 0 =0.2 tC =0.2 x 10°C; 
Area A= 20cm x 40cm = 800 cm? = 800 x 1074 m2 


Q 02x10-° 0.2~x 10+ 
A 800x 10-4 800 x 10° 


Electric flux density D = 


2000 
= 2 x 190° =2:5 2 
300 x 10 wC/m 


Voltage V = 0.25 kV = 250 V; Plate spacing, d= 5 mm= 
5x 10->m 
250 


Vv 
Electric field st th E = — = ———__ = 50kV/ 
ectric field streng 735x103 m 


Problem 5. The flux density between two plates sep- 
arated by mica of relative permittivity 5 is 2 C/m?. 
Find the voltage gradient between the plates. 


Flux density D=2 wC/m? =2 x 10-© C/m?; 


60 = 8.85 x 10°? F/m;e, = 5. 
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D 
E = €0€r, 
hence voltage gradient E = 
E0Er 
2x 10-° 


a Vv 
Ses x10 es 


= 45.2kV/m 


Problem6. Two parallel plates having a p.d. of 200 V 
between them are spaced 0.8 mm apart. What is the 
electric field strength? Find also the flux density when 
the dielectric between the plates is (a) air, and (b) 
polythene of relative permittivity 2.3. 


Vv 200 
Electric field st thE =—= 
ectric field streng D~08xi03 


(a) For air: ¢, = 1 


E =eoé,. Hence 


electric flux density D = Ee, 
= (250 x 10° x 8.85 x 107!? x 1) C/m? 
= 2.213 pC/m* 


(b) For polythene, ¢, = 2.3 
Electric flux density D = Eeo¢, 
= (250 x 10° x 8.85 x 107? x 2.3) C/m? 


= 5.089 pC/m? 


= ———~ = 250kV/m 


Now try the following exercise. 


Exercise 15 Further problems on electric field 
strength, electric flux density and permittivity 
(Where appropriate take ¢9 as 8.85 x 107 !? F/m) 


1. A capacitor uses a dielectric 0.04 mm thick and 
operates at 30 V. What is the electric field strength 
across the dielectric at this voltage? [750 kV/m] 


2. A two-plate capacitor has a charge of 25C. If the 
effective area of each plate is 5 cm? find the electric 
flux density of the electric field. [50 kC/m?] 


3. A charge of 1.5 C is carried on two parallel rect- 
angular plates each measuring 60mm by 80mm. 
Calculate the electric flux density. If the plates are 
spaced 10 mm apart and the voltage between them 
is 0.5 kV determine the electric field strength. 

[312.5 wC/m?, 50kV/m] 


4. The electric flux density between two plates sep- 
arated by polystyrene of relative permittivity 2.5 
is 5 1C/m’. Find the voltage gradient between the 
plates. (226kV/m] 


5. Two parallel plates having a p.d. of 250 V between 
them are spaced 1 mm apart. Determine the electric 
field strength. Find also the electric flux density 
when the dielectric between the plates is (a) air and 
(b) mica of relative Dome Se 

[250 kV/m (a) 2.213 wC/m? (b) 11.063 wC/m?] 


6.8 The parallel plate capacitor 


For a parallel plate capacitor, as shown in Figure 6.5(a), 
experiments show that capacitance C is proportional to 
the area A of a plate, inversely proportional to the plate 
spacing d (i.e. the dielectric thickness) and depends on the 
nature of the dielectric: 


€0&A 


farads 


a. 
i 


Capacitance, C = 


dielectric between the plate 
of relative permittivity <, 


(a) 
+O—— 
== , 


(b) 


Figure 6.5 
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where £9 = 8.85 x 107? F/m (constant) 
€, = relative permittivity 
A = area of one of the plates, in m, and 


d = thickness of dielectric in m 


Another method used to increase the capacitance 
is to interleave several plates as shown in Fig- 
ure 6.5(b). Ten plates are shown, forming nine capac- 
itors with a capacitance nine times that of one pair of 
plates. 

If such an arrangement has n plates then capacitance 
C x(n—1). 


A(n—-1 
Thus capacitance | C= oer” farads 


Problem 7. (a) A ceramic capacitor has an effective 
plate area of 4m? separated by 0.1 mm of ceramic of 
relative permittivity 100. Calculate the capacitance of 
the capacitor in picofarads. (b) If the capacitor in part 
(a) is given a charge of 1.2 ~C what will be the p.d. 
between the plates? 


(a) AreaA=4cm* =4 x 1074 m’; 
d=0.1mm=0.1 x 1073 m; 
£9 = 8.85 x 107! F/m; ¢, = 100 


A 
os farads 


Capacitance C = 


8.85 x 107!2 x 100 x 4 x 1074 2 


0.1 x 1073 
8.85 x 4 8.85 x 4 x 10/2 
= Foi0 = 1010 pF 
= 3540 pF 
Q 12x 10-6 
(b) O=CV thus V= V=339V 


C3540 x 10-2 


Problem 8. A waxed paper capacitor has two par- 
allel plates, each of effective area 800 cm?. If the 
capacitance of the capacitor is 4425 pF determine 
the effective thickness of the paper if its relative 
permittivity is 2.5. 


A = 800cm* = 800 x 1074 m? = 0.08 m’; 
C = 4425 pF = 4425 x 10°! F; 


£9 = 8.85 x 107!" F/m;e, = 2.5 


E0e;A E0E~A 


Since C= then d= 


8.85 x 107!2 x 2.5 x 0.08 
4425 x 10-12 


Hence, d= = 0.0004 m 


Hence the thickness of the paper is 0.4mm 


Problem 9. A parallel plate capacitor has nineteen 
interleaved plates each 75 mm by 75 mm separated 
by mica sheets 0.2mm thick. Assuming the relative 
permittivity of the mica is 5, calculate the capacitance 
of the capacitor. 


n=19;n—1=18; 
A=75 x 75 = 5625 mm” = 5625 x 107° m’; 
Ey = 53€9 = 8.85 X 10°? F/m; 


d=0.2 mm = 0.2 x 1077 m 


rA(n — 1 
Capacitance C = “ea” 
_ 8.85 x 1071? x 5 x 5625 x 107° x 18 |, 
4 0.2 x 1073 


= 0.0224 wF or 22.4 nF 


Now try the following exercise. 


Exercise 16 Further problems on _ parallel 
plate capacitors (Where appropriate take ¢ as 
8.85 x 10-!? F/m) 


1. A capacitor consists of two parallel plates each of 
area 0.01 m, spaced 0.1 mm in air. Calculate the 
capacitance in picofarads. [885 pF] 


2. A waxed paper capacitor has two parallel plates, 
each of effective area 0.2 m?. If the capacitance is 
4000 pF determine the effective thickness of the 
paper if its relative permittivity is 2. [0.885 mm] 
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3. Calculate the capacitance of a parallel plate capaci- 
tor having 5 plates, each 30mm by 20mm and 
separated by a dielectric 0.75 mm thick having a 
relative permittivity of 2.3. [65.14 pF] 


4. How many plates has a parallel plate capacitor hav- 
ing a capacitance of 5 nF, if each plate is 40 mm by 
40 mm and each dielectric is 0.102 mm thick with 
a relative permittivity of 6. [7] 


5. A parallel plate capacitor is made from 25 plates, 
each 70mm by 120mm interleaved with mica of 
relative permittivity 5. If the capacitance of the 
capacitor is 3000 pF determine the thickness of the 
mica sheet. [2.97 mm] 


6. The capacitance of a parallel plate capacitor is 
1000 pF. It has 19 plates, each 50mm by 30mm 
separated by a dielectric of thickness 0.40 mm. 
Determine the relative permittivity of the dielectric. 

[1.67] 


7. A capacitor is to be constructed so that its capaci- 
tance is 4250 pF and to operate at a p.d. of 100 V 
across its terminals. The dielectric is to be polythene 
(€; = 2.3) which, after allowing a safety factor, has 
a dielectric strength of 20 MV/m. Find (a) the thick- 
ness of the polythene needed, and (b) the area of a 
plate. [(a) 0.005 mm (b) 10.44 cm?] 


6.9 Capacitors connected in parallel and series 


(a) Capacitors connected in parallel 


Figure 6.6 shows three capacitors, Cy, C2 and C3, con- 
nected in parallel with a supply voltage V applied across 
the arrangement. 


O+ V. O 
Total charge, Q¢= Q; + Q2+ Q3 


Figure 6.6 


When the charging current J reaches point A it divides, 
some flowing into Cj, some flowing into Cz and some 
into C3. Hence the total charge Q7(=/ x f) is divided 
between the three capacitors. The capacitors each store a 
charge and these are shown as Q), Q2 and Q3 respectively. 
Hence 


Or =Q21+0Q2+Q3 


But O7 = CV, QO; = CV, Q2 = CoV and 03 = C3V 
Therefore CV = Ci V + C2V + C3V where C is the total 
equivalent circuit capacitance, 


ie. C=Cy+C.4+C3 


It follows that for n parallel-connected capacitors, 


C=C, +C2+C3---+Cn 


i.e. the equivalent capacitance of a group of parallel- 
connected capacitors is the sum of the capacitances of the 
individual capacitors. (Note that this formula is similar to 
that used for resistors connected in series) 


(b) Capacitors connected in series 


Figure 6.7 shows three capacitors, C,;,C2 and C3, con- 
nected in series across a supply voltage V. Let the 
p.d. across the individual capacitors be Vj, V2 and V3 
respectively as shown. 


Ses 


Charge on each capacitor= Q 


Figure 6.7 


Let the charge on plate ‘a’ of capacitor C, be 
+Q coulombs. This induces an equal but opposite charge 
of —Q coulombs on plate ‘b’. The conductor between 
plates ‘b’ and ‘c’ is electrically isolated from the rest of 
the circuit so that an equal but opposite charge of +Q 
coulombs must appear on plate ‘c’, which, in turn, induces 
an equal and opposite charge of —Q coulombs on plate ‘d’, 
and so on. 
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Hence when capacitors are connected in series the charge 
on each is the same. 


In a series circuit: V = V, + V2 + V3 


Since V= & then & = g t g + g 
C C Cy Ga G 


where C is the total equivalent circuit capacitance, 


1 1 1 1 


Me Get ey he 


It follows that for n series-connected capacitors: 


es eae re ee ra. 
CG 63 Ge 


i.e. for series-connected capacitors, the reciprocal of the 
equivalent capacitance is equal to the sum of the recipro- 
cals of the individual capacitances. (Note that this formula 
is similar to that used for resistors connected in parallel.) 


For the special case of two capacitors in series: 


C2 + Ci 
CG = CRS 


sum 


CC, (i 7 ee) 


Problem 10. Calculate the equivalent capacitance of 
two capacitors of 6F and 4uF connected (a) in 
parallel and (b) in series. 


(a) In parallel, equivalent capacitance C=C; +C.= 
6uF+4pF=10pF 
(b) In series, equivalent capacitance C is given by: 
- C\C2 
~ Cr +) 


This formula is used for the special case of two 
capacitors in series. 


6x4 24 
= — =2.4uF 
6+4 10 


Thus C= 


Problem 11. What capacitance must be connected 
in series with a 30F capacitor for the equivalent 
capacitance to be 12 wF? 


Let C= 12 uF (the equivalent capacitance), C; =30 WF 
and C2 be the unknown capacitance. 


1 1 1 
For two capacitors in series — = — + — 
C C C2 
1 1 1 C;-—C 


Hence = = 
CG C C CC; 


CC\ 12 x 30 


dQ@= — 

ee ee Be 30d 
360 
=" = 20uF 
18 ai 


Problem 12. Capacitances of 1 wF, 3K, 5 F and 
6 LF are connected in parallel to a direct voltage supply 
of 100 V. Determine (a) the equivalent circuit capaci- 
tance, (b) the total charge and (c) the charge on each 
capacitor. 


(a) The equivalent capacitance C for four capacitors in 
parallel is given by: 


C=Ci+%4+03+C4 
Le.C=14345+6=15pF 


(b) Total charge Q7 =CV where C is the equivalent 
circuit capacitance 


ie. Or =15 x 10-6 x 100=1.5 x 10-3>C =1.5mC 
(c) The charge on the | LF capacitor 
Q,=Ci\V=1~ 10° x 100 
= 0.1mC 
The charge on the 3 F capacitor 
Q, = CV =3 x 10° x 100 
= 0.3 mC 
The charge on the 5 F capacitor 
03 = C3V=5x 10° x 100 
=0.5mC 
The charge on the 6 WF capacitor 
Q4 = CaV =6 x 10° x 100 
= 0.6mC 
[Check: In a parallel circuit 


Or =Q1+ 02+ 03+ 04 
Q1+Q2.+ 03+ 04=0.14+0.3+0.5+0.6 
=1.5mC=Qr7] 


Problem 13. Capacitances of 3 LF, 6 WF and 12 WF 
are connected in series across a 350 V supply. Calculate 
(a) the equivalent circuit capacitance, (b) the charge on 
each capacitor and (c) the p.d. across each capacitor. 
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The circuit diagram is shown in Figure 6.8. 
C1= SF Co=6 MF C=12 HE 
ale Vy 
V=350 V——. 


Figure 6.8 


(a) The equivalent circuit capacitance C for three capaci- 
tors in series is given by: 


1 1 1 ; 1 
con OG 
. 1 1 1 1 442+1 7 
ie. =-+-4+—= = 
C 3 6 «#212 12 12 
Hence the equivalent circuit capacitance 
12 5 
C=—=1=yF 
a 
(b) Total charge O7 = CV, 
hence 


12 
Or = ie 10~° x 350 = 600 LC or 0.6mC 


Since the capacitors are connected in series 0.6 mC 
is the charge on each of them. 


(c) The voltage across the 3 iF capacitor, 
Q 06x 10% 
Vi SS SS 
Ci 3x 10-6 
= 200V 


The voltage across the 6 \1F capacitor, 


Q 06x 10-3 
V2 SS Se 
C2 6x 10-6 
=100V 


The voltage across the 12 \1F capacitor, 


Q 06x 10-3 
Yy=—= 
C3 12x 10-6 
=50V 


[Check: In a series circuit 


V=V,+V2.+ V3 
Vi + V2 + V3 = 200 + 100 + 50 = 350 V 
= supply voltage. ] 


In practice, capacitors are rarely connected in series 
unless they are of the same capacitance. The reason for 
this can be seen from the above problem where the lowest 
valued capacitor (i.e. 3 LF) has the highest p.d. across it 


(i.e. 200 V) which means that if all the capacitors have an 
identical construction they must all be rated at the highest 
voltage. 


Now try the following exercise. 


Exercise 17. Further problems on capacitors in 
parallel and series 


1. Capacitors of 2 1F and 6\F are connected (a) in 
parallel and (b) in series. Determine the equivalent 
capacitance in each case. [(a) 8 WF (b) 1.5 WF] 


2. Find the capacitance to be connected in series with 
a 10 WF capacitor for the equivalent capacitance to 
be 6 WF. [15 LF] 


3. Two 6F capacitors are connected in series with 
one having a capacitance of 12 F. Find the total 
equivalent circuit capacitance. What capacitance 
must be added in series to obtain a capacitance of 
1.2 wF? (2.4 WE, 2.4 wF] 


4. Determine the equivalent capacitance when the fol- 
lowing capacitors are connected (a) in parallel and 
(b) in series: 


Gd) 2K, 4uF and 8 wF 
Gi) 0.02 WF, 0.05 iF and 0.10 wF 
(ii) 50 pF and 450 pF 
(iv) 0.01 wF and 200 pF 
[(a) G) 14 LF Gi) 0.17 WF (ii) 500 pF 
(iv) 0.0102 wF (b) G) 1.143 WF Gi) 0.0125 WF 
(iii) 45 pF (iv) 196.1 pF] 
5. For the arrangement shown in Figure 6.9 find (a) the 


equivalent circuit capacitance and (b) the voltage 
across a4.5.F capacitor. [(a) 1.2 wF (b) 100 V] 


4.5 uF 4.5 uF 4.5 pF 


rie bo 


1HF 1HF 


500 V 


Figure 6.9 


6. Three 12\1F capacitors are connected in series 
across a 750 V supply. Calculate (a) the equivalent 
capacitance, (b) the charge on each capacitor and 
(c) the p.d. across each capacitor. 

[(a) 4 WF (b) 3 mC (c) 250 V] 
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7. If two capacitors having capacitances of 3 WF and 
5 \F respectively are connected in series across a 
240V supply, determine (a) the p.d. across each 
capacitor and (b) the charge on each capacitor. 

[(a) 150 V, 90 V (b) 0.45 mC on each] 


8. In Figure 6.10 capacitors P, Q and R are identical 
and the total equivalent capacitance of the circuit is 
3 wF. Determine the values of P, Q and R. 


[4.2 LF each] 
3.5 uF 
2 WF 
4.5 WF 
— oo 
P Q R 


Figure 6.10 


9. For the circuit shown in Figure 6.11, determine (a) 
the total circuit capacitance, (b) the total energy 
in the circuit, and (c) the charges in the capacitors 
shown as C, and Co. 

[(a) 0.857 WF (b) 1.071 mJ (c) 42.85 wC on each] 


2 uF 2 uF 
py 
2 uF 
2 wF 2 wF 
C, 2 WF CG 
1 
2 F 2 wr 
~ 
50 V 


Figure 6.11 


6.10 Dielectric strength 


The maximum amount of field strength that a dielectric can 
withstand is called the dielectric strength of the material. 


Dielectric strength, | E,, = — 


Problem 14. A capacitor is to be constructed so that 
its capacitance is 0.2 WF and to take a p.d. of 1.25kV 
across its terminals. The dielectric is to be mica which, 
after allowing a safety factor of 2, has a dielectric 
strength of SO MV/m. Find (a) the thickness of the 
mica needed, and (b) the area of a plate assuming a 
two-plate construction. (Assume €, for mica to be 6) 


. . Vv. V 
(a) Dielectric strength, FE = —,i.e.d=— 
d E 
1.25 x 10° 
= ——__ m 
50 x 106 
= 0.025 mm 
. E0&;A 
(b) Capacitance, C = 7 
Cd 
hence area A= 
EQEr 


0.2 x 10° x 0.025 x 10-3, 
m 
8.85 x 10-!? x 6 


= 0.09416 m2 = 941.6 cm? 


6.11 Energy stored 


The energy, W, stored by a capacitor is given by 


Ww= 4cV? joules 


Problem 15. (a) Determine the energy stored in a 
3 .F capacitor when charged to 400 V. (b) Find also the 
average power developed if this energy is dissipated in 
a time of 10 ws. 


(a) Energy stored W = 5CV? joules 


= 4x3x 10° x 400? 
= 3 x 16 x 107? 
=0.24J 

Energy _ 0.24 


(b) Power = W=24kW 


ime 10 x 10-6 


Problem 16. A 12 «WF capacitor is required to store 
4 J of energy. Find the p.d. to which the capacitor must 
be charged. 
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1 2W 
Energy stored W = ae V? hence V7 = ron 
6 
andv= (2 = 2x4 =, 2x 10 
C 12 x 10-6 3 
= 816.5 V 


Problem 17. A capacitor is charged with 10 mC. If 
the energy stored is 1.2 J find (a) the voltage and (b) the 
capacitance. 


1 
Energy stored W = 5cv" and C= 


1/Q 
H W=~(=)VW=-oOV 
ence ;(2) Q 
2W 
from which V = Oo 


O = 10mC = 10 x 10°-°C and W = 1.2) 


(a) VolngeV = Se 2 2g sia or any 
a oltage S — > UG, or 
. QO 10x10 
: Q 10x 10-3 
b t ===—___F 
(b) Capacitance C V 70 
10 x 10° 


= Sapo ME = 41.67 WE 


Now try the following exercise. 


Exercise 18 Further problems on energy stored 
(Where appropriate take ¢9 as 8.85 x 10~!? F/m) 


1. When a capacitor is connected across a 200 V sup- 
ply the charge is 4 \.C. Find (a) the capacitance and 


(b) the energy stored. [(a) 0.02 LF (b) 0.4 mJ] 
2. Find the energy stored in a 10 WF capacitor when 
charged to 2kV. [20 J] 


3. A 3300 pF capacitor is required to store 0.5 mJ of 
energy. Find the p.d. to which the capacitor must 
be charged. [550 V] 


4. A capacitor, consisting of two metal plates each 
of area 50cm? and spaced 0.2 mm apart in air, is 
connected across a 120 V supply. Calculate (a) the 
energy stored, (b) the electric flux density and (c) 
the potential gradient. 

[(a) 1.593 wJ (b) 5.31 wC/m? (c) 600kV/m] 


5. A bakelite capacitor is to be constructed to have a 
capacitance of 0.04 \.F and to have a steady working PART 
potential of 1kV maximum. Allowing a safe value 1 
of field stress of 25 MV/m find (a) the thickness 
of bakelite required, (b) the area of plate required 
if the relative permittivity of bakelite is 5, (c) the 
maximum energy stored by the capacitor and (d) the 
average power developed if this energy is dissipated 
in a time of 20 us. 

[(a) 0.04 mm (b) 361.6 cm? (c) 0.02 J (d) 1 kW] 


6.12 Practical types of capacitor 


Practical types of capacitor are characterized by the 
material used for their dielectric. The main types include: 
variable air, mica, paper, ceramic, plastic, titanium oxide 
and electrolytic. 


1. Variable air capacitors. These usually consist of two 
sets of metal plates (such as aluminium) one fixed, the 
other variable. The set of moving plates rotate on a 
spindle as shown by the end view of Figure 6.12. 


Spindle Moving 
we plate 

a8 = 
ee. Fixed 
plate 


Figure 6.12 


As the moving plates are rotated through half a revo- 
lution, the meshing, and therefore the capacitance, 
varies from a minimum to a maximum value. Variable 
air capacitors are used in radio and electronic circuits 
where very low losses are required, or where a vari- 
able capacitance is needed. The maximum value of such 
capacitors is between 500 pF and 1000 pF. 


2. Mica capacitors. A typical older type construction is 


shown in Figure 6.13. 


Mica sheets 


5 POT 
| NECKS 


(lead or aluminium) 


Figure 6.13 
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Usually the whole capacitor is impregnated with wax 
and placed in a bakelite case. Mica is easily obtained 
in thin sheets and is a good insulator. However, mica 
is expensive and is not used in capacitors above about 
0.2 uF. A modified form of mica capacitor is the sil- 
vered mica type. The mica is coated on both sides 
with a thin layer of silver which forms the plates. 
Capacitance is stable and less likely to change with 
age. Such capacitors have a constant capacitance with 
change of temperature, a high working voltage rating 
and a long service life and are used in high frequency 
circuits with fixed values of capacitance up to about 
1000 pF. 

3. Paper capacitors. A typical paper capacitor is shown in 
Figure 6.14 where the length of the roll corresponds to 
the capacitance required. The whole is usually impreg- 
nated with oil or wax to exclude moisture, and then 
placed in a plastic or aluminium container for pro- 
tection. Paper capacitors are made in various working 
voltages up to about 150 kV and are used where loss is 
not very important. The maximum value of this type of 
capacitor is between 500 pF and 10 WF. Disadvantages 
of paper capacitors include variation in capacitance with 
temperature change and a shorter service life than most 
other types of capacitor. 


Metal end cap for 
connection to 


metal foil Ny 2 
NN 


Figure 6.14 


4. Ceramic capacitors. These are made in various forms, 
each type of construction depending on the value of 
capacitance required. For high values, a tube of ceramic 
material is used as shown in the cross-section of Fig- 
ure 6.15. For smaller values the cup construction is used 


Connection Connection 


Ceramic ee 
tube (e.g silver) 


Figure 6.15 


Ceramic cup 


Connection 


Conducting 
coating 


Figure 6.16 


Ceramic 
disc } 


Conducting 
coatings 


Figure 6.17 


as shown in Figure 6.16, and for still smaller values the 
disc construction shown in Figure 6.17 is used. Certain 
ceramic materials have a very high permittivity and this 
enables capacitors of high capacitance to be made which 
are of small physical size with a high working voltage 
rating. Ceramic capacitors are available in the range | 
pF to 0.1 wF and may be used in high frequency elec- 
tronic circuits subject to a wide range of temperatures. 


. Plastic capacitors. Some plastic materials such as 


polystyrene and Teflon can be used as dielectrics. Con- 
struction is similar to the paper capacitor but using a 
plastic film instead of paper. Plastic capacitors operate 
well under conditions of high temperature, provide a 
precise value of capacitance, a very long service life 
and high reliability. 


. Titanium oxide capacitors have a very high capaci- 


tance with a small physical size when used at a low 
temperature. 


. Electrolytic capacitors. Construction is similar to the 


paper capacitor with aluminium foil used for the plates 
and with a thick absorbent material, such as paper, 
impregnated with an electrolyte (ammonium borate), 
separating the plates. The finished capacitor is usually 
assembled in an aluminium container and hermetically 
sealed. Its operation depends on the formation of a thin 
aluminium oxide layer on the positive plate by elec- 
trolytic action when a suitable direct potential is main- 
tained between the plates. This oxide layer is very thin 
and forms the dielectric. (The absorbent paper between 
the plates is a conductor and does not act as a dielectric.) 
Such capacitors must always be used on dc and must 
be connected with the correct polarity; if this is not done 
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the capacitor will be destroyed since the oxide layer will 
be destroyed. Electrolytic capacitors are manufactured 
with working voltage from 6 V to 600 V, although accu- 
racy is generally not very high. These capacitors possess 
a much larger capacitance than other types of capacitors 
of similar dimensions due to the oxide film being only 
a few microns thick. The fact that they can be used only 
on dc supplies limit their usefulness. 


6.13 Discharging capacitors 


When a capacitor has been disconnected from the supply 
it may still be charged and it may retain this charge for 
some considerable time. Thus precautions must be taken 
to ensure that the capacitor is automatically discharged 
after the supply is switched off. This is done by connecting 
a high value resistor across the capacitor terminals. 


PART 


7 Magnetic circuits 


At the end of this chapter you should be able to: 


@ appreciate some applications of magnets 

e describe the magnetic field around a permanent 
magnet 

e state the laws of magnetic attraction and repulsion 
for two magnets in close proximity 

e define magnetic flux, &, and magnetic flux density, 
B, and state their units 


® 
e perform simple calculations involving B = — 


e define magnetomotive force, F;,, and magnetic field 
strength, H, and state their units 
e perform simple calculations involving F;, = NIJ and 


H=— 
I 


e define permeability, distinguishing between jo, [Ly 
and ww 

e understand the B—H curves for different magnetic 
materials 

© appreciate typical values of ju; 

e perform calculations involving B= Uo, 

e define reluctance, $, and state its units 


. ; ; mmf I 
e perform calculations involving § = —— = 

, ‘ ® MoMA 
e perform calculations on composite series magnetic 


circuits 

e@ compare electrical and magnetic quantities 

@ appreciate how a hysteresis loop is obtained and that 
hysteresis loss is proportional to its area 


7.1 Introduction to magnetism and magnetic 
circuits 


The study of magnetism began in the thirteenth cen- 
tury with many eminent scientists and physicists such 
as William Gilbert, Hans Christian Oersted, Michael 
Faraday, James Maxwell, André Ampére and Wilhelm 
Weber all having some input on the subject since. The 
association between electricity and magnetism is a fairly 
recent finding in comparison with the very first under- 
standing of basic magnetism. 

Today, magnets have many varied practical appli- 
cations. For example, they are used in motors and 
generators, telephones, relays, loudspeakers, computer 
hard drives and floppy disks, anti-lock brakes, cameras, 
fishing reels, electronic ignition systems, keyboards, t.v. 
and radio components and in transmission equipment. 

The full theory of magnetism is one of the most complex 
of subjects; this chapter provides an introduction to the 
topic. 


7.2 Magnetic fields 


A permanent magnet is a piece of ferromagnetic mater- 
ial (such as iron, nickel or cobalt) which has properties 
of attracting other pieces of these materials. A permanent 
magnet will position itself in a north and south direction 


when freely suspended. The north-seeking end of the mag- 
net is called the north pole, NV, and the south-seeking end 
the south pole, S. 

The area around a magnet is called the magnetic field 
and it is in this area that the effects of the magnetic force 
produced by the magnet can be detected. A magnetic 
field cannot be seen, felt, smelt or heard and therefore 
is difficult to represent. Michael Faraday suggested that 
the magnetic field could be represented pictorially, by 
imagining the field to consist of lines of magnetic flux, 
which enables investigation of the distribution and density 
of the field to be carried out. 

The distribution of a magnetic field can be investigated 
by using some iron filings. A bar magnet is placed on a flat 
surface covered by, say, cardboard, upon which is sprin- 
Kled some iron filings. If the cardboard is gently tapped 
the filings will assume a pattern similar to that shown in 
Figure 7.1. If a number of magnets of different strength 
are used, it is found that the stronger the field the closer are 


Lines of N 
magnetic N 
flux 


Figure 7.1 
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the lines of magnetic flux and vice-versa. Thus a magnetic 
field has the property of exerting a force, demonstrated in 
this case by causing the iron filings to move into the pat- 
tern shown. The strength of the magnetic field decreases 
as we move away from the magnet. It should be realized, 
of course, that the magnetic field is three dimensional in 
its effect, and not acting in one plane as appears to be the 
case in this experiment. 

If a compass is placed in the magnetic field in various 
positions, the direction of the lines of flux may be deter- 
mined by noting the direction of the compass pointer. The 
direction of a magnetic field at any point is taken as that in 
which the north-seeking pole of a compass needle points 
when suspended in the field. The direction of a line of flux 
is from the north pole to the south pole on the outside of the 
magnet and is then assumed to continue through the mag- 
net back to the point at which it emerged at the north pole. 
Thus such lines of flux always form complete closed loops 
or paths, they never intersect and always have a definite 
direction. The laws of magnetic attraction and repulsion 
can be demonstrated by using two bar magnets. In Fig- 
ure 7.2(a), with unlike poles adjacent, attraction takes 
place. Lines of flux are imagined to contract and the mag- 
nets try to pull together. The magnetic field is strongest in 
between the two magnets, shown by the lines of flux being 
close together. In Figure 7.2(b), with similar poles adja- 
cent (i.e. two north poles), repulsion occurs, i.e. the two 
north poles try to push each other apart, since magnetic 
flux lines running side by side in the same direction repel. 


Figure 7.2 


7.3 Magnetic flux and flux density 


Magnetic flux is the amount of magnetic field (or the 
number of lines of force) produced by a magnetic source. 
The symbol for magnetic flux is ® (Greek letter ‘phi’). 
The unit of magnetic flux is the weber, Wb. 


Magnetic flux density is the amount of flux passing 
through a defined area that is perpendicular to the direction 
of the flux: 


magnetic flux 
area 


Magnetic flux density = 


The symbol for magnetic flux density is B. The unit 
of magnetic flux density is the tesla, T, where | T= 
1 Wb/m7. Hence 


® 
B= q tesla where A(m?) is the area 


Problem 1. A magnetic pole face has a rectangular 
section having dimensions 200 mm by 100 mm. If the 
total flux emerging from the pole is 150 Wb, calculate 
the flux density. 


Flux ® = 150 wWb = 150 x 10-© Wb 


Cross-sectional area A = 200 x 100 = 20000 mm” 
= 20000 x 107° m? 


S010 
A 20000 x 10-6 
= 0.0075 T or 7.5 mT 


Flux density B = 


Problem 2. The maximum working flux density of 
a lifting electromagnet is 1.8 T and the effective area 
of a pole face is circular in cross-section. If the total 
magnetic flux produced is 353mWb, determine the 
radius of the pole face. 


Flux density B= 1.8T; 
flux ® = 353 mWb = 353 x 1073 Wb 


: ® : ® 
Since B = 7X’ cross-sectional area A = 3 


353x 10-3, 
=> ————_ mM 
1.8 

= 0.1961 m? 


The pole face is circular, hence area = srr2, where r is the 
radius. 
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Hence rr? = 0.1961 


.1961 1961 
from which r? = O01 and radius r= / ( 96 ) 
cra 


cd 
=0.250m 


i.e. the radius of the pole face is 250 mm 


7.4 Magnetomotive force and magnetic field 
strength 


Magnetomotive force (mmf) is the cause of the existence 
of a magnetic flux in a magnetic circuit, 


mmf, F,, = NI amperes 


where N is the number of conductors (or turns) and J is 
the current in amperes. The unit of mmf is sometimes 
expressed as ‘ampere-turns’. However since ‘turns’ have 
no dimensions, the SI unit of mmf is the ampere. 
Magnetic field strength (or magnetizing force), 


H= NI/l ampere per metre 


where / is the mean length of the flux path in metres. 
Thus mmf = NJ = HI amperes. 


Problem 3. A magnetizing force of 8000A/m is 
applied to a circular magnetic circuit of mean diam- 
eter 30 cm by passing a current through a coil wound 
on the circuit. If the coil is uniformly wound around the 
circuit and has 750 turns, find the current in the coil. 


H =8000A/m;1=2d =z x 30 x 10-2 m; N = 750 turns 


—2 
Sie ae Len ee HI _ 8000 x m x 30 x 10 
! N 750 


Thus, current J=10.05A 


Now try the following exercise. 


Exercise 19 Further problems on flux, flux den- 
sity, m.m.f. and magnetic field strength 


1. What is the flux density in a magnetic field of cross- 
sectional area 20 cm” having a flux of 3 mWb? 
{1.5 T] 


2. Determine the total flux emerging from a magnetic 
pole face having dimensions 5cm by 6cm, if the 
flux density is 0.9 T. (2.7 mWb] 


3. The maximum working flux density of a lifting elec- 
tromagnet is 1.9T and the effective area of a pole 
face is circular in cross-section. If the total magnetic 
flux produced is 611 mWb determine the radius of 
the pole face. [32 cm] 


4. A current of SA is passed through a 1000-turn 
coil wound on a circular magnetic circuit of radius 
120 mm. Calculate (a) the magnetomotive force, and 
(b) the magnetic field strength. 

[(a) 5000 A (b) 6631 A/m] 


7.5 Permeability and B—H curves 


For air, or any non-magnetic medium, the ratio of mag- 
netic flux density to magnetizing force is a constant, i.e. 
B/H =a constant. This constant is 49, the permeabil- 
ity of free space (or the magnetic space constant) and 
is equal to 472 x 10-7 H/m, i.e. for air, or any non- 


B/H = pty | (Although 


magnetic medium, the ratio 


all non-magnetic materials, including air, exhibit slight 
magnetic properties, these can effectively be neglected.) 


For all media other than free space, | B/H = po}, 


where u; is the relative permeability, and is defined as 


flux density in material 


Lh, = aoe 
”~ flux density in a vacuum 


[ty Varies with the type of magnetic material and, since it is 
aratio of flux densities, it has no unit. From its definition, 
py for a vacuum is 1. 

Lo; = , called the absolute permeability. 

By plotting measured values of flux density B against 
magnetic field strength H, a magnetization curve (or 
B-H curve) is produced. For non-magnetic materials 
this is a straight line. Typical curves for four magnetic 
materials are shown in Figure 7.3. 

The relative permeability of a ferromagnetic mat- 
erial is proportional to the slope of the B—H curve and 
thus varies with the magnetic field strength. The approxi- 
mate range of values of relative permeability j, for some 
common magnetic materials are: 


Castiron 4, = 100-250 Mild steel jz, = 200-800 
Silicon iron 4, = 1000-5000 Cast steel jz, = 300-900 
Mumetal = j,=200-5000 — Stalloy [Lr = 500-6000 
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Figure 7.3. B—H curves for four materials 


Problem 4. A flux density of 1.2 T is produced in a 
piece of cast steel by a magnetizing force of 1250 A/m. 
Find the relative permeability of the steel under these 
conditions. 


For a magnetic material: 


B= poh, H 
B 1.2 
le. Up = — = 764 
uoH (4m x 1077)(1250) 


Problem 5. Determine the magnetic field strength 
and the mmf required to produce a flux density of 
0.25 T in an air gap of length 12 mm. 


For air: B = to A (since pt, = 1) 


Magnetic field strength H = 2 a we 
wo = 40 x: 10-7 
= 198 940 A/m 
mmf = HI = 198940 x 12 x 1077 
= 2387A 


Problem6. Acoil of 300 turns is wound uniformly on 
a ring of non-magnetic material. The ring has a mean PART 
circumference of 40 cm and a uniform cross-sectional 1 
area of 4 cm”. If the current in the coil is 5 A, calculate 
(a) the magnetic field strength, (b) the flux density and 
(c) the total magnetic flux in the ring. 


NI 300 x 5 
M tic field strength H = — = ———_. 
(a) Magnetic field streng 7 70 x 10-2 
= 3750 A/m 


(b) For a non-magnetic material jz, = 1, thus flux density 
B=wo0H 


ie. B=4z x 1077 x 3750 =4.712 mT 


(c) Flux ® = BA = (4.712 x 1073)(4 x 1074) 
= 1.885 1 Wb 


Problem 7. An iron ring of mean diameter 10 cm is 
uniformly wound with 2000 turns of wire. When a cur- 
rent of 0.25 A is passed through the coil a flux density 
of 0.4 T is set up in the iron. Find (a) the magnetizing 
force and (b) the relative permeability of the iron under 
these conditions. 


l=nd=nx x 10cm=z x 10x 10>? m; N = 2000 turns: 
1=0.25A;B=0.4 T 


T 2 2. 
ea ee = 000 x 0.25 - 
az x 10x 10-2 


B 
(b) B = wou,H, hence hw, = —— 
oH 


oom = 1592 A/m 


2 0.4 _ 
~ (45 x 10-7)(1592) 


Problem 8. A uniform ring of cast iron has a cross- 
sectional area of 10cm? and a mean circumference of 
20cm. Determine the mmf necessary to produce a flux 
of 0.3 mWb in the ring. The magnetization curve for 
cast iron is shown in Figure 7.3. 


A=10cm? = 10 x 107 
®=0.3 x 1073 Wb 


4 m?; 1=20cm=0.2m; 


® 03x 1073 
A 10x 10-4 


Flux density B = = 0.3T 


From the magnetization curve for cast iron in Figure 7.3, 
when B= 0.3 T, H = 1000 A/m, hence 
mmf = H/= 1000 x 0.2=200A 

A tabular method could have been used in this problem. 
Such a solution is shown on the next page. 
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® 
Part of Material ® (Wb) A (m*) B= x (T) Hf from 7 (m) mmf = 
circuit graph HI (A) 
Ring Cast iron 0.3 x 10-7 10 x 10-4 0.3 1000 0.2 200 


7.6 Reluctance 


Reluctance S (or Ry) is the ‘magnetic resistance’ of a 
magnetic circuit to the presence of magnetic flux. 


Reluctance, 
Fy NI Hi Ie Sa 
® d BA (B/H)A pwott,A 


The unit of reluctance is 1/H (or H~!) or A/Wb 
Ferromagnetic materials have a low reluctance and can 
be used as magnetic screens to prevent magnetic fields 
affecting materials within the screen. 


Problem 9. Determine the reluctance of a piece of 
mumetal of length 150mm and cross-sectional area 
1800 mm? when the relative permeability is 4000. Find 
also the absolute permeability of the mumetal. 


Reluctance S = 


HolrA 
150 x 1073 
~ (4 x 1077)(4000)(1800 x 10-6) 
= 16 580/H or 16580 A/Wb or 
16.58 kA/Wb 
Absolute permeability, 4 = ou; = (47 x 10~’)(4000) 


= 5.027 x 10° H/im 


Problem 10. A mild steel ring has a radius of 50 mm 
and a cross-sectional area of 400 mm7. A current of 
0.5 A flows in a coil wound uniformly around the ring 
and the flux produced is 0.1 mWb. If the relative per- 
meability at this value of current is 200 find (a) the 
reluctance of the mild steel and (b) the number of turns 
on the coil. 


l=2nr=2x2x50x 103m; A=400 x 10-° m’; 
1=0.5A; ®=0.1 x 1073 Wb; ju, = 200 


(a) Reluctance S$ = 


HolrA 
2xax50x 1073 


~ (4a x 10-7)(200)(400 x 10-5) 
= 3.125 x 10°/H 


ie. mmf=S® 


(b) S= mmf 


so that NJ = S® and 


S® 3.125x 10° x 0.1 x 1073 
hence N = = 
I 0.5 


= 625 turns 


Now try the following exercise. 


Exercise 20 Further problems on magnetic cir- 
cuits (Where app Er ie assume: 
[Lo = 47 x 107" H/m) 


1. Find the magnetic field strength and the magneto- 
motive force needed to produce a flux density of 
0.33 T in an air gap of length 15 mm. 

[(a) 262 600 A/m (b) 3939 A] 


2. An air gap between two pole pieces is 20mm in 
length and the area of the flux path across the gap is 
5 cm”. If the flux required in the air gap is 0.75 mWb 
find the mmf necessary. [23 870 A] 


3. Find the magnetic field strength applied to a 
magnetic circuit of mean length 50cm when a coil 
of 400 turns is applied to it carrying a current of 
1.2A. [960 A/m] 


4. A solenoid 20cm long is wound with 500 turns 
of wire. Find the current required to establish a 
magnetizing force of 2500 A/m inside the solenoid. 

[1 A] 


5. Amagnetic field strength of 5000 A/m is applied to a 
circular magnetic circuit of mean diameter 250 mm. 

If the coil has 500 turns find the current in the coil. 
[7.85 A] 


6. Find the relative permeability of a piece of silicon 
iron if a flux density of 1.3 T is produced by a 
magnetic field strength of 700 A/n [1478] 


7. Part of a magnetic circuit is made from steel 
of length 120mm, cross-sectional area 15cm? 
and relative permeability 800. Calculate (a) the 
reluctance and (b) the absolute permeability of the 
steel. [(a) 79 580 /H (b) 1 mH/m] 
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8. Asteel ring of mean diameter 120 mm is uniformly 
wound with 1500 turns of wire. When a current of 
0.30 A is passed through the coil a flux density 
of 1.5 T is set up in the steel. Find the relative 
permeability of the steel under these conditions. 

[1000] 


9. A mild steel closed magnetic circuit has a mean 
length of 75mm and a cross-sectional area of 
320.2 mm. A current of 0.40 A flows in a coil 
wound uniformly around the circuit and the flux 
produced is 200 jt. Wb. If the relative permeability 
of the steel at this value of current is 400 find (a) 
the reluctance of the material and (b) the number 
of turns of the coil. [(a) 466 000/H (b) 233] 


10. A uniform ring of cast steel has a cross-sectional 
area of 5 cm? and a mean circumference of 15cm. 
Find the current required in a coil of 1200 turns 
wound on the ring to produce a flux of 0.8 mWb. 
(Use the magnetization curve for cast steel shown 
on page 55.) [0.60 A] 


11. (a) A uniform mild steel ring has a diameter of 
50mm and a cross-sectional area of 1 cm?. 
Determine the mmf necessary to produce a 
flux of 50 Wb in the ring. (Use the B—H curve 
for mild steel shown on page 55.) 

(b) If a coil of 440 turns is wound uniformly 
around the ring in part (a) what current would 
be required to produce the flux? 

[(a) 110 A (b) 0.25 A] 


7.7 Composite series magnetic circuits 


For a series magnetic circuit having n parts, the total 


reluctance S is given by: 


S=S,4+S.+--- +S, 


(This is similar to resistors connected in series in an 


electrical circuit.) 


Problem 11. A closed magnetic circuit of cast steel 
contains a 6 cm long path of cross-sectional area 1 cm? 
and a 2 cm path of cross-sectional area 0.5 cm”. A coil 
of 200 turns is wound around the 6cm length of the 
circuit and a current of 0.4 A flows. Determine the flux 
density in the 2 cm path, if the relative permeability of 
the cast steel is 750. 


For the 6 cm long path: 
I 
HolrA 


Reluctance Sj = 
= 6 x 10-2 
~ (4m x 10-7)(750)(1 x 10-4) 
= 6.366 x 10°/H 


For the 2 cm long path: 


ly 


Reluctance $2 = 
HotrA2 


= 2x 10-2 
~ (4 x 10-7)(750)(0.5 x 10-4) 


= 4.244 x 10°/H 


Total circuit reluctance S = S; + $2 
= (6.366 + 4.244) x 10° 
= 10.61 x 10°/H 


mmf . mmf AN 
S= , Le. P= = 
© S S 
2 A 
a AOD OO 8 sd et eo Wb 
10.61 x 105 


® 
Flux density in the 2cm path, B = ri 


_ 7.54 x 10~ 


—o5xio# 7" 


Problem 12. A silicon iron ring of cross-sectional 
area Scm* has a radial air gap of 2mm cut into it. 
If the mean length of the silicon iron path is 40cm, 
calculate the magnetomotive force to produce a flux 
of 0.7mWb. The magnetization curve for silicon is 
shown on page 55. 


There are two parts to the circuit — the silicon iron and 
the air gap. The total mmf will be the sum of the mmf’s 
of each part. 


eee ® 0.7x 10-3 
For the silicon iron: B = — =1.4T 
A 5x 10-4 


From the B-H curve for silicon iron on page 55, when 
B=14T, H=1650At/m. 


Hence the mmf for the iron path= H/= 1650 x 0.4 
= 660A 
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Part of Material ® (Wb) A (m7) B(T) H(A/m) 1 (m) mmf = 
circuit HI (A) 
Ring Silicon 0.7 x 10-7 5x 10-4 1.4 1650 0.4 660 
iron (from graph) 
1.4 
Air gap Air 0.7 x 10-3 5x 10-4 1.4 ——_—_ 2x 10-3 2228 
An x 10-7 
= 1114000 
Total: 2888 A 
For the air gap: A tabular solution is shown on the next page. 


The flux density will be the same in the air gap as in 
the iron, i.e. 1.4 T. (This assumes no leakage or fringing 
occurring.) 


B14 
Lo 4a x 10-7 
= 1114000 A/m 


For air, H = 


Hence the mmf for the air gap = HI 


= 1114000 x 2x 1073 
= 2228A 


Total mmf to produce a flux of 0.7 mWb = 660 + 2228 
= 2888 A 


A tabular method could have been used as shown above. 


Problem 13. Figure 7.4 shows a ring formed with 
two different materials — cast steel and mild steel. 
The dimensions are: 


mean length cross-sectional area 
Mild steel 400mm 500 mm? 


300 mm 312.5 mm? 


Cast steel 


i * 


Cast steel 


Mild steel 


Figure 7.4 


Find the total mmf required to cause a flux of 500 ~Wb 
in the magnetic circuit. Determine also the total circuit 
reluctance. 


Total circuit reluctance S aaa 20 
Ircul U = = 
® 500 x 10-6 
=4x 10°/H 


Problem 14. A section through a magnetic circuit of 
uniform cross-sectional area 2m? is shown in Fig- 
ure 7.5. The cast steel core has a mean length of 25 cm. 
The air gap is 1 mm wide and the coil has 5000 turns. 
The B-H curve for cast steel is shown on page 55. 
Determine the current in the coil to produce a flux 
density of 0.80 T in the air gap, assuming that all the 
flux passes through both parts of the magnetic circuit. 


Air 
gap 


Figure 7.5 


For the cast steel core, when B=0.80 T, H=750A/m 
(from page 55) 


Reluctance of core $; = and since B = uou,H, 


MolrA 


_ (25 x 10~*)(750) 
~ (0.8)(2 x 10-4) 


= 1172000/H 
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Part of Material ® (Wb) A (m7?) B(T) H (A/m) 1 (m) mmf = H/ 
circuit (=®/A) (from (A) 
graphs p 55) 
A Mild steel 500 x 10-° 500 x 107° 1.0 1400 400 x 10-3 560 
B Cast steel 500 x 10-6 312.5 x 10-6 1.6 4800 300 x 1077 1440 
Total: 2000 A 
For the air gap: mmf necessary to establish a flux of 0.8 mWb 
bh hb in the ring. Use the B—H curve for cast steel 
Reluctance, $2 = aaa shown on page 55. 
Oe, Ae (b) If a radial air gap 1.5mm wide is cut in the 
(since 4, = 1 for air) ring of part (a) find the mmf now necessary to 
maintain the same flux in the ring. 
1 x 1073 [(a) 270 A (b) 1860 A] 
~ (4m x 1077)(2 x 1074) 
= 3979 000/H 3. For the magnetic circuit shown in Figure 7.6 find 
the current I in the coil needed to produce a flux of 
Total circuit reluctance S = S; + S 0.45 mWb in the air gap. The silicon iron magnetic 
circuit has a uniform cross-sectional area of 3 cm? 
= 1172000 + 3979 000 and its magnetization curve is as shown on page 55. 
0.83 A 
=5151000/H l | 
Flux 6 = BA =0.80 x 2 x 10-4 = 1.6 x 1074 Wb 
mmf 
S = ——, thus mmf = S® 
® 
Silicon 
Hence NI =S® ian 
® 
and current J = ae 
N 
1.5mm 
_ (5151 000)(1.6 x 10~*) air gap 
5000 Figure 7.6 
= 0.165 A 
Now try the following exercise. 4. A ring forming a magnetic circuit is made from 
two materials; one part is mild steel of mean 
Exercise 21 Further problems on composite length 25cm and cross-sectional area 4cm*, and 
series magnetic circuits (Where appropriate assume the remainder is cast iron of mean length 20cm 
jo = 4m x 10-7 H/m) and cross-sectional area 7.5cm?. Use a tabular 
approach to determine the total mmf required to 
1. A magnetic circuit of cross-sectional area 0.4 cm? cause a flux of 0.30mWb in the magnetic circuit. 
consists of one part 3cm long, of material having Find also the total reluctance of the circuit. Use the 
relative permeability 1200, and a second part 2cm magnetization curves shown on page 55. 
long of material having relative permeability 750. [550 A, 1.83 x 10°/H] 
With a 100 turn coil carrying 2 A, find the value of 
Bie rete tere te are ae 5. Figure 7.7 shows the magnetic circuit of a relay. 
2. (a) A cast steel ring has a cross-sectional area of When each of the air gaps are 1.5 mm wide find the 
600 mm2 and a radius of 25 mm. Determine the mmf required to produce a flux density of 0.75 T in 
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the air gaps. Use the B-H curves shown on 
page 55. [2970 A] 


1Tcm Ajr gap icm og 


aif 


Cast iron Air gap 


magnet 1.5mm 


Figure 7.7 


7.8 Comparison between electrical and magnetic 


quantities 
Electrical circuit | Magnetic circuit 
e.m.f. E (V) | mmf Fin (A) 
current [ (A) | flux ® (Wb) 
resistance R (Q) | reluctance S (H7!) 
mmf 
l= — ® = ——_ 
R S 
1 l 
Ro = Ga 
A HorA 


7.9 Hysteresis and hysteresis loss 


Hysteresis is the ‘lagging’ effect of flux density B when- 
ever there are changes in the magnetic field strength H. 
When an initially unmagnetized ferromagnetic material is 
subjected to a varying magnetic field strength H, the flux 
density B produced in the material varies as shown in Fig- 
ure 7.8, the arrows indicating the direction of the cycle. 
Figure 7.8 is known as a hysteresis loop. 


From Figure 7.8, distance OX indicates the residual 
flux density or remanence, OY indicates the coercive 
force, and PP’ is the saturation flux density. 


Figure 7.8 


Hysteresis results in a dissipation of energy which 
appears as a heating of the magnetic material. The energy 
loss associated with hysteresis is proportional to the 
area of the hysteresis loop. 

The production of the hysteresis loop and hysteresis 
loss are explained in greater detail in Chapter 38, Section 
3, page 488. 

The area of a hysteresis loop varies with the type of 
material. The area, and thus the energy loss, is much 
greater for hard materials than for soft materials. 

For AC-excited devices the hysteresis loop is repeated 
every cycle of alternating current. Thus a hysteresis loop 
with a large area (as with hard steel) is often unsuitable 
since the energy loss would be considerable. Silicon steel 
has a narrow hysteresis loop, and thus small hysteresis 
loss, and is suitable for transformer cores and rotating 
machine armatures. 


Revision test 2 


This revision test covers the material contained in 
chapters 5 to 7. 


The marks for each question are shown in brackets at 
the end of each question. 


. Resistances of 5 Q, 7 Q, and 8 Q are connected in 
series. If a 10 V supply voltage is connected across the 
arrangement determine the current flowing through and 
the p.d. across the 7 Q resistor. Calculate also the power 
dissipated in the 8 Q2 resistor. (6) 


. For the series-parallel network shown in Figure RT2.1, 
find (a) the supply current, (b) the current flowing 
through each resistor, (c) the p.d. across each resis- 
tor, (d) the total power dissipated in the circuit, (e) the 
cost of energy if the circuit is connected for 80 hours. 
Assume electrical energy costs 14 p per unit. (15) 


. The charge on the plates of a capacitor is 8 mC when 
the potential between them is 4kV. Determine the 
capacitance of the capacitor. (2) 


. Two parallel rectangular plates measuring 80mm by 
120mm are separated by 4mm of mica and carry an 


5. 


electric charge of 0.48 C. The voltage between the 
plates is 500 V. Calculate (a) the electric flux density, 
(b) the electric field strength, and (c) the capacitance of 
the capacitor, in picofarads, if the relative permittivity 
of mica is 5. (7) 


A 4\F capacitor is connected in parallel with a 6 WF 
capacitor. This arrangement is then connected in series 
with a 10uF capacitor. A supply p.d. of 250V is 
connected across the circuit. Find (a) the equivalent 
capacitance of the circuit, (b) the voltage across the 
10 WF capacitor, and (c) the charge on each capacitor. 


() 


. A coil of 600 turns is wound uniformly on a ring of 


non-magnetic material. The ring has a uniform cross- 
sectional area of 200 mm? and a mean circumference 
of 500 mm. If the current in the coil is 4 A, determine 
(a) the magnetic field strength, (b) the flux density, and 
(c) the total magnetic flux in the ring. (5) 


. A mild steel ring of cross-sectional area 4cm? has a 


radial air gap of 3 mm cut into it. If the mean length of 
the mild steel path is 300mm, calculate the magneto- 
motive force to produce a flux of 0.48 mWb. (Use the 
B-H curve on page 55) (8) 


A, =22 


Figure RT2.1 
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8 Electromagnetism 


At the end of this chapter you should be able to: 


e understand that magnetic fields are produced by 
electric currents 

e apply the screw rule to determine direction of mag- 
netic field 

© recognize that the magnetic field around a solenoid is 
similar to a magnet 

e apply the screw rule or grip rule to a solenoid to 
determine magnetic field direction 

e recognize and describe practical applications of an 
electromagnet, i.e. electric bell, relay, lifting mag- 
net, telephone receiver 

© appreciate factors upon which the force F on a 
current-carrying conductor depends 


e perform calculations using F = BI] and F = Bil sin@ 

@ recognize that a loudspeaker is a practical application 
of force F 

e use Fleming’s left-hand rule to pre-determine direc- 
tion of force in a current-carrying conductor 

e describe the principle of operation of a simple d.c. 
motor 

e describe the principle of operation and construction 
of a moving coil instrument 

@ appreciate the force Fon a charge in a magnetic field 
is given by F = QuB 

e perform calculations using F = QvB 


8.1 Magnetic field due to an electric current 


Magnetic fields can be set up not only by permanent mag- 
nets, as shown in Chapter 7, but also by electric currents. 
Let a piece of wire be arranged to pass vertically 
through a horizontal sheet of cardboard, on which is 
placed some iron filings, as shown in Figure 8.1(a). 


Current | 
direction 
fj} Wire | 
Peale Sheet of 
Vee cle" cardboard 
lron filings 


(a) UJ 


Figure 8.1 


If a current is now passed through the wire, then the iron 
filings will form a definite circular field pattern with the 
wire at the centre, when the cardboard is gently tapped. 
By placing a compass in different positions the lines of 
flux are seen to have a definite direction as shown in 
Figure 8.1(b). If the current direction is reversed, the direc- 
tion of the lines of flux is also reversed. The effect on 
both the iron filings and the compass needle disappears 


when the current is switched off. The magnetic field is 
thus produced by the electric current. The magnetic flux 
produced has the same properties as the flux produced by a 
permanent magnet. If the current is increased the strength 
of the field increases and, as for the permanent magnet, 
the field strength decreases as we move away from the 
current-carrying conductor. 

In Figure 8.1, the effect of only a small part of the 
magnetic field is shown. 

If the whole length of the conductor is similarly inves- 
tigated it is found that the magnetic field around a straight 
conductor is in the form of concentric cylinders as shown 
in Figure 8.2, the field direction depending on the direction 
of the current flow. 
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Wey magnetic See magnetic lines 
( - lines of flux (b) of flux 
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Figure 8.2 


When dealing with magnetic fields formed by elec- 
tric current it is usual to portray the effect as shown in 
Figure 8.3. The convention adopted is: 


(i) Current flowing away from the viewer, i.e. into the 
paper, is indicated by ©. This may be thought of 
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as the feathered end of the shaft of an arrow. See 
Figure 8.3(a). 


aN “ — 
ea Co 
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(a) Current flowing away 
from viewer 


(b) Current flowing 
towards viewer 


Figure 8.3 


(ii) Current flowing towards the viewer, i.e. out of the 
paper, is indicated by ©. This may be thought of as 
the tip of an arrow. See Figure 8.3(b). 


The direction of the magnetic lines of flux is best remem- 
bered by the screw rule. This states that: 


‘If anormal right-hand thread screw is screwed along the 
conductor in the direction of the current, the direction of 
rotation of the screw is in the direction of the magnetic 


field.’ 


For example, with current flowing away from the 
viewer (Figure 8.3(a)) a right-hand thread screw driven 
into the paper has to be rotated clockwise. Hence the 
direction of the magnetic field is clockwise. 

A magnetic field set up by a long coil, or solenoid, is 
shown in Figure 8.4(a) and is seen to be similar to that of 
a bar magnet. If the solenoid is wound on an iron bar, as 
shown in Figure 8.4(b), an even stronger magnetic field 


(b) Magnetic field of an iron cored solenoid 


Figure 8.4 


is produced, the iron becoming magnetized and behaving 
like a permanent magnet. 

The direction of the magnetic field produced by the 
current J in the solenoid may be found by either of two 
methods, i.e. the screw rule or the grip rule. 


(a) The screw rule states that if a normal right-hand 
thread screw is placed along the axis of the solenoid 
and is screwed in the direction of the current it 
moves in the direction of the magnetic field inside the 
solenoid. The direction of the magnetic field inside 
the solenoid is from south to north. Thus in Figures 
8.4(a) and (b) the north pole is to the right. 

(b) The grip rule states that if the coil is gripped with the 
right hand, with the fingers pointing in the direction 
of the current, then the thumb, outstretched parallel 
to the axis of the solenoid, points in the direction of 
the magnetic field inside the solenoid. 


Problem 1. Figure 8.5 shows a coil of wire wound on 
an iron core connected to a battery. Sketch the magnetic 
field pattern associated with the current-carrying coil 
and determine the polarity of the field. 


TT 
I 
i 


Figure 8.5 


The magnetic field associated with the solenoid in Fig- 
ure 8.5 is similar to the field associated with a bar magnet 
and is as shown in Figure 8.6. The polarity of the field is 
determined either by the screw rule or by the grip rule. 
Thus the north pole is at the bottom and the south pole at 
the top. 


Figure 8.6 
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8.2 Electromagnets 


The solenoid is very important in electromagnetic theory 
since the magnetic field inside the solenoid is practically 
uniform for a particular current, and is also versatile, 
inasmuch that a variation of the current can alter the 
strength of the magnetic field. An electromagnet, based 
on the solenoid, provides the basis of many items of 
electrical equipment, examples of which include electric 
bells, relays, lifting magnets and telephone receivers. 


(i) Electric bell 

There are various types of electric bell, including the 
single-stroke bell, the trembler bell, the buzzer and a 
continuously ringing bell, but all depend on the attrac- 
tion exerted by an electromagnet on a soft iron armature. 
A typical single-stroke bell circuit is shown in Figure 8.7. 
When the push button is operated a current passes through 
the coil. Since the iron-cored coil is energized the soft iron 
armature is attracted to the electromagnet. The armature 
also carries a striker which hits the gong. When the circuit 
is broken the coil becomes demagnetized and the spring 
steel strip pulls the armature back to its original position. 
The striker will only operate when the push is operated. 


— Spring steel 


strip 
Electro- 
magnet I— Soft iron 
armature 


Figure 8.7 


— Striker 
C¥ Gong 
(ii) Relay 


A relay is similar to an electric bell except that con- 
tacts are opened or closed by operation instead of a gong 
being struck. A typical simple relay is shown in Figure 8.8, 


To electrical circuit 


Fixed 
contacts 


Electromagnet 


MCDA OQ. 


Hinged 


© Supply to coil armature 


Figure 8.8 


which consists of a coil wound on a soft iron core. When 
the coil is energized the hinged soft iron armature is 
attracted to the electromagnet and pushes against two fixed 
contacts so that they are connected together, thus closing 
some other electrical circuit. 


Gii) Lifting magnet 

Lifting magnets, incorporating large electromagnets, are 
used in iron and steel works for lifting scrap metal. 
A typical robust lifting magnet, capable of exerting large 
attractive forces, is shown in the elevation and plan view of 
Figure 8.9 where a coil, C, is wound round a central core, 
P, of the iron casting. Over the face of the electromagnet 
is placed a protective non-magnetic sheet of material, R. 
The load, Q, which must be of magnetic material is lifted 
when the coils are energized, the magnetic flux paths, M, 
being shown by the broken lines. 


Plan view 


Figure 8.9 


Bakelite 


Diaphragm Cover 


Permanent magnet 


Non-magnetic 
case 


Figure 8.10 
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(iv) Telephone receiver 

Whereas a transmitter or microphone changes sound 
waves into corresponding electrical signals, a telephone 
receiver converts the electrical waves back into sound 
waves. A typical telephone receiver is shown in Fig- 
ure 8.10 and consists of a permanent magnet with coils 
wound on its poles. A thin, flexible diaphragm of mag- 
netic material is held in position near to the magnetic 
poles but not touching them. Variation in current from the 
transmitter varies the magnetic field and the diaphragm 
consequently vibrates. The vibration produces sound 
variations corresponding to those transmitted. 


8.3. Force on a current-carrying conductor 


If a current-carrying conductor is placed in a magnetic 
field produced by permanent magnets, then the fields 
due to the current-carrying conductor and the permanent 
magnets interact and cause a force to be exerted on the 
conductor. The force on the current-carrying conductor in 
a magnetic field depends upon: 


(a) the flux density of the field, B teslas 

(b) the strength of the current, J amperes, 

(c) the length of the conductor perpendicular to the mag- 
netic field, / metres, and 

(d) the directions of the field and the current. 


When the magnetic field, the current and the conductor 
are mutually at right angles then: 


Force F = Bil newtons 


When the conductor and the field are at an angle 6° to 
each other then: 


Force F = Bil sin 0 newtons 


Since when the magnetic field, current and conductor 
are mutually at right angles, F = BIl, the magnetic flux 
density B may be defined by B= F’/II, i.e. the flux density 
is | T if the force exerted on | m of a conductor when the 
conductor carries a current of 1 Ais 1N. 


Loudspeaker 


A simple application of the above force is the moving coil 
loudspeaker. The loudspeaker is used to convert electrical 
signals into sound waves. 

Figure 8.11 shows a typical loudspeaker having a mag- 
netic circuit comprising a permanent magnet and soft iron 
pole pieces so that a strong magnetic field is available in 
the short cylindrical air gap. A moving coil, called the 
voice or speech coil, is suspended from the end of a paper 


or plastic cone so that it lies in the gap. When an electric 
current flows through the coil it produces a force which 
tends to move the cone backwards and forwards accord- 
ing to the direction of the current. The cone acts as a 
piston, transferring this force to the air, and producing the 
required sound waves. 


Soft iron pole pieces 


Voice coil 


$8 
©DOOOO 
N 


Permanent 
magnet BBWBOD 


8 


Figure 8.11 


Problem 2. A conductor carries a current of 20 A and 
is at right-angles to a magnetic field having a flux dens- 
ity of 0.9T. If the length of the conductor in the field 
is 30cm, calculate the force acting on the conductor. 
Determine also the value of the force if the conductor 
is inclined at an angle of 30° to the direction of the 
field. 


B=0.9T; I 


20 A; 1 = 30cm = 0.30m 


Force F = BI = (0.9)(20)(0.30) newtons when the con- 
ductor is at right-angles to the field, as shown in 
Figure 8.12(a), i.e. F=5.4N 


Figure 8.12 


When the conductor is inclined at 30° to the field, as shown 
in Figure 8.12(b), then force F = BIl sin@ 


= (0.9)(20)(0.30) sin 30° 
Le. F=2.7N 


If the current-carrying conductor shown in Figure 8.3(a) 
is placed in the magnetic field shown in Figure 8.13(a), 
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then the two fields interact and cause a force to be exerted 
on the conductor as shown in Figure 8.13(b). The field is 
strengthened above the conductor and weakened below, 
thus tending to move the conductor downwards. This 
is the basic principle of operation of the electric motor 
(see Section 8.4) and the moving-coil instrument (see 
Section 8.5). 


Direction of motion 
(b) of conductor 


Figure 8.13 


The direction of the force exerted on a conductor can be 
pre-determined by using Fleming’s left-hand rule (often 
called the motor rule) which states: 


Let the thumb, first finger and second finger of the left 
hand be extended such that they are all at right-angles to 
each other (as shown in Figure 8.14). If the first finger 
points in the direction of the magnetic field, the sec- 
ond finger points in the direction of the current, then 
the thumb will point in the direction of the motion of the 
conductor. 


Motion 


Magnetic 


ae field 


Current 


Figure 8.14 


Summarizing: 

First finger - Field 
SeCond finger - Current 
ThuMb - Motion 


Problem 3. Determine the current required in a 
400 mm length of conductor of an electric motor, when 
the conductor is situated at right-angles to a magnetic 
field of flux density 1.2 T, if a force of 1.92 N is to be 
exerted on the conductor. If the conductor is vertical, 
the current flowing downwards and the direction of the 
magnetic field is from left to right, what is the direction 
of the force? 


Force = 1.92N;/ = 400mm = 0.40 m; B = 1.2T 
: F 
Since F = Bil, then J = — 
Bl 


1.92 


hence current J = ————— = 
(1.2)(0.4) 
If the current flows downwards, the direction of its mag- 
netic field due to the current alone will be clockwise when 
viewed from above. The lines of flux will reinforce (i.e. 
strengthen) the main magnetic field at the back of the con- 
ductor and will be in opposition in the front (i.e. weaken 
the field). 

Hence the force on the conductor will be from back 
to front (i.e. toward the viewer). This direction may also 
have been deduced using Fleming’s left-hand rule. 


Problem 4. A conductor 350 mm long carries a cur- 
rent of 10A and is at right-angles to a magnetic field 
lying between two circular pole faces each of radius 
60mm. If the total flux between the pole faces is 
0.5 mWb, calculate the magnitude of the force exerted 
on the conductor. 


7=350mm=0.35 m; /=10A; 
Area of pole face A = mr? = 1(0.06)* m?; 


© =0.5mWb=0.5 x 1073 Wb 


® 
Force F = BI, and B= x 


® 
hence force F = (3) Il 


OF x10") 
~~ (0.06)? 
i.e. force = 0.155 N 


(10)(0.35) newtons 
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Problem 5. With reference to Figure 8.15 determine 
(a) the direction of the force on the conductor in Figure 
8.15(a), (b) the direction of the force on the conductor 
in Figure 8.15(b), (c) the direction of the current in 
Figure 8.15(c), (d) the polarity of the magnetic system 
in Figure 8.15(d). 


© 
: } 
(a) (b) (c) 


f] $4 
) 


Figure 8.15 


(a) The direction of the main magnetic field is from north 
to south, i.e. left to right. The current is flowing 
towards the viewer, and using the screw rule, the 
direction of the field is anticlockwise. Hence either 
by Fleming’s left-hand rule, or by sketching the inter- 
acting magnetic field as shown in Figure 8.16(a), the 


(d) 
Figure 8.16 


direction of the force on the conductor is seen to be 
upward. 

(b) Using a similar method to part (a) it is seen that the 
force on the conductor is to the right — see Figure 
8.16(b). 

(c) Using Fleming’s left-hand rule, or by sketching as in 
Figure 8.16(c), it is seen that the current is toward the 
viewer, i.e. out of the paper. 

(d) Similar to part (c), the polarity of the magnetic system 
is as shown in Figure 8.16(d). 


Problem 6. A coil is wound on a rectangular for- 
mer of width 24 mm and length 30 mm. The former is 
pivoted about an axis passing through the middle of the 
two shorter sides and is placed in a uniform magnetic 
field of flux density 0.8 T, the axis being perpendicular 
to the field. If the coil carries a current of 50 mA, deter- 
mine the force on each coil side (a) for a single-turn 
coil, (b) for a coil wound with 300 turns. 


(a) Flux density B=0.8T; length of conductor lying 
at right-angles to field /=30mm=30 x 107? m; 
current / =50mA=50 x 10-7A 
For a single-turn coil, force on each coil side 
F =BIl=0.8 x 50 x 1073 x 30 x 10-3 

=1.2x10-3N or 0.0012N 

(b) When there are 300 turns on the coil there are effect- 
ively 300 parallel conductors each carrying a current 
of 50 mA. Thus the total force produced by the current 


is 300 times that for a single-turn coil. Hence force on 
coil side F = 300 BI/ = 300 x 0.0012 = 0.36 N 


Now try the following exercise. 


Exercise 22 Further problems on the force on a 
current-carrying conductor 


1. Aconductor carries a current of 70 A at right-angles 
to a magnetic field having a flux density of 1.5 T. If 
the length of the conductor in the field is 200 mm 
calculate the force acting on the conductor. What 
is the force when the conductor and field are at an 
angle of 45°? [21.0 N, 14.8 N] 


2. Calculate the current required in a 240 mm length 
of conductor of a d.c. motor when the conductor is 
situated at right-angles to the magnetic field of flux 
density 1.25 T, if a force of 1.20 N is to be exerted 
on the conductor. [4.0A] 


3. A conductor 30cm long is situated at right-angles 
to a magnetic field. Calculate the flux density of the 
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magnetic field if a current of 15 A in the conductor 
produces a force on it of 3.6N. [0.80 T] 


4. A conductor 300mm long carries a current of 
13A and is at right-angles to a magnetic field 
between two circular pole faces, each of diame- 
ter 80 mm. If the total flux between the pole faces 
is 0.75mWb calculate the force exerted on the 
conductor. [0.582 N] 


5. (a) A 400mm length of conductor carrying a 
current of 25A is situated at right-angles to 
a magnetic field between two poles of an elec- 
tric motor. The poles have a circular cross- 
section. If the force exerted on the conductor 
is 80 N and the total flux between the pole faces 
is 1.27 mWb, determine the diameter of a pole 
face. 


(b) If the conductor in part (a) is vertical, the cur- 
rent flowing downwards and the direction of the 
magnetic field is from left to right, what is the 
direction of the 80 N force? 

[(a) 14.2 mm (b) towards the viewer] 


6. A coil is wound uniformly on a former having a 
width of 18 mm and a length of 25 mm. The former 
is pivoted about an axis passing through the middle 
of the two shorter sides and is placed in a uniform 
magnetic field of flux density 0.75 T, the axis being 
perpendicular to the field. If the coil carries a current 
of 120 mA, determine the force exerted on each coil 
side, (a) for a single-turn coil, (b) for a coil wound 
with 400 turns. [(a) 2.25 x 10-3 N (b) 0.9] 


8.4 Principle of operation of a simple d.c. motor 


A rectangular coil which is free to rotate about a fixed 
axis is shown placed inside a magnetic field produced by 
permanent magnets in Figure 8.17. A direct current is fed 
into the coil via carbon brushes bearing on a commuta- 
tor, which consists of a metal ring split into two halves 
separated by insulation. 

When current flows in the coil a magnetic field is set up 
around the coil which interacts with the magnetic field pro- 
duced by the magnets. This causes a force F to be exerted 
on the current-carrying conductor which, by Fleming’s 
left-hand rule, is downwards between points A and B and 
upward between C and D for the current direction shown. 
This causes a torque and the coil rotates anticlockwise. 
When the coil has turned through 90° from the position 
shown in Figure 8.17 the brushes connected to the posi- 
tive and negative terminals of the supply make contact 
with different halves of the commutator ring, thus revers- 
ing the direction of the current flow in the conductor. If the 


/. Axis of 
B fe rotation 
Cc 


Figure 8.17 


current is not reversed and the coil rotates past this posi- 
tion the forces acting on it change direction and it rotates 
in the opposite direction thus never making more than half 
a revolution. The current direction is reversed every time 
the coil swings through the vertical position and thus the 
coil rotates anticlockwise for as long as the current flows. 
This is the principle of operation of a d.c. motor which is 
thus a device that takes in electrical energy and converts 
it into mechanical energy. 


8.5 Principle of operation of a moving 
coil-instrument 


A moving-coil instrument operates on the motor principle. 
When a conductor carrying current is placed in a mag- 
netic field, a force F is exerted on the conductor, given by 
F = Bil. If the flux density B is made constant (by using 
permanent magnets) and the conductor is a fixed length 
(say, a coil) then the force will depend only on the current 
flowing in the conductor. 

In a moving-coil instrument a coil is placed centrally 
in the gap between shaped pole pieces as shown by the 
front elevation in Figure 8.18(a). (The air gap is kept as 
small as possible, although for clarity it is shown exag- 
gerated in Figure 8.18.) The coil is supported by steel 
pivots, resting in jewel bearings, on a cylindrical iron core. 
Current is led into and out of the coil by two phosphor 
bronze spiral hairsprings which are wound in opposite 
directions to minimize the effect of temperature change 
and to limit the coil swing (i.e. to control the movement) 
and return the movement to zero position when no cur- 
rent flows. Current flowing in the coil produces forces as 
shown in Fig 8.18(b), the directions being obtained by 
Fleming’s left-hand rule. The two forces, F'4 and Fp, pro- 
duce a torque which will move the coil in a clockwise 
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Figure 8.18 


direction, i.e. move the pointer from left to right. Since 
force is proportional to current the scale is linear. 

When the aluminium frame, on which the coil is wound, 
is rotated between the poles of the magnet, small currents 
(called eddy currents) are induced into the frame, and 
this provides automatically the necessary damping of the 
system due to the reluctance of the former to move within 
the magnetic field. The moving-coil instrument will meas- 
ure only direct current or voltage and the terminals are 
marked positive and negative to ensure that the current 
passes through the coil in the correct direction to deflect 
the pointer ‘up the scale’. 

The range of this sensitive instrument is extended by 
using shunts and multipliers (see Chapter 10). 


8.6 Force on a charge 

PART 
When a charge of Q coulombs is moving at a velocity of v 1 
m/s in a magnetic field of flux density B teslas, the charge 
moving perpendicular to the field, then the magnitude of 
the force F exerted on the charge is given by: 


F = QvB newtons 


Problem 7. An electron in a television tube has 
a charge of 1.6x 10719 coulombs and travels at 
3 x 10’ m/s perpendicular to a field of flux density 
18.5 .T. Determine the force exerted on the electron 
in the field. 


From above, force F = QvB newtons, where 
Q=charge in coulombs = 1.6 x 10-!9c; 
v= velocity of charge =3 x 10’ m/s; 

and B = flux density = 18.5 x 10-°T 


Hence force on electron F = 1.6 x 107!9 x 3 x 10 
x 18.5 x 10~° 


=16x3x18.5x 107!8 
= 88.8 x 107!8 
=8.88x 10717N 


Now try the following exercise. 


Exercise 23 Further problems on force on a 
charge 


1. Calculate the force exerted on a charge of 
2 x 107 !8C travelling at 2 x 10° m/s perpendicular 

to a field of density 2 x 1077 T. 
[8 x 10-9 N] 


2. Determine the speed of a 10~!° C charge travelling 
perpendicular to a field of flux density 10~7 T, if the 
force on the charge is 10-2°N. [10° m/s] 


9 Electromagnetic induction 


At the end of this chapter you should be able to: 


e understand how an e.m.f. may be induced in a 

conductor 

state Faraday’s laws of electromagnetic induction 

state Lenz’s law 

use Fleming’s right-hand rule for relative directions 

appreciate that the induced emf., E=Blv or 

E=Blvsin@ 

e calculate induced e.m.f. given B, /, v and 6 and 
determine relative directions 

e understand and perform calculations on rotation of 
a loop in a magnetic field 

e define inductance L and state its unit 

e define mutual inductance 


: d® dl 
e appreciate that e.m.f. E = —N— =—L— 
dt dt 


e calculate induced e.m.f. given N, t, L, change of flux 
or change of current 

e appreciate factors which affect the inductance of an 
inductor 

e draw the circuit diagram symbols for inductors 

e calculate the energy stored in an inductor using 
W= 5LP joules 


N® 
e calculate inductance L of a coil, given L= 7 and 


9.1 Introduction to electromagnetic induction 


When a conductor is moved across a magnetic field so as 
to cut through the lines of force (or flux), an electromotive 
force (e.m.f.) is produced in the conductor. If the conduc- 
tor forms part of a closed circuit then the e.m.f. produced 
causes an electric current to flow round the circuit. Hence 
an e.m.f. (and thus current) is ‘induced’ in the conductor 
as a result of its movement across the magnetic field. This 
effect is known as ‘electromagnetic induction’. 

Figure 9.1(a) shows a coil of wire connected to a centre- 
zero galvanometer, which is a sensitive ammeter with the 
zero-current position in the centre of the scale. 


(a) When the magnet is moved at constant speed towards 
the coil (Figure 9.1(a)), a deflection is noted on the gal- 
vanometer showing that a current has been produced 
in the coil. 

(b) When the magnet is moved at the same speed as in (a) 
but away from the coil the same deflection is noted 
but is in the opposite direction (see Figure 9.1(b)). 

(c) When the magnet is held stationary, even within the 
coil, no deflection is recorded. 

(d) When the coil is moved at the same speed as in (a) 
and the magnet held stationary the same galvanometer 
deflection is noted. 

(e) When the relative speed is, say, doubled, the gal- 
vanometer deflection is doubled. 


N2 
LhS=—— 
S dl 
e calculate mutual inductance using E27 = —M 7 and 
NIN: 
5 ee 
S 
SN 
=> — 600806 
Direction of 
movement 
Galvanometer 
(a) 
S oN 
gaat 6190/0 
(b) 
36660000 
(c) 
Figure 9.1 


(f) When a stronger magnet is used, a greater galvanome- 
ter deflection is noted. 

(g) When the number of turns of wire of the coil is 
increased, a greater galvanometer deflection is noted. 


Figure 9.1(c) shows the magnetic field associated with 
the magnet. As the magnet is moved towards the coil, 
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the magnetic flux of the magnet moves across, or cuts, 
the coil. It is the relative movement of the magnetic 
flux and the coil that causes an e.m.f. and thus cur- 
rent, to be induced in the coil. This effect is known as 
electromagnetic induction. The laws of electromagnetic 
induction stated in Section 9.2 evolved from experiments 
such as those described above. 


9.2 Laws of electromagnetic induction 


Faraday’s laws of electromagnetic induction state: 


(i) ‘An induced e.mf. is set up whenever the magnetic 
field linking that circuit changes.’ 

(ii) ‘The magnitude of the induced e.m.f. in any circuit is 
proportional to the rate of change of the magnetic flux 
linking the circuit.’ 


Lenz’s law states: 


‘The direction of an induced e.m.f. is always such that it 
tends to set up a current opposing the motion or the change 
of flux responsible for inducing that e.mf.’. 


An alternative method to Lenz’s law of determining rel- 
ative directions is given by Fleming’s Right-hand rule 
(often called the geneRator rule) which states: 


Let the thumb, first finger and second finger of the right 
hand be extended such that they are all at right angles to 
each other (as shown in Figure 9.2). 

Tf the first finger points in the direction of the magnetic 
field, the thumb points in the direction of motion of the 
conductor relative to the magnetic field, then the second 
finger will point in the direction of the induced e.mf. 


Motion 
Magnetic field 


Induced e.mf. 


Figure 9.2 


Summarizing: 

First finger — Field 
ThuMb — Motion 
SEcond finger — E.m.f. 


In a generator, conductors forming an electric circuit are 
made to move through a magnetic field. By Faraday’s law 
an e.m.f. is induced in the conductors and thus a source of 
e.m.f. is created. A generator converts mechanical energy 
into electrical energy. (The action of a simple a.c. gener- 
ator is described in Chapter 14.) The induced e.m-f. E set 
up between the ends of the conductor shown in Figure 9.3 
is given by: 


E=Blv volts 


where B, the flux density, is measured in teslas, /, the 
length of conductor in the magnetic field, is measured 
in metres, and v, the conductor velocity, is measured in 
metres per second. 


peor Conductor 
ux 
density B d a 
— 
Figure 9.3 


If the conductor moves at an angle 9° to the magnetic field 
(instead of at 90° as assumed above) then 


E=Blv sin 0 volts 


Problem 1. A conductor 300mm long moves at a 
uniform speed of 4m/s at right-angles to a uniform 
magnetic field of flux density 1.25 T. Determine the 
current flowing in the conductor when (a) its ends are 
open-circuited, (b) its ends are connected to a load of 
20 Q resistance. 


When a conductor moves in a magnetic field it will have 
an e.m.f. induced in it but this e.m.f. can only produce a 
current if there is a closed circuit. 


300 
Induced e.m.f. E = Blv = (1.25) { — ](4=1.5V 
nduced e.m v= ( (an) ) 5 
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(a) If the ends of the conductor are open circuited no 
current will flow even though 1.5 V has been induced. 
E 1S 


(b) From Ohm’s law, J = a 56 = 0.075 A or 75mA 


Problem2. At what velocity must a conductor 75 mm 
long cut a magnetic field of flux density 0.6 T if an 
e.m.f. of 9 V is to be induced in it? Assume the conduc- 
tor, the field and the direction of motion are mutually 
perpendicular. 


E 
Induced e.m.f. E = Blv, hence velocity v= Bi 


9 9 x 103 
(0.6)(75 x 10-3) 0.6 x 75 


Hence v = = 200 m/s 


Problem 3. A conductor moves with a velocity of 
15 m/s at an angle of (a) 90°, (b) 60° and (c) 30° to 
a magnetic field produced between two square-faced 
poles of side length 2 cm. If the flux leaving a pole face 
is 5 wWb, find the magnitude of the induced e.m-f. in 
each case. 


v=15m/s; length of conductor in magnetic field, 
1=2cm=0.02m; A=2x2cm*=4x 104m’, = 
5 x 10-° Wb 


® 
(a) Eoo = Blu sin 90° = (=) Tu sin 90° 


(5 x 10°) 
= G@xi0) (0.02)(15)(1) 
=3.75 mV 
(b) E69 = Blv sin 60° = Fog sin 60° = 3.75 sin 60° 
=3.25mV 
(c) £39 = Blv sin 30° = Egg sin 30° = 3.75 sin 30° 
=1.875mV 


Problem 4. The wing span of a metal aeroplane is 
36m. If the aeroplane is flying at 400 km/h, deter- 
mine the e.m.f. induced between its wing tips. Assume 
the vertical component of the earth’s magnetic field is 
40 wT. 


Induced e.m.f. across wing tips, E = Blv 


B=40yuT=40 x 10-°T; /=36m 


km - th (400)(1000) 
= 400—— x 1000 = 
i dan O00 3600 
4000 
= — m/s 
36 


4000 
36 


Hence E = Blv = (40 x 10~°)(36) (FS 


= 0.16 V 


Problem 5. The diagram shown in Figure 9.4 rep- 
resents the generation of e.m.f’s. Determine (i) the 
direction in which the conductor has to be moved in 
Figure 9.4(a), (ii) the direction of the induced e.m.f. in 
Figure 9.4(b), (iii) the polarity of the magnetic system 
in Figure 9.4(c). 


(c) 


Figure 9.4 


The direction of the e.m.f., and thus the current due to the 
e.m.f., may be obtained by either Lenz’s law or Fleming’s 
Right-hand rule (i.e. GeneRator rule). 


(i) Using Lenz’s law: The field due to the magnet and the 
field due to the current-carrying conductor are shown 
in Figure 9.5(a) and are seen to reinforce to the left 
of the conductor. Hence the force on the conductor 
is to the right. However Lenz’s law states that the 
direction of the induced e.m.f. is always such as to 
oppose the effect producing it. Thus the conductor 
will have to be moved to the left. 

(ii) Using Fleming’s right-hand rule: 
First finger — Field, i.e. N — S, or right to left; 
ThuMb — Motion, 1.e. upwards; 
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Figure 9.5 


SEcond finger — E.m.f., i.e. towards the viewer or 
out of the paper, as shown in Figure 9.5(b) 

(iii) The polarity of the magnetic system of Figure 9.4(c) 
is shown in Figure 9.5(c) and is obtained using 
Fleming’s right-hand rule. 


Now try the following exercise. 


Exercise 24 Further problems on induced e.m.f.’s 


1. A conductor of length 15 cm is moved at 750 mm/s 
at right-angles to a uniform flux density of 1.2 T. 
Determine the e.m.f. induced in the conductor. 

[0.135 V] 


2. Find the speed that a conductor of length 120 mm 
must be moved at right-angles to a magnetic field of 
flux density 0.6T to induce in it an e.m-f. of 1.8 V. 

[25 m/s] 


3. A 25cm long conductor moves at a uniform speed 
of 8 m/s through a uniform magnetic field of flux 
density 1.2 T. Determine the current flowing in the 


conductor when (a) its ends are open-circuited, 
(b) its ends are connected to a load of 15 ohms 
resistance. [(a) 0 (b) 0.16 A] 


4. A car is travelling at 80 km/h. Assuming the back 
axle of the car is 1.76 m in length and the vertical 
component of the earth’s magnetic field is 40 wT, 
find the e.m.f. generated in the axle due to motion. 

[1.56 mV] 


5. A conductor moves with a velocity of 20 m/s at 
an angle of (a) 90° (b) 45° (c) 30°, to a magnetic 
field produced between two square-faced poles of 
side length 2.5 cm. If the flux on the pole face is 
60 mWb, find the magnitude of the induced e.m-f. 
in each case. [(a) 48 V (b) 33.9 V (c) 24 V] 


6. A conductor 400mm long is moved at 70° to 
a 0.85T magnetic field. If it has a velocity of 
115km/h, calculate (a) the induced voltage, and 
(b) force acting on the conductor if connected to 
an 8 Q resistor. [(a) 10.21 V (b) 0.408 N] 


9.3 Rotation of a loop in a magnetic field 


Figure 9.6 shows a view of a looped conductor whose 
sides are moving across a magnetic field. 


Figure 9.6 


The left-hand side is moving in an upward direction 
(check using Fleming’s right-hand rule), with length / cut- 
ting the lines of flux which are travelling from left to right. 
By definition, the induced e.m.f. will be equal to Blv sin 0 
and flowing into the page. 

The right-hand side is moving in a downward direc- 
tion (again, check using Fleming’s right-hand rule), with 
length / cutting the same lines of flux as above. The 
induced e.m.f. will also be equal to Biv sin 6 but flowing 
out of the page. 

Therefore the total e.m.f. for the loop conductor = 
2 Blu sin. 

Now consider a coil made up of a number of turns N. 
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The total e.m.f. E for the loop conductor is now given by: 


E=2N Blv sind 


Problem 6. A rectangular coil of sides 12cm and 
8cm is rotated in a magnetic field of flux density 
1.4 T, the longer side of the coil actually cutting this 
flux. The coil is made up of 80 turns and rotates at 1200 


rev/min. 


(a) Calculate the maximum generated e.m.f. 
(b) If the coil generates 90 V, at what speed will the 


coil rotate? 


(a) 


(b) 


Generated e.m.f. E=2N Blvsin@ 


where number of turns, N=80, flux density, 
B=1A4T, 


length of conductor in magnetic field, /=12cm 
=0.12m, 


1200 0.08 
velocity, v = wr = | —— x 2m rad/s —m 
60 2 
= 1.67 m/s, 

and for maximum e.m.f. induced, 6=90°, from 
which, sin@ = 1 
Hence, maximum e.m.f. induced, 
E=2NBlvsin6é 

=2 x 80x 1.4 x 0.12 x 1.67 x 1 = 135.1 volts 


Since E =2N Blvsin@ 
then 90=2 x 80x14x012xvx 1 
90 


~ 2x 80x 1.4 x 0.12 
= 3.348 m/s 


from which, v 


v=or hence, angular velocity, 
vo 3.348 


Os = 0.08 => 83.7 rad/s 


“ 

83.7 x 60 
20 

= 799 rev/min 


Speed of coil in rev/min = 


An alternative method of determining (b) is by direct 
proportion. 


Since E = 2N Bivsin 6, then with N, B, / and 6 being 
constant, E a v 


If from (a), 135.1V is produced by a speed of 1200 
rev/min, 

1200 
then 1 V would be produced by a speed of 351 


=8.88 rev/min 


Hence, 90 V would be produced by a speed of 
90 x 8.88 = 799 rev/min 


Now try the following exercise 


Exercise 25 Further problems on induced e.m.f. 
in a coil 


1. A rectangular coil of sides 8 cm by 6 cm is rotating 
in a magnetic field such that the longer sides cut 
the magnetic field. Calculate the maximum gener- 
ated e.m.f. if there are 60 turns on the coil, the flux 
density is 1.6 T and the coil rotates at 1500 rev/min. 

[72.38 V] 


2. A generating coil on a former 100 mm long has 120 
turns and rotates in a 1.4 T magnetic field. Calculate 
the maximum e.m.f. generated if the coil, having a 
diameter of 60 mm, rotates at 450 rev/min. 

[47.50 V] 


3. If the coils in problems | and 2 generate 60V, cal- 
culate (a) the new speed for each coil, and (b) the 
flux density required if the speed is unchanged. 
{(a) 1243 rev/min, 568 rev/min (b) 1.33 T, 1.77 T] 


9.4 Inductance 


Inductance is the name given to the property of a circuit 
whereby there is an e.m.f. induced into the circuit by the 
change of flux linkages produced by a current change. 
When the e.m.f. is induced in the same circuit as that in 
which the current is changing, the property is called self 
inductance, L. 

When the e.m.f. is induced in a circuit by a change of flux 
due to current changing in an adjacent circuit, the property 
is called mutual inductance, M. 

The unit of inductance is the henry, H. 


‘A circuit has an inductance of one henry when an e.mf. 
of one volt is induced in it by a current changing at the 
rate of one ampere per second.’ 


Induced e.m.f. in a coil of N turns, 


No olts 
=—-N—v 
dt 
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where d® is the change in flux in Webers, and df is the 
time taken for the flux to change in seconds (i.e. dP/dt is 
the rate of change of flux). 


Induced e.m-f. in a coil of inductance L henrys, 


a It 
= — L— voits 
dt 


where d/ is the change in current in amperes and dt is the 
time taken for the current to change in seconds (i.e. dI/dt 
is the rate of change of current). The minus sign in each of 
the above two equations remind us of its direction (given 
by Lenz’s law). 


Problem 7. Determine the e.m-f. induced in a coil of 
200 turns when there is a change of flux of 25 mWb 
linking with it in 50 ms. 


d® 
Induced e.m.f. E = —N ne (200) (3 x 10-3 


= —100 volts 


25 x en] 


Problem 8. A flux of 400Wb passing through a 
150-turn coil is reversed in 40 ms. Find the average 
e.m.f. induced. 


Since the flux reverses, the flux changes from +400 »Wb 
to —400 1 Wb, a total change of flux of 800 1»Wb 


d® 1 —6 
Induced e.m.f. E = —N 7m 800 x 10 ) 


1 
( 50) ( 40 x 10-3 


150 x 800 x 10° 
40 x 10° 


Hence the average e.m.f. induced E = —3 volts 


Problem 9. Calculate the e.m-f. induced in a coil of 
inductance 12 H by a current changing at the rate of 
4Al/s. 


dl 
Induced e.m.f. E = Lr = —(12)(4) = —48 volts 


Problem 10. Ane.m.f. of 1.5kV is induced in a coil 
when a current of 4 A collapses uniformly to zero in 
8 ms. Determine the inductance of the coil. 


Change in current, dl = (4—0)=4A; 
dt =8ms= 8 x 1073s; 

dl 4 4000 

da 8xi03 8 /s 


E=1.5kV = 1500V 


Si |JE| =L a 
ince = — 
dt 


|E| 1500 | 
(dI/dt) 500 


(Note that |E| means the ‘magnitude of E’, which 
disregards the minus sign) 


inductance, L = 


Now try the following exercise. 


Exercise 26 Further problems on inductance 


1. Find the e.m.f. induced in a coil of 200 turns when 
there is a change of flux of 30 mWb linking with it 
in 40 ms. [—150V] 


2. Ane.m.f. of 25 V is induced in a coil of 300 turns 
when the flux linking with it changes by 12 mWb. 
Find the time, in milliseconds, in which the flux 
makes the change. [144 ms] 


3. An ignition coil having 10000 turns has an e.m-f. 
of 8 kV induced in it. What rate of change of flux is 
required for this to happen? [0.8 Wb/s] 


4. A flux of 0.35mWb passing through a 125-turn 
coil is reversed in 25 ms. Find the magnitude of 
the average e.m.f. induced. [3.5 V] 


9.5 Inductors 


A component called an inductor is used when the property 
of inductance is required in a circuit. The basic form of an 
inductor is simply a coil of wire. 

Factors which affect the inductance of an inductor 
include: 


(i) the number of turns of wire — the more turns the 

higher the inductance 

(ii) the cross-sectional area of the coil of wire — 
the greater the cross-sectional area the higher the 
inductance 

(iii) the presence of a magnetic core — when the coil is 
wound on an iron core the same current sets up a 
more concentrated magnetic field and the inductance 
is increased 

(iv) the way the turns are arranged — a short thick coil 
of wire has a higher inductance than a long thin one. 
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Two examples of practical inductors are shown in 
Figure 9.7, and the standard electrical circuit diagram 
symbols for air-cored and iron-cored inductors are shown 
in Figure 9.8. 


lron 
core 


Wire 


(a) 


Laminated 
iron core 


Coil of 
wire 
Figure 9.7 
SYN 
Air-cored inductor 
a pa a 
lron-cored inductor 
Figure 9.8 


An iron-cored inductor is often called a choke since, 
when used in a.c. circuits, it has a choking effect, limiting 
the current flowing through it. Inductance is often undesir- 
able in a circuit. To reduce inductance to a minimum the 
wire may be bent back on itself, as shown in Figure 9.9, 
so that the magnetizing effect of one conductor is neutral- 
ized by that of the adjacent conductor. The wire may be 
coiled around an insulator, as shown, without increasing 
the inductance. Standard resistors may be non-inductively 
wound in this manner. 


Insulator 


Wire 


Figure 9.9 


9.6 Energy stored 


An inductor possesses an ability to store energy. The 
energy stored, W, in the magnetic field of an inductor 
is given by: 


W= LLP joules 


Problem 11. An 8H inductor has a current of 3 A 
flowing through it. How much energy is stored in the 
magnetic field of the inductor? 


Energy stored, W = 5LP = 5(8)(3) = 36 joules 


Now try the following exercise. 


Exercise 27 Further problems on energy stored 


1. Calculate the value of the energy stored when a 
current of 30 mA is flowing in a coil of inductance 
400 mH. [0.18 mJ] 


2. The energy stored in the magnetic field of an induc- 
tor is 80 J when the current flowing in the inductor 
is 2 A. Calculate the inductance of the coil. [40 H] 


9.7 Inductance of a coil 


If a current changing from 0 to J amperes, produces a 
flux change from 0 to ® Webers, then dJ =] andd®= 9. 
Then, from Section 9.4, induced e.m.f. E=N®/t = LI/t, 
from which 


. . N® 
inductance of coil,| L= TT henrys 


’ dl d® d® (dt 
Since E = —L— = —N then L = N— { — 
dt 
i.e. L=N— 


. m.m.f. 
From Chapter 7, m.m.f. = ®S from which, ® = 
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Substituti int L yoo 
ubstituting into = N— 
= dl 
: L=N d (m.m.f. 
ives = N— 
. di\ Ss 
; N dW) . 
1.e. L=—— since m.m.f. = NJ 
S di 
N? dl . 
1.e. = —— and since — = l, 
S dl dl 
2 
L=-— henrys 


Problem 12. Calculate the coil inductance when a 
current of 4 A in a coil of 800 turns produces a flux of 
5 mWb linking with the coil. 


fa N® 
For a coil, inductance L = 7 


(800)(5 x 1073) 
= i = 


1H 


Problem 13. A flux of 25mWb links with a 1500 
turn coil when a current of 3 A passes through the coil. 
Calculate (a) the inductance of the coil, (b) the energy 
stored in the magnetic field, and (c) the average e.m-f. 
induced if the current falls to zero in 150 ms. 


N® — (1500)(25 x 1073) 
I 3 
(b) Energy stored, W = 5LI? = 5(12.5)(3)? = 56.25 J 


(a) Inductance, L = =12.5H 


dl 3-0 
(c) Induced e.m.f., E = a = —(12.5) (aan) 


150 x 1073 
= —250V 
d® 25 x 1073 
Alternatively, E = —N (—~)=—(1 150 x 10-3 
(Alternatively, (=) (1500) (= x 73) 


since if the current falls to zero so does the flux) 


Problem 14. A750 turn coil of inductance 3 H carries 
a current of 2 A. Calculate the flux linking the coil and 
the e.m.f. induced in the coil when the current collapses 
to zero in 20 ms. 


® 
Coil inductance, L = at from which, 


fx o = OO) gy 10-3 = sw 
N 750 
Induced e.m.f. E = —L a =-3 as 
dt 20 x 10-3 


=—300V 


d® 8x10" 
Alt tively, E = —N =—-(7 
(Alternatively, F7 (750) (5 e 73) 


= —300 V) 


in 80 ms. 


Problem 15. A silicon iron ring is wound with 800 
turns, the ring having a mean diameter of 120 mm and 
a cross-sectional area of 400 mm?. If when carrying a 
current of 0.5 A the relative permeability is found to 
be 3000, calculate (a) the self inductance of the coil, 
(b) the induced e.m.f. if the current is reduced to zero 


The ring is shown sketched in Figure 9.10. 


c.s.a = 400 mm? 


1=0.5A 
800 Turns 


Figure 9.10 
N2 
(a) Inductance, L= a and from Chapter 
l 
reluctance, § = 
Hor, A 
x x 120 x 1073 


ie. = 
7 4n x 10-7 x 3000 x 400 x 10-6 


= 250 x 10° A/Wb 


2 2 
Hence, self inductance, L = a = eo 
S 250 x 103 
= 2.56H 
dl (0.5 — 0) 
b) I m.f., E = —L— = —(2. 
(b) Induced e.m ‘i (2.56) TPS Tas 
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Now try the following exercise. 


Exercise 28 Further problems on inductance 
of a coil 


1. A flux of 30 mWb links with a 1200 turn coil when a 
current of 5 A is passing through the coil. Calculate 
(a) the inductance of the coil, (b) the energy stored 
in the magnetic field, and (c) the average e.m.f. 
induced if the current is reduced to zero in 0.20 s. 

[(a) 7.2 H (b) 90J (c) 180 V] 


2. An e.m.f. of 2kV is induced in a coil when a cur- 
rent of 5 A collapses uniformly to zero in 10 ms. 
Determine the inductance of the coil. [4H] 


3. An average e.m.f. of 60V is induced in a coil of 
inductance 160mH when a current of 7.5 A is 
reversed. Calculate the time taken for the current 
to reverse. [40 ms] 


4. A coil of 2500 turns has a flux of 10 mWb linking 
with it when carrying a current of 2 A. Calculate 
the coil inductance and the e.m.f. induced in the 
coil when the current collapses to zero in 20 ms. 

[12.5 H, 1.25kV] 


5. Acoil is wound with 600 turns and has a self induc- 
tance of 2.5 H. What current must flow to set up a 
flux of 20 mWb? [4.8 A] 


6. When acurrent of 2 A flows ina coil, the flux linking 
with the coil is 80 1Wb. If the coil inductance is 
0.5 H, calculate the number of turns of the coil. 

[12 500] 


7. A steady current of 5A when flowing in a coil of 
1000 turns produces a magnetic flux of 500 ~Wb. 
Calculate the inductance of the coil. The current of 
5A is then reversed in 12.5 ms. Calculate the e.m.f. 
induced in the coil. [0.1 H, 80V] 


8. An iron ring has a cross-sectional area of 500 mm 
and a mean length of 300 mm. It is wound with 100 
turns and its relative permeability is 1600. Calculate 
(a) the current required to set up a flux of 500 ~Wb 
in the coil, and (b) the inductance of the system, and 
(c) the induced e.m.f. if the field collapses in 1 ms. 

[(a) 1.492 A (b) 33.51 mH (c) —S0V] 


9.8 Mutual inductance 


Mutually induced e.m-f. in the second coil, 


E Mo volt 
=— — Volts 
: dt 


where M is the mutual inductance between two coils, in 
henrys, and d/j/dt is the rate of change of current in the 
first coil. 

The phenomenon of mutual inductance is used in trans- 
formers (see Chapter 20, page 237). Mutual inductance is 
developed further in Chapter 43 on magnetically coupled 
circuits (see page 587). 


Another expression for M 


Let an iron ring have two coils, A and B, wound on it. If 
the fluxes ®; and ® are produced from currents /; and 
Ty in coils A and B respectively, then the reluctance could 
be expressed as: 


sa NN - IhN2 

— @; by 
If the flux in coils A and B are the same and produced from 
the current J; in coil A only, assuming 100% coupling, 
then the mutual inductance can be expressed as: 


N 
Multiplying by (+) gives: M = 
1 


However, Ss = — 


Thus, mutual inductance, M= 


Problem 16. Calculate the mutual inductance 
between two coils when a current changing at 200 A/s 
in one coil induces an e.m.f. of 1.5 V in the other. 


dl 
Induced e.m.f. |E>| = Ma i.e. 1.5 = M(200) 


1.5 
Th tual induct M = —— 
us mutual inductance, 700 


= 0.0075 H or 7.5 mH 


Problem 17. The mutual inductance between two 


coils is 18 mH. Calculate the steady rate of change 
of current in one coil to induce an e.m.f. of 0.72 V in 
the other. 


dl 
Induced e.m.f., |E2| = M — 
dt 
dl E 
Hence rate of change of current, —1 = Ea) 
dt M 
oe 40 A/ 
— Ss 
0.018 
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Problem 18. Two coils have a mutual inductance of 
0.2 H. If the current in one coil is changed from 10 A to 
4A in 10 ms, calculate (a) the average induced e.m_f. 
in the second coil, (b) the change of flux linked with 
the second coil if it is wound with 500 turns. 


dl 10-4 
(a) Inducede.m.f. Ey = —M = —(0.2) 


dt 10 x 1073 
= -120V 
d® E>\dt 
(b) Induced e.m.f. |E2|=N—., hence d® = [Ea 
dt N 
120(10 x 10-3 
Thus the change of flux, d@ = id ala 
500 
=2.4mWb 


Problem 19. In the device shown in Figure 9.11, 
when the current in the primary coil of 1000 turns 
increases linearly from 1 A to 6A in 200 ms, an e.m.f. 
of 15 V is induced into the secondary coil of 480 turns, 
which is left open circuited. Determine (a) the mutual 
inductance of the two coils, (b) the reluctance of the 
former, and (c) the self inductance of the primary coil. 


Np = 1000 Ng = 480 
Figure 9.11 
dlp . 
(a) Es =M ra from which, 
‘ Es 15 
mutual inductance, M = ae ra 
dt 200 x 10-3 
15 
= — = 0.60H 
25 
Np Ns ; 
(b) M= from which, 


NpNs _ (1000)(480) 
M 0.60 
= 800 000 A/Wb or 800 kA/Wb 


reluctance, § = 


Nz (1000) 
(c) Primary self inductance, Lp = — = 
S 800000 


=1.25H 


Now try the following exercise. 


Exercise 29 Further problems on mutual 
inductance 


1. The mutual inductance between two coils is 
150 mH. Find the magnitude of the e.m.f. induced in 
one coil when the current in the other is increasing 
at a rate of 30 A/s. [4.5 V] 


2. Determine the mutual inductance between two coils 
when a current changing at 50A/s in one coil 
induces an e.m.f. of 80 mV in the other. [1.6 mH] 


3. Two coils have a mutual inductance of 0.75 H. Cal- 
culate the magnitude of the e.m.f. induced in one 
coil when a current of 2.5A in the other coil is 
reversed in 15 ms. [250 V] 


4. The mutual inductance between two coils is 
240 mH. If the current in one coil changes from 
15 A to 6A in 12 ms, calculate (a) the average e.m.f. 
induced in the other coil, (b) the change of flux 
linked with the other coil if it is wound with 400 
turns. 

[(a) —180V (b) 5.4 mWb] 


5. When the current in the primary coil of 400 turns of 
a magnetic circuit, increases linearly from 10 mA to 
35 mA in 100 ms, ane.m.f. of 75 mV is induced into 
the secondary coil of 240 turns, which is left open 
circuited. Determine (a) the mutual inductance of 
the two coils, (b) the reluctance of the former, and 
(c) the self inductance of the secondary coil. 
[(a) 0.30 H (b) 320 kA/Wb (c) 0.18 H] 
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10 Electrical measuring instruments and 


measurements 


At the end of this chapter you should be able to: 


e recognize the importance of testing and measure- 
ments in electric circuits 

@ appreciate the essential devices comprising an ana- 
logue instrument 

e explain the operation of an attraction and a repulsion 
type of moving-iron instrument 

e explain the operation of a moving coil rectifier 
instrument 

@ compare moving coil, moving iron and moving coil 
rectifier instruments 

e calculate values of shunts for ammeters and multi- 
pliers for voltmeters 

e understand the advantages of electronic instruments 

e understand the operation of an ohmmeter/megger 

e appreciate the operation of multimeters/Avometers 
/Flukes 

© understand the operation of a wattmeter 


@ appreciate instrument ‘loading’ effect 

e understand the operation of an oscilloscope for d.c. 
and a.c. measurements 

e calculate periodic time, frequency, peak to peak 
values from waveforms on an oscilloscope 

@ appreciate virtual test and measuring instruments 

e recognize harmonics present in complex waveforms 

e determine ratios of powers, currents and voltages in 
decibels 

e understand null methods of measurement for a 
Wheatstone bridge and d.c. potentiometer 

© understand the operation of a.c. bridges 

e understand the operation of a Q-meter 

@ appreciate the most likely source of errors in meas- 
urements 

@ appreciate calibration accuracy of instruments 


10.1 Introduction 


Tests and measurements are important in designing, evalu- 
ating, maintaining and servicing electrical circuits and 
equipment. In order to detect electrical quantities such 
as current, voltage, resistance or power, it is neces- 
sary to transform an electrical quantity or condition 
into a visible indication. This is done with the aid of 
instruments (or meters) that indicate the magnitude of 
quantities either by the position of a pointer moving 
over a graduated scale (called an analogue instrument) 
or in the form of a decimal number (called a digital 
instrument). 

The digital instrument has, in the main, become 
the instrument of choice in recent years; in particular, 
computer-based instruments are rapidly replacing items 
of conventional test equipment, with the virtual storage 
test instrument, the digital storage oscilloscope, being 
the most common. This is explained later in this chapter, 
but before that some analogue instruments, which are still 
used in some installations, are explored. 


10.2 Analogue instruments 


All analogue electrical indicating instruments require 
three essential devices: 


(a) A deflecting or operating device. A mechanical force 
is produced by the current or voltage which causes the 
pointer to deflect from its zero position. 

(b) A controlling device. The controlling force acts in 
opposition to the deflecting force and ensures that the 
deflection shown on the meter is always the same for 
a given measured quantity. It also prevents the pointer 
always going to the maximum deflection. There are 
two main types of controlling device — spring control 
and gravity control. 

(c) A damping device. The damping force ensures that 
the pointer comes to rest in its final position quickly 
and without undue oscillation. There are three main 
types of damping used — eddy-current damping, air- 
friction damping and fluid-friction damping. 


There are basically two types of scale — linear and 
non-linear. 
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Figure 10.1 


A linear scale is shown in Figure 10.1(a), where the 
divisions or graduations are evenly spaced. The voltmeter 
shown has a range 0-100V, i.e. a full-scale deflection 
(f.s.d.) of 100V. A non-linear scale is shown in Fig- 
ure 10.1(b). The scale is cramped at the beginning and 
the graduations are uneven throughout the range. The 
ammeter shown has a f.s.d. of 10A. 


10.3 Moving-iron instrument 


(a) An attraction type of moving-iron instrument is 
shown diagrammatically in Figure 10.2(a). When 


Scale 


Pointer 


Pivot and controlling 
spring 
Air-piston damping 


Solenoid disc 
(a) ATTRACTION TYPE 


Pivot and controlling 
spring 


Pointer Fixed piece of iron 
Moveable piece of iron 
(b) REPULSION TYPE 


Figure 10.2 


current flows in the solenoid, a pivoted soft- 
iron disc is attracted towards the solenoid and 
the movement causes a pointer to move across a 
scale. 

(b) In the repulsion type moving-iron instrument shown 
diagrammatically in Figure 10.2(b), two pieces of 
iron are placed inside the solenoid, one being 
fixed, and the other attached to the spindle carry- 
ing the pointer. When current passes through the 
solenoid, the two pieces of iron are magnetized in 
the same direction and therefore repel each other. 
The pointer thus moves across the scale. The force 
moving the pointer is, in each type, proportional 
to I?. Because of this the direction of current 
does not matter and the moving-iron instrument can 
be used on d.c. or a.c. The scale, however, is 
non-linear. 


10.4 The moving-coil rectifier instrument 


A moving-coil instrument, which measures only 
d.c., may be used in conjunction with a bridge rectifier 
circuit as shown in Figure 10.3 to provide an 
indication of alternating currents and voltages (see 
Chapter 14). The average value of the full wave recti- 
fied current is 0.637 J,,. However, a meter being used 
to measure a.c. is usually calibrated in r.m.s. values. 
For sinusoidal quantities the indication is (0.707 In)/ 
(0.637 Im) i.e. 1.11 times the mean value. Rectifier 
instruments have scales calibrated in r.m.s. quantities 
and it is assumed by the manufacturer that the a.c. is 
sinusoidal. 


mC 
milliammeter 


Iu Average 
a -- value 
t = 0.637 Im 


Figure 10.3 
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10.5 Comparison of moving-coil, moving-iron and moving-coil rectifier instruments 


Type of Moving-coil 


instrument 


Moving-iron 


Moving-coil 
rectifier 


Suitable for Direct current 


Direct and alternating 


Alternating current and 


measuring and voltage currents and voltage (reading voltage (reads average 
in rms value) value but scale is adjusted 
to give rms value for 
sinusoidal waveforms) 
Scale Linear Non-linear Linear 
Method of control Hairsprings Hairsprings Hairsprings 
Method of damping Eddy current Air Eddy current 
Frequency limits —_— 20-200 Hz 20-100 kHz 
Advantages 1 Linear scale 1 Robust construction 1 Linear scale 
2 High sensitivity 2 Relatively cheap 2 High sensitivity 
3 Well shielded from 3 Measures de and ac 3 Well shielded from 
stray magnetic fields 4 In frequency range 20-100 Hz stray magnetic fields 
4 Lower power consumption reads rms correctly regardless of 4 Low power consumption 
supply waveform 5 Good frequency range 
Disadvantages 1 Only suitable for de Non-linear scale 1 More expensive than 
2 More expensive than Affected by stray magnetic fields moving iron type 


moving iron type 
3 Easily damaged 


Hysteresis errors in de circuits 
Liable to temperature errors 
Due to the inductance of the 
solenoid, readings can be 
affected by variation of 
frequency 


nNBWN Fe 


2 Errors caused when 
supply is non-sinusoidal 


(For the principle of operation of a moving-coil instrument, see Chapter 8, page 68). 


10.6 Shunts and multipliers 


An ammeter, which measures current, has a low resist- 
ance (ideally zero) and must be connected in series with 
the circuit. 

A voltmeter, which measures p.d., has a high resistance 
(ideally infinite) and must be connected in parallel with 
the part of the circuit whose p.d. is required. 

There is no difference between the basic instrument 
used to measure current and voltage since both use a 
milliammeter as their basic part. This is a sensitive 
instrument which gives f.s.d. for currents of only a few 
milliamperes. When an ammeter is required to measure 
currents of larger magnitude, a proportion of the current is 
diverted through a low-value resistance connected in par- 
allel with the meter. Such a diverting resistor is called a 
shunt. 


From Figure 10.4(a), Veg = Vrs. Hence Iara = IsRs 


Figure 10.4 


(multiplier) 
Ru 
Lad 
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Taha 


Thus the value of the shunt,] Ry; = ohms 


Ss 


The milliammeter is converted into a voltmeter by con- 
necting a high value resistance (called a multiplier) 
in series with it as shown in Figure 10.4(b). From 
Figure 10.4(b), V= Va + Vy =Irg +IRu 


_V—Ira 


Thus the value of the multiplier,| Ry = ohms 


Problem 1. A moving-coil instrument gives a f.s.d. 
when the current is 40 mA and its resistance is 25 Q. 
Calculate the value of the shunt to be connected in 
parallel with the meter to enable it to be used as an 
ammeter for measuring currents up to SOA. 


The circuit diagram is shown in Figure 10.5, 


(=50A [a=40mA 50 A 


Figure 10.5 


where rg =resistance of instrument = 25 Q, 
R, =resistance of shunt, 
I, = maximum permissible current flowing in 
instrument = 40 mA = 0.04A, 
I; =current flowing in shunt, 
7 =total circuit current required to give 
f.s.d.=S50A 


Since J=/,+/, then J, =I —I,=50— 0.04 


=49.96A 
Ve=larg=1;Rs 
Tgtq — (0.04)(25) 
H Ry = = ——— = 0.02002 Q 
TS AG 86 
= 20.02 mQ 


Thus for the moving-coil instrument to be used as an 
ammeter with a range 0-50A, a resistance of value 


20.02 mQ needs to be connected in parallel with the 
instrument. 


Problem2. A moving-coil instrument having a resist- 
ance of 10 Q, gives a f.s.d. when the current is 8mA. 
Calculate the value of the multiplier to be connected 
in series with the instrument so that it can be used as a 
voltmeter for measuring p.d.’s up to 100 V. 


The circuit diagram is shown in Figure 10.6, 


Figure 10.6 


where rq = resistance of instrument = 10 Q, 
Ry = resistance of multiplier, 
7 =total permissible instrument current 
=8mA=0.008A, 
V = total p.d. required to give f.s.d.= 100 V 
V=V,+ Vu =Irg+IRu 
ie. 100 =(0.008)(10) + (0.008) Riv 


: 100 — 0.08 = 0.008 Ry 
99.92 
thus Ry =~ = 12490 2 = 12.49k@ 
ee 00K ae 


Hence for the moving-coil instrument to be used as a volt- 
meter with a range 0-100 V, a resistance of value 12.49 kQ 
needs to be connected in series with the instrument. 


Now try the following exercise. 


Exercise 30 Further problems on shunts and 
multipliers 


1. A moving-coil instrument gives f.s.d. for a current of 
10 mA. Neglecting the resistance of the instrument, 
calculate the approximate value of series resistance 
needed to enable the instrument to measure up to 
(a) 20 V (b) 100 V (c) 250 V. 

[(a) 2kQ (b) 10kQ (c) 25 kQ] 
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2. A meter of resistance 50 Q has a f.s.d. of 4mA. 
Determine the value of shunt resistance required 
in order that f.s.d. should be (a) 15 mA (b) 20A 
(c) 100A. [(a) 18.18 Q (b) 10.00 mQ (c) 2.00 mQ] 


3. A moving-coil instrument having a resistance of 
20 Q, gives a f.s.d. when the current is 5 mA. Cal- 
culate the value of the multiplier to be connected in 
series with the instrument so that it can be used as a 
voltmeter for measuring p.d.’s up to 200 V. 

[39.98 kQ] 


4. A moving-coil instrument has a f.s.d. of 20 mA anda 
resistance of 25 Q. Calculate the values of resistance 
required to enable the instrument to be used (a) as a 
0-10A ammeter, and (b) as a 0-100V voltmeter. 
State the mode of resistance connection in each 
case. 

[(a) 50.10 mQ in parallel (b) 4.975 kQ in series] 


10.7 Electronic instruments 


Electronic measuring instruments have advantages over 
instruments such as the moving-iron or moving-coil 
meters, in that they have a much higher input resistance 
(some as high as 1000 MQ) and can handle a much wider 
range of frequency (from d.c. up to MHz). 

The digital voltmeter (DVM) is one which provides a 
digital display of the voltage being measured. Advantages 
of aDVM over analogue instruments include higher accur- 
acy and resolution, no observational or parallex errors (see 
Section 10.21) and a very high input resistance, constant 
on all ranges. 

A digital multimeter is a DVM with additional circuitry 
which makes it capable of measuring a.c. voltage, d.c. and 
a.c. current and resistance. 

Instruments for a.c. measurements are generally cali- 
brated with a sinusoidal alternating waveform to indicate 
r.m.s. values when a sinusoidal signal is applied to the 
instrument. Some instruments, such as the moving-iron 
and electro-dynamic instruments, give a true r.m.s. indi- 
cation. With other instruments the indication is either 
scaled up from the mean value (such as with the rectifier 
moving-coil instrument) or scaled down from the peak 
value. 

Sometimes quantities to be measured have complex 
waveforms (see Section 10.15), and whenever a quan- 
tity is non-sinusoidal, errors in instrument readings can 
occur if the instrument has been calibrated for sine waves 
only. 

Such waveform errors can be largely eliminated by 
using electronic instruments. 


10.8 The ohmmeter 


An ohmmeter is an instrument for measuring electrical 
resistance. 

A simple ohmmeter circuit is shown in Figure 10.7(a). 
Unlike the ammeter or voltmeter, the ohmmeter circuit 
does not receive the energy necessary for its operation 
from the circuit under test. In the ohmmeter this energy 
is supplied by a self-contained source of voltage, such as 
a battery. Initially, terminals XX are short-circuited and 
R adjusted to give f.s.d. on the milliammeter. If current 
T is at a maximum value and voltage E is constant, then 
resistance R= F/I is at a minimum value. Thus f.s.d. on 
the milliammeter is made zero on the resistance scale. 
When terminals XX are open circuited no current flows 
and R(= E/0O) is infinity, oo. 


(a) resistance 
200 
40 508 16 
S,~9.12 FS.D. 
S° vy 
WAS ONG 
8 5 Resistance (Q) 
°° 
(b) Current (mA) 
Figure 10.7 


The milliammeter can thus be calibrated directly in 
ohms. A cramped (non-linear) scale results and is “back 
to front’, as shown in Figure 10.7(b). When calibrated, 
an unknown resistance is placed between terminals XX 
and its value determined from the position of the pointer 
on the scale. An ohmmeter designed for measuring low 
values of resistance is called a continuity tester. An ohm- 
meter designed for measuring high values of resistance 
(i.e. megohms) is called an insulation resistance tester 
(e.g. ‘Megger’). 


10.9 Multimeters 


Instruments are manufactured that combine a moving- 
coil meter with a number of shunts and series multi- 
pliers, to provide a range of readings on a single scale 
graduated to read current and voltage. If a battery is 
incorporated then resistance can also be measured. Such 
instruments are called multimeters or universal instru- 
ments or multirange instruments. An ‘Avometer’ is 
a typical example. A particular range may be selected 
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either by the use of separate terminals or by a selec- 
tor switch. Only one measurement can be performed at 
a time. Often such instruments can be used in a.c. as 
well as d.c. circuits when a rectifier is incorporated in the 
instrument. 

Digital Multimeters (DMM) are now almost uni- 
versally used, the Fluke Digital Multimeter being an 
industry leader for performance, accuracy, resolution, 
ruggedness, reliability and safety. These instruments 
measure d.c. currents and voltages, resistance and con- 
tinuity, a.c. (1.m.s.) currents and voltages, temperature, 
and much more. 


10.10 Wattmeters 


A wattmeter is an instrument for measuring electrical 
power in a circuit. Figure 10.8 shows typical connections 
of a wattmeter used for measuring power supplied to a 
load. The instrument has two coils: 


Current 


coil 


ve 
Voltage 
SUPPLY I LOAD 


Figure 10.8 


(i) a current coil, which is connected in series with the 
load, like an ammeter, and 

(ii) a voltage coil, which is connected in parallel with the 
load, like a voltmeter. 


10.11 Instrument ‘loading’ effect 


Some measuring instruments depend for their operation 
on power taken from the circuit in which measurements 
are being made. Depending on the ‘loading’ effect of the 
instrument (i.e. the current taken to enable it to operate), 
the prevailing circuit conditions may change. 

The resistance of voltmeters may be calculated since 
each have a stated sensitivity (or ‘figure of merit’), often 
stated in ‘kQ per volt’ of f.s.d. A voltmeter should have as 
high a resistance as possible (— ideally infinite). 

In a.c. circuits the impedance of the instrument varies 
with frequency and thus the loading effect of the instru- 
ment can change. 


Problem 3. Calculate the power dissipated by the 
voltmeter and by resistor R in Figure 10.9 when 
(a) R=250Q (b) R=2MQ. Assume that the volt- 
meter sensitivity (sometimes called figure of merit) is 
10kQ/V. 


Figure 10.9 


(a) Resistance of voltmeter, R, = sensitivity x f.s.d. 
Hence, R, = (10 kQ/V) x (200 V) = 2000 kQ 


=2MQ 


Cumnosaiasimen pe ae 
urren owing in voitmeter, =. 
2 aay Sam oa: 


=50x 10-°A 
Power dissipated by voltmeter = VI, 
= (100)(50 x 10~°) 


=5mW 


; ; V_ 100 
When R = 250 &, current in resistor, Jp = — = —— 
R250 
=0.4A 
Power dissipated in load resistor R = VIz 


= (100)(0.4) = 40 W 


Thus the power dissipated in the voltmeter is 
insignificant in comparison with the power dissipated 
in the load. 


(b) When R= 2 MQ, current in 


V 100 
istor, Ip = — = ———~=50 x 10°-°A 
TFesSiStor, £R R oe 106 x 


Power dissipated in load resistor R = VI 
= 100 x 50 x 10°°=5mW 


In this case the higher load resistance reduced the 
power dissipated such that the voltmeter is using as 
much power as the load. 
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Problem 4. An ammeter has a f.s.d. of 100 mA and 
a resistance of 50 &. The ammeter is used to meas- 
ure the current in a load of resistance 500 Q when the 
supply voltage is 10 V. Calculate (a) the ammeter read- 
ing expected (neglecting its resistance), (b) the actual 
current in the circuit, (c) the power dissipated in the 
ammeter, and (d) the power dissipated in the load. 


From Figure 10.10, 


Figure 10.10 


Vv 10 
(a) expected ammeter reading = R500 20mA 


500 


10 
R+rq  500+50 


(b) Actual ammeter reading = 


=18.18mA 


Thus the ammeter itself has caused the circuit condi- 
tions to change from 20 mA to 18.18 mA 


(c) Power dissipated in the ammeter 
= 17 rg = (18.18 x 10~3)?(50) = 16.53 mW 


(d) Power dissipated in the load resistor 
=1[7R=(18.18 x 10~4)°(500) = 165.3 mW 


a sensitivity of 1.6k&2/V is used to measure voltage 
V, in the circuit of Figure 10.11. Determine (a) the 
value of voltage V; with the voltmeter not connected, 
and (b) the voltage indicated by the voltmeter when 
connected between A and B. 


A 40kQ2 B 60kQ 


100 V 


Figure 10.11 


Problem 5. A voltmeter having a f.s.d. of 100 V and 


100 V 
(a) 


A 32kQ B 60k 


V4 


100 V 
(b) 


Figure 10.12 


40 
40 + 60 


(b) The resistance of a voltmeter having a 100 V f.s.d. and 
sensitivity 1.6kQ/V is 100 V x 1.6kQ/V = 160kQ. 
When the voltmeter is connected across the 40kQ 
resistor the circuit is as shown in Figure 10.12(a) and 
the equivalent resistance of the parallel network is 
given by 


4 
ONO N eis. eee VN eae 
40 + 160 200 


(a) By voltage division, V; = ( ) 100=40V 


The circuit is now effectively as shown in Figure 10.12(b). 
Thus the voltage indicated on the voltmeter is 


32 
100 V = 34.78V 
(53 + @) 


A considerable error is thus caused by the loading effect 


of the voltmeter on the circuit. The error is reduced by 
using a voltmeter with a higher sensitivity. 


Problem6. (a) Acurrent of 20A flows through a load 
having a resistance of 2 2. Determine the power dissi- 
pated in the load. (b) A wattmeter, whose current coil 
has a resistance of 0.01 Q is connected as shown in 
Figure 10.13. Determine the wattmeter reading. 


Figure 10.13 
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(a) Power dissipated in the load, P=J 2R = (20)*(2) 
= 800 W 
(b) With the wattmeter connected in the circuit the total 
resistance Rr is 2+ 0.01 =2.01 Q 
The wattmeter reading is thus J 2Rr = (20)*(2.01) 
= 804 W 


Now try the following exercise. 


Exercise 31 Further problems on instrument 
‘loading’ effects 


1. A 0O-1A ammeter having a resistance of 50 Q is 
used to measure the current flowing in a 1kQ 
resistor when the supply voltage is 250 V. Calculate: 
(a) the approximate value of current (neglecting the 
ammeter resistance), (b) the actual current in the cir- 
cuit, (c) the power dissipated in the ammeter, (d) the 
power dissipated in the 1 kQ resistor. 

[(a) 0.250 A (b) 0.238 A (c) 2.832 W (d) 56.64 W] 


2. (a) A current of 15A flows through a load having 
a resistance of 4Q. Determine the power dissi- 
pated in the load. (b) A wattmeter, whose current 
coil has a resistance of 0.022 is connected (as 
shown in Figure 10.13) to measure the power in the 
load. Determine the wattmeter reading assuming the 
current in the load is still 15 A. 

[(a) 900 W (b) 904.5 W] 


3. A voltage of 240 V is applied to a circuit consisting 
of an 800 Q resistor in series with a 1.6kQ resis- 
tor. What is the voltage across the 1.6 kQ2 resistor? 
The p.d. across the 1.6kQ resistor is measured by 
a voltmeter of f.s.d. 250 V and sensitivity 100 Q/V. 
Determine the voltage indicated. [160V; 156.7 V] 


4. A 240V supply is connected across a load resistance 
R. Also connected across R is a voltmeter having a 
f.s.d. of 300 V and a figure of merit (i.e. sensitiv- 
ity) of 8 kQ2/V. Calculate the power dissipated by the 
voltmeter and by the load resistance if (a) R= 100 Q 
(b) R= 1 MQ. Comment on the results obtained. 

[(a) 24 mW, 576 W (b) 24mW, 57.6 mW] 


10.12 The oscilloscope 


The oscilloscope is basically a graph-displaying device — 
it draws a graph of an electrical signal. In most applica- 
tions the graph shows how signals change over time. From 
the graph it is possible to: 


e determine the time and voltage values of a signal 
e calculate the frequency of an oscillating signal 


e see the ‘moving parts’ of a circuit represented by the 
signal 

e tell if a malfunctioning component is distorting the 
signal 

e find out how much of a signal is d.c. or a.c. 

e tell how much of the signal is noise and whether the 
noise is changing with time 


Oscilloscopes are used by everyone from television 
repair technicians to physicists. They are indispensable for 
anyone designing or repairing electronic equipment. The 
usefulness of an oscilloscope is not limited to the world 
of electronics. With the proper transducer (i.e. a device 
that creates an electrical signal in response to physical 
stimuli, such as sound, mechanical stress, pressure, light 
or heat), an oscilloscope can measure any kind of phe- 
nomena. An automobile engineer uses an oscilloscope to 
measure engine vibrations; a medical researcher uses an 
oscilloscope to measure brain waves, and so on. 

Oscilloscopes are available in both analogue and digital 
types. An analogue oscilloscope works by directly apply- 
ing a voltage being measured to an electron beam moving 
across the oscilloscope screen. The voltage deflects the 
beam up or down proportionally, tracing the waveform 
on the screen. This gives an immediate picture of the 
waveform. 

In contrast, a digital oscilloscope samples the wave- 
form and uses an analogue to digital converter (see 
Section 18.11, page 222) to convert the voltage being 
measured into digital information. It then uses this digital 
information to reconstruct the waveform on the screen. 

For many applications either an analogue or digital 
oscilloscope is appropriate. However, each type does pos- 
sess some unique characteristics making it more or less 
suitable for specific tasks. 

Analogue oscilloscopes are often preferred when it is 
important to display rapidly varying signals in ‘real time’ 
(i.e. as they occur). 

Digital oscilloscopes allow the capture and viewing of 
events that happen only once. They can process the digital 
waveform data or send the data to a computer for process- 
ing. Also, they can store the digital waveform data for 
later viewing and printing. Digital storage oscilloscopes 
are explained in Section 10.14. 


Analogue oscilloscopes 


When an oscilloscope probe is connected to a circuit, the 
voltage signal travels through the probe to the vertical 
system of the oscilloscope. Figure 10.14 shows a simple 
block diagram that shows how an analogue oscilloscope 
displays a measured signal. 

Depending on how the vertical scale (volts/division 
control) is set, an attenuator reduces the signal voltage or 
an amplifier increases the signal voltage. Next, the signal 
travels directly to the vertical deflection plates of the cath- 
ode ray tube (CRT). Voltage applied to these deflection 
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Vertical system 


Vertical 
Attenuator |->| 


Display 


amplifier 


Trigger system 


Figure 10.14 


plates causes a glowing dot to move. (An electron beam 
hitting phosphor inside the CRT creates the glowing dot). 
A positive voltage causes the dot to move up while a nega- 
tive voltage causes the dot to move down. The signal also 
travels to the trigger system to start or trigger a “horizontal 
sweep’. Horizontal sweep is a term referring to the action 
of the horizontal system causing the glowing dot to move 
across the screen. Triggering the horizontal system causes 
the horizontal time base to move the glowing dot across 
the screen from left to right within a specific time interval. 
Many sweeps in rapid sequence cause the movement of 
the glowing dot to blend into a solid line. At higher speeds, 
the dot may sweep across the screen up to 500000 times 
each second. 

Together, the horizontal sweeping action (i.e. the X 
direction) and the vertical deflection action (i.e. the Y 
direction), traces a graph of the signal on the screen. 
The trigger is necessary to stabilize a repeating signal. 
It ensures that the sweep begins at the same point of a 
repeating signal, resulting in a clear picture. 

In conclusion, to use an analogue oscilloscope, three 
basic settings to accommodate an incoming signal need 
to be adjusted: 


e the attenuation or amplification of the signal — use the 
volts/division control to adjust the amplitude of the 
signal before it is applied to the vertical deflection 
plates 

e the time base — use the time/division control to set the 
amount of time per division represented horizontally 
across the screen 


Horizontal system 


Horizontal 
amplifier 


Sweep 
generator 


4A4 


Ramp time base 


e the triggering of the oscilloscope — use the trigger level 
to stabilize a repeating signal, as well as triggering on 
a single event. 


Also, adjusting the focus and intensity controls enable 
a sharp, visible display to be created. 


(i) With direct voltage measurements, only the Y 
amplifier ‘volts/em’ switch on the oscilloscope is 
used. With no voltage applied to the Y plates the pos- 
ition of the spot trace on the screen is noted. When a 
direct voltage is applied to the Y plates the new pos- 
ition of the spot trace is an indication of the magnitude 
of the voltage. For example, in Figure 10.15(a), with 
no voltage applied to the Y plates, the spot trace is in 
the centre of the screen (initial position) and then the 
spot trace moves 2.5 cm to the final position shown, 
on application of a d.c. voltage. With the ‘volts/cm’ 
switch on 10 volts/em the magnitude of the direct 
voltage is 2.5cm x 10 volts/cm, i.e. 25 volts. 

(ii) With alternating voltage measurements, let a sinus- 
oidal waveform be displayed on an oscilloscope 
screen as shown in Figure 10.15(b). If the time/cm 
switch is on, say, 5ms/cm then the periodic time 
T of the sinewave is 5ms/cm x 4cm, i.e. 20ms or 
0.02 s 

: 50H. 
002° 

If the ‘volts/cm’ switch is on, say, 20 volts/cm then 


the amplitude or peak value of the sinewave shown 
is 20 volts/em x 2.cm, i.e. 40 V. 


1 
Since frequency f = r frequency = 
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Final position 


Initial position 


value 


Figure 10.15 


peak voltage 
4/2 


40 
r.m.s. voltage = —— = 28.28 volts 
af 2 


Since r.m.s. voltage = , (see Chapter 14), 


Double beam oscilloscopes are useful whenever two 
signals are to be compared simultaneously. 


The c.r.o. demands reasonable skill in adjustment and 
use. However its greatest advantage is in observing the 
shape of a waveform — a feature not possessed by other 
measuring instruments. 


Digital oscilloscopes 


Some of the systems that make up digital oscilloscopes 
are the same as those in analogue oscilloscopes; however, 
digital oscilloscopes contain additional data processing 
systems — as shown in the block diagram of Figure 10.16. 
With the added systems, the digital oscilloscope collects 
data for the entire waveform and then displays it. 

When a digital oscilloscope probe is attached to a cir- 
cuit, the vertical system adjusts the amplitude of the signal, 
just as in the analogue oscilloscope. Next, the analogue to 
digital converter (ADC) in the acquisition system samples 
the signal at discrete points in time and converts the sig- 
nals’ voltage at these points to digital values called sample 
points. The horizontal systems’ sample clock determines 
how often the ADC takes a sample. The rate at which the 
clock ‘ticks’ is called the sample rate and is measured in 
samples per second. 

The sample points from the ADC are stored in memory 
as waveform points. More than one sample point may 
make up one waveform point. 

Together, the waveform points make up one waveform 
record. The number of waveform points used to make a 
waveform record is called a record length. The trigger 
system determines the start and stop points of the record. 
The display receives these record points after being stored 
in memory. 

Depending on the capabilities of an oscilloscope, add- 
itional processing of the sample points may take place, 


Display \ / Je 


Acquisition system 


Vertical system 


Figure 10.16 
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Attenuator»| Vertical >| digital Memory 
amplifier convertor 
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Processing 


Horizontal system 


Sample 
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enhancing the display. Pre-trigger may be available, 
allowing events to be seen before the trigger point. 
Fundamentally, with a digital oscilloscope as with an 
analogue oscilloscope, there is a need to adjust vertical, 
horizontal, and trigger settings to take a measurement. 


Problem 7. For the oscilloscope square voltage 
waveform shown in Figure 10.17 determine (a) the 
periodic time, (b) the frequency and (c) the peak- 
to-peak voltage. The ‘time/cm’ (or timebase control) 
switch is on 100 ws/cm and the ‘volts/cm’ (or signal 
amplitude control) switch is on 20 V/cm. 


Figure 10.17 


(In Figures 10.17 to 10.20 assume that the squares shown 
are Icm by Icm) 


(a) The width of one complete cycle is 5.2 cm 
Hence the periodic time, 
T =5.2cm x 100 x 10~® s/em = 0.52 ms 


1 1 
b) F f= === 192K 
(b) Frequency. = 7 = 052x103 . 
(c) The peak-to-peak height of the display is 3.6cm, 
hence the peak-to-peak voltage = 3.6 cm x 20 V/cm 
=72V 


Problem 8. For the oscilloscope display of a pulse 
waveform shown in Figure 10.18 the ‘time/cm’ switch 
is on 50ms/cm and the ‘volts/cm’ switch is on 
0.2 V/cm. Determine (a) the periodic time, (b) the 
frequency, (c) the magnitude of the pulse voltage. 


Figure 10.18 


(a) The width of one complete cycle is 3.5cm 
Hence the periodic time, T =3.5cm x 50 ms/em 
= 175 ms 


(b) Frequency, f =5.71 Hz 


Fe Os 
(c) The height of a pulse is 3.4cm hence the magnitude 
of the pulse voltage = 3.4 cm x 0.2 V/cm = 0.68 V 


Problem 9. A sinusoidal voltage trace displayed by 
an oscilloscope is shown in Figure 10.19. If the 
‘time/cm’ switch is on 500 s/cm and the ‘volts/cm’ 
switch is on 5 V/cm, find, for the waveform, (a) the 
frequency, (b) the peak-to-peak voltage, (c) the ampli- 
tude, (d) the r.m.s. value. 


PT iad | | A 


Figure 10.19 


(a) The width of one complete cycle is 4cm. Hence the 
periodic time, T is 4cm x 500 \ws/cm, i.e. 2 ms 
1 
T 2x10-3 
(b) The peak-to-peak height of the waveform is 5cm. 
Hence the peak-to-peak voltage = 5cm x 5 V/cm 
=25V 


Frequency, f = = 500 Hz 


(c) Amplitude 5 x 25 V =12.5V 
(d) The peak value of voltage is the amplitude, i.e. 12.5 V. 


peak voltage 12.5 
r.m.s voltage = = 


J2 V2 


= 8.84V 


Problem 10. For the double-beam oscilloscope dis- 
plays shown in Figure 10.20 determine (a) their 
frequency, (b) their r.m.s. values, (c) their phase dif- 
ference. The ‘time/cm’ switch is on 100 |1s/cm and the 
‘volts/em’ switch on 2 V/cm. 


Figure 10.20 
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(a) The width of each complete cycle is 5cm for both 
waveforms. Hence the periodic time, 7, of each 
waveform is 5cm x 100 \s/cm, i.e. 0.5 ms. 


1 1 
Frequency of each waveform, f = 7 OSS 
5 x 107 
= 2kHz 


(b) The peak value of waveform A is 2cm x 2V/cm=4 V, 


4 
hence ther.m.s. value of waveform A = 7) =2.83V 
The peak value of waveform B is 2.5cm x 2 V/cm = 
SV, 

5 
hence ther.m.s. value of waveform B = —~ =3.54V 


/2 


(c) Since 5cm represents | cycle, then 5 cm represents 
360°, 


: 36 
i.e. 1 cm represents goo 72°: 


The phase angle ¢ = 0.5 cm =0.5 cm x 72°/cm = 36° 


Hence waveform A leads waveform B by 36° 


Now try the following exercise. 


Exercise 32 Further problems on the oscilloscope 


1. For the square voltage waveform displayed on an 
oscilloscope shown in Figure 10.21, find (a) its 
frequency, (b) its peak-to-peak voltage. 

[(a) 41.7 Hz (b) 176 V] 


1 
54 1 702 Sms , 1 100 ps 
io. 50ms . a 
20- - - 
Ont Crepe 
Figure 10.21 


2. For the pulse waveform shown in Figure 10.22, find 
(a) its frequency, (b) the magnitude of the pulse 
voltage. [(a) 0.56 Hz (b) 8.4 V] 


5 
5 yt 0.2 v1 + 100 ps 
10.5 50 ms _> a 
au ; fs) : 
oe : 500 ms s 
1 it 
50 2s 
Figure 10.22 


3. For the sinusoidal waveform shown in Figure 10.23, 
determine (a) its frequency, (b) the peak-to-peak 
voltage, (c) the r.m.s. voltage. 

[(a) 7.14 Hz (b) 220 V (c) 77.78 V] 


Figure 10.23 


10.13 Virtual test and measuring instruments 


Computer-based instruments are rapidly replacing items 
of conventional test equipment in many of today’s test and 
measurement applications. Probably the most commonly 
available virtual test instrument is the digital storage oscil- 
loscope (DSO). Because of the processing power available 
from the PC coupled with the mass storage capability, 
a computer-based virtual DSO is able to provide a vari- 
ety of additional functions, such as spectrum analysis and 
digital display of both frequency and voltage. In addition, 
the ability to save waveforms and captured measurement 
data for future analysis or for comparison purposes can 
be extremely valuable, particularly where evidence of 
conformance with standards or specifications is required. 
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Unlike a conventional oscilloscope (which is primarily 
intended for waveform display) a computer-based vir- 
tual oscilloscope effectively combines several test instru- 
ments in one single package. The functions and available 
measurements from such an instrument usually includes: 


e real time or stored waveform display 

@ precise time and voltage measurement (using adjustable 

cursors) 

digital display of voltage 

digital display of frequency and/or periodic time 

accurate measurement of phase angle 

frequency spectrum display and analysis 

data logging (stored waveform data can be exported in 

formats that are compatible with conventional spread- 

sheet packages, e.g. as .xls files) 

e ability to save/print waveforms and other information 
in graphical format (e.g. as .jpg or .bmp files). 


Virtual instruments can take various forms including: 


e internal hardware in the form of a conventional PCI 
expansion card 

e external hardware unit which is connected to the PC 
by means of either a conventional 25-pin parallel port 
connector or by means of a serial USB connector 


The software (and any necessary drivers) is invariably 
supplied on CD-ROM or can be downloaded from the 
manufacturer’s web site. Some manufacturers also supply 
software drivers together with sufficient accompanying 
documentation in order to allow users to control virtual 
test instruments from their own software developed using 
popular programming languages such as VisualBASIC or 
C++. 


10.14 Virtual digital storage oscilloscopes 


Several types of virtual DSO are currently available. 
These can be conveniently arranged into three different 
categories according to their application: 


e Low-cost DSO 
e High-speed DSO 
e High-resolution DSO 


Unfortunately, there is often some confusion between 
the last two categories. A high-speed DSO is designed for 
examining waveforms that are rapidly changing. Such an 
instrument does not necessarily provide high-resolution 
measurement. Similarly, a high-resolution DSO is useful 
for displaying waveforms with a high degree of precision 
but it may not be suitable for examining fast waveforms. 
The difference between these two types of DSO should 
become a little clearer later on. 


Low-cost DSO are primarily designed for low fre- 
quency signals (typically signals up to around 20 kHz) and 
are usually able to sample their signals at rates of between 
10K and 100K samples per second. Resolution is usually 
limited to either 8-bits or 12-bits (corresponding to 256 
and 4096 discrete voltage levels respectively). 

High-speed DSO’s are rapidly replacing CRT-based 
oscilloscopes. They are invariably dual-channel instru- 
ments and provide all the features associated with a 
conventional ‘scope including trigger selection, time-base 
and voltage ranges, and an ability to operate in X-Y mode. 

Additional features available with a computer-based 
instrument include the ability to capture transient signals 
(as with a conventional digital storage ‘scope) and save 
waveforms for future analysis. The ability to analyse a 
signal in terms of its frequency spectrum is yet another 
feature that is only possible with a DSO (see later). 


Upper frequency limit 


The upper signal frequency limit of a DSO is determined 
primarily by the rate at which it can sample an incoming 
signal. Typical sampling rates for different types of virtual 
instrument are: 


Type of DSO Typical sampling rate 


Low-cost DSO 
High-speed DSO 
High-resolution DSO 


20 K to 100 K per second 
100 M to 1000M per second 
20M to 100M per second 


In order to display waveforms with reasonable accuracy 
itis normally suggested that the sampling rate should be at 
least twice and preferably more than five times the highest 
signal frequency. Thus, in order to display a 10 MHz sig- 
nal with any degree of accuracy a sampling rate of 50M 
samples per second will be required. 

The ‘five times rule’ merits a little explanation. When 
sampling signals in a digital to analogue converter we 
usually apply the Nyquist criterion that the sampling fre- 
quency must be at least twice the highest analogue signal 
frequency. Unfortunately, this no longer applies in the case 
of a DSO where we need to sample at an even faster rate 
if we are to accurately display the signal. In practice we 
would need a minimum of about five points within a single 
cycle of a sampled waveform in order to reproduce it with 
approximate fidelity. Hence the sampling rate should be 
at least five times that of highest signal frequency in order 
to display a waveform reasonably faithfully. 

A special case exists with dual channel DSOs. Here 
the sampling rate may be shared between the two chan- 
nels. Thus an effective sampling rate of 20 M samples per 
second might equate to 10 M samples per second for each 
of the two channels. In such a case the upper frequency 
limit would not be 4 MHz but only a mere 2 MHz. 
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The approximate bandwidth required to display differ- 
ent types of signals with reasonable precision is given in 
the table below: 


Signal Bandwidth required 
(approx) 

Low-frequency and power d.c. to 1OkHz 

Audio frequency (general) d.c. to 20 kHz 

Audio frequency (high-quality) d.c. to 50 kHz 

Square and pulse waveforms d.c. to 100 kHz 

(up to 5 kHz) 

Fast pulses with small rise-times d.c. to 1 MHz 

Video d.c. to 10 MHz 

Radio (LF, MF and HF) d.c. to 50 MHz 


The general rule is that, for sinusoidal signals, the band- 
width should ideally be at least double that of the highest 
signal frequency whilst for square wave and pulse sig- 
nals, the bandwidth should be at least ten times that of the 
highest signal frequency. 

It is worth noting that most manufacturers define the 
bandwidth of an instrument as the frequency at which a 
sine wave input signal will fall to 0.707 of its true ampli- 
tude (i.e. the —3 dB point). To put this into context, at the 
cut-off frequency the displayed trace will be in error by a 
whopping 29%! 


Resolution 


The relationship between resolution and signal accuracy 
(not bandwidth) is simply that the more bits used in the 
conversion process the more discrete voltage levels can be 
resolved by the DSO. The relationship is as follows: 


SD" 


where x is the number of discrete voltage levels and n is 
the number of bits. Thus, each time we use an additional 
bit in the conversion process we double the resolution of 
the DSO, as shown in the table below: 


Number of bits, n Number of discrete 


voltage levels, x 


8-bit 256 
10-bit 1024 
12-bit 4096 
16-bit 65536 


Buffer memory capacity 


A DSO stores its captured waveform samples in a buffer 
memory. Hence, for a given sampling rate, the size of this 
memory buffer will determine for how long the DSO can 
capture a signal before its buffer memory becomes full. 


The relationship between sampling rate and buffer 
memory capacity is important. A DSO with a high 
sampling rate but small memory will only be able to 
use its full sampling rate on the top few time base 
ranges. 

To put this into context, it’s worth considering a simple 
example. Assume that we need to display 10000 cycles 
of a 10 MHz square wave. This signal will occur in a time 
frame of | ms. If applying the ‘five times rule’ we would 
need a bandwidth of at least 50 MHz to display this signal 
accurately. 

To reconstruct the square wave we would need a min- 
imum of about five samples per cycle so a minimum 
sampling rate would be 5 x 10 MHz=50M samples per 
second. To capture data at the rate of 50M samples per 
second for a time interval of 1 ms requires a memory that 
can store 50000 samples. If each sample uses 16-bits we 
would require 100 kbyte of extremely fast memory. 


Accuracy 


The measurement resolution or measurement accuracy of 
a DSO (in terms of the smallest voltage change that can be 
measured) depends on the actual range that is selected. So, 
for example, on the | V range an 8-bit DSO is able to detect 
a voltage change of one two hundred and fifty sixth of a 
volt or (1/256) V or about 4mV. For most measurement 
applications this will prove to be perfectly adequate as it 
amounts to an accuracy of about 0.4% of full-scale. 

Figure 10.24 depicts a PicoScope software display 
showing multiple windows providing conventional oscil- 
loscope waveform display, spectrum analyzer display, 
frequency display, and voltmeter display. 

Adjustable cursors make it possible to carry out 
extremely accurate measurements. In Figure 10.25, the 
peak value of the (nominal 10V peak) waveform is 
measured at precisely 9625mV (9.625 V). The time to 
reach the peak value (from 0 V) is measured as 246.7 \s 
(0.2467 ms). 


*, PicoScope for Windows 
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Figure 10.24 
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Figure 10.25 
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Figure 10.26 


The addition of a second time cursor makes it possible 
to measure the time accurately between two events. In 
Figure 10.26, event ‘o’ occurs 131 ns before the trigger 
point whilst event ‘x’ occurs 397 ns after the trigger point. 
The elapsed time between these two events is 528 ns. The 
two cursors can be adjusted by means of the mouse (or 
other pointing device) or, more accurately, using the PC’s 
cursor keys. 


Autoranging 


Autoranging is another very useful feature that is often 
provided with a virtual DSO. If you regularly use a con- 
ventional ‘scope for a variety of measurements you will 
know only too well how many times you need to make 
adjustments to the vertical sensitivity of the instrument. 


High-resolution-DSO 


High-resolution DSO’s are used for precision applications 
where it is necessary to faithfully reproduce a waveform 
and also to be able to perform an accurate analysis of noise 


floor and harmonic content. Typical applications include 
small signal work and high-quality audio. 

Unlike the low-cost DSO, which typically has 8-bit 
resolution and poor d.c. accuracy, these units are usu- 
ally accurate to better than 1% and have either 12-bit or 
16-bit resolution. This makes them ideal for audio, noise 
and vibration measurements. 

The increased resolution also allows the instrument to 
be used as a spectrum analyzer with very wide dynamic 
range (up to 100 dB). This feature is ideal for performing 
noise and distortion measurements on low-level analogue 
circuits. 

Bandwidth alone is not enough to ensure that a DSO 
can accurately capture a high-frequency signal. The goal 
of manufacturers is to achieve a flat frequency response. 
This response is sometimes referred to as a Maximally 
Flat Envelope Delay (MFED). A frequency response of 
this type delivers excellent pulse fidelity with minimum 
overshoot, undershoot and ringing. 

It is important to remember that, if the input signal is 
not a pure sine wave it will contain a number of higher 
frequency harmonics. For example, a square wave will 
contain odd harmonics that have levels that become pro- 
gressively reduced as their frequency increases. Thus, to 
display a 1 MHz square wave accurately you need to take 
into account the fact that there will be signal components 
present at 3 MHz, 5 MHz, 7 MHz, 9 MHz, 11 MHz, and 
so on. 


Spectrum analysis 


The technique of Fast Fourier Transformation (FFT) cal- 
culated using software algorithms using data captured by 
a virtual DSO has made it possible to produce frequency 
spectrum displays. Such displays can be to investigate the 
harmonic content of waveforms as well as the relationship 
between several signals within a composite waveform. 
Figure 10.27 shows the frequency spectrum of the 
1kHz sine wave signal from a low-distortion signal 
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Figure 10.27 
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generator. Here the virtual DSO has been set to capture 
samples at a rate of 4096 per second within a frequency 
range of d.c. to 12.2 kHz. The display clearly shows the 
second harmonic (at a level of —50dB or —70dB rela- 
tive to the fundamental), plus further harmonics at 3 kHz, 
5 kHz and 7 kHz (all of which are greater than 75 dB down 
on the fundamental). 


Problem 11. Figure 10.28 shows the frequency spec- 
trum of a signal at 1184 kHz displayed by a high-speed 
virtual DSO. Determine (a) the harmonic relationship 
between the signals marked ‘o’ and ‘x’, (b) the dif- 
ference in amplitude (expressed in dB) between the 
signals marked ‘o’ and ‘x’, and (c) the amplitude of the 
second harmonic relative to the fundamental signal ‘o’. 
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(a) The signal x is at a frequency of 3553 kHz. This is 
three times the frequency of the signal at ‘o’ which 
is at 1184 kHz. Thus, x is the third harmonic of the 
signal ‘o’ 

(b) The signal at ‘o’ has an amplitude of + 17.46 dB whilst 
the signal at ‘x’ has an amplitude of —4.08 dB. Thus, 
the difference in level = (+17.46) —(—4.08)= 
21.54 dB 


(c) The amplitude of the second harmonic (shown at 
approximately 2270 kHz) = —5 dB 


10.15 Waveform harmonics 


(i) Let an instantaneous voltage v be represented by 
v=V,,sin2zft volts. This is a waveform which 
varies sinusoidally with time ¢, has a frequency f/f, 
and a maximum value V,,. Alternating voltages are 
usually assumed to have wave shapes which are sinu- 
soidal where only one frequency is present. If the 
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Figure 10.29 


waveform is not sinusoidal it is called a complex 
wave, and, whatever its shape, it may be split up 
mathematically into components called the funda- 
mental and a number of harmonics. This process is 
called harmonic analysis. The fundamental (or first 
harmonic) is sinusoidal and has the supply frequency, 
J; the other harmonics are also sine waves having fre- 
quencies which are integer multiples of f. Thus, if the 
supply frequency is 50 Hz, then the third harmonic 
frequency is 150 Hz, the fifth 250 Hz, and so on. 


(ii) A complex waveform comprising the sum of the 


fundamental and a third harmonic of about half 
the amplitude of the fundamental is shown in Fig- 
ure 10.29(a), both waveforms being initially in phase 
with each other. If further odd harmonic waveforms 
of the appropriate amplitudes are added, a good 
approximation to a square wave results. In Fig- 
ure 10.29(b), the third harmonic is shown having an 
initial phase displacement from the fundamental. The 
positive and negative half cycles of each of the com- 
plex waveforms shown in Figures 10.29(a) and (b) are 
identical in shape, and this is a feature of waveforms 
containing the fundamental and only odd harmonics. 


(iii) A complex waveform comprising the sum of the 


fundamental and a second harmonic of about half 
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the amplitude of the fundamental is shown in Fig- 
ure 10.29(c), each waveform being initially in phase 
with each other. If further even harmonics of appro- 
priate amplitudes are added a good approximation to 
a triangular wave results. In Figure 10.29(c) the neg- 
ative cycle appears as a mirror image of the positive 
cycle about point A. In Figure 10.29(d) the second 
harmonic is shown with an initial phase displacement 
from the fundamental and the positive and negative 
half cycles are dissimilar. 

(iv) A complex waveform comprising the sum of the fun- 
damental, a second harmonic and a third harmonic 
is shown in Figure 10.29(e), each waveform being 
initially ‘in-phase’. The negative half cycle appears 
as a mirror image of the positive cycle about point B. 
In Figure 10.29(f), a complex waveform comprising 
the sum of the fundamental, a second harmonic and a 
third harmonic are shown with initial phase displace- 
ment. The positive and negative half cycles are seen 
to be dissimilar. 

The features mentioned relative to Figures 10.29(a) 
to (f) make it possible to recognize the harmon- 
ics present in a complex waveform displayed on an 
oscilloscope. 


More on complex waveforms may be found in Chapter 
36, page 444. 


10.16 Logarithmic ratios 


In electronic systems, the ratio of two similar quan- 
tities measured at different points in the system, are 
often expressed in logarithmic units. By definition, if 
the ratio of two powers P; and P2 is to be expressed in 
decibel (dB) units then the number of decibels, X, is 
given by: 


X=10lg (2) dB (10.1) 


Thus, when the power ratio, 
P 
— = | then the decibel power ratio 


1 
=10lg1=0 
when the power ratio, 
P 
7 = 100 then the decibel power ratio 
1 
= 101g 100 = +20 


(i.e. a power gain), 


and when the power ratio, 


P. 1 
~* — _—_ then the decibel power ratio 
P; 100 
1 
= 10lg —- =—20 
= 100 


(i.e. a power loss or attenuation). 


Logarithmic units may also be used for voltage and current 
ratios. 

Power, P, is given by P= ?R or P=V2/R 

Substituting in equation (10.1) gives: 


[ZR V3/R 
x = 101g (2% | ap or x = 101g (2 | ap 
Ri Vr/Ri 


P v2 

= = 2 _ 2 
If Rj = Ro then X = 101g 2 dB or X = 101g wy dB 
1 1 


L V 
Le. x= 201e (2 dB |or x= 2018 (7 dB 
I Vi 


(from the laws of logarithms). 


From equation (10.1), X decibels is a logarithmic ratio 
of two similar quantities and is not an absolute unit of 
measurement. It is therefore necessary to state a reference 
level to measure a number of decibels above or below that 
reference. The most widely used reference level for power 
is | mW, and when power levels are expressed in decibels, 
above or below the 1 mW reference level, the unit given 
to the new power level is dBm. 

A voltmeter can be re-scaled to indicate the power level 
directly in decibels. The scale is generally calibrated by 
taking a reference level of 0dB when a power of 1 mW 
is dissipated in a 600 Q resistor (this being the natural 
impedance of a simple transmission line). The reference 
voltage V is then obtained from 


y? vy? 
P=—, i. 1 x 1073 = — from which, 
R 600 


V =0.775 volts. 


4 
In general, the number of dBm, X = 20 lg (=) 


0.20 
Thus V =0.20V corresponds to 20 lg (sa) 


= —11.77dBm and 


0.90 
V=0.90V corresponds to 20 Ig (sas) =+1.3dBm, 


and so on. 
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Figure 10.30 


A typical decibelmeter, or dB meter, scale is shown in 
Figure 10.30. Errors are introduced with dB meters when 
the circuit impedance is not 600 . 


Problem 12. The ratio of two powers is (a) 3 (b) 20 


(c) 400 (d) 30° Determine the decibel power ratio in 
each case. 


From above, the power ratio in decibels, X, is given by: 
Po 
X=10lg { — 
5 (7) 


P. 
(a) When = = 3, X = 10 1g(3) = 10(0.477) = 4.77 dB 
1 
P. 
(b) When 7 = 20, X = 10 lg(20) = 10(1.30) = 13.0 dB 
1 


P. 
(c) When = = 400, X = 10 lg(400) = 10(2.60) 
1 


= 26.0 dB 
P2 1 
(d) When — 
P, 20 


= 0.05, X = 10 1g(0.05) 
— 10(—1.30) = —13.0 dB 


(a), (b) and (c) represent power gains and (d) represents a 
power loss or attenuation. 


Problem 13. The current input to a system is 5mA 
and the current output is 20 mA. Find the decibel cur- 
rent ratio assuming the input and load resistances of 
the system are equal. 


From above, the decibel current ratio is 


bh 20 
201 —})=201 — 
ots (?) ors (+) 


= 201g 4 
= 20(0.60) 
= 12GB gain 


Problem 14. 6% of the power supplied to a cable 
appears at the output terminals. Determine the power 
loss in decibels. 


If P;=input power and P2=output power then 


P2 6 
— = — =0.06 
P,; 100 


P. 
Decibel power ratio = 101g (=) = 101g(0.06) 
1 


= 10(—1.222) = —12.22 dB 


Hence the decibel power loss, or attenuation, is 
12.22 dB 


Problem 15. An amplifier has a gain of 14dB. Its 
input power is 8 mW. Find its output power. 


P 
Decibel power ratio = 101g (=) 
1 


where P; = input power = 8 mW, 


and P2 = output power 


P. 
Hence 14 = 101g (=) 
Pi 


P. 
14=lg (>) 
1 


P 
and 10!4 = > from the definition of a logarithm 
1 


ie. 25.12 = Pa 

Pi 
Output power, Pz = 25.12P; = (25.12)(8) =201 mW or 
0.201 W 


Problem 16. The output voltage from an amplifier is 
4V. If the voltage gain is 27dB, calculate the value 
of the input voltage assuming that the amplifier input 
resistance and load resistance are equal. 


V. 
Voltage gain in decibels = 27 = 20 lg ( 2) 
1 


4 
10!-35 = —, from which 
Vi 


4 4 
10135 22.39 


Vi 0.179 V 


Hence the input voltage V, is 0.179 V 
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Now try the following exercise. 


Exercise 33 Further problems on logarithmic 
ratios 


1. The ratio of two powers is (a) 3 (b) 10 (c) 20 
(d) 10000. Determine the decibel power ratio for 
each. 

[(a) 4.77 dB (b) 10 dB (c) 13 dB (d) 40 dB] 


2. The ratio of two powers is (a) hi (b) 4 (c) ti (d) 
1 
100 
Determine the decibel power ratio for each. 
[(a) —10 dB (b) —4.77 dB (c) —16.02 dB 
(d) —20 dB] 


3. The input and output currents of a system are 2 mA 
and 10 mA respectively. Determine the decibel cur- 
rent ratio of output to input current assuming input 
and output resistances of the system are equal. 

[13.98 dB] 


4. 5% of the power supplied to a cable appears at 
the output terminals. Determine the power loss in 
decibels. [13 dB] 


5. An amplifier has a gain of 24 dB. Its input power is 
10 mW. Find its output power. [2.51 W] 


6. The output voltage from an amplifier is 7 mV. If the 
voltage gain is 25 dB calculate the value of the input 
voltage assuming that the amplifier input resistance 
and load resistance are equal. [0.39 mV] 


7. The scale of a voltmeter has a decibel scale added 
to it, which is calibrated by taking a reference level 
of 0dB when a power of 1 mW is dissipated in a 
600 Q resistor. Determine the voltage at (a) OdB 
(b) 1.5 dB and (c) —15 dB (d) What decibel reading 
corresponds to 0.5 V? 
[(a) 0.775 V (b) 0.921 V (c) 0.138 V (d) —3.807 dB] 


10.17 Null method of measurement 


A null method of measurement is a simple, accurate and 
widely used method which depends on an instrument read- 
ing being adjusted to read zero current only. The method 
assumes: 


(i) if there is any deflection at all, then some current is 
flowing; 

(ii) if there is no deflection, then no current flows (i.e. a 
null condition). 


Hence it is unnecessary for a meter sensing current flow 
to be calibrated when used in this way. A sensitive 
milliammeter or microammeter with centre-zero position 
setting is called a galvanometer. Examples where the 
method is used are in the Wheatstone bridge (see Sec- 
tion 10.18), in the d.c. potentiometer (see Section 10.19) 
and with a.c. bridges (see Section 10.20). 


10.18 Wheatstone bridge 


Figure 10.31 shows a Wheatstone bridge circuit which 
compares an unknown resistance R, with others of known 
values, i.e. Rj and R2, which have fixed values, and R3, 
which is variable. R3 is varied until zero deflection is 
obtained on the galvanometer G. No current then flows 
through the meter, V4 = Vg, and the bridge is said to be 
‘balanced’. 


Figure 10.31 


At balance, Rj Ry = RoR3, i.e.| Ry = ohms 


Problem 17. In a Wheatstone bridge ABCD, a gal- 
vanometer is connected between A and C, and a battery 
between B and D. A resistor of unknown value is con- 
nected between A and B. When the bridge is balanced, 
the resistance between B and C is 100 Q, that between 
C and D is 10 Q and that between D and A is 400 Q. 
Calculate the value of the unknown resistance. 


The Wheatstone bridge is shown in Figure 10.32 where 
R, is the unknown resistance. At balance, equating the 
products of opposite ratio arms, gives: 


(R,)(10) = (100)(400) 


_ (100)(400) 
= 


and R, = 4000 Q 


Hence the unknown resistance, R,. = 4kQ 
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Figure 10.32 


10.19 D.C. potentiometer 


The d.c. potentiometer is a null-balance instrument used 
for determining values of e.m.f.’s and p.d.s. by compari- 
son with a known e.m.f. or p.d. In Figure 10.33(a), using 
a standard cell of known e.m.f. E), the slider S is moved 
along the slide wire until balance is obtained (i.e. the 
galvanometer deflection is zero), shown as length /. 


Supply source 
V 


Slide wire 
of uniform 
E G cross-section 
; 
Standard 
cell 
V 
I 
$s 
Es G 
(b) 


Figure 10.33 


The standard cell is now replaced by a cell of unknown 
e.m.f. E, (see Figure 10.33(b)) and again balance is 
obtained (shown as /2). 

: Al 
Since E, al; and E2,al2 then — = — 
Fn |b 


L 
and F,=E, (7) volts 
1 


A potentiometer may be arranged as a resistive two- 
element potential divider in which the division ratio is 
adjustable to give a simple variable d.c. supply. Such 
devices may be constructed in the form of a resistive elem- 
ent carrying a sliding contact which is adjusted by a rotary 
or linear movement of the control knob. 


Problem 18. In a d.c. potentiometer, balance is 
obtained at a length of 400 mm when using a stand- 
ard cell of 1.0186 volts. Determine the e.m.f. of a dry 
cell if balance is obtained with a length of 650 mm. 


E; = 1.0186V, J; = 400 mm, /2 = 650mm 


E l 
With reference to Figure 10.33, ok ee ek 
1) lb 
ly 650 
fi hich, E> = E; | — ) =(1.0186)| — 
rom whic. 2 1 (2) ( (5) 
= 1.655 volts 


Now try the following exercise. 


Exercise 34 Further problems on the Wheatstone 
bridge and d.c. potentiometer 


1. In a Wheatstone bridge PQRS, a galvanometer is 
connected between Q and S and a voltage source 
between P and R. An unknown resistor R, is 
connected between P and Q. When the bridge is 
balanced, the resistance between Q and R is 200 Q, 
that between R and S is 10 Q and that between S 
and P is 150 Q2. Calculate the value of Ry. [3 kQ] 


2. Balance is obtained in a d.c. potentiometer at a 
length of 31.2cm when using a standard cell of 
1.0186 volts. Calculate the e.m.f. of a dry cell if 
balance is obtained with a length of 46.7 cm. 

[1.525 V] 


10.20 A.C. bridges 


A Wheatstone bridge type circuit, shown in Figure 10.34, 
may be used in a.c. circuits to determine unknown values 
of inductance and capacitance, as well as resistance. 
When the potential differences across Z3 and Z, (or 
across Z; and Z2) are equal in magnitude and phase, then 
the current flowing through the galvanometer, G, is zero. 


_ 2223 


At balance, ZZ, = Z»Z3, from which,| Z, = 7, 2 
1 
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(in 
ay, 
Figure 10.34 


There are many forms of a.c. bridge, and these include: 
the Maxwell, Hay, Owen and Heaviside bridges for mea- 
suring inductance, and the De Sauty, Schering and Wien 
bridges for measuring capacitance. A commercial or 
universal bridge is one which can be used to measure 
resistance, inductance or capacitance. 

A.c. bridges require a knowledge of complex numbers, 
as explained in Chapter 23 and such bridges are discussed 
in detail in Chapter 27. 


10.21 Measurement errors 


Errors are always introduced when using instruments to 
measure electrical quantities. The errors most likely to 
occur in measurements are those due to: 


(i) the limitations of the instrument 
(ii) the operator 
(iii) the instrument disturbing the circuit 


(i) Errors in the limitations of the instrument 
The calibration accuracy of an instrument depends 
on the precision with which it is constructed. Every 
instrument has a margin of error which is expressed as 
a percentage of the instruments full scale deflection. 

For example, industrial grade instruments have an 
accuracy of +2% of f.s.d. Thus if a voltmeter has 
a f.s.d. of 100V and it indicates 40 V say, then the 
actual voltage may be anywhere between 40 + (2% 
of 100), or 40 +2, i.e. between 38 V and 42 V. 

When an instrument is calibrated, it is compared 
against a standard instrument and a graph is drawn 
of ‘error’ against ‘meter deflection’. 

A typical graph is shown in Figure 10.35 where it 
is seen that the accuracy varies over the scale length. 
Thus a meter with a +2% f.s.d. accuracy would tend 
to have an accuracy which is much better than 12% 
f.s.d. over much of the range. 

(ii) Errors by the operator 
It is easy for an operator to misread an instrument. 
With linear scales the values of the sub-divisions are 


Upper limit 
of error 


Deflection 


of error 


Figure 10.35 


reasonably easy to determine; non-linear scale gradu- 
ations are more difficult to estimate. Also, scales 
differ from instrument to instrument and some meters 
have more than one scale (as with multimeters) 
and mistakes in reading indications are easily made. 
When reading a meter scale it should be viewed from 
an angle perpendicular to the surface of the scale at 
the location of the pointer; a meter scale should not 
be viewed ‘at an angle’. Errors by the operator are 
largely eliminated using digital instruments. 

(iii) Errors due to the instrument disturbing the 
circuit 
Any instrument connected into a circuit will affect 
that circuit to some extent. Meters require some 
power to operate, but provided this power is small 
compared with the power in the measured cir- 
cuit, then little error will result. Incorrect posi- 
tioning of instruments in a circuit can be a source 
of errors. For example, let a resistance be mea- 
sured by the voltmeter-ammeter method as shown 
in Figure 10.36. Assuming ‘perfect’ instruments, the 
resistance should be given by the voltmeter reading 
divided by the ammeter reading (i.e. R= V/I). 

However, in Figure 10.36(a), V/J =R-+r, and in 

Figure 10.36(b) the current through the ammeter is 
that through the resistor plus that through the volt- 
meter. Hence the voltmeter reading divided by the 


Figure 10.36 
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ammeter reading will not give the true value of the 
resistance R for either method of connection. 


Problem 19. The current flowing through a resistor of 
5kQ + 0.4% is measured as 2.5 mA with an accuracy 
of measurement of +0.5%. Determine the nominal 
value of the voltage across the resistor and its accuracy. 


Voltage, V =IR = (2.5 x 1073) (5 x 103) = 12.5V. 

The maximum possible error is 0.4% + 0.5% = 0.9% 
Hence the voltage, V= 12.5V+40.9% of 12.5V=0.9/ 
100 x 12.5=0.1125V=0.11V correct to 2 significant 
figures. Hence the voltage V may also be expressed as 


12.5+ 0.11 volts (i.e. a voltage lying between 12.39V 
and 12.61 V). 


Problem 20. The current I flowing in a resistor R is 
measured by a 0-10A ammeter which gives an indi- 
cation of 6.25A. The voltage V across the resistor 
is measured by a 0O-50V voltmeter, which gives an 
indication of 36.5 V. Determine the resistance of the 
resistor, and its accuracy of measurement if both instru- 
ments have a limit of error of 2% of f.s.d. Neglect any 
loading effects of the instruments. 


Resistance, R= ve = 202 =5.84Q 
I 6.25 


Voltage error is +2% of 50V=+1.0V and expressed 
as a percentage of the voltmeter reading gives 


+1 
365 x 100% = +2.74% 


Current error is +2% of 1OA=+0.2A and expressed 
as a percentage of the ammeter reading gives 


#02 100% = 43.2% 
6.25 x oO = * ‘0 


Maximum relative error=sum of errors=2.74% + 
3.2% =+5.94%, and 5.94% of 5.84 Q =0.347 Q 


Hence the resistance of the resistor may be expressed as: 


5.84 2 + 5.94%, or 5.84 + 0.35 & (rounding off) 


Problem21. The arms of a Wheatstone bridge ABCD 
have the following resistances: AB: R; = 1000 2+ 
1.0%; BC: Ro = 100 240.5%; CD: unknown resis- 
tance R,; DA: R3 = 432.5 Q+0.2%. Determine the 
value of the unknown resistance and its accuracy of 
measurement. 


The Wheatstone bridge network is shown in Figure 10.37 
and at balance: 


R3 Ay 


Ry Ro 


Figure 10.37 


R2R3 _ (100)(432.5) 


R, Ry = RoR3, i.e. Ry = 
EAS 2IN3 x Ri 1000 


= 43.25 Q 


The maximum relative error of R, is given by the sum 
of the three individual errors, i.e. 1.0% + 0.5% + 0.2% = 
1.7% 


Hence R, = 43.25 241.7% 
1.7% of 43.25 Q =0.74 Q (rounding off). 
Thus R, may also be expressed as R, = 43.25 + 0.74 Q 


Now try the following exercise. 


Exercise 35 Further problems on measurement 
errors 


1. The p.d. across a resistor is measured as 37.5 V with 
an accuracy of +0.5%. The value of the resistor is 
6kQ + 0.8%. Determine the current flowing in the 
resistor and its accuracy of measurement. 

[6.25 mA + 1.3% or 6.25 + 0.08 mA] 


2. The voltage across a resistor is measured by a 75 V 
f.s.d. voltmeter which gives an indication of 52 V. 
The current flowing in the resistor is measured by 
a 20A f.s.d. ammeter which gives an indication of 
12.5 A. Determine the resistance of the resistor and 
its accuracy if both instruments have an accuracy 
of +2% of f.s.d. 

[4.16 2 + 6.08% or 4.16+ 0.25 Q] 


3. A Wheatstone bridge PQRS has the following arm 
resistances: 


PQ, 1kQ 42%; QR, 100 2 +0.5%; RS, unknown 
resistance; SP, 273.6Q+0.1%. Determine the 
value of the unknown resistance, and its accuracy 
of measurement. 

[27.36 Q + 2.6% or 27.36 2Q£0.71 Q] 
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11 Semiconductor diodes 


At the end of this chapter you should be able to: 


e classify materials as conductors, semiconductors or 
insulators 

appreciate the importance of silicon and germanium 
understand n-type and p-type materials 

understand the p-n junction 

appreciate forward and reverse bias of p-n junctions 
recognize the symbols used to represent diodes in 
circuit diagrams 


11.1 Types of material 


Materials may be classified as conductors, semiconduc- 
tors or insulators. The classification depends on the value 
of resistivity of the material. Good conductors are usu- 
ally metals and have resistivities in the order of 10~7 to 
10—8 Qm, semiconductors have resistivities in the order of 
10-3 to 3 x 10? Qm, and the resistivities of insulators are 
in the order of 104 to 10'* Qm. Some typical approximate 
values at normal room temperatures are: 


Conductors: 
Aluminium 2.7 x 10-8 Qm 
Brass (70 Cu/30 Zn) 8 x 10-8 Qm 
Copper (pure annealed) 1.7 x 107-3 Qm 
Steel (mild) 15 x 10-§ Qm 
Semiconductors: (at 27°C) 
Silicon 2.3 x 10? Qm 
Germanium 0.45 Qm 
Insulators: 
Glass > 10!9 Qm 
Mica >10!! Qm 
PVC >10° Qm 
Rubber (pure) 10!2 to 10!4 Qm 


In general, over a limited range of temperatures, the resist- 
ance of a conductor increases with temperature increase, 
the resistance of insulators remains approximately con- 
stant with variation of temperature and the resistance 
of semiconductor materials decreases as the temperature 
increases. For a specimen of each of these materials, 
having the same resistance (and thus completely different 


e understand the importance of diode characteristics 
and maximum ratings 

e know the characteristics and applications of various 
types of diode — signal diodes, rectifiers, zener 
diodes, silicon controlled rectifiers, light emitting 
diodes, varactor diodes and Schottky diodes. 


dimensions), at say, 15°C, the variation for a small 
increase in temperature to t°C is as shown in Figure 11.1. 
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Figure 11.1 


As the temperature of semiconductor materials is raised 
above room temperature, the resistivity is reduced and 
ultimately a point is reached where they effectively 
become conductors. For this reason, silicon should not 
operate at a working temperature in excess of 150°C to 
200°C, depending on its purity, and germanium should 
not operate at a working temperature in excess of 75°C 
to 90°C, depending on its purity. As the temperature 
of a semiconductor is reduced below normal room tem- 
perature, the resistivity increases until, at very low 
temperatures the semiconductor becomes an insulator. 


11.2. Semiconductor materials 


From Chapter 2, it was stated that an atom contains both 
negative charge carriers (electrons) and positive charge 
carriers (protons). Electrons each carry a single unit of 
negative electric charge while protons each exhibit a single 
unit of positive charge. Since atoms normally contain an 
equal number of electrons and protons, the net charge 
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present will be zero. For example, if an atom has eleven 
electrons, it will also contain eleven protons. The end 
result is that the negative charge of the electrons will be 
exactly balanced by the positive charge of the protons. 

Electrons are in constant motion as they orbit around 
the nucleus of the atom. Electron orbits are organized into 
shells. The maximum number of electrons present in the 
first shell is two, in the second shell eight, and in the third, 
fourth and fifth shells it is 18, 32 and 50, respectively. In 
electronics, only the electron shell furthermost from the 
nucleus of an atom is important. It is important to note that 
the movement of electrons between atoms only involves 
those present in the outer valence shell. 

If the valence shell contains the maximum number 
of electrons possible the electrons are rigidly bonded 
together and the material has the properties of an insu- 
lator (see Figure 11.2). If, however, the valence shell does 
not have its full complement of electrons, the electrons 
can be easily detached from their orbital bonds, and the 
material has the properties associated with an electrical 
conductor. 
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Figure 11.2 


In its pure state, silicon is an insulator because the 
covalent bonding rigidly holds all of the electrons leaving 
no free (easily loosened) electrons to conduct current. If, 
however, an atom of a different element (i.e. an impurity) 
is introduced that has five electrons in its valence shell, a 
surplus electron will be present (see Figure 11.3). These 
free electrons become available for use as charge car- 
riers and they can be made to move through the lattice by 
applying an external potential difference to the material. 

Similarly, if the impurity element introduced into the 
pure silicon lattice has three electrons in its valence shell, 
the absence of the fourth electron needed for proper 
covalent bonding will produce a number of spaces into 
which electrons can fit (see Figure 11.4). These spaces are 
referred to as holes. Once again, current will flow when 
an external potential difference is applied to the material. 
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Regardless of whether the impurity element produces 
surplus electrons or holes, the material will no longer 
behave as an insulator, neither will it have the proper- 
ties that we normally associate with a metallic conductor. 
Instead, we call the material a semiconductor — the term 
simply serves to indicate that the material is no longer a 
good insulator nor is it a good conductor but is somewhere 
in between. Examples of semiconductor materials include 
silicon (Si), germanium (Ge), gallium arsenide (GaAs), 
and indium arsenide (InAs). 

Antimony, arsenic and phosphorus are n-type 
impurities and form an n-type material when any of 
these impurities are added to pure semiconductor material 
such as silicon or germanium. The amount of impu- 
rity added usually varies from 1 part impurity in 10° 
parts semiconductor material to 1 part impurity to 10° 
parts semiconductor material, depending on the resistivity 
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required. Indium, aluminium and boron are all p-type 
impurities and form a p-type material when any of these 
impurities are added to a pure semiconductor. 

The process of introducing an atom of another (impur- 
ity) element into the lattice of an otherwise pure material 
is called doping. When the pure material is doped with 
an impurity with five electrons in its valence shell (i.e. 
a pentavalent impurity) it will become an n-type (i.e. 
negative type) semiconductor material. If, however, the 
pure material is doped with an impurity having three elec- 
trons in its valence shell (1.e. a trivalent impurity) it will 
become a p-type (i.e. positive type) semiconductor mate- 
rial. Note that n-type semiconductor material contains an 
excess of negative charge carriers, and p-type material 
contains an excess of positive charge carriers. 

In semiconductor materials, there are very few charge 
carriers per unit volume free to conduct. This is because 
the “four electron structure’ in the outer shell of the atoms 
(called valency electrons), form strong covalent bonds 
with neighbouring atoms, resulting in a tetrahedral (i.e. 
four-sided) structure with the electrons held fairly rigidly 
in place. 


11.3 Conduction in semiconductor materials 


Arsenic, antimony and phosphorus have five valency elec- 
trons and when a semiconductor is doped with one of these 
substances, some impurity atoms are incorporated in the 
tetrahedral structure. The ‘fifth’ valency electron is not 
rigidly bonded and is free to conduct, the impurity atom 
donating a charge carrier. 
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Indium, aluminium and boron have three valency elec- 
trons and when a semiconductor is doped with one of 
these substances, some of the semiconductor atoms are 
replaced by impurity atoms. One of the four bonds asso- 
ciated with the semiconductor material is deficient by one 
electron and this deficiency is called a hole. Holes give 
rise to conduction when a potential difference exists across 
the semiconductor material due to movement of electrons 
from one hole to another, as shown in Figure 11.5. In 
this diagram, an electron moves from A to B, giving the 
appearance that the hole moves from B to A. Then electron 
C moves to A, giving the appearance that the hole moves 
to C, and so on. 


11.4 The p-n junction 


A p-n junction is a piece of semiconductor material in 
which part of the material is p-type and part is n-type. In 
order to examine the charge situation, assume that separate 
blocks of p-type and n-type materials are pushed together. 
Also assume that a hole is a positive charge carrier and 
that an electron is a negative charge carrier. 

At the junction, the donated electrons in the n-type 
material, called majority carriers, diffuse into the p-type 
material (diffusion is from an area of high density to an 
area of lower density) and the acceptor holes in the p-type 
material diffuse into the n-type material as shown by the 
arrows in Figure 11.6. Because the n-type material has 
lost electrons, it acquires a positive potential with respect 
to the p-type material and thus tends to prevent further 
movement of electrons. The p-type material has gained 
electrons and becomes negatively charged with respect to 
the n-type material and hence tends to retain holes. Thus 
after a short while, the movement of electrons and holes 
stops due to the potential difference across the junction, 
called the contact potential. The area in the region of 
the junction becomes depleted of holes and electrons due 
to electron-hole recombination, and is called a depletion 
layer, as shown in Figure 11.7. 
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Problem 1. Explain briefly the terms given below 
when they are associated with a p-n junction: (a) con- 
duction in intrinsic semiconductors, (b) majority and 
minority carriers, and (c) diffusion. 


(a) Silicon or germanium with no doping atoms added are 
called intrinsic semiconductors. At room tempera- 
ture, some of the electrons acquire sufficient energy 
for them to break the covalent bond between atoms and 
become free mobile electrons. This is called thermal 
generation of electron-hole pairs. Electrons gener- 
ated thermally create a gap in the crystal structure 
called a hole, the atom associated with the hole being 
positively charged, since it has lost an electron. This 
positive charge may attract another electron released 
from another atom, creating a hole elsewhere. When 
a potential is applied across the semiconductor mater- 
ial, holes drift towards the negative terminal (unlike 
charges attract), and electrons towards the positive 
terminal, and hence a small current flows. 

(b) When additional mobile electrons are introduced by 
doping a semiconductor material with pentavalent 
atoms (atoms having five valency electrons), these 
mobile electrons are called majority carriers. The 
relatively few holes in the n-type material produced 
by intrinsic action are called minority carriers. 

For p-type materials, the additional holes are intro- 
duced by doping with trivalent atoms (atoms having 
three valency electrons). The holes are apparently 
positive mobile charges and are majority carriers in the 
p-type material. The relatively few mobile electrons 
in the p-type material produced by intrinsic action are 
called minority carriers. 

(c) Mobile holes and electrons wander freely within the 
crystal lattice of a semiconductor material. There are 
more free electrons in n-type material than holes and 
more holes in p-type material than electrons. Thus, 


in their random wanderings, on average, holes pass 
into the n-type material and electrons into the p-type 
material. This process is called diffusion. 


Problem 2. Explain briefly why a junction between 
p-type and n-type materials creates a contact potential. 


Intrinsic semiconductors have resistive properties, in that 
when an applied voltage across the material is reversed 
in polarity, a current of the same magnitude flows in the 
opposite direction. When a p-n junction is formed, the 
resistive property is replaced by a rectifying property, 
that is, current passes more easily in one direction than 
the other. 

An n-type material can be considered to be a stationary 
crystal matrix of fixed positive charges together with a 
number of mobile negative charge carriers (electrons). The 
total number of positive and negative charges are equal. 
A p-type material can be considered to be a number of 
stationary negative charges together with mobile positive 
charge carriers (holes). 

Again, the total number of positive and negative charges 
are equal and the material is neither positively nor nega- 
tively charged. When the materials are brought together, 
some of the mobile electrons in the n-type material diffuse 
into the p-type material. Also, some of the mobile holes 
in the p-type material diffuse into the n-type material. 

Many of the majority carriers in the region of the 
junction combine with the opposite carriers to complete 
covalent bonds and create a region on either side of the 
junction with very few carriers. This region, called the 
depletion layer, acts as an insulator and is in the order of 
0.5 ym thick. Since the n-type material has lost electrons, 
it becomes positively charged. Also, the p-type material 
has lost holes and becomes negatively charged, creating a 
potential across the junction, called the barrier or contact 
potential. 


11.5 Forward and reverse bias 


When an external voltage is applied to a p-n junction mak- 
ing the p-type material positive with respect to the n-type 
material, as shown in Figure 11.8, the p-n junction is 
forward biased. The applied voltage opposes the con- 
tact potential, and, in effect, closes the depletion layer. 
Holes and electrons can now cross the junction and a cur- 
rent flows. An increase in the applied voltage above that 
required to narrow the depletion layer (about 0.2 V for 
germanium and 0.6 V for silicon), results in a rapid rise in 
the current flow. 

When an external voltage is applied to a p-n junction 
making the p-type material negative with respect to the n- 
type material as in shown in Figure 11.9, the p-n junction 
is reverse biased. The applied voltage is now in the same 


PART 


106 Electrical Circuit Theory and Technology 


Depletion 
layer 
p-type n-type 
material material 


potential 
Applied 
voltage 
Figure 11.8 
p-type n-type 
material material 


| oS 
| “$f contact | 


1 potential | 
ke—— Depletion layer ——>| 


Figure 11.9 


sense as the contact potential and opposes the movement 
of holes and electrons due to opening up the depletion 
layer. Thus, in theory, no current flows. However, at nor- 
mal room temperature certain electrons in the covalent 
bond lattice acquire sufficient energy from the heat avail- 
able to leave the lattice, generating mobile electrons and 
holes. This process is called electron-hole generation by 
thermal excitation. 

The electrons in the p-type material and holes in the 
n-type material caused by thermal excitation, are called 
minority carriers and these will be attracted by the applied 
voltage. Thus, in practice, a small current of a few 
microamperes for germanium and less than one microam- 
pere for silicon, at normal room temperature, flows under 
reverse bias conditions. 

Graphs depicting the current-voltage relationship for 
forward and reverse biased p-n junctions, for both germa- 
nium and silicon, are shown in Figure 11.10. 


Problem 3. Sketch the forward and reverse charac- 
teristics of a silicon p-n junction diode and describe 
the shapes of the characteristics drawn. 
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A typical characteristic for a silicon p-n junction is shown 
in Figure 11.10. When the positive terminal of the battery 
is connected to the p-type material and the negative termi- 
nal to the n-type material, the diode is forward biased. Due 
to like charges repelling, the holes in the p-type material 
drift towards the junction. Similarly the electrons in the n- 
type material are repelled by the negative bias voltage and 
also drift towards the junction. The width of the depletion 
layer and size of the contact potential are reduced. For 
applied voltages from 0 to about 0.6 V, very little current 
flows. At about 0.6 V, majority carriers begin to cross the 
junction in large numbers and current starts to flow. As the 
applied voltage is raised above 0.6 V, the current increases 
exponentially (see Figure 11.10). 

When the negative terminal of the battery is connected 
to the p-type material and the positive terminal to the 
n-type material the diode is reverse biased. The holes in 
the p-type material are attracted towards the negative ter- 
minal and the electrons in the n-type material are attracted 
towards the positive terminal (unlike charges attract). This 
drift increases the magnitude of both the contact potential 
and the thickness of the depletion layer, so that only very 
few majority carriers have sufficient energy to surmount 
the junction. 

The thermally excited minority carriers, however, can 
cross the junction since it is, in effect, forward biased for 
these carriers. The movement of minority carriers results 
in a small constant current flowing. As the magnitude of 
the reverse voltage is increased a point will be reached 
where a large current suddenly starts to flow. The voltage 
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at which this occurs is called the breakdown voltage. This 
current is due to two effects: 


(i) the zener effect, resulting from the applied volt- 
age being sufficient to break some of the covalent 
bonds, and 

(ii) the avalanche effect, resulting from the charge car- 
riers moving at sufficient speed to break covalent 
bonds by collision. 


Problem 4. The forward characteristic of a diode 
is shown in Figure 11.11. Use the characteristic to 
determine (a) the current flowing in the diode when 
a forward voltage of 0.4 V is applied, (b) the voltage 
dropped across the diode when a forward current of 
9 mA is flowing in it, (c) the resistance of the diode 
when the forward voltage is 0.6 V, and (d) whether the 
diode is a Ge or Si type. 
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Figure 11.11 


(a) From Figure 11.11, when V = 0.4 V, current flowing, 
T=1.9mA 


(b) When J/=9mA, the voltage dropped across the 
diode, V = 0.67 V 
(c) From the graph, when V = 0.6V, J/=6mA. 


0.6 
Thus, resistance of the diode, R = — = ———— 
I 6x 10-3 


=0.1 x 107=1002 


(d) The onset of conduction occurs at approximately 
0.2 V. This suggests that the diode is a Ge type. 


Problem5. Corresponding readings of current, J, and 
voltage, V, for a semiconductor device are given in the 
table: 


Ve(V) O O01 0.2 03 04 05 06 0.7 0.8 
Ir(mA) 0 0 0 0 0 1 9 24 50 


Plot the //V characteristic for the device and identify 
the type of device. 


The J/V characteristic is shown in Figure 11.12. Since 
the device begins to conduct when a potential of approxi- 
mately 0.6 V is applied to it we can infer that the semi- 
conductor material is silicon rather than germanium. 
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Problem 6. For the characteristic of Figure 11.12, 
determine for the device (a) the forward current when 
the forward voltage is 0.65 V, and (b) the forward 
voltage when the forward current is 35 mA. 


(a) From Figure 11.12, when the forward voltage is 


0.65 V, the forward current = 16 mA 


(b) When the forward current is 35mA, the forward 


voltage = 0.76 V 
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Now try the following exercise. 


Exercise 36 Further problems on semiconductor 
materials and p-n junctions 


1. Explain what you understand by the term intrinsic 
semiconductor and how an intrinsic semiconduc- 
tor is turned into either a p-type or an n-type 
material. 


2. Explain what is meant by minority and majority 
carriers in an n-type material and state whether 
the numbers of each of these carriers are affected 
by temperature. 


3. A piece of pure silicon is doped with (a) pentava- 
lent impurity and (b) trivalent impurity. Explain 
the effect these impurities have on the form of 
conduction in silicon. 


4. With the aid of simple sketches, explain how pure 
germanium can be treated in such a way that con- 
duction is predominantly due to (a) electrons and 
(b) holes. 


5. Explain the terms given below when used in 
semiconductor terminology: (a) covalent bond 
(b) trivalent impurity (c) pentavalent impurity (d) 
electron-hole pair generation. 


6. Explain briefly why although both p-type and 
n-type materials have resistive properties when 
separate, they have rectifying properties when a 
junction between them exists. 


7. The application of an external voltage to a junc- 
tion diode can influence the drift of holes and 
electrons. With the aid of diagrams explain this 
statement and also how the direction and magni- 
tude of the applied voltage affects the depletion 
layer. 


8. State briefly what you understand by the terms: (a) 
reverse bias (b) forward bias (c) contact potential 
(d) diffusion (e) minority carrier conduction. 


9. Explain briefly the action of a p-n junction diode: 
(a) on open-circuit, (b) when provided with a for- 
ward bias, and (c) when provided with a reverse 
bias. Sketch the characteristic curves for both 
forward and reverse bias conditions. 


10. Draw a diagram illustrating the charge situation 
for an unbiased p-n junction. Explain the change 
in the charge situation when compared with that 
in isolated p-type and n-type materials. Mark on 
the diagram the depletion layer and the majority 
carriers in each region. 


11. The graph shown in Figure 11.13 was obtained 
during an experiment on a diode. (a) What type 
of diode is this? Give reasons. (b) Determine the 
forward current for a forward voltage of 0.5 V. 
(c) Determine the forward voltage for a forward 
current of 30 mA. (d) Determine the resistance of 
the diode when the forward voltage is 0.4 V. 

[(a) Ge (b) 17 mA (c) 0.625 V (d) 50 Q] 
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11.6 Semiconductor diodes 


When a junction is formed between p-type and n-type 
semiconductor materials, the resulting device is called 
a semiconductor diode. This component offers an 
extremely low resistance to current flow in one direction 
and an extremely high resistance to current flow in the 
other. This property allows diodes to be used in applica- 
tions that require a circuit to behave differently according 
to the direction of current flowing in it. Note that an ideal 
diode would pass an infinite current in one direction and 
no current at all in the other direction. 

A semiconductor diode is an encapsulated p-n junction 
fitted with connecting leads or tags for connection to exter- 
nal circuitry. Where an appreciable current is present (as 
is the case with many rectifier circuits) the diode may be 
mounted in a metal package designed to conduct heat away 
from the junction. The connection to the p-type material is 
referred to as the anode while that to the n-type material 
is called the cathode. 

Various different types of diode are available for differ- 
ent applications. These include rectifier diodes for use in 
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power supplies, zener diodes for use as voltage reference 
sources, light emitting diodes, and varactor diodes. Fig- 
ure 11.14 shows the symbols used to represent diodes in 
electronic circuit diagrams, where ‘a’ is the anode and ‘k’ 
the cathode. 
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Figure 11.14 


11.7 Characteristics and maximum ratings 


Signal diodes require consistent forward characteristics 
with low forward voltage drop. Rectifier diodes need to 
be able to cope with high values of reverse voltage and 
large values of forward current, and consistency of char- 
acteristics is of secondary importance in such applications. 
Table 11.1 summarizes the characteristics of some com- 
mon semiconductor diodes. It is worth noting that diodes 
are limited by the amount of forward current and reverse 
voltage they can withstand. This limit is based on the 
physical size and construction of the diode. 

A typical general-purpose diode may be specified as 
having a forward threshold voltage of 0.6 V and a reverse 
breakdown voltage of 200V. If the latter is exceeded, 
the diode may suffer irreversible damage. Typical val- 
ues of maximum repetitive reverse voltage (Varm) or 
peak inverse voltage (PIV) range from about 50V to 
over 500V. The reverse voltage may be increased until 
the maximum reverse voltage for which the diode is 
rated is reached. If this voltage is exceeded the junc- 
tion may break down and the diode may suffer permanent 
damage. 


11.8 Rectification 


The process of obtaining unidirectional currents and volt- 
ages from alternating currents and voltages is called 
rectification. Semiconductor diodes are commonly used 
to convert alternating current (a.c.) to direct current (d.c.), 
in which case they are referred to as rectifiers. The sim- 
plest form of rectifier circuit makes use of a single diode 
and, since it operates on only either positive or negative 
halfcycles of the supply, it is known as a half-wave rec- 
tifier. Four diodes are connected as a bridge rectifier — 
see Figure 11.14(d) — and are often used as a full-wave 
rectifier. Note that in both cases, automatic switching of 
the current is carried out by the diode(s). For methods of 


Table 11.1. Characteristics of some typical signal and rectifier diodes 


Device Material Max repetitive Max forward Max reverse Application 
code reverse voltage current current 

(Vrrm) (Te(max)) (R¢maxy) 
1N4148 Silicon 100 V 75 mA 25nA General purpose 
1N914 Silicon 100 V 75 mA 25nA General purpose 
AA113 Germanium 60 V 10mA 200 pA RF detector 
OA47 Germanium 25V 110mA 100 pA Signal detector 
OA91 Germanium 115V 50mA 275 LA General purpose 
1N4001 Silicon 50V 1A 10 pA Low voltage rectifier 
1N5404 Silicon 400 V 3A 10 pA High voltage rectifier 
BY127 Silicon 1250 V 1A 10 pA High voltage rectifier 
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half-wave and full-wave rectification, see Section 14.7, 
page 166. 


11.9 Zener diodes 


Zener diodes are heavily doped silicon diodes that, unlike 
normal diodes, exhibit an abrupt reverse breakdown 
at relatively low voltages (typically less than 6V). A 
similar effect, called avalanche breakdown, occurs in 
less heavily doped diodes. These avalanche diodes also 
exhibit a rapid breakdown with negligible current flowing 
below the avalanche voltage and a relatively large cur- 
rent flowing once the avalanche voltage has been reached. 
For avalanche diodes, this breakdown voltage usually 
occurs at voltages above 6V. In practice, however, both 
types of diode are referred to as Zener diodes. The 
symbol for a Zener diode is shown in Figure 11.14(b) 
whilst a typical Zener diode characteristic is shown in 
Figure 11.15. 
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Whereas reverse breakdown is a highly undesirable 
effect in circuits that use conventional diodes, it can be 
extremely useful in the case of Zener diodes where the 
breakdown voltage is precisely known. When a diode is 
undergoing reverse breakdown and provided its maximum 


ratings are not exceeded the voltage appearing across it 
will remain substantially constant (equal to the nominal 
Zener voltage) regardless of the current flowing. This 
property makes the Zener diode ideal for use as a voltage 
regulator. 

Zener diodes are available in various families (accord- 
ing to their general characteristics, encapsulations and 
power ratings) with reverse breakdown (Zener) voltages 
in the range 2.4 V to 91 V. 


Problem 7. The characteristic of a Zener diode is 
shown in Figure 11.16. Use the characteristic to deter- 
mine (a) the current flowing in the diode when a reverse 
voltage of 30V is applied, (b) the voltage dropped 
across the diode when a reverse current of 5mA is 
flowing in it, (c) the voltage rating for the Zener diode, 
and (d) the power dissipated in the Zener diode when 
a reverse voltage of 30 V appears across it. 


Forward current (mA) 
20 
10 
> 
>. 
On 
On 
—40 rol —20 —10 
T 0 
Reverse { 2 3 
voltage (V) —5mA Forward voltage 
Vv 
| —10 
| —20 
—30 
— —|— S| — 4S — — -32.5mA 


—40 


Reverse current (mA) 


Figure 11.16 


(a) When V = —30V, the current flowing in the diode, 
T= —-32.5mA 

(b) When J =—5 mA, the voltage dropped across the 
diode, V = —27.5V 

(c) The characteristic shows the onset of Zener action 
at 27V; this would suggest a Zener voltage rating 
of 27V 
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(d) Power, P=V xJ, from which, power dissipated 
when the reverse voltage is 30 V, 


P = 30 x (32.5 x 10-7) = 0.975 W = 975 mW 


11.10 Silicon controlled rectifiers 


Silicon controlled rectifiers (or thyristors) are three- 
terminal devices which can be used for switching and 
a.c. power control. Silicon controlled rectifiers can switch 
very rapidly from conducting to a non-conducting state. In 
the off state, the silicon controlled rectifier exhibits neg- 
ligible leakage current, while in the on state the device 
exhibits very low resistance. This results in very little 
power loss within the silicon controlled rectifier even 
when appreciable power levels are being controlled. 

Once switched into the conducting state, the silicon 
controlled rectifier will remain conducting (i.e. it is 
latched in the on state) until the forward current is removed 
from the device. In d.c. applications this necessitates 
the interruption (or disconnection) of the supply before 
the device can be reset into its non-conducting state. 
Where the device is used with an alternating supply, 
the device will automatically become reset whenever the 
main supply reverses. The device can then be triggered 
on the next half cycle having correct polarity to permit 
conduction. 

Like their conventional silicon diode counterparts, sil- 
icon controlled rectifiers have anode and cathode connec- 
tions; control is applied by means of a gate terminal, g. 
The symbol for a silicon controlled rectifier is shown in 
Figure 11.14(c). 

In normal use, a silicon controlled rectifier (SCR) is 
triggered into the conducting (on) state by means of the 
application of a current pulse to the gate terminal — see 
Figure 11.17. The effective triggering of a silicon con- 
trolled rectifier requires a gate trigger pulse having a fast 
rise time derived from a low-resistance source. Trigger- 
ing can become erratic when insufficient gate current is 
available or when the gate current changes slowly. 


Controlled load, R, 


Gate trigger 
pulse 


Figure 11.17 


A typical silicon controlled rectifier for mains switch- 
ing applications will require a gate trigger pulse of about 
30 mA at 2.5 V to control a current of up to 5A. 


11.11 Light emitting diodes 


Light emitting diodes (LED) can be used as general- 
purpose indicators and, compared with conventional fil- 
ament lamps, operate from significantly smaller voltages 
and currents. LEDs are also very much more reliable than 
filament lamps. Most LEDs will provide a reasonable level 
of light output when a forward current of between 5mA 
and 20 mA is applied. 

Light emitting diodes are available in various formats 
with the round types being most popular. Round LEDs 
are commonly available in the 3 mm and 5 mm (0.2 inch) 
diameter plastic packages and also ina5 mm x 2 mm rect- 
angular format. The viewing angle for round LEDs tends 
to be in the region of 20° to 40°, whereas for rectangular 
types this is increased to around 100°. The peak wave- 
length of emission depends on the type of semiconductor 
employed but usually lies in the range 630 to 690 nm. The 
symbol for an LED is shown in Figure 11.14(f). 


11.12 Varactor diodes 


It was shown earlier that when a diode is operated in 
the reverse biased condition, the width of the depletion 
region increases as the applied voltage increases. Varying 
the width of the depletion region is equivalent to vary- 
ing the plate separation of a very small capacitor such that 
the relationship between junction capacitance and applied 
reverse voltage will look something like that shown in Fig- 
ure 11.18. The typical variation of capacitance provided 
by a varactor is from about 50 pF to 10 pF as the reverse 
voltage is increased from 2 V to 20V. The symbol for a 
varactor diode is shown in Figure 11.14(h). 
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Figure 11.18 


PART 


112 Electrical Circuit Theory and Technology 


11.13 Schottky diodes 


The conventional p-n junction diode explained in Sec- 
tion 11.4 operates well as a rectifier and switching device 
at relatively low frequencies (i.e. 50 Hz to 400 Hz) but 
its performance as a rectifier becomes seriously impaired 
at high frequencies due to the presence of stored charge 
carriers in the junction. These have the effect of momentar- 
ily allowing current to flow in the reverse direction when 
reverse voltage is applied. This problem becomes increas- 
ingly more problematic as the frequency of the a.c. supply 
is increased and the periodic time of the applied voltage 
becomes smaller. 

To avoid these problems a diode that uses a metal- 
semiconductor contact rather than a p-n junction (see 
Figure 11.19) is employed. When compared with con- 
ventional silicon junction diodes, these Schottky diodes 
have a lower forward voltage (typically 0.35V) and a 
slightly reduced maximum reverse voltage rating (typic- 
ally 50V to 200V). Their main advantage, however, is 
that they operate with high efficiency in switched-mode 
power supplies (SMPS) at frequencies of up to 1 MHz. 
Schottky diodes are also extensively used in the construc- 
tion of integrated circuits designed for high-speed digital 


logic applications. 
a > | k 
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4 


Barrier 


Figure 11.19 


Now try the following exercise. 


Exercise 37 further problems on semiconductor 
diodes 


1. Identify the types of diodes shown in Figure 11.20. 


(a) (b) (c) (d) 


. Sketch a circuit to show how a thyristor can be used 


as a controlled rectifier. 


. Sketch a graph showing how the capacitance of a 


varactor diode varies with applied reverse voltage. 


. State TWO advantages of light emitting diodes 


when compared with conventional filament indi- 
cating lamps. 


5. State TWO applications for Schottky diodes. 
. The graph shown in Figure 11.21 was obtained 


during an experiment on a zener diode. 


Reverse voltage (V) 


Reverse current (mA) 


Figure 11.21 


(a) Estimate the zener voltage for the diode. (b) 
Determine the reverse voltage for a reverse current 
of —20 mA. (c) Determine the reverse current for a 
reverse voltage of —5.5 V. (d) Determine the power 
dissipated by the diode when the reverse voltage is 
—6V. 

[(a) 5.6 (b) —5.8 V (c) —5 mA (d) 195 mW] 


Figure 11.20 


12 Transistors 


At the end of this chapter you should be able to: 


e understand the structure of bipolar junction transis- 
tors (BJT) and junction gate field effect transistors 
(JFET) 

e understand the action of BJT and JFET devices 

© appreciate different classes and applications for BJT 
and JFET devices 

e draw the circuit symbols for BJT and JFET devices 

@ appreciate common base, common emitter and 
common collector connections 


© appreciate common gate, common source and com- 
mon drain connections 

e interpret characteristics for BJT and JFET devices 

e appreciate how transistors are used as Class-A 
amplifiers 

e use a load line to determine the performance of a 
transistor amplifier 

e estimate quiescent operating conditions and gain from 
transistor characteristics and other data 


12.1 Transistor classification 


Transistors fall into two main classes — bipolar and field 
effect. They are also classified according to the semi- 
conductor material employed — silicon or germanium, 
and to their field of application (for example, general pur- 
pose, switching, high frequency, and so on). Transistors 
are also classified according to the application that they 
are designed for, as shown in Table 12.1. Note that these 
classifications can be combined so that it is possible, for 


Table 12.1. Transistor classification 


Low-frequency Transistors designed specifically for audio 
low-frequency applications (below 100 kHz) 
High-frequency Transistors designed specifically for high 


radio-frequency applications (100 kHz 


and above) 

Switching Transistors designed for switching 
applications 

Low-noise Transistors that have low-noise characteristics 


and which are intended primarily for the 
amplification of low-amplitude signals 
Transistors designed specifically to handle 
high voltages 
Driver Transistors that operate at medium power 
and voltage levels and which are often 
used to precede a final (power) stage which 
operates at an appreciable power level 
Transistors designed for amplifying small 
voltages in amplifiers and radio receivers 
Power Transistors designed to handle high currents 
and voltages 


High-voltage 


Small-signal 


example, to classify a transistor as a ‘low-frequency power 
transistor’ or as a ‘low-noise high-frequency transistor’. 


12.2 Bipolar junction transistors (BJT) 


Bipolar transistors generally comprise n-p-n or p-n-p junc- 
tions of either silicon (Si) or germanium (Ge) material. 
The junctions are, in fact, produced in a single slice of sil- 
icon by diffusing impurities through a photographically 
reduced mask. Silicon transistors are superior when 
compared with germanium transistors in the vast major- 
ity of applications (particularly at high temperatures) and 
thus germanium devices are very rarely encountered in 
modern electronic equipment. 

The construction of typical n-p-n and p-n-p transistors 
is shown in Figures 12.1 and 12.2. In order to conduct the 
heat away from the junction (important in medium- and 
high-power applications) the collector is connected to the 
metal case of the transistor. 


Base Emitter 


Oxide layer—»| | 
(insulation) 


Metal case 
(conductor) 


_ 


Collector 


Figure 12.1 
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Base Emitter 


Oxide layer —»| | 
(insulation) 


Metal case —» 
(conductor) 


Collector 


Figure 12.2 


The symbols and simplified junction models for n-p-n 
and p-n-p transistors are shown in Figure 12.3. It is impor- 
tant to note that the base region (p-type material in the case 
of an n-p-n transistor or n-type material in the case of a 
p-n-p transistor) is extremely narrow. 


Collector 


Collector 


Base Base 


Emitter 


Emitter 
(a) n-p-n bipolar junction transistor (BUT) 


Collector 


Collector 


Base Base 


Emitter 


Emitter 
(b) p-n-p bipolar junction transistor (BUT) 


Figure 12.3 


12.3 Transistor action 


In the n-p-n transistor, connected as shown in Fig- 
ure 12.4(a), transistor action is accounted for as follows: 


(a) the majority carriers in the n-type emitter material are 
electrons 


Emitter Collector 


(a) n-p-n bipolar junction transistor 


Emitter Collector 


(b) p-n-p bipolar junction transistor 


Figure 12.4 


(b) the base-emitter junction is forward biased to these 
majority carriers and electrons cross the junction and 
appear in the base region 

(c) the base region is very thin and only lightly doped 
with holes, so some recombination with holes occurs 
but many electrons are left in the base region 

(d) the base-collector junction is reverse biased to holes 
in the base region and electrons in the collector region, 
but is forward biased to electrons in the base region; 
these electrons are attracted by the positive potential 
at the collector terminal 

(e) a large proportion of the electrons in the base region 
cross the base collector junction into the collector 
region, creating a collector current 


The transistor action for an n-p-n device is shown 
diagrammatically in Figure 12.5(a). Conventional current 
flow is taken to be in the direction of the motion of holes, 
that is, in the opposite direction to electron flow. Around 
99.5% of the electrons leaving the emitter will cross the 
base collector junction and only 0.5% of the electrons will 
recombine with holes in the narrow base region. 


In the p-n-p transistor, connected as shown in Fig- 
ure 12.4(b), transistor action is accounted for as follows: 


(a) the majority carriers in the emitter p-type material are 
holes 

(b) the base-emitter junction is forward biased to the 
majority carriers and the holes cross the junction and 
appear in the base region 
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(b) p-n-p bipolar junction transistor 


Figure 12.5 


(c) the base region is very thin and is only lightly doped 
with electrons so although some electron-hole pairs 
are formed, many holes are left in the base region 

(d) the base-collector junction is reverse biased to elec- 
trons in the base region and holes in the collector 
region, but forward biased to holes in the base region; 
these holes are attracted by the negative potential at 
the collector terminal 

(e) alarge proportion of the holes in the base region cross 
the base-collector junction into the collector region, 
creating a collector current; conventional current flow 
is in the direction of hole movement 


The transistor action for a p-n-p device is shown dia- 
grammatically in Figure 12.5(b). Around 99.5% of the 
holes leaving the emitter will cross the base collector 
junction and only 0.5% of the holes will recombine with 
electrons in the narrow base region. 


12.4 Leakage current 


For an n-p-n transistor, the base-collector junction is 
reversed biased for majority carriers, but a small leakage 
current, Icpo, flows from the collector to the base due 
to thermally generated minority carriers (holes in the 
collector and electrons in the base), being present. The 
base-collector junction is forward biased to these minority 
carriers. 

Similarly, for a p-n-p transistor, the base-collector 
junction is reverse biased for majority carriers. However, 


a small leakage current, Jcpo, flows from the base to 
the collector due to thermally generated minority carri- 
ers (electrons in the collector and holes in the base), being 
present. Once again, the base-collector junction is forward 
biased to these minority carriers. 

With modern transistors, leakage current is usually very 
small (typically less than 100 nA) and in most applications 
it can be ignored. 


Problem 1. With reference to a p-n-p transistor, 
explain briefly what is meant by the term ‘transis- 
tor action’ and why a bipolar junction transistor is so 
named. 


For the transistor as depicted in Figure 12.4(b), the emitter 
is relatively heavily doped with acceptor atoms (holes). 
When the emitter terminal is made sufficiently positive 
with respect to the base, the base-emitter junction is for- 
ward biased to the majority carriers. The majority carriers 
are holes in the emitter and these drift from the emitter to 
the base. 

The base region is relatively lightly doped with donor 
atoms (electrons) and although some electron-hole recom- 
binations take place, perhaps 0.5%, most of the holes 
entering the base do not combine with electrons. 

The base-collector junction is reverse biased to elec- 
trons in the base region, but forward biased to holes in 
the base region. Since the base is very thin and now 
is packed with holes, these holes pass the base-emitter 
junction towards the negative potential of the collector 
terminal. The control of current from emitter to collector 
is largely independent of the collector-base voltage and 
almost wholly governed by the emitter-base voltage. 

The essence of transistor action is this current control 
by means of the base-emitter voltage. In a p-n-p transis- 
tor, holes in the emitter and collector regions are majority 
carriers, but are minority carriers when in the base region. 
Also thermally generated electrons in the emitter and col- 
lector regions are minority carriers as are holes in the base 
region. However, both majority and minority carriers con- 
tribute towards the total current flow (see Figure 12.6). It 
is because a transistor makes use of both types of charge 
carriers (holes and electrons) that they are called bipolar. 
The transistor also comprises two p-n junctions and for 
this reason it is a junction transistor; hence the name — 
bipolar junction transistor. 


12.5 Bias and current flow 


In normal operation (i.e. for operation as a linear ampli- 
fier) the base-emitter junction of a transistor is forward 
biased and the collector-base junction is reverse biased. 
The base region is, however, made very narrow so that 
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Emitter Base Collector 


<0.05lg 


(a) n-p-n bipolar junction transistor 


Emitter Base Collector 


(b) p-n-p bipolar junction transistor 


Figure 12.6 


carriers are swept across it from emitter to collector so 
that only a relatively small current flows in the base. To 
put this into context, the current flowing in the emitter cir- 
cuit is typically 100 times greater than that flowing in the 
base. The direction of conventional current flow is from 
emitter to collector in the case of a p-n-p transistor, and 
collector to emitter in the case of an n-p-n device, as shown 
in Figure 12.7. 

The equation that relates current flow in the collector, 
base, and emitter circuits (see Figure 12.7) is: 


Ig = 13 +Ic 


where /g is the emitter current, /g is the base current, 
and Jc is the collector current (all expressed in the same 
units). 


Problem2. A transistor operates with a collector cur- 
rent of 100mA and an emitter current of 102mA. 
Determine the value of base current. 


Emitter current, /g =/p +Ic 
from which, base current, Jp = Jpg — Ic 
Hence, base current, Jp = 102 — 100 =2mA 


(b) p-n-p bipolar junction transistor (BUT) 


Figure 12.7 


12.6 Transistor operating configurations 


Three basic circuit configurations are used for transistor 
amplifiers. These three circuit configurations depend upon 
which one of the three transistor connections is made com- 
mon to both the input and the output. In the case of bipolar 
junction transistors, the configurations are known as com- 
mon emitter, common collector (or emitter follower), 
and common base, as shown in Figure 12.8. 


Output 
Common 
Input 


Input 


Common Output 


(a) Common emitter (b) Common collector 


Input Output 


Common 
(c) Common base 


Figure 12.8 
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12.7 Bipolar transistor characteristics 


The characteristics of a bipolar junction transistor are usu- 
ally presented in the form of a set of graphs relating voltage 
and current present at the transistors terminals. Figure 12.9 
shows a typical input characteristic (Jp plotted against 
Vpe) for an n-p-n bipolar junction transistor operating in 
common-emitter mode. In this mode, the input current is 
applied to the base and the output current appears in the 
collector (the emitter is effectively common to both the 
input and output circuits as shown in Figure 12.8(a)). 
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Figure 12.9 


The input characteristic shows that very little base cur- 
rent flows until the base-emitter voltage Vgz exceeds 0.6 V. 
Thereafter, the base current increases rapidly — this char- 
acteristic bears a close resemblance to the forward part of 
the characteristic for a silicon diode. 

Figure 12.10 shows a typical set of output (collec- 
tor) characteristics ([c plotted against Vog) for an n-p-n 
bipolar transistor. Each curve corresponds to a different 
value of base current. Note the ‘knee’ in the characteris- 
tic below Vcg =2V. Also note that the curves are quite 
flat. For this reason (i.e. since the collector current does 
not change very much as the collector-emitter voltage 
changes) we often refer to this as a constant current 
characteristic. 

Figure 12.11 shows a typical transfer characteristic 
for an n-p-n bipolar junction transistor. Here Jc is plotted 
against Jp for a small-signal general-purpose transistor. 
The slope of this curve (i.e. the ratio of Jc to Jp) is the 
common-emitter current gain of the transistor which is 
explored further in Section 12.9. 
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A circuit that can be used for obtaining the common- 
emitter characteristics of an n-p-n BJT is shown in 
Figure 12.12. For the input characteristic, VR1 is set at 
a particular value and the corresponding values of Vpr 
and /p are noted. This is repeated for various settings 
of VR1 and plotting the values gives the typical input 
characteristic of Figure 12.9. 

For the output characteristics, VR1 is varied so that 
Tp is, say, 20)A. Then VR2 is set at various values 
and corresponding values of Vcr and Jc are noted. The 
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Figure 12.12 


graph of Vcg/Ic is then plotted for Jy = 20 WA. This is 
repeated for, say, Jp = 40 tA, Jp = 60 WA, and so on. Plot- 
ting the values gives the typical output characteristics of 
Figure 12.10. 


12.8 Transistor parameters 


The transistor characteristics met in the previous section 
provide us with some useful information that can help 
us to model the behaviour of a transistor. In particular, 
the three characteristic graphs can be used to determine 
the following parameters for operation in common-emitter 
mode: 


Input resistance (from the input characteristic, Figure 12.9) 


: : : V 
Static (or d.c.) input resistance = _ (from corre- 
B 
sponding points on the graph) 
: : : AV; 
Dynamic (or a.c.) input resistance = = (from the 
B 


slope of the graph) 
(Note that AVgr means ‘change of Vgg’ and AJg means 
‘change of Jp’) 


Output resistance (from the output characteristic, 
Figure 12.10) 


: . Vi 
Static (or d.c.) output resistance = ae (from corre- 
Cc 
sponding points on the graph) 
Dynamic (or a.c.) output resistance = (from the 


Cc 
slope of the graph) 
(Note that AVcg means ‘change of Vcg’ and Alc means 
‘change of Ic’) 


Current gain (from the transfer characteristic, Fig- 
ure 12.11) 


I 
Static (or d.c.) current gain= = (from corresponding 
B 


points on the graph) 


Al 
Dynamic (or a.c.) current gain = xR (from the slope 
B 


of the graph) 


(Note that AJc means ‘change of Jc’ and AJgp means 
‘change of Jp’) 


The method for determining these parameters from 
the relevant characteristic is illustrated in the following 
worked problems. 


Problem 3. Figure 12.13 shows the input character- 
istic for an n-p-n silicon transistor. When the base- 
emitter voltage is 0.65 V, determine (a) the value of 
base current, (b) the static value of input resistance, 
and (c) the dynamic value of input resistance. 
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Figure 12.13 


(a) From Figure 12.13, when Vgg = 0.65 V, base cur- 
rent, Jp = 250 pA (shown as (a) on the graph) 
(b) When Vgg = 0.65 V, Jp = 250 A, hence, 


the static value of input resistance 
VBE 0.65 


= = = 2.6kQ 
Iz 250 x 10-6 


(c) From Figure 12.13, Vgg changes by 0.06 V when Jpg 
changes by 300 A (as shown by (b) on the graph). 
Hence, 


dynamic value of input resistance 


= AVBE = 0.06 
~ Alp 300 x 10-6 


= 200 
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Problem 4. Figure 12.14 shows the output char- 
acteristic for an n-p-n silicon transistor. When the 
collector-emitter voltage is 10 V and the base current 
is 801A, determine (a) the value of collector current, 
(b) the static value of output resistance, and (c) the 
dynamic value of output resistance. 
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(a) From Figure 12.14, when Vcg = 10 V and/p = 80 pA, 
(i.e. point (a, b) on the graph), the collector current, 
Ic =10mA 


(b) When Vcg = 10V and Jp = 80WA then Jc =10mA 
from part (a). Hence, 


the static value of output resistance 


VcE 10 
~ Ie 10x 10-3 


=1kQ 


(c) When the change in Vcg is 12 V, the change in Jc is 
1.8 mA (shown as point (c) on the graph). Hence, 
the dynamic value of output resistance 


AVcr 12 
~ Ale 18x 10 


— = 6.67k2 


Problem 5. Figure 12.15 shows the transfer charac- 
teristic for an n-p-n silicon transistor. When the base 
current is 2.5 mA, determine (a) the value of collector 
current, (b) the static value of current gain, and (c) the 
dynamic value of current gain. 
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Figure 12.15 


(a) From Figure 12.15, when Jp =2.5mA, collector 
current, Jc = 280 mA (see point (a, b) on the graph) 


(b) From part (a), when Jp = 2.5 mA, Ic = 280 mA hence, 


the static value of current gain 


Ic 280 x 1073 
“Tp 2.5x 10-3 


= 112 


(c) In Figure 12.15, the tangent through the point (a, b) 
is shown by the broken straight line (c). Hence, 


the dynamic value of current gain 


Alc (460—110)x 107-3 = 350 
~ Alp (4.4—0.75) x 1073 3.65 


96 


12.9 Current gain 


As stated earlier, the common-emitter current gain is given 
by the ratio of collector current, Jc, to base current, J/g. 
We use the symbol /pg to represent the static value of 
common-emitter current gain, thus: 
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Table 12.2 Transistor characteristics and maximum ratings 

Device Type Ic max Vcg max Pror max heg typical Application 

BC108 n-p-n 100mA 20V 300 mW 125 General-purpose small-signal amplifier 
BCY70 n-p-n 200 mA —40V 360 mW 150 General-purpose small-signal amplifier 
2N3904 n-p-n 200 mA 40V 310 mW 150 Switching 

BF180 n-p-n 20mA 20V 150 mW 100 RF amplifier 

2N3053 n-p-n 700 mA 40V 800 mW 150 Low-frequency amplifier/driver 
2N3055 n-p-n ISA 60V 115 W 50 Low-frequency power 


Similarly, we use /fe to represent the dynamic value of 
common-emitter current gain, thus: 


Alc 


hie = —— 
fe Alp 


As we showed earlier, values of Mpg and hye. can be 
obtained from the transfer characteristic (ic plotted 
against Jp). Note that pg is found from corresponding 
static values while Age is found by measuring the slope 
of the graph. Also note that, if the transfer characteris- 
tic is linear, there is little (if any) difference between hfE 
and hype. 

It is worth noting that current gain (Me) varies with 
collector current. For most small-signal transistors, hfe is 
a maximum at a collector current in the range 1 mA and 
10 mA. Current gain also falls to very low values for power 
transistors when operating at very high values of collector 
current. Furthermore, most transistor parameters (particu- 
larly common-emitter current gain, ge) are liable to wide 
variation from one device to the next. It is, therefore, 
important to design circuits on the basis of the minimum 
value for /fe in order to ensure successful operation with 
a variety of different devices. 


Problem 6. A bipolar transistor has a common- 
emitter current gain of 125. If the transistor operates 
with a collector current of 50 mA, determine the value 
of base current. 


; Ic 
Common-emitter current gain, hp; = rs 
B 


I 50 x 1077 
from which, base current, Jp = = = = 
= 400 pA 


12.10 Typical BJT characteristics and 
maximum ratings 


Table 12.2 summarizes the characteristics of some typ- 
ical bipolar junction transistors for different applications, 
where Jc max is the maximum collector current, Vcgp max 
is the maximum collector-emitter voltage, Prormax is the 
maximum device power dissipation, and /gfe is the typical 
value of common-emitter current gain. 


Problem 7. Which of the bipolar transistors listed 
in Table 12.2 would be most suitable for each of the 
following applications: (a) the input stage of a radio 
receiver, (b) the output stage of an audio amplifier, and 
(c) generating a SV square wave pulse. 


(a) BF180, since this transistor is designed for use in radio 
frequency (RF) applications 

(b) 2N3055, since this is the only device in the list that 
can operate at a sufficiently high power level 

(c) 2N3904, since switching transistors are designed for 
use in pulse and square wave applications 


Now try the following exercise. 


Exercise38 Further problems on bipolar junction 
transistors 


1. Explain, with the aid of sketches, the operation 
of an n-p-n transistor and also explain why the 
collector current is very nearly equal to the emitter 
current. 


2. Describe the basic principle of operation of a 
bipolar junction transistor, including why major- 
ity carriers crossing into the base from the emitter 
pass to the collector and why the collector current 
is almost unaffected by the collector potential. 
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10. 


11. 


. Explain what is meant by ‘leakage current’ in a 


bipolar junction transistor and why this can usually 
be ignored. 


. Fora transistor connected in common-emitter con- 


figuration, sketch the typical output characteristics 
relating collector current and the collector-emitter 
voltage, for various values of base current. Explain 
the shape of the characteristics. 


. Sketch the typical input characteristic relating base 


current and the base-emitter voltage for a transistor 
connected in common-emitter configuration and 
explain its shape. 


. With the aid of a circuit diagram, explain how 


the input and output characteristic of a common- 
emitter n-p-n transistor may be produced. 


. Define the term “current gain’ for a bipolar junction 


transistor operating in common-emitter mode. 


. A bipolar junction transistor operates with a col- 


lector current of 1.2 A and a base current of 50 mA. 
What will the value of emitter current be? 
[1.25 A] 


. What is the value of common-emitter current gain 


for the transistor in problem 8? [24] 


Corresponding readings of base current, Jp, and 
base-emitter voltage, Vgz, for a bipolar junction 
transistor are given in the table below: 


Vgr(V) 0 0.1 0.2 03 04 05 0.6 0.7 0.8 
Ip(UA) 0 0 O O 1 3 #19 57 130 


Plot the /3/Vpx characteristic for the device and 
use it to determine (a) the value of Jp when 
VBE = 0.65 V, (b) the static value of input resis- 
tance when Vgg =0.65V, and (c) the dynamic 
value of input resistance when Vgr = 0.65 V 

[(a) 32.5 LA (b) 20kQ (c) 3kQ] 


Corresponding readings of base current, Jp, and 
collector current, Jc, for a bipolar junction tran- 
sistor are given in the table below: 


I3(uA) 0 10 20 30 40 50 60 70 80 
Ic(mA) 0 1.1 21 3.1 40 4.9 58 67 7.6 


Plot the Jc /Jp characteristic for the device and use 
it to determine the static value of common emitter 
current gain when Jp = 45 pA. [98] 


12.11 Field effect transistors 


Field effect transistors are available in two basic forms; 
junction gate and insulated gate. The gate source junction 
of a junction gate field effect transistor (JFET) is effec- 
tively a reverse-biased p-n junction. The gate connection 
of an insulated gate field effect transistor (IGFET), on 
the other hand, is insulated from the channel and charge is 
capacitively coupled to the channel. To keep things sim- 
ple, we will consider only JFET devices. Figure 12.16 
shows the basic construction of an n-channel JFET. 


Gate 


Source 


layer 
(insulation) 


p substrate 


Figure 12.16 


JFET transistors comprise a channel of p-type or n-type 
material surrounded by material of the opposite polarity. 
The ends of the channel (in which conduction takes place) 
form electrodes known as the source and drain. The effect- 
ive width of the channel (in which conduction takes place) 
is controlled by a charge placed on the third (gate) elec- 
trode. The effective resistance between the source and 
drain is thus determined by the voltage present at the gate. 
(The + signs in Figure 12.16 are used to indicate a region 
of heavy doping thus n* simply indicates a heavily doped 
n-type region). 

JFETs offer a very much higher input resistance when 
compared with bipolar transistors. For example, the input 
resistance of a bipolar transistor operating in common- 
emitter mode is usually around 2.5 kQ2. A JFET transistor 
operating in equivalent common-source mode would typ- 
ically exhibit an input resistance of 100 MQ! This feature 
makes JFET devices ideal for use in applications where a 
very high input resistance is desirable. 

As with bipolar transistors, the characteristics of a FET 
are often presented in the form of a set of graphs relating 
voltage and current present at the transistors’ terminals. 


12.12 Field effect transistor characteristics 


A typical mutual characteristic (/p plotted against Vgs) 
for a small-signal general-purpose n-channel field effect 
transistor operating in common-source mode is shown in 
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Figure 12.17. This characteristic shows that the drain cur- 
rent is progressively reduced as the gate-source voltage is 
made more negative. At a certain value of Vgs the drain 
current falls to zero and the device is said to be cut-off. 


Drain current, /, (mA) 


0 
-5.0 -45 -4.0 -3.5 -3.0 -25 -20 -1.5 -10 -05 0 


Gate-source voltage, V,, (V) 


Figure 12.17 


Figure 12.18 shows a typical family of output char- 
acteristics (Jp plotted against Vps) for a small-signal 
general-purpose n-channel FET operating in common- 
source mode. This characteristic comprises a family of 
curves, each relating to a different value of gate-source 
voltage Vgs. You might also like to compare this char- 
acteristic with the output characteristic for a transistor 


20 Veg = 0V 
18 
= vi 1V 
= 14 ale 
© 12 
© 10 Ves = -2V 
5 8 
a 
4 
Ves = -4V 
2 


0 2 4 6 8 10 12 14 16 18 20 
Drain-source voltage, Vps (V) 


Figure 12.18 


operating in common-emitter mode that you met earlier 
in Figure 12.10. 

As in the case of the bipolar junction transistor, the 
output characteristic curves for an n-channel FET have a 
‘knee’ that occurs at low values of Vps. Also, note how the 
curves become flattened above this value with the drain 
current Jp not changing very significantly for a compara- 
tively large change in drain-source voltage Vps. These 
characteristics are, in fact, even flatter than those for a 
bipolar transistor. Because of their flatness, they are often 
said to represent a constant current characteristic. 

The gain offered by a field effect transistor is normally 
expressed in terms of its forward transconductance (g¢z 
or Y¢,) in common-source mode. In this mode, the input 
voltage is applied to the gate and the output current appears 
in the drain (the source is effectively common to both the 
input and output circuits). 

In common-source mode, the static (or d.c.) forward 
transfer conductance is given by: 


[ 
Fs = a (from corresponding points on the graph) 
GS 


whilst the dynamic (or a.c.) forward transfer conduct- 
ance is given by: 


Alp 


8fs = RVs Vis 


(from the slope of the graph) 


(Note that A7Jp means ‘change of Jp’ and AVgs means 
‘change of Ves’) 


The method for determining these parameters from the 
relevant characteristic is illustrated in worked problem 8 
below. 

Forward transfer conductance (g¢,) varies with drain 
current. For most small-signal devices, gs, is quoted for 
values of drain current between 1 mA and 10mA. Most 
FET parameters (particularly forward transfer conduc- 
tance) are liable to wide variation from one device to the 
next. It is, therefore, important to design circuits on the 
basis of the minimum value for gfs, in order to ensure 
successful operation with a variety of different devices. 
The experimental circuit for obtaining the common-source 
characteristics of an n-channel JFET transistor is shown 
in Figure 12.19. 


Figure 12.19 
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Problem 8. Figure 12.20 shows the mutual charac- 
teristic for a junction gate field effect transistor. When 
the gate-source voltage is —2.5 V, determine (a) the 
value of drain current, (b) the dynamic value of forward 
transconductance. 


| 12mA 8 


3 
Drain current, |p (mA) 


2.5V 


—2.5V 
—5.0 -4.5 -4.0 -3.5 -3.0 -2.5 —2.0 -1.5 -1.0 —0.5 ie) 


Gate-source voltage, Ves (V) 


Figure 12.20 


(a) From Figure 12.20, when Ves = —2.5 V, the drain 
current, Jp =5mA 


(b) From Figure 12.20, 


Alp = (14.5 — 2.5) x 1073 
~ AVcs 2.5 


Sfs 


ic. the dynamic value of forward transcon- 
Is 10-* 


duct: = 
uctance 5 


=4.8mS (note the unit — 
siemens, S) 


Problem 9. A field effect transistor operates with a 
drain current of 100 mA anda gate-source bias of —1 V. 
The device has a gg; value of 0.25. If the bias voltage 
decreases to —1.1 V, determine (a) the change in drain 
current, and (b) the new value of drain current. 


(a) The change in gate-source voltage (VcGs) is —0.1V 
and the resulting change in drain current can be 
Alp 


determined from: = 
&fs RVex 


Hence, the change in drain current, Alp = gp; x 
AVgs = 0.25 x —0.1 =—0.025 A= —25mA 

(b) The new value of drain current = (100 — 25) 
=75mA 


12.13. Typical FET characteristics and maximum 


ratings 


Table 12.3 summarizes the characteristics of some typical 
field effect transistors for different applications, where 
Ip max is the maximum drain current, Vps max is the 
maximum drain-source voltage, Pp max is the maximum 
drain power dissipation, and g¢s typ is the typical value 
of forward transconductance for the transistor. The list 
includes both depletion and enhancement types as well as 
junction and insulated gate types. 


Problem 10. Which of the field effect transistors 
listed in Table 12.3 would be most suitable for each of 
the following applications: (a) the input stage of a radio 
receiver, (b) the output stage of a transmitter, and (c) 
switching a load connected to a high-voltage supply. 


(a) BF244A, since this transistor is designed for use in 
radio frequency (RF) applications 

(b) MRF171A, since this device is designed for RF power 
applications 

(c) IRF830, since this device is intended for switching 
applications and can operate at up to 500 V 


Table 12.3. FET characteristics and maximum ratings 


Device Type Ip max Vps max Pp max &ts typ Application 

2N2819 n-chan. 10mA 25V 200 mW 4.5 mS General purpose 
2N5457 n-chan. 10mA 25V 310 mW 1.2mS General purpose 
2N7000 n-chan. 200 mA 60V 400 mW 0.328 Low-power switching 
BF244A n-chan. 100 mA 30V 360 mW 3.3 mS RF amplifier 

BSS84 p-chan. —130mA —50V 360 mW 0.278 Low-power switching 
IRF830 n-chan. 4.5A 500 V 75 W 3.08 Power switching 
MRFI71A n-chan. 4.5A 65V 115W 1.88 RF power amplifier 
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12.14 Transistor amplifiers 


Three basic circuit arrangements are used for transistor 
amplifiers and these are based on the three circuit con- 
figurations that we met earlier (i.e. they depend upon 
which one of the three transistor connections is made 
common to both the input and the output). In the case of 
bipolar transistors, the configurations are known as com- 
monemitter, common collector (or emitter follower) and 
common base. 

Where field effect transistors are used, the correspond- 
ing configurations are common source, common drain 
(or source follower) and common gate. 

These basic circuit configurations depicted in 
Figures 12.21 and 12.22 exhibit quite different 


Common, 0V 
(a) Common emitter 


+V 


Common, 0V 


(b) Common collector 


+V 


Common, 0V 


(c) Common base 


Bipolar transistor amplifier circuit configurations 


Figure 12.21 


Common, 0V 


(a) Common source 


+V 


Common, 0V 


(b) Common drain 


+V 


Common, 0V 


(c) Common gate 
Field effect transistor amplifier circuit configurations 


Figure 12.22 


performance characteristics, as shown in Tables 12.4 and 
12.5 respectively. 

A requirement of most amplifiers is that the output sig- 
nal should be a faithful copy of the input signal or be 
somewhat larger in amplitude. Other types of amplifier 
are ‘non-linear’, in which case their input and output 
waveforms will not necessarily be similar. In practice, 
the degree of linearity provided by an amplifier can be 
affected by a number of factors including the amount of 
bias applied and the amplitude of the input signal. It is 
also worth noting that a linear amplifier will become non- 
linear when the applied input signal exceeds a threshold 
value. Beyond this value the amplifier is said to be over- 
driven and the output will become increasingly distorted 
if the input signal is further increased. 
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Table 12.4 Characteristics of BJT amplifiers 


Bipolar transistor amplifiers (see Figure 12.21) 


Common collector Common base 


Parameter Common emitter 
Voltage gain medium/high (40) 
Current gain high (200) 

Power gain very high (8000) 
Input resistance medium (2.5 k&2) 
Output resistance medium/high (20 kQ) 
Phase shift 180° 


Typical applications General-purpose, 


AF and RF amplifiers 


unity (1) high (200) 
high (200) unity (1) 

high (200) high (200) 
high (100 kQ) low (200 2) 
low (100 &2) high (100 kQ) 
0° o° 

Impedance matching, RF and VHF 
input and output stages amplifiers 


Table 12.5 Characteristics of FET amplifiers 


Field effect transistor amplifiers (see Figure 12.22) 


Common drain Common gate 


Parameter Common source 
Voltage gain medium/high (40) 
Current gain very high (200 000) 
Power gain very high (8 000 000) 
Input resistance very high (1 MQ) 
Output resistance medium/high (50 kQ) 
Phase shift 180° 


Typical applications General-purpose, AF 


and RF amplifiers 


unity (1) high (250) 
very high (200 000) unity (1) 

very high (200 000) high (250) 
very high (1 MQ) low (500 Q) 
low (200 &2) high (150 kQ) 
0° o° 

Impedance matching RF and VHF 
stages amplifiers 


The optimum value of bias for linear (Class A) ampli- 
fiers is that value which ensures that the active devices are 
operated at the mid-point of their characteristics. In prac- 
tice, this means that a static value of collector current will 
flow even when there is no signal present. Furthermore, 
the collector current will flow throughout the complete 
cycle of an input signal (i.e. conduction will take place 
over an angle of 360°). At no stage should the transistor 
be saturated (Vcg ~0V or Vps © OV) nor should it be 
cut-off (VcE © Vcc or Vps © Vpp). 

In order to ensure that a static value of collector current 
flows in a transistor, a small current must be applied to the 
base of the transistor. This current can be derived from the 
same voltage rail that supplies the collector circuit (via 
the collector load). Figure 12.23 shows a simple Class-A 
common-emitter circuit in which the base bias resistor 
R1, and collector load resistor, R2, are connected to a 
common positive supply rail. 

The a.c. signal is applied to the base terminal of the tran- 
sistor via a coupling capacitor, C1. This capacitor removes 
the d.c. component of any signal applied to the input ter- 
minals and ensures that the base bias current delivered by 
R1 is unaffected by any device connected to the input. C2 
couples the signal out of the stage and also prevents d.c. 
current flow appearing at the output terminals. 


Simple Class - A amplifier 


Figure 12.23 


12.15 Load lines 


The a.c. performance of a transistor amplifier stage can 
be predicted using a load line superimposed on the rele- 
vant set of output characteristics. For a bipolar transistor 
operating in common-emitter mode the required charac- 
teristics are Jc plotted against Vcg. One end of the load 
line corresponds to the supply voltage (Vcc) while the 
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other end corresponds to the value of collector or drain 
current that would flow with the device totally saturated 
(Vcg =0V). In this condition: 


Vi 
| eee 
Ri 


where R_ is the value of collector or drain load resistance. 


Figure 12.24 shows a load line superimposed on a set of 
output characteristics for a bipolar transistor operating in 
common-emitter mode. The quiescent point (or operating 
point) is the point on the load line that corresponds to the 
conditions that exist when no-signal is applied to the stage. 
In Figure 12.24, the base bias current is set at 20 WA so 
that the quiescent point effectively sits roughly halfway 
along the load line. This position ensures that the collector 
voltage can swing both positively (above) and negatively 
(below) its quiescent value (Vcq). 


Ig (mA) 
la = 40 pA 


le = 30 pA 
Input (base current) 


signal 
le = 20 pA 


Operating point \ 


Output (collector current) 
signal 


Figure 12.24 


The effect of superimposing an alternating base current 
(of 20 1A peak-peak) to the d.c. bias current (of 20 WA) 
can be clearly seen. The corresponding collector current 
signal can be determined by simply moving up and down 
the load line. 


Problem 11. The characteristic curves shown in Fig- 
ure 12.25 relate to a transistor operating in common- 
emitter mode. If the transistor is operated with 
Ip =30 pA, a load resistor of 1.2 kQ and an 18V 
supply, determine (a) the quiescent values of collec- 
tor voltage and current (Vcg and Jcq), and (b) the 
peak-peak output voltage that would be produced by 
an input signal of 40 1A peak-peak. 
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Figure 12.25 


(a) First we need to construct the load line on Fig- 
ure 12.25. The two ends of the load line will corre- 
spond to Vcc, the 18 V supply, on the collector-emitter 
voltage axis and 18 V/1.2 kQ or 15 mA on the collector 
current axis. 

Next we locate the operating point (or quiescent 
point) from the point of intersection of the Jp = 30 pA 
characteristic and the load line. Having located the 
operating point we can read off the quiescent val- 
ues, i.e. the no-signal values, of collector emitter 
voltage (Vcg) and collector current (/cg). Hence, 
Vcg =9.2V and Icg =7.3 mA. 

(b) Next we can determine the maximum and minimum 
values of collector-emitter voltage by locating the 
appropriate intercept points on Figure 12.25. Note that 
the maximum and minimum values of base current 
will be (30 pA + 20 WA) = 50 WA on positive peaks of 
the signal and (30 pA — 20 1A) = 10 LA on negative 
peaks of the signal. The maximum and minimum val- 
ues of Vcg are, respectively, 14.8 V and 3.3 V. Hence, 


the output voltage swing 
= (14.8 V — 3.3 V) = 11.5 V peak-peak 


Problem 12. An n-p-n transistor has the following 
characteristics, which may be assumed to be linear 
between the values of collector voltage stated. 


Base current Collector current (mA) for 


(WA) collector voltages of: 

1V SV 
30 1.4 1.6 
50 3.0 3.5 
70 4.6 5:2 
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The transistor is used as a common-emitter amplifier 
with load resistor RL = 1.2kQ and a collector supply 
of 7 V. The signal input resistance is 1 kQ. If an input 
current of 20 LA peak varies sinusoidally about a mean 
bias of 50 WA, estimate (a) the quiescent values of col- 
lector voltage and current, (b) the output voltage swing, 
(c) the voltage gain, (d) the dynamic current gain, and 


(e) the power gain. 


The characteristics are drawn as shown in Figure 12.26. 


Io (mA) h 
6 
5.83 
5 
50 
3.0ma| +2 _ Xx 
pk-pk | 3 
—. 2r — pet ' _ 
1 | 
anal 49-7 N] 
of 1,2 3 4 5 6 7 Vog(V) 
<————_—_——_ | 
I 3.6V 
pk-pk 


Figure 12.26 


The two ends of the load line will correspond to Vcc, 
the 7 V supply, on the collector-emitter voltage axis and 
7TV/1.2 kQ = 5.83 mA on the collector current axis. 


(a) The operating point (or quiescent point), X, is located 
from the point of intersection of the Jg = 50 WA char- 
acteristic and the load line. Having located the operat- 
ing point we can read off the quiescent values, i.e. the 
no-signal values, of collector emitter voltage (Vcq) 
and collector current (cg). Hence, Vcg = 3.1 V and 
Icg=3.3mA. 

(b) The maximum and minimum values of collector- 
emitter voltage may be determined by locating the 
appropriate intercept points on Figure 12.26. Note 
that the maximum and minimum values of base cur- 
rent will be (50 4A+20WA)=70\A on positive 
peaks of the signal and (50 pA — 20 pA) = 30 pA on 
negative peaks of the signal. The maximum and min- 
imum values of Vcg are, respectively, 4.9 V and 1.4 V. 
Hence, 


the output voltage swing 
= (4.9V — 1.4V) = 3.5V peak-peak 


(c) 


(d) 


(e) 


: change in collector voltage 
Voltage gain = 


change in base voltage 
The change in collector voltage = 3.5 V from part (b). 
The input voltage swing is given by: ipRi, 


where ip is the base current swing = (70 — 30) =40 pA 
and Rj is the input resistance = 1 kQ. 


Hence, input voltage swing =40 x 107° x 1 x 10° 
=40mV 
= change in base 
voltage. 


change in collector voltage 


Thus, voltage gain = : 
us, voltage gai change in base voltage 


AVc 3.5 


=> = => 87.5 
AVg 40x 10-3 


Alc 

Alp 

From Figure 12.26, the output current swing, i.e. the 
change in collector current, AJc =3.0mA peak to 
peak. The input base current swing, the change in 
base current, AJg = 40 pA. 


Dynamic current gain, hfe = 


Hence, the dynamic current gain, 


AI 3.0 x 1073 
jj eas 
Alp 40x 10-6 


For a resistive load, the power gain is given by: 


power gain = voltage gain x current gain 
= 87.5 x 75 = 6562.5 


Now try the following exercise. 


1. 


Exercise 39 Further problems on transistors 


State whether the following statements are true or 
false: 


(a) The purpose of a transistor amplifier is to 
increase the frequency of the input signal. 

(b) The gain of an amplifier is the ratio of the output 
signal amplitude to the input signal amplitude. 

(c) The output characteristics of a transistor relate 
the collector current to the base current. 

(d) If the load resistor value is increased the load 
line gradient is reduced. 

(e) Ina common-emitter amplifier, the output volt- 
age is shifted through 180° with reference to the 
input voltage. 

(f) In a common-emitter amplifier, the input and 
output currents are in phase. 
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(g) The dynamic current gain of a transistor is 
always greater than the static current gain. 

[(a) false (b) true (c) false 

(d) true (e) true (f) true (g) true] 


2. In relation to a simple transistor amplifier stage, 
explain what is meant by the terms: (a) Class-A 
(b) saturation (c) cut-off (d) quiescent point. 


3. Sketch the circuit of a simple Class-A BJT amplifier 
and explain the function of the components. 


4. Explain, with the aid of a labelled sketch, how a 
load line can be used to determine the operating 
point of a simple Class-A transistor amplifier. 


5. Sketch circuits showing how a JFET can be con- 
nected as an amplifier in: (a) common source 
configuration, (b) common drain configuration, 
(c) common gate configuration. State typical val- 
ues of voltage gain and input resistance for each 
circuit. 


6. The output characteristics for a BJT are shown in 
Figure 12.27. If this device is used in a common- 
emitter amplifier circuit operating from a 12V 
supply with a base bias of 60 WA and a load resis- 
tor of 1k&2, determine (a) the quiescent values of 
collector-emitter voltage and collector current, and 
(b) the peak-peak collector voltage when an 80 1A 
peak-peak signal current is applied. 

[(a) 5 V, 7mA (b) 8.5 V] 
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Figure 12.27 


7. The output characteristics of a JFET are shown in 


Figure 12.28. If this device is used in an amplifier 
circuit operating from an 18 V supply with a gate- 
source bias voltage of —3 V and a load resistance of 
900 2, determine (a) the quiescent values of drain- 
source voltage and drain current, (b) the peak-peak 
output voltage when an input voltage of 2 V peak- 
peak is applied, and (c) the voltage gain of the stage. 

[(a) 12.2 V, 6.1 mA (b) 5.5 V (c) 2.75] 
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Figure 12.28 


. An amplifier has a current gain of 40 and a voltage 
gain of 30. Determine the power gain. [1200] 


. The output characteristics of a transistor in 
common-emitter mode configuration can be 
regarded as straight lines connecting the following 
points. 


Ip=20WA SOPA 80 HA 


Ven (vy) 10 80 10 80 1.0 8.0 
Ic(mA) 12 14 34 42 61 81 


Plot the characteristics and superimpose the load 
line for a 1 kQ2 load, given that the supply voltage 
is 9V and the d.c. base bias is 50 WA. The signal 
input resistance is 800 (2. When a peak input current 
of 30 1A varies sinusoidally about a mean bias of 
50 WA, determine (a) the quiescent values of col- 
lector voltage and current, (b) the output voltage 
swing, (c) the voltage gain, (d) the dynamic current 
gain, and (e) the power gain. 
[(a) 5.2 V, 3.7mA (b) 5.1 V (c) 106 
(d) 87 (e) 9222] 


Revision test 3 


This revision test covers the material contained in 
chapters 8 to 12. 


The marks for each question are shown in brackets at 
the end of each question. 


1. A conductor, 25cm long, is situated at right-angles 


to a magnetic field. Determine the strength of the 
magnetic field if a current of 12 A in the conductor 
produces a force on it of 4.5 N. (3) 


. An electron in a television tube has a charge of 
1.5 x 107!° Cand travels at 3 x 10’ m/s perpendicu- 
lar to a field of flux density 20 wT. Calculate the force 
exerted on the electron in the field. (3) 


. A lorry is travelling at 100 km/h. Assuming the verti- 
cal component of the earth’s magnetic field is 40 wT 
and the back axle of the lorry is 1.98 m, find the e.m_f. 
generated in the axle due to motion. (4) 


. Ane.m.f. of 2.5kV is induced in a coil when a cur- 
rent of 2 A collapses to zero in 5 ms. Calculate the 
inductance of the coil. (4) 


. Two coils, P and Q, have a mutual inductance of 
100 mH. If a current of 3 A in coil P is reversed in 
20 ms, determine (a) the average e.m.f. induced in 
coil Q, and (b) the flux change linked with coil Q if 
it wound with 200 turns. (5) 


. Amoving coil instrument gives a f.s.d. when the cur- 
rent is 50 mA and has a resistance of 40 Q. Determine 
the value of resistance required to enable the instru- 
ment to be used (a) as a 0-5 A ammeter, and (b) as a 
0-200 V voltmeter. State the mode of connection in 
each case. (8) 


. An amplifier has a gain of 20 dB. It’s input power is 
5 mW. Calculate it’s output power. (3) 


. A sinusoidal voltage trace displayed on an oscillo- 
scope is shown in Figure RT3.1; the ‘time/cm’ switch 


we, i eae 
NZL 
sc a 


Figure RT3.1 


9. 


10. 


11. 


12. 


13. 


is on 50 ms and the ‘volts/cm’ switch is on 2 V/cm. 
Determine for the waveform (a) the frequency (b) the 
peak-to-peak voltage (c) the amplitude (d) the r.m.s. 
value. (7) 


With reference to a p-n junction, briefly explain the 
terms: (a) majority carriers (b) contact potential (c) 
depletion layer (d) forward bias (e) reverse bias. 


(10) 


Briefly describe each of the following, drawing their 
circuit diagram symbol and stating typical applica- 
tions: (a) zenor diode (b) silicon controlled recti- 
fier (c) light emitting diode (d) varactor diode (e) 
Schottky diode. (20) 


The following values were obtained during an exper- 
iment on a varactor diode. 


Voltage, V 5 10 15 20 25 
Capacitance, pF 42 28 18 12 8 


Plot a graph showing the variation of capacitance 
with voltage for the varactor. Label your axes clearly 
and use your graph to determine (a) the capacitance 
when the reverse voltage is —17.5 V, (b) the reverse 
voltage for a capacitance of 35 pF, and (c) the change 
in capacitance when the voltage changes from —2.5 V 
to —22.5V. (8) 


Briefly describe, with diagrams, the action of an 
n-p-n transistor. (7) 


The output characteristics of a common-emitter tran- 
sistor amplifier are given below. Assume that the 
characteristics are linear between the values of col- 
lector voltage stated. 


Ip=10pA 40pA  70pA 
Ven (V) 1.0 7.0 1.0 7.0 1.0 7.0 
Ic(mA) 0.6 07 25 2.9 46 5.35 


Plot the characteristics and superimpose the load line 
for a 1.5 kQ load and collector supply voltage of 8 V. 
The signal input resistance is 1.2 kQ. When a peak 
input current of 301A varies sinusoidally about a 
mean bias of 40 LA, determine (a) the quiescent val- 
ues of collector voltage and current, (b) the output 
voltage swing, (c) the voltage gain, (d) the dynamic 
current gain, and (e) the power gain. (18) 
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Main formulae for Part 1 


General 
Charge Q=Jt Force F=ma 


W 
Work W=Fs Power P= - 
Energy W = Pt 


V 4 
Ohm’s law V=/R or J=— or R=— 
R I 

1 

Conductance G= R 


> y2 : pl 
Power P=VI =I°-R= — Resistance R= — 
R a 
Resistance at 6°C, Re = Ro(1 + ao) 
Terminal p.d. of source, V = FE — Ir 
Series circuit R= R,; +R2.+R3+-:-- 
1 1 1 


1 
Parallel network — = Spivcenite 
R Ri Ro kR3 


Capacitors and capacitance 


Vv Q Q 
SC] it D= = 
d V g A 
D 
E = E0Er 
é9éA(n — 1) 
C= ——_ 
d 
Capacitors in parallel C=C; +C2+C3+--- 
; ; : 1 1 1 
Capacitors in series = = t 
Cy GC G 


w=tcv? 
a: 


Magnetic circuits 


ga Fiy,=NI Hee By 
= Tie = yp tober 
mmf I 
S => = 
® otLrA 
Electromagnetism 
F=Bllsin0 F=QvB 
Electromagnetic induction 
: d® dl 
E=Blvsnd E=—N— =—-L— 
dt dt 
w= : LP 
2 
N® WN? dl N\N2 
i = Fx,=-M M= 
I S dt S 
Measurements 
Tata pee V —Irg 
Shunt R; = Fi Multiplier Ry = 


Ss 


: F Po In V2 
Power in decibels = 10 log — = 20 log — = 20 log 
Pi q Vi 


RoR 
Wheatstone bridge R, = — 
1 


l 
Potentiometer E, = E (7) 
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13 D.c. circuit theory 


At the end of this chapter you should be able to: 


e state and use Kirchhoff’s laws to determine unknown 
currents and voltages in d.c. circuits 

e understand the superposition theorem and apply it 
to find currents in d.c. circuits 

e understand general d.c. circuit theory 

e understand Thévenin’s theorem and apply a proced- 
ure to determine unknown currents in d.c. circuits 

e recognize the circuit diagram symbols for ideal 
voltage and current sources 


e understand Norton’s theorem and apply a procedure 
to determine unknown currents in d.c. circuits 

@ appreciate and use the equivalence of the Thévenin 
and Norton equivalent networks 

© state the maximum power transfer theorem and use it 
to determine maximum power in a d.c. circuit 


13.1 Introduction 


The laws which determine the currents and voltage drops 
in d.c. networks are: (a) Ohm’s law (see Chapter 2), (b) the 
laws for resistors in series and in parallel (see Chapter 5), 
and (c) Kirchhoff’s laws (see Section 13.2 following). In 
addition, there are a number of circuit theorems which 
have been developed for solving problems in electrical 
networks. These include: 


(i) the superposition theorem (see Section 13.3), 
(ii) Thévenin’s theorem (see Section 13.5), 
(iii) Norton’s theorem (see Section 13.7), and 
(iv) the maximum power transfer theorem (see Section 


13.9). 


13.2 Kirchhoff’s laws 


Kirchhoff’s laws state: 


(a) Current Law. At any junction in an electric circuit the 
total current flowing towards that junction is equal to 
the total current flowing away from the junction, i.e. 
xl =0 
Thus, referring to Figure 13.1: 


Khth=h+44+Is5 or 
t+th-h-4-Is=0 


(b) Voltage Law. Jn any closed loop in a network, the 
algebraic sum of the voltage drops (i.e. products of 
current and resistance) taken around the loop is equal 
to the resultant e.m.f. acting in that loop. 


Figure 13.1 


Thus, referring to Figure 13.2: 
E, — Ey = IR, + IR2 + IR3 


E 
pears Ay 


Rg 


ES 


Figure 13.2 


(Note that if current flows away from the positive 
terminal of a source, that source is considered by 
convention to be positive. Thus moving anticlockwise 
around the loop of Figure 13.2, FE) is positive and Ey 
is negative.) 


Problem 1. (a) Find the unknown currents marked in 
Figure 13.3(a). (b) Determine the value of e.m.f. FE in 
Figure 13.3(b). 
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Figure 13.3 


(a) Applying Kirchhoff’s current law: 
50=20+/,. Hence 11 =30A 
20+ 15=1). Hence Iz = 35A 
For junctionD: J; =1,+120 

ie. 30=/;+4+ 120. Hence I3=—-90A 


(i.e. in the opposite direction to that shown in 
Figure 13.3(a)) 


For junction E: 4y+h=15 
Le. I4=15—(—90). 
Hence [4=105A 

For junction F: 120 = Js + 40. Hence Is = 80A 
(b) Applying Kirchhoff’s voltage law and moving clock- 

wise around the loop of Figure 13.3(b) starting at 

point A: 

3+6+E—4= (22) + WM 2.5) + Md.5) + Od) 

=1(224+2.54+1.5 +1) 

Le. 5+E=2(7), since l=2A 

E=14-5=9V 


For junction B: 
For junction C: 


Hence 


Problem 2. Use Kirchhoff’s laws to determine the 
currents flowing in each branch of the network shown 
in Figure 13.4. 


Figure 13.4 


Procedure 


1. Use Kirchhoff’s current law and label current direc- 
tions on the original circuit diagram. The directions 
chosen are arbitrary, but it is usual, as a starting point, 
to assume that current flows from the positive terminals 
of the batteries. This is shown in Figure 13.5 where the 
three branch currents are expressed in terms of J; and 
Ip only, since the current through R is 1, + Io. 


Figure 13.5 


2. Divide the circuit into two loops and apply Kirch- 
hoff’s voltage law to each. From loop | of Figure 13.5, 
and moving in a clockwise direction as indicated (the 
direction chosen does not matter), gives 
Ey=hr, ++ h)R, ie.4= 2) +4 + bh), 

ie. 64) +4b =4 qd) 
From loop 2 of Figure 13.5, and moving in an anticlock- 
wise direction as indicated (once again, the choice of 


direction does not matter; it does not have to be in the 
same direction as that chosen for the first loop), gives: 


Ex =hrr+()+h)R, te. 2=h+4),4+ bh), 
Le. 47, + 5h =2 (2) 


3. Solve equations (1) and (2) for /) and Jo. 


2x (1) gives: 124+ 8h =8 (3) 


3 x (2) gives: 124, 4+ 15h =6 (4) 


2 
(3) — (4) gives: —7Iz = 2 hence Jy = ae —0.286A 


(i.e. I> is flowing in the opposite direction to that shown 
in Figure 13.5.) 


From (1) 67; + 4(—0.286) = 4 
6, =4+ 1.144 


5.144 


Hence h= = = 0.857 A 


Current flowing through resistance R is 


I + bh = 0.857 + (—0.286) = 0.571 A 
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Note that a third loop is possible, as shown in Fig- 
ure 13.6, giving a third equation which can be used as 
a check: 


EF, — Ey =r, — hr 
4-2=2],-h 
2=2)h,-h 


Figure 13.6 


[Check: 21; — Ib = 2(0.857) — (—0.286) = 2] 


Problem 3. Determine, using Kirchhoff’s laws, each 
branch current for the network shown in Figure 13.7. 


E,=4V 


Figure 13.7 


1. Currents, and their directions are shown labelled in Fig- 
ure 13.8 following Kirchhoff’s current law. It is usual, 
although not essential, to follow conventional current 
flow with current flowing from the positive terminal of 
the source. 


h ee) 


Figure 13.8 


2. The network is divided into two loops as shown in 
Figure 13.8. Applying Kirchhoff’s voltage law gives: 


For loop 1: 


FE, + Ey = NR, + bR2 
ie. 16=0.54 + 2h (1) 


For loop 2: 
Ey = 12R2 — ( — 12) R3 
Note that since loop 2 is in the opposite direction to cur- 


rent (J; — 2), the volt drop across R3 (i.e. (7) — 12)(R3)) 
is by convention negative. 


Thus 12 = 2h — 5(, — h) (2) 
ie. 12=—-5l,+ 7h 

3. Solving equations (1) and (2) to find 7; and J: 
10 x (1) gives 160 = 5, + 20h (3) 


172 
(2) + (3) gives 172 = 27]y hence I = a7 =637A 


From (1): 16 = 0.5% + 2(6.37) 
h= 16 — 26.37) — 652A 
0.5 
Current flowing in R3 = 1; — Ip = 6.52 — 6.3 


=0.15A 


Problem 4. For the bridge network shown in Fig- 
ure 13.9 determine the currents in each of the resistors. 


1=8A 
22 149 
54V 
110 Se 
Figure 13.9 


Let the current in the 2 Q resistor be /;, then by Kirchhoff’s 
current law, the current in the 14 Q resistor is J — ,). Let 
the current in the 32 Q resistor be Jy as shown in Fig- 
ure 13.10. Then the current in the 11 Q resistor is J — In) 
and that in the 3 Q resistor is (J — J, + J). Applying Kirch- 
hoff’s voltage law to loop 1 and moving in a clockwise 
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Figure 13.10 


direction as shown in Figure 13.10 gives: 
54 = 27, + 11) — h) 
Le. 132) — 11h =54 (1) 


Applying Kirchhoff’s voltage law to loop 2 and moving 
in an anticlockwise direction as shown in Figure 13.10 
gives: 


0 = 2); + 32h — 140 — Ih) 


However I=8A 
Hence 0 = 2k, + 32h — 14(8 — 1h) 
i.e. 16]; + 32h) = 112 (2) 


Equations (1) and (2) are simultaneous equations with two 
unknowns, J; and Ip, 


16 x (1) gives: 2087; — 176l = 864 (3) 
13 x (2) gives: 2087; + 416/2 = 1456 (4) 
(4) — (3) gives : 5921I5 = 592 

h=1A 


Substituting for Jp in (1) gives: 


13, —11=54 
65 
h=—=5A 
6 
Hence, 


the current flowing in the 2 Q resistor =/; =5A 

the current flowing in the 14 Q resistor =/ — i 
=8-—5=3A 

the current flowing in the 32 Q resistor=J,=1A 


the current flowing in the 11 Q resistor = 1; — 1p =5— 1 
= 4A and 

the current flowing in the 3 Q resistor =J—I,} +h 
=8-541 
=4A 


Now try the following exercise. 


laws 


Exercise 40 Further problems on Kirchhoff’s 


1. Find currents J3, /4 and J¢ in Figure 13.11 
[gh =2A; 14 =—1A; 16 =3A] 


4,=4A 


Figure 13.11 


Figure 13.12 


f= 1A 


2. For the networks shown in Figure 13.12, find the 
values of the currents marked. 

[(a) ] =4A, bb =—-1A,B=13A 

(b) 1) =40A, fb = 60A, 2, = 120A, 


I4=100A, Is =—80A] 


3. Calculate the currents J; and /> in Figure 13.13. 


[) =0.8A, Ib =0.5 A] 


Figure 13.13 


0.5A 4 I; 
>—<e e—> 
Aly 
BMY 202 
== 10/5 V 
<—e ¢—_+ 
0.2A 0.5A 
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4. Use Kirchhoff’s laws to find the current flowing 
in the 6 Q resistor of Figure 13.14 and the power 
dissipated in the 4 Q resistor. 

[2.162 A, 42.07 W] 


Figure 13.14 


5. Find the current flowing in the 3 Q resistor for the 
network shown in Figure 13.15(a). Find also the p.d. 
across the 10 Q and 2 & resistors. 

[2.715 A, 7.410 V, 3.948 V] 


190 
fo) 


Figure 13.15 


6. For the network shown in Figure 13.15(b) find: (a) 
the current in the battery, (b) the current in the 300 Q 
resistor, (c) the current in the 90 Q resistor, and (d) 
the power dissipated in the 150 Q resistor. 

[(a) 60.38 mA (b) 15.10 mA 
(c) 45.28 mA (d) 34.20 mW] 


7. For the bridge network shown in Figure 13.15(c), 
find the currents J; to /5. 

[) = 1.26A, bh =0.74A, b =0.16A 

I4=1.42A, I5 = 0.58 A] 


13.3. The superposition theorem 


The superposition theorem states: 


‘In any network made up of linear resistances and contain- 
ing more than one source of e.m.f., the resultant current 
flowing in any branch is the algebraic sum of the cur- 
rents that would flow in that branch if each source was 
considered separately, all other sources being replaced at 
that time by their respective internal resistances.’ 


Problem 5. Figure 13.16 shows a circuit containing 
two sources of e.m.f., each with their internal resist- 
ance. Determine the current in each branch of the 
network by using the superposition theorem. 


Ep=2V 


&=12 


Figure 13.16 


Procedure: 


1. Redraw the original circuit with source Ey removed, 
being replaced by rz only, as shown in Figure 13.17(a). 


0.8 Q 


Figure 13.17 


2. Label the currents in each branch and their directions 
as shown in Figure 13.17(a) and determine their values. 
(Note that the choice of current directions depends on 
the battery polarity, which, by convention is taken as 
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flowing from the positive battery terminal as shown.) 
R in parallel with r2 gives an equivalent resistance of: 


4x1 _ 


=0.82 
441 


From the equivalent circuit of Figure 13.17(b) 


Ey 
rr +08 2+0.8 


= = 1.429A 


From Figure 13.17(a) 


1 1 
bh = | —— ) i = —(1.429) = 0.286A 
2 (5) 1 5 ) 


and 
4 4 
b= | —— ] = =(1.429 
3 (<4) 1 5( ) 
= 1.143A by current division 


3. Redraw the original circuit with source E; removed, 
being replaced by r; only, as shown in Figure 13.18(a). 


1.333 Q 


Figure 13.18 


4. Label the currents in each branch and their directions 
as shown in Figure 13.18(a) and determine their values. 
r; in parallel with R gives an equivalent resistance of: 


2x4 8 


= — = 1.333Q 
2+4 6 a 


From the equivalent circuit of Figure 13.18(b) 


Ey 2 
~ 1.333+r. 1.33341 


[4 = 0.857A 


From Figure 13.18(a) 


2 2 
Is = (—— ) Ig = 5 (0.857) = 0.286 
5 (sa) 5 (0.857) = 0.286 


4 4 
6 (<4) 4 = 5 (0.857) = 0.5 


. Superimpose Figure 13.18(a) on to Figure 13.17(a) as 


shown in Figure 13.19. 


Figure 13.19 


. Determine the algebraic sum of the currents flowing in 


each branch. 
Resultant current flowing through source 1, i.e. 


Ty — Ig = 1.429 — 0.571 
= 0.858 A (discharging) 


Resultant current flowing through source 2, i.e. 


ly — 1k = 0.857 — 1.143 
= —0.286 A (charging) 


Resultant current flowing through resistor R, i.e. 


In + Is = 0.286 + 0.286 
=0.572A 


The resultant currents with their directions are shown 
in Figure 13.20. 


0.858A 0.286 A 


Figure 13.20 
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Problem 6. For the circuit shown in Figure 13.21, 
find, using the superposition theorem, (a) the current 
flowing in and the p.d. across the 18 © resistor, (b) the 
current in the 8 V battery and (c) the current in the 3 V 
battery. 


E=8V 


Figure 13.21 


1. Removing source Fy gives the circuit of Figure 13.22(a). 


K Ig 
E-8V| 


Io 
| 182 
20 
]30 
(a) 
hy 
E=8V 
2x18 _ 
a1g7 8 Q 
30 
(b) 
Figure 13.22 


2. The current directions are labelled as shown in Fig- 
ure 13.22(a), J, flowing from the positive terminal of £1. 


E 
d pbs Kerh 


F Fi 13.22(b), J, = ———— = 
rom Figure (b), Zy 3418 48 


18 
From Fi 13.22(a), = | ——— ] I 
rom Figure (a), b (3) 1 


18 
= — (1.667) = 1.500A 
ST aes 


2 
and b= a q 
2+ 18 


2 
= — (1.667) =0.167A 
20‘ ) 


3. Removing source E£| gives the circuit of Figure 13.23(a) 


(which is the same as Figure 13.23(b)). 


E5=3V 
3x18_ 
3X 1g 7 oo! Q 
29 
ly (c) 


Figure 13.23 


4. The current directions are labelled as shown in Fig- 


ures 13.23(a) and 13.23(b), J4 flowing from the positive 
terminal of E> 


From Figure 13.23(c), 14 = Sy = — 
=0.656A 
From Figure 13.23(b), Js = (3) = 18 0) 656) 
3+ 18 21 
=0.562A 
Ig= (; ; a) = - (0.656) 
=0.094A 


5. Superimposing Figure 13.23(a) on to Figure 13.22(a) 


gives the circuit in Figure 13.24. 


(+45) (ig Ig) 


E\=8 V 


18.0 


Figure 13.24 
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6. (a) Resultant current in the 18 Q resistor 
=13 —I6 


= 0.167 — 0.094 
=0.073A 
P.d. across the 18 Q resistor 
= 0.073 x 18=1.314V 
(b) Resultant current in the 8 V battery 
=], + I5 = 1.667 + 0.562 
= 2.229 A (discharging) 


(c) Resultant current in the 3 V battery 
=I, +14 = 1.500 + 0.656 
= 2.156A (discharging) 


Now try the following exercise. 


Exercise 41 Further problems on the superposi- 
tion theorem 


1. Use the superposition theorem to find currents J), Jp 
and J3 of Figure 13.25(a). 
[i =2A,bh=3A,B=5Al] 


4.5V 8.5V 30V HOV 


Figure 13.25 


2. Use the superposition theorem to find the current in 
the 8 Q resistor of Figure 13.25(b). [0.385 A] 


3. Use the superposition theorem to find the cur- 
rent in each branch of the network shown in 
Figure 13.25(c). 

[10 V battery discharges at 1.429A 
4V battery charges at 0.857A 
Current through 10 resistor is 0.571 A] 


4. Use the superposition theorem to determine the cur- 
rent in each branch of the arrangement shown in 
Figure 13.25(d). 

[24V battery charges at 1.664A 
52 V battery discharges at 3.280A 
Current in 20 Q resistor is 1.616 A] 


13.4 General d.c. circuit theory 


The following points involving d.c. circuit analysis need 
to be appreciated before proceeding with problems using 
Thévenin’s and Norton’s theorems: 


(i) The open-circuit voltage, E, across terminals AB in 
Figure 13.26 is equal to 10 V, since no current flows 
through the 2 Q resistor and hence no voltage drop 


occurs. 
20 
A 
E 
10 | 
B 
Figure 13.26 


(ii) The open-circuit voltage, E, across terminals AB in 
Figure 13.27(a) is the same as the voltage across the 
6 Q resistor. The circuit may be redrawn as shown 
in Figure 13.27(b). 


6 


by voltage division in a series circuit, i.e. E =30V 


4Q A 
6 E. 
10V 
B 
(a) 
4Q 
A 
50 V 


Figure 13.27 
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(iii) For the circuit shown in Figure 13.28(a) 
representing a practical source supplying energy, 
V=E-—lIr, where E is the battery e.mf., V is 
the battery terminal voltage and r is the internal 
resistance of the battery (as shown in Section 
4.5). For the circuit shown in Figure 13.28(b), 
V=E-(-Iyr,ie. V=E+Ir 


une 
E 1 
ry 
Viol 
r *? 
(a) 
I 
E nis 
er 
V ‘ 
r eo 
yo 
Eas 
(b) 
Figure 13.28 


(iv) The resistance ‘looking-in’ at terminals AB in Fig- 
ure 13.29(a) is obtained by reducing the circuit in 
stages as shown in Figures 13.29(b) to (d). Hence 
the equivalent resistance across AB is 7 Q 


182 8630 39 
A A 
20H80 
5Q 200 5Q 
B B 
(a) (b) 
32 
A A 
20 X5_ 3Q+40 
e500 =72 
B B 
(c) (d) 


Figure 13.29 


(v) For the circuit shown in Figure 13.30(a), the 3 Q 
resistor carries no current and the p.d. across the 
20 Q resistor is 10 V. Redrawing the circuit gives 
Figure 13.30(b), from which 


4 
f=(—=)\xi0=av 
() « 


(vi) If the 10V battery in Figure 13.30(a) is removed 
and replaced by a short-circuit, as shown in 


(vil) 


(a) (b) 
69 30 " 
4Q 
B 


Figure 13.30 


Figure 13.30(c), then the 202 resistor may be 
removed. The reason for this is that a short- 
circuit has zero resistance, and 20 Q in parallel 
with zero ohms gives an equivalent resistance of: 
(20 x 0/20+0), ic. OQ. The circuit is then as 
shown in Figure 13.30(d), which is redrawn in Fig- 
ure 13.30(e). From Figure 13.30(e), the equivalent 
resistance across AB, 


6x4 
— 644 


+3=244+3=542 


r 


To find the voltage across AB in Figure 13.31: 
Since the 20V supply is across the 5 Q and 15 Q 
resistors in series then, by voltage division, the 
voltage drop across AC, 


Figure 13.31 


5 
Veal == )en=s¥ 
i (25) ) 


12 
Similarly, Vcg = 20) = 16V. 
imilarly, Vcg (sa) ) 


Vc is at a potential of +20V. 
Va = Vc — Vac = +20 —5=15 V and 
Vp = Vc — Vac = +20—- 16=4V. 
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Hence the voltage between AB is V4 —Vg= 
15—4=11V and current would flow from A to 
B since A has a higher potential than B. 

(viii) In Figure 13.32(a), to find the equivalent resistance 
across AB the circuit may be redrawn as in Fig- 
ures 13.32(b) and (c). From Figure 13.32(c), the 
equivalent resistance across AB 


5x15 12x3 
gen *? = 3.7542.4= 6152 
5+15 12+3 
A A al 
59 15Q2 50 156Q 50 H5a 
c D c D 
0 30 12Q 3 Q 129 3Q 
B B B 
(a) (b) (c) 
Figure 13.32 


(ix) In the worked problems in Sections 13.5 and 13.7 
following, it may be considered that Thévenin’s 
and Norton’s theorems have no obvious advantages 
compared with, say, Kirchhoff’s laws. However, 
these theorems can be used to analyse part of a cir- 
cuit and in much more complicated networks the 
principle of replacing the supply by a constant volt- 
age source in Series with a resistance (or impedance) 
is very useful. 


13.5 Thévenin’s theorem 


Thévenin’s theorem states: 


‘The current in any branch of a network is that which 
would result if an e.m.f. equal to the p.d. across a break 
made in the branch, were introduced into the branch, 
all other e.mf.’s being removed and represented by the 
internal resistances of the sources.’ 


The procedure adopted when using Thévenin’s theorem 
is summarized below. To determine the current in any 
branch of an active network (i.e. one containing a source 
of e.m.f.): 


(i) remove the resistance R from that branch, 

(ii) determine the open-circuit voltage, E, across the 
break, 

(iii) remove each source of e.m.f. and replace them by 
their internal resistances and then determine the 
resistance, r, ‘looking-in’ at the break, 

(iv) determine the value of the current from the equivalent 


circuit shown in Figure 13.33, i.e. J = 
R+r 


~ 


Figure 13.33 


Problem 7. Use Thévenin’s theorem to find the cur- 
rent flowing in the 10 Q resistor for the circuit shown 
in Figure 13.34(a). 


Following the above procedure: 


(i) The 10 Q resistance is removed from the circuit as 
shown in Figure 13.34(b) 
(ii) There is no current flowing in the 5 Q resistor and 
current J; is given by: 
10 10 
= =) 
Ri +R. 248 


=1A 


Ry=2 O Ro=8Q «— 
B 
(c) 
{ 
A 
E=8V 
=10 O 
=6.6 Q a 
B 


Figure 13.34 
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P.d. across Ro =1,Ro = 1 x 8=8V 
Hence p.d. across AB, i.e. the open-circuit voltage 
across the break, E = 8 V 

(iii) Removing the source of e.m.f. gives the circuit of 
Figure 13.34(c). 


; R\Ro 2x8 
Resistance, r = R3 + =5+ 
Ri + Ro 2+8 
=54+16=66Q2 


(iv) The equivalent Thévenin’s circuit is shown in Fig- 
ure 13.34(d). 


EB. 8 :-.8 
R+r 10+66 16.6 


Current J = =0.482A 


Hence the current flowing in the 10 resistor of 
Figure 13.34(a) is 0.482A 


Problem 8. For the network shown in Figure 13.35(a) 


determine the current in the 0.8Q resistor using 
Thévenin’s theorem. 


Following the procedure: 


(1) The 0.8 Q resistor is removed from the circuit as 
shown in Figure 13.35(b). 
12 = 12 
14544 10 
Pd. across 4 Q resistor = 4, = (4) (1.2) =4.8V 


Hence p.d. across AB, i.e. the open-circuit voltage 
across AB, E=4.8V 


5Q 52 
A 
12V 12V 
40 R=0.82 hee -lNis 
12 1O}] , 
1 
B 
(a) (b) 


(ii) Current 1; = =1.2A 


Figure 13.35 


(iii) Removing the source of e.m_f. gives the circuit shown 
in Figure 13.35(c). The equivalent circuit of Fig- 
ure 13.35(c) is shown in Figure 13.35(d), from which, 

4x6 24 © 

4+6 10 — 

(iv) The equivalent Thévenin’s circuit is shown in Figure 
13.35(e), from which, 

E 48 48 

r+R 24408 3.2 


2.4 Q 


resistance r = 


current [J = 


7 =1.5A =current in the 0.8 © resistor 


Problem 9. Use Thévenin’s theorem to determine the 
current J flowing in the 4Q resistor shown in Fig- 
ure 13.36(a). Find also the power dissipated in the 4 Q 
resistor. 


Following the procedure: 


(1) The 4 Q resistor is removed from the circuit as shown 
in Figure 13.36(b). 


A 
ones 
n=2Q fp=1Q 
B 
(c) 
I 
E=22V : 
ee A-40 
B 


Figure 13.36 
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E,—E, 4-2 2 
mtr 2+1 3 
P.d. across AB, E=E); —Ir1 =4 
(see Section 13.4(i11)) 


(ii) Current J; = 


(3) @=23v 


(Alternatively, p.d. across AB, 
E=E,—Ir2 
=2- (3) =24V 
(iii) Removing the sources of e.m.f. gives the circuit 


shown in Figure 13.36(c), from which resistance 


2x1 2 
- ==2 


r= = 
2+1 3 


(iv) The equivalent Thévenin’s circuit is shown in Fig- 
ure 13.36(d), from which, 


E 24 8/3 
r+R 344 = 14/3 


current, [ 


a eh = 0.571A 
14 


= current in the 4 Q resistor 


Power dissipated in 4 Q resistor, 
P=[?R=(0.571)" (4)=1.304W 


Problem 10. Use Thévenin’s theorem to determine 
the current flowing in the 3 Q resistance of the net- 
work shown in Figure 13.37(a). The voltage source 
has negligible internal resistance. 


(Note the symbol for an ideal voltage source in Fig- 
ure 13.37(a) which may be used as an alternative to the 
battery symbol.) 


Following the procedure 


(1) The 3 Q resistance is removed from the circuit as 
shown in Figure 13.37(b). 
(ii) The 13 Q resistance now carries no current. 


1 
Pd. across 10 Q resistor = a (24) 
10+5 


= 16 V (see Section 13.4(v)). 


Hence p.d. across AB, E= 16 V 

(iii) Removing the source of e.m.f. and replacing it by its 
internal resistance means that the 20 Q resistance is 
short-circuited as shown in Figure 13.37(c) since its 
internal resistance is zero. The 20 Q resistance may 
thus be removed as shown in Figure 13.37(d) (see 
Section 13.4 (vi)). 


Figure 13.37 
From Figure 13.37(d), resistance, 
2 10x5 
r=1-+ 
10+5 
2 
=li+ a0 =52 
3. 15 


(iv) The equivalent Thévenin’s circuit is shown in Fig- 
ure 13.37(e), from which 
E 16 16 
current, [ 2A 
r+R 3+5 8 


= current in the 3 Q resistance 


Problem 11. A Wheatstone Bridge network is shown 
in Figure 13.38(a). Calculate the current flowing in 
the 32 Q resistor, and its direction, using Thévenin’s 
theorem. Assume the source of e.m.f. to have negligi- 
ble resistance. 
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Cc 
2Q 14.9 
A B 
110 3Q 
D 


Figure 13.38 


Following the procedure: 


(i) The 32Q resistor is removed from the circuit as 
shown in Figure 13.38(b) 


(ii) The p.d. between A and C, 


V, (- Je (5) «4 8.31V 
AO= Vege) Ne) 


The p.d. between B and C, 


ae (a (E)= ee (54) = 44.47V 
oor Ro+R3 ~\4443 ee 


Hence the p.d. between A and B= 44.47 —8.31= 
36.16V 

Point C is at a potential of +54V. Between C and 
A is a voltage drop of 8.31 V. Hence the voltage at 
point A is 54 — 8.31 = 45.69 V. Between C and B is 
a voltage drop of 44.47 V. Hence the voltage at point 
B is 54— 44.47 =9.53 V. Since the voltage at A is 
greater than at B, current must flow in the direction 
A to B. (See Section 13.4 (vii)). 

(iii) Replacing the source of e.m.f. with a short-circuit 
(i.e. zero internal resistance) gives the circuit shown 
in Figure 13.38(c). The circuit is redrawn and simpli- 
fied as shown in Figure 13.38(d) and (e), from which 
the resistance between terminals A and B, 


4x3 22 42 


2x11 ; 
SE es. 18, 
= 1,692 + 2.471 = 4.1632 


(iv) The equivalent Thévenin’s circuit is shown in Fig- 
ure 13.38(f), from which, 


E 36.16 
r+R5 4.163+32 — 


current [ = 


Hence the current in the 32 Q resistor of Fig- 
ure 13.38 (a) is 1A, flowing from A to B 


Now try the following exercise. 


Exercise 42 Further problems on Thévenin’s 
theorem 


1. Use Thévenin’s theorem to find the current flow- 
ing in the 14 resistor of the network shown in 
Figure 13.39. Find also the power dissipated in the 
14 Q resistor. 

[0.434A, 2.64 W] 


Figure 13.39 
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2. Use Thévenin’s theorem to find the current flowing 
in the 6 Q resistor shown in Figure 13.40 and the 
power dissipated in the 4 Q resistor. 

[2.162 A, 42.07 W] 


Figure 13.40 


3. Repeat problems | to 4 of Exercise 41 on page 140 
using Thevenin’s theorem. 


4. In the network shown in Figure 13.41, the bat- 
tery has negligible internal resistance. Find, using 
Thévenin’s theorem, the current flowing in the 4 Q 


resistor. 
[0.918 A] 
100 6 
Base ae, 
28 V 
Figure 13.41 


5. For the bridge network shown in Figure 13.42, find 
the current in the 5 Q resistor, and its direction, by 
using Thévenin’s theorem. 

[0.153 A from B to A] 


6.6vy A B 


Figure 13.42 


13.6 Constant-current source 


A source of electrical energy can be represented by a 
source of e.m.f. in series with a resistance. In Section 
13.5, the Thévenin constant-voltage source consisted of 
a constant e.m.f. E in series with an internal resistance 
r. However this is not the only form of representation. 
A source of electrical energy can also be represented by 
a constant-current source in parallel with a resistance. It 


may be shown that the two forms are equivalent. An ideal 
constant-voltage generator is one with zero internal 
resistance so that it supplies the same voltage to all loads. 
An ideal constant-current generator is one with infinite 
internal resistance so that it supplies the same current to 
all loads. 

Note the symbol for an ideal current source (BS 3939, 
1985), shown in Figure 13.43. 


Figure 13.43 


13.7 Norton’s theorem 


Norton’s theorem states: 


‘The current that flows in any branch of a network is 
the same as that which would flow in the branch if it 
were connected across a source of electrical energy, the 
short-circuit current of which is equal to the current that 
would flow in a short-circuit across the branch, and 
the internal resistance of which is equal to the resist- 
ance which appears across the open-circuited branch 
terminals.’ 


The procedure adopted when using Norton’s theorem is 
summarized below. 

To determine the current flowing in a resistance R of a 
branch AB of an active network: 


(i) short-circuit branch AB 

(ii) determine the short-circuit current Jsc flowing in the 
branch 

(iii) remove all sources of e.m.f. and replace them by 
their internal resistance (or, if a current source exists, 
replace with an open-circuit), then determine the 
resistance r,‘looking-in’ at a break made between 
A and B 

(iv) determine the current J flowing in resistance R 
from the Norton equivalent network shown in Fig- 
ure 13.43, i.e. 


r 
I= | ——_]I 
(<3) ne 
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Problem 12. Use Norton’s theorem to determine the 
current flowing in the 10 Q resistance for the circuit 
shown in Figure 13.44(a). 


Problem 13. Use Norton’s theorem to determine 
the current J flowing in the 4 Q resistance shown in 
Figure 13.45(a). 


Following the above procedure: 


(i) The branch containing the 10 Q resistance is short- 
circuited as shown in Figure 13.44(b). 

(ii) Figure 13.44(c) is equivalent to Figure 13.44(b). 
Hence 


10 
Isc = — =5A 
SC 5 
(iii) If the 10V source of e.m.f. is removed from Fig- 
ure 13.44(b) the resistance ‘looking-in’ at a break 
made between A and B is given by: 


_ 2x8 
248 


r = 162 


(iv) From the Norton equivalent network shown in Fig- 
ure 13.44(d) the current in the 10 Q resistance, by 
current division, is given by: 


1.6 
a 5) = 0.482A 
Gace 3) ) 


as obtained previously in problem 7 using Thévenin’s 
theorem. 


10V 


20 


Figure 13.44 


B 


Figure 13.45 
Following the procedure: 


(i) The 4Q branch is short-circuited as shown in Fig- 
ure 13.45(b). 
(ii) From Figure 13.45(b), Isc=l)t+h=3+7=4A 
(iii) If the sources of e.m.f. are removed the resistance 
‘looking-in’ at a break made between A and B is 


given by: 


2x1 2 


r= — 
2+1 3 


(iv) From the Norton equivalent network shown in Fig- 
ure 13.45(c) the current in the 4Q resistance is 
given by: 


2/3 
[= aa (4) = 0.5714, 
(2/3)+4 
as obtained previously in problems 2, 5 and 9 using 
Kirchhoff’s laws and the theorems of superposition 
and Thévenin. 


Problem 14. Use Norton’s theorem to determine the 
current flowing in the 3 Q resistance of the network 
shown in Figure 13.46(a). The voltage source has 
negligible internal resistance. 
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[2 102 | jZ02Qf 


24V 
@) 
& Ae 
ict [hoa[foa@feav tsp 24v oa 
e B 


Figure 13.46 


Following the procedure: 


(i) The branch containing the 3 Q resistance is short- 
circuited as shown in Figure 13.46(b). 
(ii) From the equivalent circuit shown in Figure 13.46(c), 


24 
Isc = > =4.8A 


(iii) If the 24V source of e.m.f. is removed the resist- 
ance ‘looking-in’ at a break made between A and B 
is obtained from Figure 13.46(d) and its equivalent 
circuit shown in Figure 13.46(e) and is given by: 


10x5 50 
r= => 
10+5 15 


1 
= 3-2 
3 


(iv) From the Norton equivalent network shown in Fig- 
ure 13.46(f) the current in the 3Q resistance is 
given by: 


31 
I= | ——+—_ | 4.8) = 2A, 
3541343 


as obtained previously in problem 10 using Thévenin’s 
theorem. 


Problem 15. Determine the current flowing in the 2 Q 
resistance in the network shown in Figure 13.47(a). 


Figure 13.47 


Following the procedure: 


(i) The 2 Q2 resistance branch is short-circuited as shown 
in Figure 13.47(b). 
(ii) Figure 13.47(c) is equivalent to Figure 13.47(b). 


6 
Hence lsc = (=) (15) = 9A by current division. 


(iii) If the 15A current source is replaced by an open- 
circuit then from Figure 13.47(d) the resistance 
‘looking-in’ at a break made between A and B is given 
by (6+ 4) Q in parallel with (8 + 7) Q, ie. 


_ OMS) _ 150 _ 6g 
10+ 15 25 


(iv) From the Norton equivalent network shown in Fig- 
ure 13.47(e) the current in the 2Q resistance is 
given by: 


6 
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Now try the following exercise. 


Exercise 43 Further problems on Norton’s 
theorem 


1. Repeat problems | to 4 of Exercise 41 on page 140 
using Norton’s theorem. 


2. Repeat problems 1, 2, 4 and 5 of Exercise 42 on 
page 145 using Norton’s theorem. 


3. Determine the current flowing in the 6 Q resistance 
of the network shown in Figure 13.48 by using 
Norton’s theorem. [2.5 mA] 


Figure 13.48 


13.8 Thévenin and Norton equivalent networks 


The Thévenin and Norton networks shown in Figure 13.49 
are equivalent to each other. The resistance ‘looking-in’ 
at terminals AB is the same in each of the networks, 
Le. r. 


Ill 


Figure 13.49 


If terminals AB in Figure 13.49(a) are short-circuited, 
the short-circuit current is given by E/r. If terminals 
AB in Figure 13.49(b) are short-circuited, the short- 
circuit current is Isc. For the circuit shown in Fig- 
ure 13.49(a) to be equivalent to the circuit in Figure 
13.49(b) the same short-circuit current must flow. Thus 
Isc =Elr. 

Figure 13.50 shows a source of e.m.f. F in series with 
a resistance r feeding a load resistance R. 


Figure 13.50 


From Figure 13.50, 7 = 


E/r ( r )F 
r+R (r+R)/r r+R/r 


; 
i.e. l= I 
(=) a 


From Figure 13.51 it can be seen that, when viewed from 
the load, the source appears as a source of current Isc 
which is divided between r and R connected in parallel. 


Iec / 


|: it 


Figure 13.51 


Thus the two representations shown in Figure 13.49 are 
equivalent. 


Problem 16. Convert the circuit shown in Fig- 
ure 13.52 to an equivalent Norton network. 
A 
10V | 
29 
B 
Figure 13.52 


If terminals AB in Figure 13.52 are short-circuited, the 
short-circuit current Isc = 2 =5A 
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The resistance ‘looking-in’ at terminals AB is 2 Q. 
Hence the equivalent Norton network is as shown in 
Figure 13.53. 


A 
Isc=5A 
r=2Q 
B 
Figure 13.53 
Problem 17. Convert the network shown in Fig- 
ure 13.54 to an equivalent Thévenin circuit. 
A 
4A 
30 
B 
Figure 13.54 


The open-circuit voltage E across terminals AB in Fig- 
ure 13.54 is given by: E = (Isc) (r) = (4) (3) = 12V. 

The resistance ‘looking-in’ at terminals AB is 3 Q. 
Hence the equivalent Thévenin circuit is as shown in 
Figure 13.55. 


A 


Figure 13.55 


Problem 18. (a) Convert the circuit to the left of 
terminals AB in Figure 13.56(a) to an equivalent 
Thévenin circuit by initially converting to a Norton 
equivalent circuit. (b) Determine the current flowing 
in the 1.8 Q resistor. 


A A 
16A 
ia2vi 
1.29 
120 
B 
(0) @° 


Figure 13.56 


(a) For the branch containing the 12 V source, converting 
to a Norton equivalent circuit gives Isc = 12/3 =4A 
and r; =3Q. For the branch containing the 24V 
source, converting to a Norton equivalent circuit 
gives Iscz = 24/2 = 12A and r2 =2Q. 

Thus Figure 13.56(b) shows a network equivalent to 
Figure 13.56(a). 


From Figure 13.56(b) the total short-circuit current 
is4+12=16A 


and the total resistance is given by: S =1.2Q 


Thus Figure 13.56(b) simplifies to Figure 13.56(c). 


The open-circuit voltage across AB of Fig- 
ure 13.56(c), E = (16)(1.2) = 19.2 V, and the resist- 
ance ‘looking-in’ at AB is 1.2 Q. Hence the Thévenin 
equivalent circuit is as shown in Figure 13.56(d). 

(b) When the 1.8 Q resistance is connected between ter- 
minals A and B of Figure 13.56(d) the current / 
flowing is given by: 


19.2 


= ——— =64A 
1.2+ 1.8 


Problem 19. Determine by successive conversions 
between Thévenin and Norton equivalent networks a 
Thévenin equivalent circuit for terminals AB of Fig- 
ure 13.57(a). Hence determine the current flowing in 
the 200 Q resistance. 


For the branch containing the 10 V source, converting to 
a Norton equivalent network gives 


10 
Isc = 2000 = 5mA andr) =2kQ. 
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1.2kQ 


Figure 13.57 


For the branch containing the 6 V source, converting to a 
Norton equivalent network gives 


Isc = 2mA and ro = 3kQ. 


~ 3000 
Thus the network of Figure 13.57(a) converts to Fig- 
ure 13.57(b). 

Combining the SmA and 2mA current sources gives 
the equivalent network of Figure 13.57(c) where the short- 


circuit current for the original two branches considered is 
7 mA and the resistance is 


2x3 
24+3 


= 1.2kQ. 


Both of the Norton equivalent networks shown in Fig- 
ure 13.57(c) may be converted to Thévenin equiva- 
lent circuits. The open-circuit voltage across CD is: 


(7 x 1073) (1.2 x 10°) = 8.4 V and the resistance ‘looking- 
in’ at CD is 1.2kQ. 

The open-circuit voltage across EF is (1 x 1073) 
(600) =0.6V and the resistance ‘looking-in’ at EF is 
0.6 kQ. Thus Figure 13.57(c) converts to Figure 13.57(d). 
Combining the two Thévenin circuits gives 


E=8.4—0.6=7.8V and the resistance 

r=(1.24+0.6) kQ=1.8kQ. 

Thus the Thévenin equivalent circuit for terminals AB of 
Figure 13.57(a) is as shown in Figure 13.57(e). 


Hence the current J flowing in a 200 resistance con- 
nected between A and B is given by: 


7.8 7.8 


| = =3.9mA 
1800+ 200 2000 


Now try the following exercise. 


Exercise 44 Further problems on Thévenin and 
Norton equivalent networks 


1. Convert the circuits shown in Figure 13.58 to 
Norton equivalent networks. 

[(a) Isc = 25A, PSZQ 

(b) Isc =2 mA, r=5 Q] 


50 uf fio mv 
2Q 5 Q 
(a) (b) 
Figure 13.58 


2. Convert the networks shown in Figure 13.59 to 
Thévenin equivalent circuits. 

[(a) E = 20V, r=4Q 

(b) E= 12 mV, r=3 Q] 


5A 
4Q 


(a) 
Figure 13.59 
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3. (a) Convert the network to the left of terminals 
AB in Figure 13.60 to an equivalent Thévenin 
circuit by initially converting to a Norton 
equivalent network. 

(b) Determine the current flowing in the 1.8Q 
resistance connected between A and B in 
Figure 13.60. 

[(a) E= 18 V, r=1.2 Q (b) 6A] 


Figure 13.60 


4. Determine, by successive conversions between 
Thévenin and Norton equivalent networks, a 
Thévenin equivalent circuit for terminals AB of Fig- 
ure 13.61. Hence determine the current flowing in 
a 6 Q resistor connected between A and B. 

[E=95 V,r=19, 135A] 


Figure 13.61 


13.9 Maximum power transfer theorem 


The maximum power transfer theorem states: 


‘The power transferred from a supply source to a load is 
at its maximum when the resistance of the load is equal to 
the internal resistance of the source.’ 


Hence, in Figure 13.62, when R = r the power transferred 
from the source to the load is a maximum. 


Source 


ES ae, ae 


Figure 13.62 


Typical practical applications of the maximum power 
transfer theorem are found in stereo amplifier design, 
seeking to maximize power delivered to speakers, and 
in electric vehicle design, seeking to maximize power 
delivered to drive a motor. 


Problem 20. The circuit diagram of Figure 13.63 
shows dry cells of source e.m.f. 6 V, and internal resist- 
ance 2.5 Q. If the load resistance Ry is varied from 0 
to 5 Q in 0.5 Q steps, calculate the power dissipated by 
the load in each case. Plot a graph of Ry (horizontally) 
against power (vertically) and determine the maximum 
power dissipated. 


Figure 13.63 
E 6 
When R,=0, current J/= = —=2.4A and 
r+R, 2.5 
power dissipated in Ry, P= Rr, 
i.e. P=(2.4)" (0)=0W 


r+Ryp 2.5+0.5 


and =P=/?R, =(2)? (0.5)=2W 


When R;, = 0.5 Q, current J = 


When R; = 1.0 2, current / = =1.714A 


2.5+1.0 
and = P=(1.714) (1.0) =2.94W 
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With similar calculations the following table is produced: 


_ =) 
Ri (Q) = og P=IR,(W) 
0 2.4 0 
0.5 2.0 2.00 
1.0 1.714 2.94 
1.5 1.5 3.38 
2.0 1.333 3.56 
2.5 1.2 3.60 
3.0 1.091 3.57 
3:5 1.0 3.50 
4.0 0.923 3.41 
4.5 0.857 3.31 
5.0 0.8 3.20 


A graph of Ry against P is shown in Figure 13.64. The 
maximum value of power is 3.60 W which occurs when 
R_ is 2.5 Q, i.e. maximum power occurs when R; =r, 
which is what the maximum power transfer theorem states. 


Figure 13.64 


Problem21. Ad.c. source has an open-circuit voltage 
of 30V and an internal resistance of 1.5 &. State the 
value of load resistance that gives maximum power 
dissipation and determine the value of this power. 


The circuit diagram is shown in Figure 13.65. From the 
maximum power transfer theorem, for maximum power 
dissipation, 


E=30 v| 


Rr 
r=1.50 


Figure 13.65 


R,p=r=152 
30 
r+R, 15415 — 


Power P = /?R, = (10)?(1.5) = 150 W = maximum power 
dissipated 


From Figure 13.65, current / = 10A 


Problem 22. Find the value of the load resistor Ry 
shown in Figure 13.66(a) that gives maximum power 
dissipation and determine the value of this power. 


A 
15V 15V 
R, 12Q E 12.Q 
30 30 
(a) Bb) 
A i] 
E=12V 
R, 
r=2.49 


Figure 13.66 


Using the procedure for Thévenin’s theorem: 


(i) Resistance Ry is removed from the circuit as shown 
in Figure 13.66(b). 

(ii) The p.d. across AB is the same as the p.d. across the 
12 Q resistor. 


Hence E = ( Jas)=12v 


1243 
(iii) Removing the source of e.m.f. gives the circuit of 
Figure 13.66(c), 
12 
se eee ye 
124+3 15 
(iv) The equivalent Thévenin’s circuit supplying termin- 
als AB is shown in Figure 13.66(d), from which, 
current, J = E/(r + Rx) 


from which resistance, r= 


For maximum power, Rp =r=2.4Q. 


12 


—— =25A. 
2.44 2.4 


Thus current, / = 


Power, P, dissipated in load Rz, 
P=PR, = (2.5) (2.4)=15W 
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Now try the following exercise. 


1. 


Exercise 45 Further problems on the maximum 
power transfer theorem 


A d.c. source has an open-circuit voltage of 20 V and 
an internal resistance of 2 (2. Determine the value 
of the load resistance that gives maximum power 
dissipation. Find the value of this power. 

[2 2, SOW] 


. Ad.c. source having an open-circuit voltage of 42 V 


and an internal resistance of 3 Q is connected to 
a load of resistance Rz. Determine the maximum 
power dissipated by the load. [147 W] 


. A voltage source comprising six 2 V cells, each hav- 


ing an internal resistance of 0.2 Q, is connected to 
a load resistance R. Determine the maximum power 
transferred to the load. [30 W] 


. The maximum power dissipated in a 4Q load is 


100W when connected to a d.c. voltage V and 

internal resistance r. Calculate (a) the current in the 

load, (b) internal resistance r, and (c) voltage V. 
[(a) 5A (b) 4Q (c) 40V] 


. Determine the value of the load resistance Ry 


shown in Figure 13.67 that gives maximum power 
dissipation and find the value of the power. 
[Rr = 1.6 2, P=57.6 W] 


24V 
21] [82 | 


Figure 13.67 


14 Alternating voltages and currents 


At the end of this chapter you should be able to: 


@ appreciate why a.c. is used in preference to d.c. 

e describe the principle of operation of an a.c. 
generator 

e distinguish between unidirectional and alternating 
waveforms 

e define cycle, period or periodic time T and frequency 
f of a waveform 


1 
e perform calculations involving T = — 


e define instantaneous, peak, mean and rms values, 
and form and peak factors for a sine wave 


e calculate mean and rms values and form and peak 
factors for given waveforms 

e understand and perform calculations on the general 
sinusoidal equation v = V,, sin(wt + ¢) 

e understand lagging and leading angles 

e combine two sinusoidal waveforms (a) by plotting 
graphically, (b) by drawing phasors to scale and (c) 
by calculation 

e understand rectification, and describe methods of 
obtaining half-wave and full-wave rectification 


14.1 Introduction 


Electricity is produced by generators at power stations 
and then distributed by a vast network of transmission 
lines (called the National Grid system) to industry and for 
domestic use. It is easier and cheaper to generate alter- 
nating current (a.c.) than direct current (d.c.) and a.c. is 
more conveniently distributed than d.c. since its voltage 
can be readily altered using transformers. Whenever d.c. 
is needed in preference to a.c., devices called rectifiers are 
used for conversion (see Section 14.7). 


14.2 The a.c. generator 


Let a single turn coil be free to rotate at constant angu- 
lar velocity symmetrically between the poles of a magnet 
system as shown in Figure 14.1. 


Figure 14.1 


An e.m.f. is generated in the coil (from Faraday’s 
Laws) which varies in magnitude and reverses its direc- 
tion at regular intervals. The reason for this is shown in 
Figure 14.2. In positions (a), (e) and (i) the conductors 
of the loop are effectively moving along the magnetic 
field, no flux is cut and hence no e.m-f. is induced. In 
position (c) maximum flux is cut and hence maximum 
e.m.f. is induced. In position (g), maximum flux is cut 
and hence maximum e.m.f. is again induced. However, 
using Fleming’s right-hand rule, the induced e.m.f. is in 
the opposite direction to that in position (c) and is thus 
shown as —E. In positions (b), (d), (f) and (h) some flux is 
cut and hence some e.m.f. is induced. If all such positions 
of the coil are considered, in one revolution of the coil, 
one cycle of alternating e.m.f. is produced as shown. This 
is the principle of operation of the a.c. generator (i.e. the 
alternator). 


0) 


i) 
res 


Induced e.m.f 


| 
tm 


Figure 14.2 
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14.3 Waveforms 


If values of quantities which vary with time ¢ are plotted to 
a base of time, the resulting graph is called a waveform. 
Some typical waveforms are shown in Figure 14.3. Wave- 
forms (a) and (b) are unidirectional waveforms, for, 
although they vary considerably with time, they flow in 
one direction only (i.e. they do not cross the time axis 
and become negative). Waveforms (c) to (g) are called 
alternating waveforms since their quantities are contin- 
ually changing in direction (i.e. alternately positive and 
negative). 


+ + 
Vv | 
0 t 0 i 7 
= _| Rectangular 
pulse 
(a) (b) 
+ 
+ 
V f 
0 7 0 
= Square -| Sawtooth 
wave 
(c) wave (d) 


wave 


re 
Vv 
e i 
“| Triangular 
(e) 


Sine wave 


Periodic 
time, T 


Figure 14.3 


A waveform of the type shown in Figure 14.3(g) is 
called a sine wave. It is the shape of the waveform of e.m_f. 
produced by an alternator and thus the mains electricity 
supply is of ‘sinusoidal’ form. 

One complete series of values is called a cycle (i.e. from 
O to P in Figure 14.3(g)). 

The time taken for an alternating quantity to complete one 
cycle is called the period or the periodic time, 7, of the 
waveform. 

The number of cycles completed in one second is called the 
frequency, f, of the supply and is measured in hertz, Hz. 


The standard frequency of the electricity supply in Great 
Britain is 50 Hz. 


Problem 1. Determine the periodic time for frequen- 
cies of (a) 50 Hz and (b) 20 kHz. 


1 
(a) Periodic time T= — = 50 = 0.02 s or 20 ms 


1 
= ——— = (0.000 05s or 50 ts 


(b) Periodic time T = 
20 000 


1 
id 
1 
f 


Problem 2. Determine the frequencies for periodic 
times of (a) 4 ms, (b) 4 us. 


ie gost dS, 4 We 

a requency fj = T = rep 1033 = z — Z 
1 1 1000 000 

b FE => — => 

ae aa a ae OST 4 


= 250 000 Hz or 250 kHz or 0.25 MHz 


Problem3. Analternating current completes 5 cycles 
in 8 ms. What is its frequency? 


1.6 ms = periodic time T 


8 
Time for 1 cycle 5 ms 


1 1 1000 10000 
EY egies eG 
~ 625 Hz 


Now try the following exercise. 


Exercise 46 Further problems on frequency and 
periodic time 


1. Determine the periodic time for the following 
frequencies: 
(a) 2.5 Hz (b) 100 Hz (c) 40 kHz 
[(a) 0.4 (b) 10 ms (c) 25 ws] 
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2. Calculate the frequency for the following periodic 
times: 
(a) 5 ms (b) 50 ws (c) 0.25 
[(a) 0.2 kHz (b) 20 kHz (c) 5 Hz] 


3. An alternating current completes 4 cycles in 5 ms. 
What is its frequency? [800 Hz] 


14.4 A.c. values 


Instantaneous values are the values of the alternating 
quantities at any instant of time. They are represented by 
small letters, i, v, e, etc. (see Figures 14.3(f) and (g)). 

The largest value reached in a half cycle is called the 
peak value or the maximum value or the amplitude of 
the waveform. Such values are represented by Vin, Im, 
etc. (see Figures 14.3(f) and (g)). A peak-to-peak value 
of e.m.f. is shown in Figure 14.3(g) and is the difference 
between the maximum and minimum values in a cycle. 

The average or mean value of a symmetrical alternat- 
ing quantity, (such as a sine wave), is the average value 
measured over a half cycle, (since over a complete cycle 
the average value is zero). 


area under the curve 
Average or mean value = 


length of base 


The area under the curve is found by approximate methods 
such as the trapezoidal rule, the mid-ordinate rule or Simp- 
son’s rule. Average values are represented by Vay, Lay, etc. 


For a sine wave, 
average value = 0.637 x maximum value 
(i.e. 2/7 x maximum value) 


The effective value of an alternating current is that cur- 
rent which will produce the same heating effect as an 
equivalent direct current. The effective value is called the 
root mean square (rms) value and whenever an alter- 
nating quantity is given, it is assumed to be the rms 
value. For example, the domestic mains supply in Great 
Britain is 240 V and is assumed to mean ‘240 V rms’. The 
symbols used for rms values are J, V, E, etc. For a non- 
sinusoidal waveform as shown in Figure 14.4 the rms value 


is given by: 
y= (Eo) 
n 


where n is the number of intervals used. 


dl 


7 Time 


Current 


Figure 14.4 


For a sine wave, 
rms value = 0.707 x maximum value 


(i.e. 1/2 x maximum value) 


rms value ; 
For a sine wave, 


form factor = 1.11 


Form factor = 


average value 


maximum value 


Peak factor = For a sine wave, 


rms value peak factor = 1.41 


The values of form and peak factors give an indication of 
the shape of waveforms. 


Problem 4. For the periodic waveforms shown in 
Figure 14.5 determine for each: (i) frequency (ii) aver- 
age value over half a cycle (iii) rms value (iv) form 
factor and (v) peak factor. 


10 


Time (ms) 


Figure 14.5 
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(a) Triangular waveform (Figure 14.5(a)) 


(i) Time for | complete cycle = 20 ms = periodic 


time, T 
Hence frequency f = = = : == ue 
T 20x 10-3 20 
= 50Hz 
(ii) Area under the triangular waveform for a half 


cycle 
— 5 x base x height = 5 x (10 x 1073) x 200 
= 1 volt second 

Average value of waveform 


1 volt second 
~ lengthofbase 10 x 1073 second 


1000 
= —— = 100V 
10 


(iii) In Figure 14.5(a), the first 1/4 cycle is divided 
into 4 intervals. 


2 2 2 2 
vy + U5 + U3 + 0v 
Thus rms vate= 1 2 : 3 :) 


area under curve 


21 2 2 
a an ae 
(iii) The rms value = (ee) =10A 


n 


however many intervals are chosen, since the wave- 
form is rectangular. 


rms value 10 
(iv) Form factor = = =1 
average value 10 


maximum value 10 


~ 10 


(v) Peak factor = =1 


rms value 


Problem5. The following table gives the correspond- 
ing values of current and time for a half cycle of 
alternating current. 


time t 
(ms) 
current 0 7 14 23 40 56 68 76 60 5 O 
i(A) 


005 1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0 


Assuming the negative half cycle is identical in shape 
to the positive half cycle, plot the waveform and find 
(a) the frequency of the supply, (b) the instantaneous 
values of current after 1.25 ms and 3.8 ms, (c) the peak 
or maximum value, (d) the mean or average value, and 
(e) the rms value of the waveform. 


i 252 + 752 + 1252 + 1752 
> 4 
=114.6V 


(Note that the greater the number of intervals chosen, 
the greater the accuracy of the result. For example, if 
twice the number of ordinates as that chosen above 
are used, the rms value is found to be 115.6 V) 


] 114.6 
(iv) Form factor = siete =1.15 
average value 100 
(oy! Peak taiok= maximum value 200 175 


~ 114.6 
(b) Rectangular waveform (Figure 14.5(b)) 


rms value 


(i) Time for 1 complete cycle = 16 ms = periodic time, 


T 
1 1000 
H fi = => = 
ence frequency, f 7 Iexioa 16 
= 62.5 Hz 


d 
(ii) Average value over half a cycle = Sane 
length of base 


_ 10x (8x 107°) 
8x 10-3 
=10A 


) 


The half cycle of alternating current is shown plotted in 
Figure 14.6 


(a) Time for a half cycle=5ms. Hence the time for 
1 cycle, i.e. the periodic time, T = 10 ms or 0.01 s 


1 1 
Frequency, f = T~O017 100 Hz 


(b) Instantaneous value of current after 1.25 ms is 19A, 
from Figure 14.6 


Instantaneous value of current after 3.8ms is 70A, 
from Figure 14.6 


(c) Peak or maximum value = 76A 


area under curve 
(d) Mean or average value = ———___—_ 
length of base 


Using the mid-ordinate rule with 10 intervals, each of 
width 0.5 ms gives: 
area under curve 
= (0.5 x 1077)[3 + 10 + 19 + 30 + 49 + 63 
+73 + 72 + 30 + 2] (see Figure 14.6) 
= (0.5 x 1077)(351) 
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Maximum value =76 A 


RMS value = 43.8 A 


Average value =35.1A 


Time t (ms) 


Figure 14.6 


(0.5 x 1073)(351) 
5 x 10-3 
=35.1A 


Hence mean or average value = 


(e) rms value 


37 + 107 + 197 + 30? + 49? + 6374 
/ 732 + 722 + 302 + 22 
~ 10 


1 
es (AS) = 43.84 
10 


Problem 6. Calculate the rms value of a sinusoidal 
current of maximum value 20 A. 


For a sine wave, rms value = 0.707 x maximum value 


= 0.707 x 20=14.14A 


Problem 7. Determine the peak and mean values for 
a 240V mains supply. 


For a sine wave, rms value of voltage V = 0.707 x Vin 


A 240V mains supply means that 240 V is the rms value, 
hence 


V 240 
0.707 = 0.707 


Mean value Vay = 0.637 Vi, = 0.637 x 339.5 = 216.3 V 


m 


339.5 V = peak value 


Problem 8. A supply voltage has a mean value of 
150 V. Determine its maximum value and its rms value. 


For a sine wave, mean value = 0.637 x maximum value 
mean value 150 


= = 235.5 
0.637 0.637 oP 


Hence maximum value = 


rms value = 0.707 x maximum value = 0.707 x 235.5 
= 166.5V 


Now try the following exercise. 


Exercise 47 Further problems on a.c values of 
waveforms 


1. An alternating current varies with time over half a 
cycle as follows: 


current 0 0.7 2.0 4.2 8.4 8.2 2.5 100402 0 
(A) 
time 0 1 
(ms) 


DR sy 2 3 © 7 & © iO 


The negative half cycle is similar. Plot the curve and 
determine: (a) the frequency (b) the instantaneous 
values at 3.4ms and 5.8 ms (c) its mean value and 
(d) its rms value 

[(a) 50 Hz (b) 5.5A, 3.1 A (c) 2.8A (d) 4.0A] 


2. For the waveforms shown in Figure 14.7 determine 
for each (i) the frequency (ii) the average value over 
half a cycle (iii) the rms value (iv) the form factor 
(v) the peak factor. 

[(a) (@) 100 Hz (ii) 2.50 A (iii) 2.87 A (iv) 1.15 
(v) 1.74 

(b) (i) 250 Hz (ii) 20 V Giii) 20 V (iv) 1.0 (v) 1.0 
(c) G) 125 Hz ii) 18 A (aii) 19.56 A (iv) 1.09 

(v) 1.23 

(d) @) 250 Hz (ii) 25 V (ii) 50 V (iv) 2.0 (v) 2.0] 


3. An alternating voltage is triangular in shape, rising 
at a constant rate to a maximum of 300V in 8 ms 
and then falling to zero at a constant rate in 4 ms. 
The negative half cycle is identical in shape to the 
positive half cycle. Calculate (a) the mean voltage 
over half a cycle, and (b) the rms voltage 

[(a) 150 V (b) 170 V] 
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4. Calculate the rms value of a sinusoidal curve of 
maximum value 300 V [212.1 V] 


5. Find the peak and mean values for a 200 V mains 
supply [282.9 V, 180.2 V] 


6. A sinusoidal voltage has a maximum value of 120 V. 
Calculate its rms and average values. 
[84.8 V, 76.4 V] 


7. A sinusoidal current has a mean value of 15.0A. 
Determine its maximum and rms values. 
[23.55 A, 16.65 A] 


24 8 Time 


100 


(a) ~100 


Figure 14.7 


14.5 The equation of a sinusoidal waveform 


In Figure 14.8, OA represents a vector that is free to rotate 
anticlockwise about 0 at an angular velocity of w rad/s. A 
rotating vector is known as a phasor. 


Figure 14.8 


After time ¢ seconds the vector OA has turned through 
an angle wt. If the line BC is constructed perpendicular to 
OA as shown, then 

: BC . F 
sinwt = — ie. BC = OBsinat 
OB 

If all such vertical components are projected on to a 
graph of y against angle wf (in radians), a sine curve 
results of maximum value OA. Any quantity which varies 
sinusoidally can thus be represented as a phasor. 

A sine curve may not always start at 0°. To show this a 
periodic function is represented by y = sin(wt + #),where 
@ is the phase (or angle) difference compared with 
y= sinwt. In Figure 14.9(a), y2 =sin(wt+ @) starts @ 
radians earlier than y; = sin w¢ and is thus said to lead y; 
by ¢radians. Phasors y; and y2 are shown in Figure 14.9(b) 
at the time when ¢ = 0. 


(a) Yp leads y, by 4 


Le \e rads/s 


¥=sin ot 
Y= sin(ot-¢) 


(c) ¥, leads Y3 by ¢ 


0 Xs 
XX. ie rads/s 
(d) Yq 


Figure 14.9 
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In Figure 14.9(c), y4 = sin(wt— @) starts ¢ radians later 
than y3 = sin wt? and is thus said to lag y3 by @¢ radians. 
Phasors y3 and y4 are shown in Figure 14.9(d) at the time 
when t = 0. 

Given the general sinusoidal voltage, v = V,sin(@t + @), 
then 


(i) Amplitude or maximum value = V,, 
(ii) Peak-to-peak value = 2 V,, 
(iii) Angular velocity = w rad/s 
(iv) Periodic time, T = 277/w seconds 
(v) Frequency, f = w/2z Hz (since w = 27 f) 
(vi) ¢=angle of lag or lead (compared with 
v= V,» sin wt) 


Problem 9. An alternating voltage is given by 
v= 282.8sin314¢ volts. Find (a) the rms voltage, 
(b) the frequency and (c) the instantaneous value of 
voltage when f = 4 ms. 


(a) The general expression for an alternating voltage is 
v = V» sin(wt + ¢). 


Comparing v=282.8sin314t with this general 
expression gives the peak voltage as 282.8 V 


Hence the rms voltage = 0.707 x maximum value 


= 0.707 x 282.8 =200V 
(b) Angular velocity, @ = 314 rad/s, i.e. 27f = 314 


314 
Hence frequency, f = ae 50 Hz 
1 


(c) When t=4 ms, v= 282.8 sin(314 x 4 x 1073) 
= 282.8 sin(1.256) = 268.9V 
180]° 
(Note that 1.256 radians = | 1.256 x — 
Uv 
=71.96° 


Hence v = 282.8 sin 71.96° = 268.9 V) 


Problem 10. An alternating voltage is given by 
v = 75 sin(200zt — 0.25) volts. 


Find (a) the amplitude, (b) the peak-to-peak value, 
(c) the rms value, (d) the periodic time, (e) the fre- 
quency, and (f) the phase angle (in degrees and 
minutes) relative to 75 sin 200zt. 


Comparing v=75sin(200zt — 0.25) with the general 
expression v= V,,, sin(wt + @) gives: 


(a) Amplitude, or peak value= 75 V 

(b) Peak-to-peak value = 2 x 75=150V 

(c) The rms value = 0.707 x maximum value 
=0.707 x 75=53V 

(d) Angular velocity, w = 200z rad/s 


er 20 20 1 
Hence periodic time, T = = = 
o 200z 100 
= 0.01s or 10ms 


1 1 
F =— = _—_ = 100H 
(e) Frequency, f 7 = Dol Z 


(f) Phase angle, ¢ = 0.25 radians lagging 75 sin 200zt 


180\° ‘ ere 
0.25 rads = {| 0.25 x — ] = 14.32° = 14°19 
1 


Hence phase angle = 14°19’ lagging 


Problem 11. An alternating voltage, v, has a periodic 
time of 0.01 s and a peak value of 40 V. When time tf is 
zero, v= —20V. Express the instantaneous voltage in 
the form v= V,, sin(@t + @). 


Amplitude, V,, = 40V 
2 

Periodic time T = als hence angular velocity, 
) 


= _s00m rads 

= Oke te, 
v= V», sin(wt + ¢) thus becomes v = 40 sin(200zt + ¢) V 
When time t=0, v= —20V 


ie. —-20=40sing 
—20 
that sin@ = —— = —0.5 
so that sind 70 


7-1 ° og 
Hence ¢ = sin’ (—0.5) = —30° = ( 30 x ) rads 


180 


cra 
= —-—rads 


Thus v = 40 sin (200zt a =) Vv 


Problem 12. The current in an a.c. circuit at any time 
t seconds is given by: 
i= 120 sin(100zt + 0.36) amperes. Find: 


(a) the peak value, the periodic time, the frequency 
and phase angle relative to 120 sin 100zt 
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(b) the value of the current when t=0 

(c) the value of the current when t = 8 ms 

(d) the time when the current first reaches 60 A, and 
(e) the time when the current is first a maximum 


(a) Peak value=120A 


My rte 20 20 
Periodic time T = — = 
(73) 100 


(since w = 1007) 


= a = 0.02s or 20 ms 
50 


1 1 
Frequency, f = 7-007 50 Hz 


180\° 
Phase angle = 0.36 rads = { 0.36 x —— 
1 


= 20°38’ leading 


(b) When t= 0, i= 120 sin(O0 + 0.36) = 120 sin 20°38’ 
=49.3A 


8 
(c) When t= 8 ms, i= 120 sin 100% (5) + 0.36 


= 120 sin 2.8733(=120 sin 164°38’) = 31.8A 


(d) When i= 60A, 60= 120 sin(100zt + 0.36) 
60 d 
thus 4507 sin(100zt + 0.36) 


so that (100zt + 0.36) = sin~! 0.5 =30° = rads 


= 0.5236 rads 


0.5236 — 0.36 
100z 


Hence time, t = = 0.521 ms 


(e) When the current is a maximum, i= 120A 
Thus 120 = 120 sin(100zt + 0.36) 


1 =sin(100zt + 0.36) 


(100zt + 0.36) = sin-! 1=90° =F rads 


= 1.5708 rads 


1.5708 — 0.36 


= 3.85 
1007 tam 


Hence time, t = 


Now try the following exercise. 


Exercise 48 Further problems on the equation of 
a sinusoidal waveform 


1. An alternating voltage is represented by 
v=20sin157.1t volts. Find (a) the maxi- 
mum value (b) the frequency (c) the periodic time. 
(d) What is the angular velocity of the phasor 
representing this waveform? 

[(a) 20 V (b) 25 Hz (c) 0.04 s (d) 157.1 rads/s] 


2. Find the peak value, the rms value, the periodic 
time, the frequency and the phase angle (in degrees 
and minutes) of the following alternating quantities: 


(a) v=90 sin 400zt volts 
[90 V, 63.63 V, 5 ms, 200 Hz, 0°] 


(b) <=50 sin (100zt + 0.30) amperes 
[50 A, 35.35A, 0.02 s, 50 Hz, 17°11’ lead] 


(c) e= 200 sin (628.4t — 0.41) volts 
[200 V, 141.4 V, 0.01 s, 100 Hz, 23°29’ lag] 


3. A sinusoidal current has a peak value of 30A and 
a frequency of 60 Hz. At time ¢t =0, the current is 
zero. Express the instantaneous current j in the form 
i=I» sin wt {i= 30 sin 120zt A] 


4. Analternating voltage v has a periodic time of 20 ms 
and a maximum value of 200 V. When time t=0, 
v=-—75 volts. Deduce a sinusoidal expression for 
v and sketch one cycle of the voltage showing 
important points. 

{v= 200 sin (100zt — 0.384) V] 


5. The instantaneous value of voltage in an a.c. circuit 
at any time ¢ seconds is given by: 
v= 100sin (50zt — 0.523) V. 
Find: 


(a) the peak-to-peak voltage, the periodic time, the 
frequency and the phase angle 

(b) the voltage when t= 0 

(c) the voltage when t = 8 ms 

(d) the times in the first cycle when the voltage is 
60V 

(e) the times in the first cycle when the voltage is 
—40V, and 

(f) the first time when the voltage is a maximum. 

Sketch the curve for one cycle showing relevant 

points. 
[(a) 200 V, 0.04 s, 25 Hz, 29°58’ lagging 
(b) —49.95 V (c) 66.96 V (d) 7.426 ms, 19.23 ms 
(e) 25.95 ms, 40.71 ms (f) 13.33 ms] 
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14.6 Combination of waveforms 


The resultant of the addition (or subtraction) of two 
sinusoidal quantities may be determined either: 


(a) by plotting the periodic functions graphically (see 
worked Problems 13 and 16), or 

(b) by resolution of phasors by drawing or calculation 
(see worked Problems 14 and 15). 


Problem 13. The instantaneous values of two alter- 
nating currents are given by 7; = 20 sin wt amperes and 
iz = 10 sin(wt + 2/3) amperes. By plotting i) and iz on 
the same axes, using the same scale, over one cycle, 
and adding ordinates at intervals, obtain a sinusoidal 


expression for ij + in. 


iy = 20 sin wt and iz = 10 sin (cr + =) are shown plotted 


in Figure 14.10. 
Ordinates of i, and iz are added at, say, 15° intervals (a 
pair of dividers are useful for this). 


in=20 sin wt +10 sin (wt+3) 


i,= 20 sinet 


ip=10 sin(ot +2) 


Figure 14.10 


For example, 
at 30°, i; +i2=10+10=20A 
at 60°, i) +i2 =8.7+17.3=26A 
at 150°, i; + i2 =10+(—5)=5A, and so on. 


The resultant waveform for i; + i2 is shown by the broken 
line in Figure 14.10. It has the same period, and hence 
frequency, as ij and i7. The amplitude or peak value is 
26.5A. 


The resultant waveform leads the curve i; =20sin wt 
by 19° 


. aa 
i.e. (19 x ww) rads = 0.332 rads 


Hence the sinusoidal expression for the resultant i; + i2 is 
given by: 


ig =i, + in =26.5sin (wt +0.332)A 


Problem 14. Two alternating voltages are 
represented by vj =S50sinwt volts and 
v2 = 100 sin (wt — 2/6) V. Draw the phasor 
diagram and find, by calculation, a sinusoidal 
expression to represent vj + v2. 


Phasors are usually drawn at the instant when time t = 0. 
Thus vj, is drawn horizontally 50 units long and v2 is drawn 
100 units long lagging v; by z/6rads, i.e. 30°. This is 
shown in Figure 14.11(a) where 0 is the point of rotation 
of the phasors. 


V14=50V 
30° 
Vp=100 V 
(a) 
Via 
0 30° 
150° 
Vp 
Y_ b 
(b) 
vy 
<< S 
Vo Vp 
(c) 
Scale: 
QO 25 50 75 
Volts 


Figure 14.11 
Procedure to draw phasor diagram to represent v1 + v2: 


(i) Draw v; horizontal 50 units long, i.e. Oa of Fig- 
ure 14.11(b) 
(ii) Join v2 to the end of v; at the appropriate angle, i.e. 
ab of Figure 14.11(b) 
(iii) The resultant vr = vj + v2 is given by the length Ob 
and its phase angle ¢ may be measured with respect 
to v) 


Alternatively, when two phasors are being added the 
resultant is always the diagonal of the parallelogram, as 
shown in Figure 14.11(c). 

From the drawing, by measurement, vr = 145 V and angle 
o = 20° lagging v1. 
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A more accurate solution is obtained by calculation, 
using the cosine and sine rules. Using the cosine rule on 
triangle Oab of Figure 14.11(b) gives: 


vg = vy + v3 — 2v1 v2 cos 150° 


= 507 + 100% — 2(50)(100) cos 150° 
= 2500 + 10000 — (—8660) 
vr = J(21 160) = 145.5V 


100 145.5 
sing sin 150° 


Using the sine rule, 


100 sin 150° 
145.5 


from which sing= = 0.3436 


and @ = sin™! 0.3436 = 20°6’ = 0.35 radians, and lags v| 
Hence ve = vj + v2 = 145.5 sin(wt — 0.35) V 


Problem 15. Find a sinusoidal expression for 
(i, + i2) of Problem 13, (a) by drawing phasors, (b) by 
calculation. 


(a) The relative positions of i; and iz at time t=0 are 
shown as phasors in Figure 14.12(a). The phasor dia- 
gram in Figure 14.12(b) shows the resultant iz ,and ir 
is measured as 26A and angle ¢ as 19° or 0.33 rads 
leading i. 


Hence, by drawing, ir = 26 sin(wt + 0.33)A 


fp=10 A 
60° 
iy=20A 
(a) 
in 
in= 10 A 
60. 
i=20A 
(b) 
Scale: 


re 
0 5 10 15 20 25 
Amperes 


Figure 14.12 


(b) From Figure 14.12(b), by the cosine rule: 
ip = 207 + 107 — 2(20)(10)( cos 120°) 
from which ir = 26.46A 


10.26.46 
sing sin 120° 
from which ¢ = 19.10° (i.e. 0.333 rads) 


By the sine rule: 


Hence, by calculation ir = 26.46 sin(@t + 0.333) A 


An alternative method of calculation is to use complex 
numbers (see Chapter 23). 


Then 7) + i2 = 20sinwt + 10sin (ot + =) 


=2040 + 1027 rad 


or 200° + 10260° 
= (20 + j0) + (5 + j8.66) 
= (25 + 8.66) = 26.46219.106° 
or 26.4620.333 rad 
= 26.46 sin(wt + 0.333) A 


Problem 16. Two alternating voltages are given by 
vy = 120 sin wt volts and v2 = 200 sin(wt — 2/4) volts. 
Obtain sinusoidal expressions for vj — v2 (a) by plot- 
ting waveforms, and (b) by resolution of phasors. 


(a) vy = 120 sin wt and v2 = 200 sin (wt — 2/4) are shown 
plotted in Figure 14.13. Care must be taken when sub- 
tracting values of ordinates especially when at least 
one of the ordinates is negative. For example 


V>= 200 sin (wt-7) 


v,=120 sin wt , 
a 


Ps 
100 MAM Voy 
/ 
/ 
50 / 
S / 
© 1270° 360° 
Ss oO 
& 2n angle wt 
°o 
> 
—50 
-100 
-150 
~200 
Figure 14.13 
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(b) 


at 30°, vy — v2 = 60 —(—52)=112V 
at 60°, vj —v2 =104—52=52V 
at 150°, vy — v2 = 60 — 193 = —133 V and so on 


The resultant waveform, ve =v; — v2, is shown by 
the broken line in Figure 14.13. The maximum value 
of ur is 143 V and the waveform is seen to lead v1 by 
99° (i.e. 1.73 radians) 


Hence, by drawing, vr = v1—v2 
= 143 sin(t + 1.73) volts 


The relative positions of vj and v2 are shown at time 
t = Oas phasors in Figure 14.14(a). Since the resultant 
of vj — v2 is required, —vz2 is drawn in the opposite 
direction to +v2 and is shown by the broken line in 
Figure 14.14(a). The phasor diagram with the result- 
ant is shown in Figure 14.14(b) where —v2 is added 
phasorially to v1 

By resolution: 


Scale: 


Q 50 100 150 
Volts 


Figure 14.14 
Sum of horizontal components of vj and v2 


= 120cos 0° + 200 cos 135° = —21.42 


Sum of vertical components of vj and v2 
= 120sin0° + 200 sin 135° = 141.4 
From Figure 14.14(c), resultant 
ur = J[(—21.42)* + (141.4)"] = 143.0, 


, 1414 ? 
and tang = 140 = tan 6.6013, from which 


¢ =tan! 6.6013 = 81°23’ and 
¢ = 98°37’ or 1.721 radians 


Hence, by resolution of phasors, 


vR =V1 — v2 = 143.0 sin(w@t + 1.721) volts 


Now try the following exercise. 


Exercise 49 Further problems on the combination 
of waveforms 


1. The instantaneous values of two alternating volt- 
ages are given by vj =5 sin wt and 
v2 = 8 sin(wt — 2/6). By plotting v; and v2 on the 
same axes, using the same scale, over one cycle, 
obtain expressions for (a) vj + v2 and (b) vj — v2 
[(a) vj + v2 = 12.6 sin(wt — 0.32) V 
(b) vy — v2 =4 sin(wt + 2.0) V] 


2. Repeat Problem 1 by calculation 
[(a) 12.58 sin(wt — 0.324) 
(b) 4.44 sin(wt + 2.02)] 


3. Construct a phasor diagram to represent ij + i2 
where ij = 12 sin wt and i7 = 15 sin (wt + 27/3). By 
measurement, or by calculation, find a sinusoidal 
expression to represent i; + i2 

[(23.43 sin(wt + 0.588)] 


4. Determine, either by plotting graphs and adding 
ordinates at intervals, or by calculation, the follow- 
ing periodic functions in the form 
v=V,, sin (ot + @) 


(a) 10sinwt+4sin (wt +7/4) 
[13.14 sin (wt + 0.217)] 


(b) 80sin (@t + 2/3) +50 sin (wt — 17/6) 
[94.34 sin (wt + 0.489)] 


(c) 100 sin wt — 70 sin(wt — 27/3) 
[88.88 sin (wt + 0.751)] 


5. The voltage drops across two components when 
connected in series across an a.c. supply are 
vy = 150 sin 314.2t and v2 = 90 sin(314.2t — 2/5) 
volts respectively. Determine (a) the voltage of the 
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supply, in trigonometric form, (b) the r.m.s. value 

of the supply voltage, and (c) the frequency of the 
supply. 

[(a) 229 sin (314.2t — 0.233) V 

(b) 161.9 V (c) 50 Hz] 


6. Ifthe supply to a circuit is 25 sin 628.3¢ volts and the 
voltage drop across one of the components is 18 sin 
(628.3t — 0.52) volts, calculate (a) the voltage drop 
across the remainder of the circuit, (b) the supply 
frequency, and (c) the periodic time of the supply. 

[(a) 12.96 sin(628.3¢ + 0.762) V 
(b) 100 Hz (c) 10 ms] 


7. The voltages across three components in a series 
circuit when connected across an a.c. supply are: 


v; = 30sin (30021 _ =) volts, 

‘ uA 
v2 = 40 sin (30021 oF a) volts and 
v3 =50sin (30027 + =) volts 
Calculate (a) the supply voltage, in sinusoidal form, 
(b) the frequency of the supply, (c) the periodic 
time, and (d) the r.m.s. value of the supply. 


[(a) 97.39 sin(300zt + 0.620) V (b) 150 Hz 
(c) 6.67 ms (d) 68.85 V] 


14.7 Rectification 


The process of obtaining unidirectional currents and volt- 
ages from alternating currents and voltages is called 
rectification. Automatic switching in circuits is carried 
out by diodes. 

Using a single diode, as shown in Figure 14.15, half- 
wave rectification is obtained. When P is sufficiently 
positive with respect to Q, diode D is switched on and 
current i flows. When P is negative with respect to Q, 
diode D is switched off. Transformer T isolates the equip- 
ment from direct connection with the mains supply and 
enables the mains voltage to be changed. 


a (Se 
T NBT, OUTPUT 


La 


os 


| ost 
| 


Figure 14.15 


Two diodes may be used as shown in Figure 14.16 
to obtain full wave rectification. A centre-tapped 


transformer T is used. When P is sufficiently positive with 
respect to Q, diode D; conducts and current flows (shown 
by the broken line in Figure 14.16). When S is positive 
with respect to Q, diode Dz conducts and current flows 
(shown by the continuous line in Figure 14.16). The cur- 
rent flowing in R is in the same direction for both half 
cycles of the input. The output waveform is thus as shown 
in Figure 14.16. 


Figure 14.16 


Four diodes may be used in a bridge rectifier circuit, as 
shown in Figure 14.17 to obtain full wave rectification. 
As for the rectifier shown in Figure 14.16, the current 
flowing in R is in the same direction for both half cycles 
of the input giving the output waveform shown. 


——-~-— - Current flow when P 
is positive w.r.t. Q 
Current flow when Q 
is positive w.r.t. P 


Figure 14.17 


To smooth the output of the rectifiers described above, 
capacitors having a large capacitance may be connected 
across the load resistor R. The effect of this is shown on 
the output in Figure 14.18. 


OUTPUT 


| B 


Figure 14.18 


Revision test 4 


This revision test covers the material contained in 
chapters 13 and 14. 


The marks for each question are shown in brackets at 
the end of each question. 


1. Find the current flowing in the 5 Q resistor of the circuit 
shown in Figure RT4.1 using (a) Kirchhoff’s laws, (b) 
the superposition theorem, (c) Thévenin’s theorem, (d) 
Norton’s theorem. Demonstrate that the same answer 
results from each method. Find also the current flowing 
in each of the other two branches of the circuit. (27) 


10V 3V 


5Q 
20 1Q 


Figure RT4.1 


2. Ad.c. voltage source has an internal resistance of 2 Q 


and an open-circuit voltage of 24 V. State the value of 
load resistance that gives maximum power dissipation 
and determine the value of this power. (5) 


. A sinusoidal voltage has a mean value of 3.0 A. 


Determine it’s maximum and r.m.s. values. (4) 


. The instantaneous value of current in an a.c. circuit at 


any time ¢ seconds is given by: 
i=50 sin(100zt — 0.45)mA 


Determine 


(a) the peak to peak current, the frequency, the periodic 
time, and the phase angle (in degrees and minutes) 

(b) the current when t=0 

(c) the current when t = 8 ms 

(d) the first time when the current is a maximum. 


Sketch the current for one cycle showing relevant 
points. (14) 
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15 Single-phase series a.c. circuits 


At the end of this chapter you should be able to: 


e draw phasor diagrams and current and voltage wave- 
forms for (a) purely resistive (b) purely inductive and 
(c) purely capacitive a.c. circuits 

e perform calculations involving X,=2zfL and 

1 

~ InfC 

e draw circuit diagrams, phasor diagrams and volt- 
age and impedance triangles for R-L, R-C and 
R-L-C series a.c. circuits and perform calculations 
using Pythagoras’ theorem, trigonometric ratios and 


Z=— 


I 
e understand resonance 
e derive the formula for resonant frequency and use it 
in calculations 


Xc 


e understand Q-factor and perform calculations using 


Vi(or Vc) aL 1 1 / 8 
or or or 
V R @,CR~ RY\C 


e understand bandwidth and half-power points 


e perform calculations involving (fo — f;) =~ 


e understand selectivity and typical values of Q-factor 

e appreciate that power P in an a.c. circuit is given by 
P=VI cos ¢ or IER and perform calculations using 
these formulae 

e understand true, apparent and reactive power and 
power factor and perform calculations involving these 
quantities 


15.1 Purely resistive a.c. circuit 


In a purely resistive a.c. circuit, the current Jp and applied 
voltage Vr are in phase. See Figure 15.1. 


R 
Ip 
'p = 
V2 Va 
CIRCUIT PHASOR 
DIAGRAM DIAGRAM 


CURRENT AND VOLTAGE 
WAVEFORMS 


Figure 15.1 


15.2 Purely inductive a.c. circuit 


In a purely inductive a.c. circuit, the current J, lags the 
applied voltage Vz, by 90° (i.e. 77/2 rads). See Figure 15.2. 


L v, 
ed L 
V, I 


I, lags V;, by 90° 


PHASOR 
DIAGRAM 


CIRCUIT 
DIAGRAM 


CURRENT AND VOLTAGE 
WAVEFORMS 


Figure 15.2 


Ina purely inductive circuit the opposition to the flow of 
alternating current is called the inductive reactance, X7, 


where f is the supply frequency, in hertz, and L is the 
inductance, in henrys. 
Xr is proportional to f as shown in Figure 15.3. 
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Cc 


Vo 


‘ f (Hz) fe 
Figure 15.3 | 
Vo 


Problem 1. (a) Calculate the reactance of a coil of ane 
inductance 0.32 H when it is connected to a 50 Hz sup- Yo+ 

ply. (b) A coil has a reactance of 124 Q ina circuit with ic 

a supply of frequency 5 kHz. Determine the inductance 0 7 
of the coil. 


(a) Inductive reactance, X;, = 2mfL = 27(50)(0.32) 
= 100.52 Figure 15.4 eee 


(b) Since X, = 2zfL, inductance L = XL = 124 H Xc varies with frequency f as shown in Figure 15.5. 
; 2nf  27(5000) 


= 3.95 mH xe 
{(Q) 
Problem 2. A coil has an inductance of 40 mH and 
negligible resistance. Calculate its inductive reactance 
and the resulting current if connected to (a) a 240V, 
50 Hz supply, and (b) a 100 V, 1 kHz supply. 
e f (Hz) 


(a) Inductive reactance, X7, = 2mfL = 27(50)(40 x 1073) Mew tae 
re 72 Problem 3. Determine the capacitive reactance of 
Le = a capacitor of 10 WF when connected to a circuit of 
purenh Xe 257 OS frequency (a) 50 Hz (b) 20 kHz. 
(b) Inductive reactance, Xz, = 27(1000)(40 x 1073) 
1 
= 251.32 (a) Capacitive reactance Xc = ——~ 
V 100 pi he 
Current, 7 = — = —— = 0.398A 1 
Xr 251.3 = 
27(50)(10 x 10-6) 
HOF 
15.3. Purely capacitive a.c. circuit ~ 97(50)(10) 
i er = 318.3 2 
In a purely capacitive a.c. circuit, the current Jc leads the I 


applied voltage Vc by 90° (i.e. 2/2 rads). See Figure 15.4. (b) Xc 


= = 3 —6 
In a purely capacitive circuit the opposition to the 2nfC — 2n(20 x 10°)(10 x 107°) 


flow of alternating current is called the capacitive react- 10° 
ance, Xc ~ 27(20 x 103)(10) 
= 0.796 Q 
Vo I 
om Ic 7 2nfC Hence as the frequency is increased from 50 Hz to 20 kHz, 
Xc decreases from 318.3 Q to 0.796 Q (see Figure 15.5). 


where C is the capacitance in farads. 
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Problem4. A capacitor has a reactance of 40 Q when 
operated on a 50 Hz supply. Determine the value of its 
capacitance. 


Since Xc = , capacitance C = 


1 
2mfXc 
1 
= ——______F 
27(50)(40) 
10° 
27(50)(40) 
= 79.58 pF 


1 
2nfC 


Problem 5. Calculate the current taken by a 23 uF 
capacitor when connected to a 240 V, 50 Hz supply. 


V 
Current / = — = 


V 
Xc 1 
(sc) 


=2nfCV 


= 27(50)(23 x 10~°)(240) 
=1.73A 


Now try the following exercise. 


Exercise50 Further problems on purely inductive 
and capacitive a.c. circuits 


1. Calculate the reactance of a coil of inductance 0.2 H 
when it is connected to (a) a 50 Hz, (b) a 600 Hz, 
and (c) a 40 kHz, supply. 

[(a) 62.83 Q (b) 754 Q (c) 50.27 kQ] 


2. A coil has a reactance of 120 Q in a circuit with a 
supply frequency of 4 kHz. Calculate the inductance 
of the coil. [4.77 mH] 


3. A supply of 240V, 50Hz is connected across a 
pure inductance and the resulting current is 1.2 A. 
Calculate the inductance of the coil. [0.637 H] 


4. Ane.m.f. of 200 V at a frequency of 2 kHz is applied 
to a coil of pure inductance 50mH. Determine 
(a) the reactance of the coil, and (b) the current 
flowing in the coil. [(a) 628 Q (b) 0.318 A] 


5. Calculate the capacitive reactance of a capacitor of 
20 wF when connected to an a.c. circuit of frequency 
(a) 20 Hz, (b) 500 Hz, (c) 4kHz 

[(a) 397.9 Q2 (b) 15.92 22 (c) 1.989 Q] 


6. A capacitor has a reactance of 80 @ when con- 
nected to a 50 Hz supply. Calculate the value of its 
capacitance. [39.79 WF] 


7. A capacitor has a capacitive reactance of 400 Q 
when connected to a 100V, 25 Hz supply. Deter- 
mine its capacitance and the current taken from the 
supply. [15.92 KF, 0.25 A] 


8. Two similar capacitors are connected in parallel 
to a 200V, 1kHz supply. Find the value of each 
capacitor if the circuit current is 0.628 A. 

[0.25 LF] 


15.4 R-L series a.c. circuit 


In an a.c. circuit containing inductance L and resistance R, 
the applied voltage V is the phasor sum of Vp and V_ (see 
Figure 15.6), and thus the current / lags the applied voltage 
V by an angle lying between 0° and 90° (depending on 
the values of Ve and Vz), shown as angle ¢. In any a.c. 
series circuit the current is common to each component 
and is thus taken as the reference phasor. 


CIRCUIT 
DIAGRAM 


PHASOR 
DIAGRAM 
| EG, 


VOLTAGE IMPEDANCE 
TRIANGLE TRIANGLE 
V=IZ) V,(=1X, ) ZaX, 
A oJ A’ _ 
Vg (=F) A 
Figure 15.6 


From the phasor diagram of Figure 15.6, the ‘voltage 
triangle’ is derived. 


For the R-L circuit: 
V=a/ (Vz + Vv?) (by Pythagoras’ theorem) 


V, 
and tang = = (by trigonometric ratios) 
R 


applied voltage V . 


In an a.c. circuit, the ratio is called the 


; ; current [ 
impedance Z, i.e. 


V 
Z=—Q 
I 


If each side of the voltage triangle in Figure 15.6 is divided 
by current / then the ‘impedance triangle’ is derived. 
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For the R-L circuit: Z= /(R?+ M7) 


id XL, r XL d é R 
ang@ = —,sing = — and cos@¢= = 
R Z Z 


Problem 6. Ina series R-L circuit the p.d. across the 
resistance R is 12 V and the p.d. across the inductance 
L is 5V. Find the supply voltage and the phase angle 
between current and voltage. 


From the voltage triangle of Figure 15.6, 
supply voltage V = /(127 +57) ie. V=13V 
(Note that in a.c. circuits, the supply voltage is not the 


arithmetic sum of the p.d.’s across components. It is, in 
fact, the phasor sum.) 


V, 5 5 
tand = he —, from which ¢ = faire | 
Vr 12 12 
= 22.62° 
= 22°37’ lagging 


(‘Lagging’ infers that the current is ‘behind’ the voltage, 
since phasors revolve anticlockwise.) 


Problem 7. A coil has a resistance of 4Q and an 
inductance of 9.55 mH. Calculate (a) the reactance, 
(b) the impedance, and (c) the current taken from a 
240 V, 50 Hz supply. Determine also the phase angle 
between the supply voltage and current. 


R=4Q9; L=9.55 mH = 9.55 x 1073H; 
f =50Hz; V=240V 


(a) Inductive reactance, X; = 27fL 
= 27(50)(9.55 x 1079) =3 2 
(b) Impedance, Z = /(R? + X7)= (445 +37) =52 
Vv 240 


(c) Current, /= — = —=48A 
Z 5 


The circuit and phasor diagrams and the voltage and 
impedance triangles are as shown in Figure 15.6. 


Xx Xx 3 
ae o= tan7! Ee tan7! 
R R 


= 36.87° 
= 36°52’ lagging 


Since tan d= 


Problem 8. A coil takes a current of 2A from a 
12V d.c. supply. When connected to a 240 V, 50 Hz 
supply the current is 20A. Calculate the resistance, 
impedance, inductive reactance and inductance of the 
coil. 


: d.c. voltage 12 
Resistance R= —————. = — =6Q 
d.c. current 2 


a.c. voltage 240 


Impedance Z = =12Q 


a.c. current 20 


Since Z = ,/ (R* +X?), inductive reactance, 


Xp=J/Z? =R’) 


=4/(12° 6) 
= 10.39 Q 
xX 10.39 
Since X;, = 27fL, inductance L = aan 
2nf  27(50) 
= 33.1mH 


This problem indicates a simple method for finding the 
inductance of a coil, i.e. firstly to measure the current when 
the coil is connected to a d.c. supply of known voltage, 
and then to repeat the process with an a.c. supply. 


Problem 9. A coil of inductance 318.3 mH and neg- 
ligible resistance is connected in series with a 200 Q 
resistor to a 240 V, 50Hz supply. Calculate (a) the 
inductive reactance of the coil, (b) the impedance of the 
circuit, (c) the current in the circuit, (d) the p.d. across 
each component, and (e) the circuit phase angle. 


L=318.3 mH = 0.3183 H: R= 200Q: 
V =240V: f = 50Hz 


The circuit diagram is as shown in Figure 15.6. 


(a) Inductive reactance X;, = 2mfL = 27(50)(0.3183) 
=1002 
(b) Impedance Z = /(R? + X?) = ./[(200)* + (100)7} 
= 223.6 Q 
24 

Vv _ 2 10734 

Z 223.6 

(d) The p.d. across the coil, Vz, =/X; = 1.073 x 100 
=107.3V 

The p.d. across the resistor, Ve = JR = 1.073 x 200 

= 214.6V 


(c) Current J = 


[Check: /(Vz + V7) = /[(214.6)? + (107.3)"] = 240V, 
the supply voltage] 


X, 
(e) From the impedance triangle, angle ¢ = tan~! ie 


Hence the phase angle ¢ = 26.57° = 26°34’ lagging 


PART 


172 Electrical Circuit Theory and Technology 


Problem 10. A coil consists of a resistance of 100 Q 
and an inductance of 200 mH. If an alternating voltage, 
v, given by v= 200 sin 500r volts is applied across the 
coil, calculate (a) the circuit impedance, (b) the current 
flowing, (c) the p.d. across the resistance, (d) the p.d. 
across the inductance and (e) the phase angle between 
voltage and current. 


Since v = 200 sin 500f volts then V,, = 200 V and 
@ = 2nf =500 rad/s 
Hence rms voltage V = 0.707 x 200= 141.4V 


Inductive reactance, X, = 2xfL = wL 
= 500 x 200 x 1077 = 1002 


(a) Impedance Z = /(R? + x) 
= ,/(100? + 100?) = 141.42 
V 1414 


b ieee 
PMS a= aa 


(c) p.d. across the resistance Vp = JR= 1 x 100=100V 
p.d. across the inductance V7= IX7= 1 x 100 = 100V 
(e) Phase angle between voltage and current is given by: 


tang= (+) 


from which, ¢= tan~!(100/100), hence @=45° or 


* rad 
—rads 
4 


Problem 11. A pure inductance of 1.273 mH is con- 
nected in series with a pure resistance of 30 Q. If the 
frequency of the sinusoidal supply is 5 kHz and the p.d. 
across the 30 Q resistor is 6 V, determine the value of 
the supply voltage and the voltage across the 1.273 mH 
inductance. Draw the phasor diagram. 


The circuit is shown in Figure 15.7(a). 


R=30 Q L=1.273 mH 


Figure 15.7 


Supply voltage, V=1Z 


Current J = VR = ED =0.20A 
R 30 


Inductive reactance X, = 27fL 
= 2n(5 x 103)(1.273 x 1073) 
= 402 
Impedance, Z = /(R* + X7) = /(30? + 407) = 502 
Supply voltage V = 1Z = (0.20)(50) = 10V 
Voltage across the 1.273 mH inductance, Vz, = IX; 
= (0.2)(40) 
=8V 
The phasor diagram is shown in Figure 15.7(b). 


(Note that in a.c. circuits, the supply voltage is not the 
arithmetic sum of the p.d.’s across components but the 
phasor sum.) 


Problem 12. A coil of inductance 159.2mH and 
resistance 20 Q is connected in series with a 60 Q 
resistor to a 240 V, 50Hz supply. Determine (a) the 
impedance of the circuit, (b) the current in the circuit, 
(c) the circuit phase angle, (d) the p.d. across the 60 Q 
resistor and (e) the p.d. across the coil. (f) Draw the 
circuit phasor diagram showing all voltages. 


The circuit diagram is shown in Figure 15.8(a). When 
impedances are connected in series the individual resist- 
ances may be added to give the total circuit resistance. The 
equivalent circuit is thus shown in Figure 15.8(b). 


240 V, 50 Hz 
(a) 


R=80 QO L =159.2 mH 


240 V, 50 Hz 
(b) 


Figure 15.8 


Inductive reactance X, = 2afL = 27(50)(159.2 x 1073) 
=50Q2 


(a) Circuit impedance, Z = ./(R7 + X7) = /(80? + 507) 
= 94,34 Q 
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240 
(b) Circuit current, / = — = —— =2.544A 
Z 94.34 
: 7 =] XL 
(c) Circuit phase angle @= tan R 
= tan—!(50/80) 
= 32° lagging 


From Figure 15.8(a): 


(d) Vr =IR = (2.544)(60) = 152.6 V 
(e) Vcow =/Zcom., where Zoom = (RZ + X7) 
= ,/(207 + 507) 
= 53.85 Q 
Hence Vcor = (2.544)(53.85) = 137.0 V 
(f) For the phasor diagram, shown in Figure 15.9, 


32° 


Va com = 50.88 V Vp = 152.6 V 


Figure 15.9 


Vy = 1X1, = (2.544)(50) = 127.2V 
Vr cow = IRc = (2.544)(20) = 50.88 V 


The 240 V supply voltage is the phasor sum of VcorL 
and Vr 


Now try the following exercise. 


Exercise 51 Further problems on R-L series a.c. 
circuits 


1. Determine the impedance of a coil which has a 
resistance of 12 Q and a reactance of 16 Q. 
[20 Q2] 


2. A coil of inductance 80mH and resistance 60 Q 
is connected to a 200V, 100 Hz supply. Calculate 
the circuit impedance and the current taken from 
the supply. Find also the phase angle between the 
current and the supply voltage. 

[78.27 Q, 2.555 A, 39.95° lagging] 


3. An alternating voltage given by v=100sin 240r 
volts is applied across a coil of resistance 32 Q 
and inductance 100 mH. Determine (a) the circuit 
impedance, (b) the current flowing, (c) the p.d. 
across the resistance, and (d) the p.d. across the 
inductance. 

[(a) 40 Q (b) 1.77A (c) 56.64 V (d) 42.48 V] 


4. A coil takes a current of SA from a 20V d.c. sup- 
ply. When connected to a 200 V, 50 Hz a.c. supply 
the current is 25A. Calculate the (a) resistance, 
(b) impedance, and (c) inductance of the coil. 

[(a) 4 Q (b) 8 Q (c) 22.05 mH] 


5. A coil of inductance 636.6 mH and negligible resis- 
tance is connected in series with a 100 Q resistor to 

a 250V, 50 Hz supply. Calculate (a) the inductive 
reactance of the coil, (b) the impedance of the cir- 
cuit, (c) the current in the circuit, (d) the p.d. across 
each component, and (e) the circuit phase angle. 
[(a) 200 Q (b) 223.6 Q (c) 1.118A 

(d) 223.6 V, 111.8 V (e) 63.43° lagging] 


15.5 R-C series a.c. circuit 


In an a.c. series circuit containing capacitance C and 
resistance R, the applied voltage V is the phasor sum of Vr 
and Vc (see Figure 15.10) and thus the current / leads the 
applied voltage V by an angle lying between 0° and 90° 
(depending on the values of Vr and Vc), shown as angle a. 


R 
Ve Ve 
! 
V 
Vp IR) R 
i, 
Yee ge 


Figure 15.10 


From the phasor diagram of Figure 15.10, the ‘voltage 
triangle’ is derived. For the R—C circuit: 


Va VJ (Vz + Ve) (by Pythagoras’ theorem) 


Vi : : : 
and tana = a (by trigonometric ratios) 
R 


As stated in Section 15.4, in an a.c. circuit, the ratio 
(applied voltage V)/(current /) is called the impedance 


. V 
Z, 1.e.Z= = Q 
I 


If each side of the voltage triangle in Figure 15.10 is 
divided by current J then the ‘impedance triangle’ is 
derived. 


For the R-C circuit: Z = \/(R* + xe) 
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Xc ; XC R 
tana = —, sina= — and cosa=— 
R Z Z 


Problem 13. A resistor of 25 Q is connected in series 
with a capacitor of 45 AF. Calculate (a) the impedance, 
and (b) the current taken from a 240 V, 50 Hz supply. 
Find also the phase angle between the supply voltage 


and the current. 


R=25Q;C=45 pwF=45x 10-° F;V= 240 V; f =50 Hz 
The circuit diagram is as shown in Figure 15.10 
tL 1 
2nfC — 2n(50)(45 x 10-6) 
= 70.74 Q 


Capacitive reactance, Xc = 


(a) Impedance Z = /(R? + X2) = /[(25)? + (70.74)"] 
= 75.03 Q 
240 


Vv 
b) Current I= — = —— =3.20A 
DNL = 15.03 


Phase angle between the supply voltage and current, 


Xx 
a= tan! (*) 
R 


70.74 
hence w= tan! ( 


25 


(‘Leading’ infers that the current is ‘ahead’ of the voltage, 
since phasors revolve anticlockwise.) 


) = 70.54° = 70°32’ leading 


Problem 14. Acapacitor C is connected in series with 
a 40Q resistor across a supply of frequency 60 Hz. 
A current of 3 A flows and the circuit impedance is 
50 Q. Calculate: (a) the value of capacitance, C, (b) the 
supply voltage, (c) the phase angle between the supply 
voltage and current, (d) the p.d. across the resistor, 
and (e) the p.d. across the capacitor. Draw the phasor 


diagram. 


(a) Impedance Z = /(R* + XZ) 


Hence Xc = /(Z? — R*) = /(50" — 407) = 302 
1 1 1 
Xc = —— hence C= = F 
2nfC 2nfXc 2 (60)30 
= 88.42 uF 


V 
(b) Since Z = 7 then V=I/Z=(3)(50)=150V 


30 
tan—! (3) = 36.87° 


= 36°52’ leading 


Xx 
(c) Phase angle, w= tan! > = 


(d) Pd. across resistor, Vp = JR = (3)(40) = 120V 
(e) P.d. across capacitor, Vc = IXc = (3)(30) = 90 V 
The phasor diagram is shown in Figure 15.11, where the 
supply voltage V is the phasor sum of Vp and Vc. 

Vg =120V [=3A 


Vo=90V 


Phasor diagram 


Figure 15.11 


Now try the following exercise. 


Exercise 52 Further problem on R-C series a.c. 
circuits 


1. A voltage of 35 V is applied across a C-R series 
circuit. If the voltage across the resistor is 21 V, 
find the voltage across the capacitor. [28 V] 


2. A resistance of 50 Q is connected in series with a 
capacitance of 20 .F. If a supply of 200 V, 100 Hz 
is connected across the arrangement find (a) the cir- 
cuit impedance, (b) the current flowing, and (c) the 
phase angle between voltage and current. 

[(a) 93.98 Q (b) 2.128A (c) 57.86° leading] 


3. An alternating voltage v=250sin 800¢ volts is 
applied across a series circuit containing a 30 Q 
resistor and 50 F capacitor. Calculate (a) the cir- 
cuit impedance, (b) the current flowing, (c) the p.d. 
across the resistor, (d) the p.d. across the capaci- 
tor, and (e) the phase angle between voltage and 
current. 

[(a) 39.05 Q (b) 4.526A (c) 135.8 V 
(d) 113.2 V (e) 39.81° leading] 


4. A 400 resistor is connected in series with a 
2358 pF capacitor across a 12 V a.c. supply. Deter- 
mine the supply frequency if the current flowing in 
the circuit is 24mA. [225 kHz] 


15.6 R-L-C series a.c. circuit 


In an a.c. series circuit containing resistance R, inductance 
L and capacitance C, the applied voltage V is the phasor 
sum of Vr, Vz and Vc (see Figure 15.12). Vz and Vc are 
anti-phase, i.e. displaced by 180°, and there are three pha- 
sor diagrams possible — each depending on the relative 
values of Vz, and Vc. 
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When X_; > Xc (Figure 15.12(b)): 


Z= J[R + (Xi -— Xc)’] 
(Xz — Xc) 
R 


and tang= 


z ia 


R 
IMPEDANCE TRIANGLE 


R 


Zz he -X,) 


IMPEDANCE TRIANGLE 


Vv, IX;) 


(d) 


Figure 15.12 


When Xc > Xz (Figure 15.12(c)): 


Z = JR’ + (Xe — X1)"] 


(Xc — Xz) 
R 


and tana = 


When X; = Xc (Figure 15.12(d)), the applied voltage V 
and the current J are in phase. This effect is called series 
resonance (see Section 15.7). 


Problem 15. A coil of resistance 5 Q and inductance 
120 mH in series with a 100 F capacitor, is connected 
to a 300V, 50Hz supply. Calculate (a) the current 
flowing, (b) the phase difference between the supply 
voltage and current, (c) the voltage across the coil and 
(d) the voltage across the capacitor. 


The circuit diagram is shown in Figure 15.13 


(coalesce rien TOE 
1R=5 Q L=120 mH C= 100 HF 


Figure 15.13 


X,, = 2nfL = 27(50)(120 x 1077) = 37.702 
a 1 
~ AnfC ~~ 2n(50)(100 x 10-$) 


Xc = 31.832 

Since X;, is greater than Xc the circuit is inductive. 

Xp — Xc = 37.70 — 31.83 =5.87 2 

Impedance Z = ./[R? + (X;, — Xc)?] = J[(5)* + (5.87)7] 
=7.71Q 


= 49°35’ 
(c) Impedance of coil, Zcom 
= J(R* +X?) = JL)" + (37.70)"] = 38.03 Q 
Voltage across coil Vcom, =/Zcor = (38.91)(38.03) 
= 1480V 


4 ( =) 
tan —- 
5 
= 82.45° 
= 82°27’ lagging 
(d) Voltage across capacitor Vc = 1Xc = (38.91)(31.83) 
=1239V 


X, 
Phase angle of coil = tan7! “i = 


The phasor diagram is shown in Figure 15.14. The supply 
voltage V is the phasor sum of Vcom and Vc 
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VoolL = 1480 V 


82°27' 


$ = 49°35 


Ve = 1239 V 


Figure 15.14 


Series connected impedances 


For series connected impedances the total circuit 
impedance can be represented as a single L—C_R circuit by 
combining all values of resistance together, all values of 
inductance together and all values of capacitance together, 


(remembering that for series connected capacitors 


For example, the circuit of Figure 15.15(a) showing three 
impedances has an equivalent circuit of Figure 15.15(b). 


Impedance 1 Impedance 2 Impedance 3 


ON Ar me ee ei oe, ta a Te es rane 7 


Rg 


—--—----- hs ce fa oes 


(Ry+Ao*Rs) (litle) = C 


(b) 
Figure 15.15 


Problem 16. The following three impedances are 
connected in series across a 40 V, 20 kHz supply: (i) a 
resistance of 8 Q, (ii) a coil of inductance 130 WH and 
5 Q resistance, and (iii) a 10 Q resistor in series with a 
0.25 LF capacitor. Calculate (a) the circuit current, (b) 
the circuit phase angle and (c) the voltage drop across 
each impedance. 


The circuit diagram is shown in Figure 15.16(a). Since 
the total circuit resistance is 8+5+10, ie. 23Q, an 
equivalent circuit diagram may be drawn as shown in 
Figure 15.16(b) 


ce See ape a) 


| 59 130 pk 1 110.0 0.25 uF 
—_—— 


' 80! 1 59 130 uH 


40 V, 20 kHz 


23 O 130 HH 0.25 LF 


40 V, 20 kHz 
(b) 


Figure 15.16 


Inductive reactance, X;, = 27fL 


= 27(20 x 10°)(130 x 107°) 


= 16.342 
- I 
Capacitive reactance, Xc = OnfC 
1 
~ 27(20 x 103)(0.25 x 10-6) 
= 31.832 


Since Xc>Xz, the circuit is capacitive (see phasor 
diagram in Figure 15.12(c)). 


Xc — X, = 31.83 — 16.34= 15.49 Q. 


(a) Circuit impedance, Z = ./[R? + (Xc — X,)°] 
= /[23* + 15.497] 


= 27.73 Q 


ere 4 40 
Circuit current, / = — = —— =1.442A 
Z = 27.73 
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(b) From Figure 15.12(c), circuit phase angle 
1) tan! palciame 
7 R 


15.49 
23 


i.e, d= tan! ( ) = 33.96° = 33°58’ leading 


(c) From Figure 15.16(a), Vj = JR; = (1.442)(8) 


= 11.54V 
V2 = IZ =1. (5? + 16.347) = (1.442)(17.09) 
= 24.64V 
V3 =1Z3 =1,/(10? + 31.837) = (1.442)(33.36) 
= 48.11V 


The 40V supply voltage is the phasor sum of V), V2 
and V3 


Problem 17. Determine the p.d.’s V; and V2 for 
the circuit shown in Figure 15.17 if the frequency of 
the supply is 5kHz. Draw the phasor diagram and 
hence determine the supply voltage V and the circuit 
phase angle. 


[RE Sy oe ee eee A AAG SS See ee 
i 49 0286mn | 


Figure 15.17 


For impedance Z;: 

R, = 4Q and X, = 2nfl = 2n(5 x 10°)(0.286 x 1073) 
= 8.985 Q 

Vi = IZ = LY(R* +. X27) =5V(4 + 8.9857) = 49.18 V 


X, 
Phase angle @;= tan~! (=) 


8.985 
= tan! (=) = 66°0' lagging 


For impedance Z): 


1 1 

2nfC  2n(5 x 103)(1.273 x 10-5) 
= 25.02 

Vo = [Zp = LY/(R? + X2)=5,/(8* + 25.07) = 131.2V 


Ro = 8Qand Xc = 


X 
Phase angle #2 = tan7! (<5) 


25.0 
= tan7! (=) = 72°15’ leading 


The phasor diagram is shown in Figure 15.18. 


V,=49.18 V 


Vp = 131.2 V 


Figure 15.18 


The phasor sum of V; and V2 gives the supply voltage V 
of 100 V at a phase angle of 53°8’ leading. These values 
may be determined by drawing or by calculation — either 
by resolving into horizontal and vertical components or 
by the cosine and sine rules. 


Now try the following exercise. 


Exercise 53 Further problems on R-L-C series 
a.c. circuits 


1. A 40 WF capacitor in series with a coil of resistance 
8 (2 and inductance 80 mH is connected to a 200 V, 
100 Hz supply. Calculate (a) the circuit impedance, 
(b) the current flowing, (c) the phase angle between 
voltage and current, (d) the voltage across the coil, 
and (e) the voltage across the capacitor. 

[(a) 13.18 Q (b) 15.17A (c) 52.63° lagging 
(d) 772.1 V (e) 603.6 V] 


2. Find the values of resistance R and inductance L in 
the circuit of Figure 15.19. 
[R= 131 Q, L=0.545 H] 


R L 40 iF 


1=1.52—35° A 


240 V, 50 Hz 


Figure 15.19 


3. Three impedances are connected in series across a 
100 V, 2 kHz supply. The impedances comprise: 


(i) an inductance of 0.45 mH and 2 Q resistance, 
(ii) an inductance of 570\1H and 5 Q resistance, 
and 
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(iii) a capacitor of capacitance 10\1F and resis- 
tance 3 Q. 


Assuming no mutual inductive effects between the 

two inductances calculate (a) the circuit impedance, 

(b) the circuit current, (c) the circuit phase angle and 
(d) the voltage across each impedance. 

[(a) 11.12 Q (b) 8.99A (c) 25.92° lagging 

(d) 53.92 V, 78.53 V, 76.46 V] 


4. For the circuit shown in Figure 15.20 determine the 
voltages V; and V2 if the supply frequency is | kHz. 
Draw the phasor diagram and hence determine the 
supply voltage V and the circuit phase angle. 

[Vi = 26.0 V, V2 = 67.05 V, V = SOV, 
53.14° leading] 


T4190 04.974 HFI 


rye Ne NaET 7 
{ 50 1.91 mH} 


Figure 15.20 


15.7 Series resonance 


As stated in Section 15.6, for an R-L-C series circuit, 
when X;, = Xc (Figure 15.12(d)), the applied voltage V 
and the current J are in phase. This effect is called series 
resonance. At resonance: 


(i) Vi =Ve 
(ii) Z=R (ie. the minimum circuit impedance possible 
in an L—C-R circuit) 
V 
(iii) = — (i.e. the maximum current possible in an 
L-C-R circuit) 


1 
iv) Since X; = Xc, then 2zf,L = 
(iv) Since X, c, then 27, Infc 
from which, ea => (2ny-LC 
d Si : H 
and, = — ——_Hz 
" 2n/(LC) 


where f; is the resonant frequency. 

(v) The series resonant circuit is often described as an 
acceptor circuit since it has its minimum impedance, 
and thus maximum current, at the resonant frequency. 


(vi) Typical graphs of current J and impedance Z against 
frequency are shown in Figure 15.21. 


Impedance, Z 
Current, / 


feeeeas Frequency 
eae, 


Figure 15.21 


Problem 18. A coil having a resistance of 10 Q and 
an inductance of 125 mH is connected in series with 
a 60 WF capacitor across a 120 V supply. At what fre- 
quency does resonance occur? Find the current flowing 
at the resonant frequency. 


1 
on MEO) 


1 
= Hz 


=a) (a) 
103 10° 

1 
7 be iA x *) 

108 
1 

aq VICI25)(6)] 

104 
_ 10* 
~ 2z4/[(125)(6)] 


Resonant frequency, f, = 


= 58.12 Hz 


At resonance, X;, = Xc and impedance Z = R 


Problem 19. The current at resonance in a series L— 
C-R circuit is 100 WA. If the applied voltage is 2 mV 
at a frequency of 200 kHz, and the circuit inductance is 
50 \H, find (a) the circuit resistance, and (b) the circuit 
capacitance. 


(a) 1=100pA=100 x 10-°°A; V=2mV=2~x 10-7 V 
At resonance, impedance Z = resistance R 
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2x 10° 
- = 202 
100 x 103 


Vi 20x 10 
I 100 x 10-6 


Hence R = 


(b) At resonance X;, = Xc 


. 1 
1.€. 2nfL = 2nfC 


Hence capacitance 


1 
= GafPL 


1 
= F 
(2m x 200 x 103)7(50 x 10-°) 


—_(108)(10°) 
~ Ay210 (50) 


= 0.0127 wF or 12.7 nF 


15.8 Q-factor 


At resonance, if R is small compared with Xz, and Xc, it 
is possible for Vz and Vc to have voltages many times 
greater than the supply voltage (see Figure 15.12(d)). 


Voltage magnification at resonance 
- voltage across L (or C) 
~ supply voltage V 


This ratio is a measure of the quality of a circuit (as a 
resonator or tuning device) and is called the Q-factor. 


IX, xX 2nf-L 
Hence Q-factor . E Mfr 
IR R R 
IX, xX 1 
Alternatively, Q-factor & £ 2 
V IR R= 2nf,-CR 
1 1 
At resonance f, = ————— i.e. 2zf, = ——— 
Ir 2n/(LC) fr J(LC) 


oe ae (Z)=4/(2) 
ence U-factor = R ~ FLO) R = R C 


(Q-factor is explained more fully in Chapter 28, page 349) 


Problem 20. A coil of inductance 80 mH and negli- 
gible resistance is connected in series with a capac- 
itance of 0.25 .F and a resistor of resistance 12.5 Q 
across a 100V, variable frequency supply. Determine 
(a) the resonant frequency, and (b) the current at reso- 
nance. How many times greater than the supply voltage 
is the voltage across the reactances at resonance? 


(a) Resonant frequency f, 


1 1 
a i 80 ) (2)) > [2s] 
20 —7z — Qn a CoE Ss 

103) \ 106 108 
_ 10+ 
~ Qn./2 


= 1125.4Hz = 1.1254 kHz 


V 100 
(b) Current at resonance J = — = —~ = 
R125 


Voltage across inductance, at resonance, 


8A 


Vi = IX, = )(2nfL) 
= (8)(27)(1125.4)(80 x 1073) 
= 4525.5V 


(Also, voltage across capacitor, 


8 
Vo = 1Xc = = 
CNC InfC — 2n(1125.4)(0.25 x 10-6) 
= 4525.5 V) 
V 
Voltage magnification at resonance = — or < 
_ 4525.5 
~ 100 
= 45.255 V 


i.e. at resonance, the voltage across the reactances are 
45.255 times greater than the supply voltage. Hence 
Q-factor of circuit is 45.255. 


Problem 21. A series circuit comprises a coil of 
resistance 2 Q and inductance 60mH, and a 30\WF 
capacitor. Determine the Q-factor of the circuit at 
resonance. 


3 
At resonance, Q-factor = aa Be y 60 x 10 
RV\C}) 2V\30x 10-¢ 
ee / 60 x 10° 
~ 2V\30 x 103 


1 
= 5 (2000) 


= 22.36 
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Problem 22. A coil of negligible resistance and 
inductance 100mH is connected in series with a 
capacitance of 2 F and a resistance of 10 Q across a 
50V, variable frequency supply. Determine (a) the res- 
onant frequency, (b) the current at resonance, (c) the 
voltages across the coil and the capacitor at resonance, 
and (d) the Q-factor of the circuit. 


1 
(a) Resonant frequency, f- = In MLO) 
1 
7 100\ / 2 
2 aa 7 
“\ (ioe) (ws) 
a 1 _ 1 
> ; 20\— (2./20 
*V \ 108 104 
10" 
"27/20 
= 355.9 Hz 
V 50 
(b) Current at resonance J = — = -—-=5A 
R10 


(c) Voltage across coil at resonance, 


V, = IX, = 1(2nf,L) 
= (5)(27 x 355.9 x 100 x 1074) 
=1118V 


Voltage across capacitance at resonance, 


Vo =iXc = 


2nf.C 


5 
~~ 27(355.9)(2 x 10-6) 


=1118V 


(d) Q-factor (i.e. voltage magnification at resonance) 


VL Vc 

= — or — 
4 4 
1118 

= — = 22.36 
50 


Q-factor may also have been determined by 


1 1 i i 
or 
2nf.CR RY \C 


2mf,-L 
or 
R 


Now try the following exercise. 


Exercise54 Further problems on series resonance 
and Q-factor 


1. Find the resonant frequency of a series a.c. circuit 
consisting of a coil of resistance 10 Q and induc- 
tance 50 mH and capacitance 0.05 LF. Find also the 
current flowing at resonance if the supply voltage 
is LOOV. [3.183 kHz, 10 A] 


2. The current at resonance in a series L—C-R circuit 
is 0.2mA. If the applied voltage is 250mV at a 
frequency of 100 kHz and the circuit capacitance is 
0.04 \.F, find the circuit resistance and inductance. 

[1.25 kQ, 63.3 wH] 


3. Acoil of resistance 25 Q and inductance 100 mH is 
connected in series with a capacitance of 0.12 WF 
across a 200V, variable frequency supply. Calcu- 
late (a) the resonant frequency, (b) the current at 
resonance and (c) the factor by which the volt- 
age across the reactance is greater than the supply 
voltage. [(a) 1.453 kHz (b) 8A (c) 36.51] 


4. Calculate the inductance which must be connected. 
in series with a 1000 pF capacitor to give a resonant 
frequency of 400 kHz. [0.158 mH] 


5. A series circuit comprises a coil of resistance 
20 Q and inductance 2 mH and a 500 pF capacitor. 
Determine the Q-factor of the circuit at resonance. 
If the supply voltage is 1.5 V, what is the voltage 
across the capacitor? [100, 150 V] 


15.9 Bandwidth and selectivity 


Figure 15.22 shows how current J varies with frequency 
in an R-L-C series circuit. At the resonant frequency /f,, 
current is a maximum value, shown as J,. Also shown 


f, f, % — Frequency 
Bandwidth and half-power points f, and fa 


Figure 15.22 
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are the points A and B where the current is 0.707 of the 
maximum value at frequencies f; and f2. The power deliv- 
ered to the circuit is J2R. At [=0.7071,, the power is 
(0.7071,)?R = 0.517 R, i.e. half the power that occurs at 
frequency f,. The points corresponding to f; and fo are 
called the half-power points. The distance between these 
points, i.e. (f2 —f), is called the bandwidth. 

It may be shown that 


= pat 
aaa or | (fa W=9 


(This formula is proved in Chapter 28, page 357 and 358) 


Problem 23. A filter in the form of a series L-R-C 
circuit is designed to operate at a resonant frequency of 
5 kHz. Included within the filter is a 20 mH inductance 
and 10 Q resistance. Determine the bandwidth of the 
filter. 


Q-factor at resonance is given by 


@rL _ (215000)(20 x 107) 


r= — Ds 

Q R 10 62.83 
Since Q, =f, /(f2 —f) 

bandwidth, (f> — f;) = . Z ~~ =79.6 Hz 


Selectivity is the ability of a circuit to respond more read- 
ily to signals of a particular frequency to which it is tuned 
than to signals of other frequencies. The response becomes 
progressively weaker as the frequency departs from the 
resonant frequency. The higher the Q-factor, the narrower 
the bandwidth and the more selective is the circuit. Cir- 
cuits having high Q-factors (say, in the order of 100 to 
300) are therefore useful in communications engineering. 
A high Q-factor in a series power circuit has disadvantages 
in that it can lead to dangerously high voltages across the 
insulation and may result in electrical breakdown. 


(For more on bandwidth and selectivity see Chapter 28, 
page 356-358) 


15.10 Power in a.c. circuits 


In Figures 15.23(a)—(c), the value of power at any instant 
is given by the product of the voltage and current at that 
instant, i.e. the instantaneous power, p = vi, as shown by 
the broken lines. 


PURE RESISTANCE-AVERAGE 
POWER = V1 


(a) 


Z 
Z 


PURE INDUCTANCE-AVERAGE 
POWER = 0 
(b) 


Z 


PURE CAPACITANCE-AVERAGE 
POWER = 0 


(c) 
Figure 15.23 


(a) For a purely resistive a.c. circuit, the average power 
dissipated, P, is given by: 


V2 
P=VI=PR= z Watts 


(V and J being rms values). 


See Figure 15.23(a). 

(b) For a purely inductive a.c. circuit, the average power 
is zero. See Figure 15.23(b). 

(c) Fora purely capacitive a.c. circuit, the average power 
is zero. See Figure 15.23(c). 


Figure 15.24 shows current and voltage waveforms for an 
R-L circuit where the current lags the voltage by angle 
@. The waveform for power (where p= vi) is shown by 
the broken line, and its shape, and hence average power, 
depends on the value of angle ¢. 

For an R-L, R—-C or R-L-C series a.c. circuit, the average 
power P is given by: 


P = VI cos ¢ watts 
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a 


Figure 15.24 


or 


P =PR watts 


(V and J being rms values) 


The formulae for power are proved in Chapter 26, 
page 327. 


Problem 24. Aninstantaneous current, i= 250 sin wt 
mA flows through a pure resistance of 5 kQ. Find the 
power dissipated in the resistor. 


Power dissipated, P=J 2R where J is the rms value of 
current. 


If i= 250 sin wt mA, then J,, =0.250A and rms current, 
I= (0.707 x 0.250) A 


Hence power P = (0.707 x 0.250)2(5000) = 156.2 watts 


Problem 25. A series circuit of resistance 60 Q and 
inductance 75mH is connected to a 110V, 60Hz 
supply. Calculate the power dissipated. 


Inductive reactance, 

X,, = 2nfL = 27(60)(75 x 1077) = 28.272 
Impedance, 

Z = J(R? + X7) = V[(60)? + (28.27)"] = 66.33 2 


V 100 
t, [== =—— =1.658A 
Curren 7 6633 658 


To calculate power dissipation in an a.c. circuit two 
formulae may be used: 


(i) P=IR = (1.658)?(60) = 165W 
ie R 
or (ii) P=VIcos@¢ where cos ¢ = Z 


60 
= —— = 0.904 
eas 


Hence P=(110)(1.658)(0.9046) = 165 W 


15.11 Power triangle and power factor 


Figure 15.25(a) shows a phasor diagram in which the cur- 
rent J lags the applied voltage V by angle ¢. The horizontal 
component of V is V cos ¢ and the vertical component of 
V is V sin @. If each of the voltage phasors is multiplied by 
I, Figure 15.25(b) is obtained and is known as the ‘power 
triangle’. 


Vsing 


ras V 


(a) PHASOR DIAGRAM 


S=Vi @Q=Visin¢ 


ae 


P=Vicos¢@ 
(b) POWER TRIANGLE 


Figure 15.25 


Apparent power, S = VI voltamperes (VA) 

True or active power, P = VI cos ¢ watts (W) 

Reactive power, Q=VI sin ¢ reactive 
voltamperes (var) 


True power P 
Apparent power S 


Power factor = 


For sinusoidal voltages and currents, 


P_ Vicos¢ 


power factor = — = , Le. 
S VI 


R 
p.f. = cos¢@ = Z (from Figure 15.6) 


The relationships stated above are also true when current 
I leads voltage V. More on the power triangle and power 
factor is contained in Chapter 26, page 329. 


Problem 26. A pure inductance is connected to a 
150 V, 50Hz supply, and the apparent power of the 
circuit is 300 VA. Find the value of the inductance. 
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Apparent power S = VI 


S 300 
Hence current / = — = —~=2A 
V 150 
: 150 
Inductive reactance X; = 7 = aes =75Q 
. : XL 75 
Since X;, = 27fL, inductance L = —— = 
2nf  2m(50) 
= 0.239H 


Problem 27. A transformer has a rated output of 
200 kVA at a power factor of 0.8. Determine the rated 
power output and the corresponding reactive power. 


VI = 200 kVA = 200 x 103; p.f.=0.8 = cos¢ 

Power output, P = V/ cos ¢ = (200 x 103)(0.8) = 160 kW 
Reactive power, Q=VI sing 

If cos @ = 0.8, then ¢= cos !0.8 = 36.87° 

Hence sin @ = sin 36.87° = 0.6 

Hence reactive power, Q = (200 x 10°)(0.6) = 120 kvar 


Problem 28. The power taken by an inductive circuit 
when connected to a 120 V, 50 Hz supply is 400 W and 
the current is 8 A. Calculate (a) the resistance, (b) the 
impedance, (c) the reactance, (d) the power factor, and 
(e) the phase angle between voltage and current. 


9 P 400 
(a) Power P=/*R. Hence R= — = —~ =6.252 
[2 (8)? 
V 120 
(b) Impedance Z = Files “ae =152 


(c) Since Z = ./(R* + X7), then X;, = /(Z? — R”) 
= ,/[(15)* — (6.25)?] 


= 13.642 
true power VI cos 
(d) Power factor = = 
apparent power VI 
4 
= oo = 0.4167 
(120)(8) 


(e) p.f. = cos ¢=0.4167. Hence phase angle, 
¢ = cos~!0.4167 
= 65.37° 
= 65°22’ lagging 


Problem29. A circuit consisting of a resistor in series 
with a capacitor takes 100 watts at a power factor of 
0.5 from a 100V, 60 Hz supply. Find (a) the current 
flowing, (b) the phase angle, (c) the resistance, (d) the 
impedance, and (e) the capacitance. 


true power 
(a) Power factor = ———————— 
apparent power 


100 100 


. Hence J = ————— = 2A 
(100)(7) (0.5)(100) 


ie.0.5 = 


(b) Power factor = 0.5 = cos ¢. Hence phase angle, 
¢= cos~!0.5=60° leading 


2 F 100 
(c) Power P=I/*R. Hence resistance R= — = —~ 
[2 (2)? 
=252 
V 100 
(d) Impedance Z = fo Oe 502 
(e) Capacitive reactance, Xc = /(Z? — R?) 
=./(50? = 257) 
= 43.302 
1 PART 
Xc= InfC hence capacitance, 2 
1 1 
C= i F 
2mfX- 271(60)(43.30) 
= 61.26 uF 


Now try the following exercise. 


Exercise 55 Further problems on power in a.c. 
circuits 


1. A voltage v=200sin wt volts is applied across 
a pure resistance of 1.5kQ. Find the power 
dissipated in the resistor. [13.33 W] 


2. A50 uF capacitor is connected to a 100 V, 200 Hz 
supply. Determine the true power and the apparent 
power. [0, 628.3 VA] 


3. A motor takes a current of 10A when supplied 
from a 250V a.c. supply. Assuming a power fac- 
tor of 0.75 lagging find the power consumed. Find 
also the cost of running the motor for 1 week 
continuously if 1 kWh of electricity costs 12.20 p. 

[1875 W, £38.43] 


4. A motor takes a current of 12A when supplied 
from a 240 V a.c. supply. Assuming a power factor 
of 0.70 lagging, find the power consumed. 

[2.016 kW] 


5. A substation is supplying 200 kVA and 150 kvar. 
Calculate the corresponding power and power 
factor. [132 kW, 0.66] 


184 


Electrical Circuit Theory and Technology 


10. 


iil, 


. A load takes 50kW at a power factor of 0.8 lag- 


ging. Calculate the apparent power and the reactive 
power. [62.5 kVA, 37.5 kvar] 


A coil of resistance 400 Q and inductance 0.20H 
is connected to a 75 V, 400 Hz supply. Calculate 
the power dissipated in the coil. [5.452 W] 


. An 80 resistor and a 6\F capacitor are con- 


nected in series across a 150 V, 200 Hz supply. 
Calculate (a) the circuit impedance, (b) the cur- 
rent flowing and (c) the power dissipated in the 
circuit. [(a) 154.9 Q (b) 0.968 A (c) 75 W] 


. The power taken by a series circuit containing 


resistance and inductance is 240W when con- 
nected to a 200V, 50Hz supply. If the current 
flowing is 2 A find the values of the resistance and 
inductance. [60 Q2, 255 mH] 


A circuit consisting of a resistor in series with 
an inductance takes 210 W at a power factor of 
0.6 from a 50V, 100Hz supply. Find (a) the 
current flowing, (b) the circuit phase angle, (c) 
the resistance, (d) the impedance and (e) the 
inductance. 
[(a) 7A (b) 53.13° lagging (c) 4.286 Q 
(d) 7.143 Q (e) 9.095 mH] 


A 200V, 60Hz supply is applied to a capacitive 
circuit. The current flowing is 2A and the power 
dissipated is 150 W. Calculate the values of the 
resistance and capacitance. 

[37.5 Q, 28.61 WF] 


16 Single-phase parallel a.c. circuits 


At the end of this chapter you should be able to: 


e calculate unknown currents, impedances and cir- 
cuit phase angle from phasor diagrams for (a) R-L 
(b) R-C (c) L—C (d) LR-C parallel a.c. circuits 

e state the condition for parallel resonance in an LR-C 
circuit 

e derive the resonant frequency equation for an LR-C 
parallel a.c. circuit 


e determine the current and dynamic resistance at 
resonance in an LR-C parallel circuit 

e understand and calculate Q-factor in an LR-C parallel 
circuit 

e understand how power factor may be improved 


16.1 Introduction 


In parallel circuits, such as those shown in Figures 16.1 
and 16.2, the voltage is common to each branch of the 
network and is thus taken as the reference phasor when 
drawing phasor diagrams. 


CIRCUIT DIAGRAM 


Figure 16.1 
For any parallel a.c. circuit: 


True or active power, P = VI cos ¢ watts (W) 
or P= IRR watts 
Apparent power, S = VI voltamperes (VA) 


Reactive power, Q = VI sin @ reactive 
voltamperes (var) 


true power 
Power factor = a 
apparent power S 


= cos@ 


PART 
(These formulae are the same as for series a.c. circuits as 2 
used in Chapter 15.) 


16.2. R-L parallel a.c. circuit 


In the two branch parallel circuit containing resistance 
R and inductance L shown in Figure 16.1, the current 
flowing in the resistance, Jp, is in-phase with the supply 
voltage V and the current flowing in the inductance, J, 
lags the supply voltage by 90°. The supply current J is the 
phasor sum of Jp and J; and thus the current J lags the 
applied voltage V by an angle lying between 0° and 90° 
(depending on the values of Jr and J,), shown as angle ¢ 
in the phasor diagram. 

From the phasor diagram: 


l= (Ip + i: (by Pythagoras’ theorem) 


V V 
here Jp = — and J, = — 
where Ir pm if X 

I vf 

tang = —,sing = ~ and 

Ir I 


I 
cos fd = + (by trigonometricratios) 


V 
Circuit impedance, Z = 7 


Problem 1. A 20 resistor is connected in parallel 
with an inductance of 2.387 mH across a 60 V, 1 kHz 
supply. Calculate (a) the current in each branch, (b) the 
supply current, (c) the circuit phase angle, (d) the 
circuit impedance, and (e) the power consumed. 
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The circuit and phasor diagrams are as shown in Fig- 
ure 16.1. 


bie ‘ V 60 
(a) Current flowing in the resistor Jp = — 3A 


R20 


Current flowing in the inductance 


Vv Vv 
IL= = a 
XL 2nfL 
60 
~~ 27r(1000)(2.387 x 1073) 
=4A 


(b) From the phasor diagram, supply current, 


I= JUg+ 1) 
= /(3? +47) 
=5A 
(c) Circuit phase angle, ¢= tan! i =tan! (5 


= 53.13° 
= 53°8' lagging 


© _pe 
5 


~|~ 


(d) Circuit impedance, Z = 


(e) Power consumed P = VI cos ¢ = (60)(5)(cos53°8’) 
= 180 W 
(Alternatively, power consumed P = IR — (3)7(20) 
= 180 W) 


Now try the following exercise. 


Exercise56 Further problems on R-L parallel a.c. 
circuits 


1. A 30 Q resistor is connected in parallel with a pure 
inductance of 3 mH across a 110 V, 2 kHz supply. 
Calculate (a) the current in each branch, (b) the 
circuit current, (c) the circuit phase angle, (d) the 
circuit impedance, (e) the power consumed, and (f) 
the circuit power factor. 

[(a) Ir =3.67A, I, =2.92A (b) 4.69A 
(c) 38.51° lagging (d) 23.45 Q (e) 404 W 
(f) 0.782 lagging] 


2. A40 Q resistance is connected in parallel with a coil 
of inductance L and negligible resistance across a 
200 V, 50 Hz supply and the supply current is found 
to be 8 A. Sketch a phasor diagram and determine 
the inductance of the coil. [102 mH] 


16.3. R-C parallel a.c. circuit 


In the two branch parallel circuit containing resistance R 
and capacitance C shown in Figure 16.2, Ip is in-phase 
with the supply voltage V and the current flowing in 
the capacitor, Ic, leads V by 90°. The supply current / 
is the phasor sum of Jp and Jc and thus the current J leads 
the applied voltage V by an angle lying between 0° and 
90° (depending on the values of Ip and Jc), shown as angle 
a in the phasor diagram. 


Figure 16.2 


From the phasor diagram: 


T=,/ (Ip + I2), (by Pythagoras’ theorem) 


V 
where Ip= R and Ic = — 


oma Ic TR 
tana =—,sina= 7 and cos a = 7 (by trigonometric 
R 


ratios) 


V 
Circuit impedance Z = 7 


Problem 2. A 30 \F capacitor is connected in paral- 
lel with an 80 Q resistor across a 240 V, 50 Hz supply. 
Calculate (a) the current in each branch, (b) the sup- 
ply current, (c) the circuit phase angle, (d) the circuit 
impedance, (e) the power dissipated, and (f) the 
apparent power. 


The circuit and phasor diagrams are as shown in Fig- 
ure 16.2. 


V 240 
(a) Current in resistor, Jp = = = = 


=——=3A 
R80 
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C ti ‘tor. I Vv V 
urrent in capacitor, Ic = — = ——— 
Pp Cc Xe i 
2nfC 

=2nfCV 
= 27(50)(30 x 10~°)(240) 
=2.262A 

(b) Supply current, J = G3 + I) = ./(3* + 2.2627) 


=3.757A 
FC = tan“! (=) 
Ir 3 
= 37°1' leading 
(d) Circuit impedance, Z = ue = bas = 63.88 Q 
I 3.757 


(e) True or active power dissipated, 


(c) Circuit phase angle, a= tan~ 


P=VI cosa 
= 240(3.757) cos 37° 1’ 
=720W 


(Alternatively, true power P = IRR = (3)*(80) 
=720W) 


(f) Apparent power, S = VI = (240)(3.757) = 901.7 VA 


Problem 3. A capacitor C is connected in parallel 
with a resistor R across a 120 V, 200 Hz supply. The 
supply current is 2A at a power factor of 0.6 leading. 
Determine the values of C and R. 


The circuit diagram is shown in Figure 16.3(a). 


Figure 16.3 


Power factor = cos ¢ = 0.6 leading, hence 
¢=cos~! 0.6 = 53.13° leading. 


From the phasor diagram shown in Figure 16.3(b), 
Irn =I cos 53.13° = (2)(0.6) 
=12A 
and Ic =/ sin 53.13° = (2)(0.8) 
=1.6A 


(Alternatively, Zp and Jc can be measured from the scaled 
phasor diagram.) 


From the circuit diagram, 


V V 120 
Ir = — from which R = — = —— = 1002 
R Ip (1.2 
die OV och ee 
an = — = 270 ,irom whicn, C = 
ae o 2nfV 
_ 1.6 
~~ 27r(200)(120) 
= 10.61 pF 


Now try the following exercise. 


Exercise 57 Further problems on R-C parallel 
a.c. circuits 


1. A 1500 nF capacitor is connected in parallel with a 
16 Q resistor across a 10 V, 10 kHz supply. Calcu- 
late (a) the current in each branch, (b) the supply 
current, (c) the circuit phase angle, (d) the circuit 
impedance, (e) the power consumed, (f) the appar- 
ent power, and (g) the circuit power factor. Sketch 
the phasor diagram. 

[(a) Ir = 0.625 A, Ic = 0.943 A (b) 1.131 A 
(c) 56.46° leading (d) 8.84 Q (e) 6.25 W 
(f) 11.31 VA (g) 0.553 leading] 


2. A capacitor C is connected in parallel with a resis- 
tance R across a 60 V, 100 Hz supply. The supply 
current is 0.6A at a power factor of 0.8 leading. 
Calculate the values of R and C. 

R= 12S, C=9.55 ell 


16.4 L-C parallel a.c. circuit 


In the two branch parallel circuit containing inductance L 
and capacitance C shown in Figure 16.4, I, lags V by 90° 
and Ic leads V by 90°. 
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Vv 


— 


l=h-lo 


| 


c 
; V 
(i) 
bly 
I 
le 
. [=Io-h 
ii lo>l omnes e 
(ii) foram v_ v 
A 


Figure 16.4 


Theoretically there are three phasor diagrams possi- 
ble — each depending on the relative values of J, and Ic: 


Gi) I, > Ic (giving a supply current, J = J;, — Ic lagging 
V by 90°) 


(ii) I¢ > I, (giving a supply current, J = Ic — Iz, leading 
V by 90°) 


(ii) I, =Ic (giving a supply current, J = 0). 


The latter condition is not possible in practice due to cir- 
cuit resistance inevitably being present (as in the circuit 
described in Section 16.5). 

V 


4 
For the L—C parallel circuit, J, = —, Ic = — 
XL Xc 


V 
I= phasor difference between Jz, and Jc, and Z = 7 


Problem 4. A pure inductance of 120mH is con- 
nected in parallel with a 25\F capacitor and the 
network is connected to a 100 V, 50 Hz supply. Deter- 
mine (a) the branch currents, (b) the supply current and 
its phase angle, (c) the circuit impedance, and (d) the 
power consumed. 


The circuit and phasor diagrams are as shown in Fig- 
ure 16.4. 


(a) Inductive reactance, X;, = 27fL 
= 27(50)(120 x 1073) 
=37.70Q 


1 
Capaciti tance, Xc = ——_ 
apacitive reactance Cc 2nfC 
a 1 
~ 27r(50)(25 x 10-6) 
=127.32 
V 100 
Current flowing in inductance, I, = — = ——- 
urrent flowing in inductance, /7, Xr, 37.70 
=2.653A 
V 100 
Cc t flowing i itor, Ic= == 
urren'! owing 1n Capacitor, Cc Xc 127.3 
=0.786A 


(b) 7, and Jc are anti-phase. Hence supply current, 


T=I, — Ic =2.653 — 0.786 = 1.867A and the cur- 
rent lags the supply voltage V by 90° (see Fig- 
ure 16.4(i)) 


V 100 
ircuit i d L=-=— 
(c) Circuit impedance 7 = T3867 


(d) Power consumed, P = V/ cos @ 


= (100)(1.867)(cos 90°) 
=0W 


= 53.56 2 


Problem 5. Repeat Problem 4 for the condition when 
the frequency is changed to 150 Hz. 


(a) Inductive reactance, Xz, = 27(150)(120 x 1074) 


=113.1Q 
Capacitive reactance, Xc = } 
2m(150)(25 x 10-6) 
= 42.449 
er Vv 100 

Current flowing in inductance, J; = X, Ta 
= 0.844A 

Current flowing in capacitor, I¢ = we = Bly 

Xc 42.44 
=2.356A 


(b) Supply current, J = Ic — Ip = 2.356 — 0.884 = 
1.472 A leading V by 90° (see Figure 16.4(ii)) 


bs aeingeteg= C= 100 
Cc 1rcul impe' ance, = 7 = 1472 


(d) Powerconsumed, P = VI cos ¢ = 0 W (since ¢ = 90°) 


= 67.93 2 


From Problems 4 and 5: 


(i) When Xz, < Xc then J; > Ic and / lags V by 90° 
(ii) When X;, > Xc then I, < Jc and / leads V by 90° 
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(iii) Ina parallel circuit containing no resistance the power 
consumed is zero 


Now try the following exercise. 


Exercise58 Further problems on L-C parallel a.c. 
circuits 


1. An inductance of 80 mH is connected in parallel 
with a capacitance of 10 WF across a 60 V, 100 Hz 
supply. Determine (a) the branch currents, (b) the 
supply current, (c) the circuit phase angle, (d) the 
circuit impedance and (e) the power consumed. 

[(a) Ic =0.377A, I, = 1.194A (b) 0.817A 
(c) 90° lagging (d) 73.44 Q (e) 0 W] 


2. Repeat problem 1 fora supply frequency of 200 Hz. 
[(a) Ic =0.754A, I, = 0.597 A (b) 0.157 A 
(c) 90° leading (d) 382.2 Q (e) 0 W] 


16.5 LR-C parallel a.c. circuit 


In the two branch circuit containing capacitance C in par- 
allel with inductance L and resistance R in series (such as 
a coil) shown in Figure 16.5(a), the phasor diagram for the 
LR branch alone is shown in Figure 16.5(b) and the phasor 
diagram for the C branch is shown alone in Figure 16.5(c). 
Rotating each and superimposing on one another gives the 
complete phasor diagram shown in Figure 16.5(d). 


Vv 
(c) 


Vv 


p 
ie) aa ae 
mee 
( 
i} 
' 


q 
hr 


(d) 
Figure 16.5 


The current J7r of Figure 16.5(d) may be resolved 
into horizontal and vertical components. The horizontal 
component, shown as op is /rr cos ¢; and the vertical 


component, shown as pq is [zr sin ¢;. There are three 
possible conditions for this circuit: 


(i) Ic > Izr sin 1 (giving a supply current J leading V 
by angle @ — as shown in Figure 16.5(e)) 

(ii) Itz sin @; > Ic (giving J lagging V by angle ¢ — as 
shown in Figure 16.5(f)) 


(iii) Ic =IzpR sin ¢, (this is called parallel resonance, see 
Section 16.6). 


There are two methods of finding the phasor sum of cur- 
rents I7r and Jc in Figures 16.5(e) and (f). These are: (i) by 
a scaled phasor diagram, or (ii) by resolving each current 
into their ‘in-phase’ (i.e. horizontal) and ‘quadrature’ 
(i.e. vertical) components, as demonstrated in problems 
6 and 7. 

With reference to the phasor diagrams of Figure 16.5: 


Impedance of LR branch, Zr = /(R? + X7) 


V V 
Izrp = —— and Ic = — 
ZLR Xc 


Current, 


Supply current J = phasor sum of [zr and Ic (by drawing) 


= /{(UIe cos $1)? + Ure sin $1 ~ Ic)*} 
(by calculation) 


where ~ means ‘the difference between’. 


Vv 
Circuit impedance Z = 7 


Vi Xt, XL 
tan ¢) = = —, sing, = and cos ¢; = —— 
Vr R ZLR ZLR 
Irrsi ~I I 
itp ce ONG ft ec pes eee 
Ir COs On I 


Problem 6. A coil of inductance 159.2 mH and resist- 
ance 40 Q is connected in parallel with a 30 wF capac- 
itor across a 240V, 50Hz supply. Calculate (a) the 
current in the coil and its phase angle, (b) the current 
in the capacitor and its phase angle, (c) the supply 
current and its phase angle,(d) the circuit impedance, 
(e) the power consumed, (f) the apparent power, and 
(g) the reactive power. Draw the phasor diagram. 


The circuit diagram is shown in Figure 16.6(a). 
(a) For the coil, inductive reactance 
Xy, = 2nfLl 
= 27(50)(159.2 x 1073) 
= 502 


Impedance Z; = \/(R* + X?) = ,/(40? + 507) 
= 64.03 Q 
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Zy 
oF 
R=400 L=159.2 mH 


V = 240 V, 50 Hz 


{a) 
[c= 2.262 A 
(b) hp=3.748A 
Figure 16.6 
Cc erent V 240 Acie 
urrent in coil, Izzy = — = ——~ =3. 
eZ A083 
Xx 50 
Branch phase angle ¢, = tan~! 2 = tan7! (3) 
= tan 125 


= 51.34° = 51°20’ lagging 
(see phasor diagram in Figure 16.6(b)) 


1 
(b) Capacitive reactance, Xc = afc 
= 1 
~ 27(50)(30 x 10-6) 
= 106.1 2 
: : Vv 240 
Current in capacitor, Jc = — = —— 
Xc 106.1 


= 2.262 A leading the supply 
voltage by 90° 
(see phasor diagram of Figure 16.6(b)). 


(c) The supply current / is the phasor sum of [zr and Ic. 
This may be obtained by drawing the phasor diagram 
to scale and measuring the current J and its phase angle 
relative to V. (Current J will always be the diagonal 
of the parallelogram formed as in Figure 16.6(b).) 

Alternatively the current J7r and Jc may be resolved 
into their horizontal (or ‘in-phase’) and vertical (or 
‘quadrature’ ) components. The horizontal component 
of IpR is 


Ipr cos (51°20') = 3.748 cos 51°20! = 2.342 A 


The horizontal component of Jc is Ic cos 90° =0 


Thus the total horizontal component, /77 = 2.342A 


The vertical component of Ipr = —Jzr sin(51°20’) 
= —3.748 sin 51°20' 
=—2.926A 

The vertical component of Ic = 1c sin 90° 
= 2.262 sin 90° 
=2.262A 

Thus the total vertical component, 


Ty = —2.926 + 2.262 
= —0.664A 


Ty and Iy are shown in Figure 16.7, from which, 


I = /[2.342}° + (—0.664)7] = 2.434 A 


hy = 2.342 A 
a =-0.664A 
i 
Figure 16.7 
0.664 
Angle ¢= tan! = 1583" 
ngle ¢ = tan (ssa) 5.83 
= 15°50’ lagging 


Hence the supply current J = 2.434 A lagging V by 
15°50’. 
(d) Circuit impedance, Z = ta = aad = 98.60 @ 
I 2.434 
(e) Power consumed, P= VI cos ¢ 
= (240)(2.434) cos 15°50’ 
= 562 W 
(Alternatively, P= IR = ER (in this case) 
= (3.748) (40) = 562 W) 
(f) Apparent power, S = VI = (240)(2.434) 
= 584.2 VA 
(g) Reactive power, Q= VI sin d 
= (240)(2.434) (sin 15°50’) 
= 159.4 var 


Problem 7. A coil of inductance 0.12 H and resist- 
ance 3kQ is connected in parallel with a 0.02 WF 
capacitor and is supplied at 40V at a frequency of 
5 kHz. Determine (a) the current in the coil, and (b) the 
current in the capacitor. (c) Draw to scale the phasor 
diagram and measure the supply current and its phase 
angle; check the answer by calculation. Determine 
(d) the circuit impedance and (e) the power consumed. 
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The circuit diagram is shown in Figure 16.8(a). 


R=3kQL=0.12H 


Scales 
Ra ean 
024681012 MA 
ej 
0 10 20V 


V=40V 
lp = 8.30 mA 


Figure 16.8 


(a) Inductive reactance, X_ = 27fL = 27(5000)(0.12) 


= 3770 Q 
Impedance of coil, Z) = ./(R” +. X7) 
= ./[(3000)* + (3770)7] 
= 4818 Q 
Current in coil, Jzr = Aw = gas = 8.30mA 
Z, 4818 
Branch phase angle ¢ = tan~! XL = tan! eal 
R 3000 
=51.5° lagging 
1 
(b) Capacitive reactance, Xc = afc 
1 
~~ 27(5000)(0.02 x 10~°) 
= 1592 Q 
Capacitor current, [¢ = — = me 
Xc 1592 


= 25.13 mA leading V by 90° 


(c) Currents Jzr and Jc are shown in the phasor diagram 
of Figure 16.8(b). The parallelogram is completed as 
shown and the supply current is given by the diagonal 
of the parallelogram. The current J is measured as 
19.3 mA leading voltage V by 74.5° 


By calculation, 
T= ./((Ipr cos 51.5°Y+Uc — Ip sin 51.5°)7] 
= 19.34mA 


Ie — Inpsin51.5° 
and @= tana! ( 26 — zr sin S15") _ a4 soe 
Ipr cos 51.5° 
(d) Circuit impedance, Z Bal 
ircuit impedance, = = 
P T 19.34 x 10-3 
= 2.068k2 


(e) Power consumed, P = VI cos ¢ 
= (40)(19.34 x 1073)(cos74.50°) 
= 206.7 mW 
(Alternatively, P = IRR = T7pR 
= (8.30 x 10-3)? (3000) 
= 206.7 mW) 


Now try the following exercise. 


Exercise 59 Further problems on LR-C parallel 
a.c. circuits 


1. Acoil of resistance 60 Q and inductance 318.4 mH is 
connected in parallel with a 15 WF capacitor across 
a 200V, 50 Hz supply. Calculate (a) the current in 
the coil, (b) the current in the capacitor, (c) the 
supply current and its phase angle, (d) the circuit 
impedance, (e) the power consumed, (f) the appar- 
ent power and (g) the reactive power. Sketch the 
phasor diagram. 

[(a) 1.715 A (b) 0.943 A 
(c) 1.028 A at 30.88° lagging (d) 194.6 Q 
(e) 176.5 W (f) 205.6 VA (g) 105.5 var] 


2. A 25 nF capacitor is connected in parallel with a coil 
of resistance 2kQ and inductance 0.20H across a 
100 V, 4 kHz supply. Determine (a) the current in the 
coil, (b) the current in the capacitor, (c) the supply 
current and its phase angle (by drawing a phasor 
diagram to scale, and also by calculation), (d) the 
circuit impedance, and (e) the power consumed. 

[(a) 18.48 mA (b) 62.83 mA 
(c) 46.17 mA at 81.49° leading 
(d) 2.166 kQ (e) 0.683 W] 


16.6 Parallel resonance and Q-factor 


Parallel resonance 


Resonance occurs in the two branch network containing 
capacitance C in parallel with inductance L and resistance 
R in series (see Figure 16.5(a)) when the quadrature (i.e. 
vertical) component of current J7r is equal to Jc. At this 
condition the supply current J is in-phase with the supply 
voltage V. 
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Resonant frequency 


When the quadrature component of Jr is equal to Jc then: 
Ic =Izpr sin ¢, (see Figure 16.9) 


| 
; lia sing, 
| 


IL 


Figure 16.9 


4 V x, 
Hence x7 ( ) ( E ), (from Section 16.5) 


ZiR) \ZLR 


1 L 
fi hich, Z2p = XcX,, = (2nf-L) { ——— ) = = 
rom which, Zyp cXL = (27f; (==) 


C 
(16.1) 
L L 
Hence [,/(R? + X?)]? = — and R*+X7 = 
C C 
2 L 2 
Thus Qurf-L)- = C7 R* and 
L 
2nf,.L = IZ = ®) 
d f : Z R? 
an =. mS 
" InALV \C 


i.e. parallel resonant frequency, 


1 1 R 
= /(—_-—)H 
f=a (m2 =) ‘ 


; ace 1 ee 
(When R is negligible, then f, = on MLC)’ which is the 


same as for series resonance.) 


Current at resonance 


Current at resonance, J, = Izr cos ¢; (from Figure 16.9) 


(ze) (za) 


(from Section 16.5) 


_ VR 
= Z, 
: >, Lb 
However from equation (16.1), Zr = C 
VR VRC 
hence J, = ee a (16.2) 
Cc 


The current is at a minimum at resonance. 


Dynamic resistance 


Since the current at resonance is in-phase with the volt- 
age the impedance of the circuit acts as a resistance. This 
resistance is known as the dynamic resistance, Rp (or 
sometimes, the dynamic impedance). 


From equation (16.2), impedance at resonance 


V V L 
~ T,  {VRC\ ~~ RC 
L 


: é : L 
i.e. dynamic resistance,| Rp = RC ohms 


Rejector circuit 


The parallel resonant circuit is often described as a 
rejector circuit since it presents its maximum impedance 
at the resonant frequency and the resultant current is a 
minimum. 


Applications of resonance 


One use for resonance is to establish a condition of stable 
frequency in circuits designed to produce a.c. signals. 
Usually, a parallel circuit is used for this purpose, with 
the capacitor and inductor directly connected together, 
exchanging energy between each other. Just as a pen- 
dulum can be used to stabilize the frequency of a clock 
mechanism’s oscillations, so can a parallel circuit be used 
to stabilize the electrical frequency of an a.c. oscillator 
circuit. 

Another use for resonance is in applications where the 
effects of greatly increased or decreased impedance at a 
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particular frequency is desired. A resonant circuit can be 
used to ‘block’ (i.e. present high impedance toward) a 
frequency or range of frequencies, thus acting as a sort of 
frequency ‘filter’ to strain certain frequencies out of a mix 
of others. In fact, these particular circuits are called filters, 
and their design is considered in Chapter 42. In essence, 
this is how analogue radio receiver tuner circuits work 
to filter, or select, one station frequency out of the mix 
of different radio station frequency signals intercepted by 
the antenna. 


Q-factor 


Currents higher than the supply current can circulate 
within the parallel branches of a parallel resonant cir- 
cuit, the current leaving the capacitor and establishing 
the magnetic field of the inductor, this then collapsing and 
recharging the capacitor, and so on. The Q-factor of a 
parallel resonant circuit is the ratio of the current circu- 
lating in the parallel branches of the circuit to the supply 
current, i.e. the current magnification. 


Q-factor at resonance = current magnification 
circulating current 
= supply current 
Tc — Irrsin gy 
= ra = eo 
ad Ir sin 1 sin —\ 


~~ Ipp cos 1 ~~ cos -\ 


XL 
= tan dg; = — 
pi R 


2nf,-L 
R 


Le. Q-factor at resonance = 


(which is the same as for a series circuit) 


Note that in a parallel circuit the Q-factor is a measure 
of current magnification, whereas in a series circuit it is 
a measure of voltage magnification. 

At mains frequencies the Q-factor of a parallel circuit is 
usually low, typically less than 10, but in radio-frequency 
circuits the Q-factor can be very high. 


Problem 8. A pure inductance of 150mH is con- 
nected in parallel with a 40 wF capacitor across a 50 V, 
variable frequency supply. Determine (a) the resonant 
frequency of the circuit and (b) the current circulating 
in the capacitor and inductance at resonance. 


The circuit diagram is shown in Figure 16.10. 


1 es 
Parallel t fi f= 
(a) Parallel resonant frequency, f; x (z 4 


£=150 mH 


Figure 16.10 


However, resistance R = 0. Hence, 


= mei (ze) 
tr a. nx LC 
i i 1 
Qn | a3 x 10-3)(40 x a5 
Ce) ot 
~ IwV \(15)(4) 
3 
= (z) = 64.97 Hz 


Dae 
(b) Current circulating in L and C at resonance, 
V V 


I SS 
CIRC Xe I 
2nf.C 


Hence Icirc = 271(64.97)(40 x 10~°)(50) = 0.816 A 


= 2nf,CV 


p V V 50 
(Alternating, JcIrc = — — 
Xr, 2nf-L 22(64.97)(0.15) 
= 0.817 A) 


Problem 9. A coil of inductance 0.20H and resist- 
ance 60 Q is connected in parallel with a 20 wF capac- 
itor across a 20 V, variable frequency supply. Calculate 
(a) the resonant frequency, (b) the dynamic resistance, 
(c) the current at resonance and (d) the circuit Q-factor 
at resonance. 


(a) Parallel resonant frequency, 
f 1 ‘ 1s hee 
PORN MLC “ake 

Cor i 1 (60)? 

~ 2a V \(0.20)(20 x 10-6) (0.2)? 


1 
— £ e2s0 000 — 90 000) 
20 
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1 1 
= —./(160000) = —(400) 
20 20 


= 63.66 Hz 
; : L 0.20 
(b) Dynamic resistance, Rp = — 
RC (60)(20 x 10-°) 
= 166.72 
20 
(c) Current at resonance, J, = — = ——- = 0.12A 
Rp 166.7 
es 2nf,-L 
(d) Circuit Q-factor at resonance = — 


__ 2(63.66)(0.2) 
= 60 


= 1.33 


Alternatively, Q-factor at resonance = current magni- 


I 
fication (for a parallel circuit) = ae 
3 


ane ee a 


Xe 1 
( ae) 


= 27(63.66)(20 x 107°)(20) 


=0.16A 
I 0.16 
Hence Q-factor = ia = 012 =1.33, as obtained 


above 


Problem 10. A coil of inductance 100 mH and resist- 
ance 800 Q is connected in parallel with a variable 
capacitor across a 12 V, 5 kHz supply. Determine for 
the condition when the supply current is a minimum: 
(a) the capacitance of the capacitor, (b) the dynamic 
resistance, (c) the supply current, and (d) the Q-factor. 


(a) The supply current is a minimum when the parallel 
circuit is at resonance. 


1 ime 
Resonant frequency, f, = 5 
4 


LC 
si ing for C gi nes i 
ransposing for ives: (277, SS 
Bae ane | Osaae 
eae | 
2 
a ee ia a 
1 
C= 


When L = 100 mH, R= 800 Q and f,, = 5000 Hz, 
1 


C= 


8002 
100 x 10-3 { 2000) + | 


(100 x 10-3)2 
: F 
~~ 0.1 [sr?108 + (0.64) 108] 
10° = 
~ 0.10.51 x 108)" 
= 0.009515 wF or 9.515 nF 


L 
b) Dynamic resistance, Rp = — 
(b) Dy D= GR 


— 100 x 10 
~ (9.515 x 10-9)(800) 
=13.14kQ2 

Vv 


(c) Supply current at resonance, [; = ae 
D 


_ 12 
~ 13.14 x 103 
= 0.913 mA 

2nf-L 


(d) Q-factor at resonance = 


__ 2n(5000)(100 x 1077) 
7 800 


= 3.93 
Alternatively, Q-factor at resonance 


Ip V/Xe  2nf-CV 


ae ae 2 I, 
27(5000)(9.515 x 10~°)(12) 

re 0.913 x 10-3 

= 3.93 


Now try the following exercise. 


Exercise 60 Further problems on parallel reson- 
ance and Q-factor 


1. AO.15 pF capacitor and a pure inductance of 0.01 H 
are connected in parallel across a 10V, variable 
frequency supply. Determine (a) the resonant fre- 
quency of the circuit, and (b) the current circulating 
in the capacitor and inductance. 

[(a) 4.11 kHz (b) 38.74 mA] 
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2. A 30\F capacitor is connected in parallel with a 
coil of inductance 50 mH and unknown resistance 

R across a 120V, 50 Hz supply. If the circuit has 
an overall power factor of 1 find (a) the value of R, 
(b) the current in the coil, and (c) the supply current. 
[(a) 37.68 Q (b) 2.94.A (c) 2.714 A] 


3. A coil of resistance 25 Q and inductance 150 mH is 

connected in parallel with a 10 \F capacitor across 

a 60V, variable frequency supply. Calculate (a) the 

resonant frequency, (b) the dynamic resistance, 

(c) the current at resonance and (d) the Q-factor at 
resonance. 

[(a) 127.2 Hz (b) 600 Q (c) 0.10A (d) 4.80] 


4. A coil of resistance 1.5 kQ and 0.25 H inductance 
is connected in parallel with a variable capaci- 
tance across a 10 V, 8kHz supply. Calculate (a) 
the capacitance of the capacitor when the supply 
current is a minimum, (b) the dynamic resistance, 
and (c) the supply current. 

[(a) 1561 pF (b) 106.8 kQ (c) 93.66 WA] 


5. A parallel circuit as shown in Figure 16.11 is tuned 
to resonance by varying capacitance C. Resistance, 
R= 30 Q, inductance, L = 400 .H, and the supply 
voltage, V = 200 V, 5 MHz. 


Figure 16.11 


Calculate (a) the value of C to give resonance 

at 5MHz, (b) the dynamic resistance, (c) the 

Q-factor, (d) the bandwidth, (e) the current in each 

branch, (f) the supply current, and (g) the power 
dissipated at resonance. 

[(a) 2.533 pF (b) 5.264 MQ (c) 418.9 

(d) 11.94 kHz (e) Ic = 15.915290° mA, 

Ipr = 15.9152 —89.863° mA (f) 38 pA 

(g) 7.60 mW] 


16.7 Power factor improvement 


For a particular power supplied, a high power factor 
reduces the current flowing in a supply system, which 
consequently lowers losses (i.e. I7R losses) and hence 
results in cheaper running costs. Supply authorities use 
tariffs which encourage electricity consumers to operate 
at a reasonably high power factor. Industrial loads such as 


a.c. motors are essentially inductive (R-L) and may have 
a low power factor. One method of improving (or correct- 
ing) the power factor of an inductive load is to connect 
a static capacitor C in parallel with the load (see Fig- 
ure 16.12(a)). The supply current is reduced from Iz, to J, 
the phasor sum of Jr and Jc, and the circuit power factor 
improves from cos ¢ to cos ¢2 (see Figure 16.12(b)). 


Inductive load 


Figure 16.12 


Problem 11. A single-phase motor takes 50A at a 
power factor of 0.6 lagging from a 240 V, 50 Hz supply. 
Determine (a) the current taken by a capacitor con- 
nected in parallel with the motor to correct the power 
factor to unity, and (b) the value of the supply current 
after power factor correction. 


The circuit diagram is shown in Figure 16.13(a). 


(a) A power factor of 0.6 lagging means that cos ¢ = 0.6 
i.e. p= cos! 0.6=53°8' 
Hence Iy lags V by 53°8’ as shown in Fig- 
ure 16.13(b). 

If the power factor is to be improved to unity then 
the phase difference between supply current J and 
voltage V is 0°, i.e. J is in phase with V as shown in 
Figure 16.13(c). For this to be so, Jc must equal the 
length ab, such that the phasor sum of Jy and Ic is 
IT. ab=Iy sin 53°8' = 50(0.8) = 40A 
Hence the capacitor current J, must be 40A for 
the power factor to be unity. 


(b) Supply current J = Iy cos 53°8' = 50(0.6) =30A 
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V = 240 V, 50 Hz 
(a) 


V=240V 


53°8' 


Figure 16.13 


Problem 12. A motor has an output of 4.8kW, an 
efficiency of 80% and a power factor of 0.625 lag- 
ging when operated from a 240 V, 50 Hz supply. It is 
required to improve the power factor to 0.95 lagging 
by connecting a capacitor in parallel with the motor. 
Determine (a) the current taken by the motor, (b) the 
supply current after power factor correction, (c) the 
current taken by the capacitor, (d) the capacitance of 
the capacitor, and (e) the kvar rating of the capacitor. 


tput 
(a) Efficiency = mae 
power input 
80 4800 


100 power input 


hence 


4800 
Power input = oa 6000 W 


Hence, 6000 = VI y cos ¢ = (240)Ty)(0.625), 
since cosd = p.f. = 0.625 
Thus current taken by the motor, 
Iv = pees Lae =40A 

(240)(0.625) 
The circuit diagram is shown in Figure 16.14(a). 
The phase angle between Jy and V is given by: 


o= cos! 0.625 = 51.32° =51°19’, hence the pha- 


sor diagram is as shown in Figure 16.14(b). 


(b) 


When a capacitor C is connected in parallel with the 
motor a current Jc flows which leads V by 90°. The 


= 240 V, 50Hz 
(a) 


BIg OV = 240 V 


Iu=40A 


Figure 16.14 


(c) 


phasor sum of Jy and Jc gives the supply current 
T, and has to be such as to change the circuit power 
factor to 0.95 lagging, i.e. a phase angle of cos !0.95 
or 18°12’ lagging, as shown in Figure 16.14(c). 


The horizontal component of Jy (shown as oa) 
= Iy cos 51°19’ 
= 40 cos 51°19’ 
=25A 
The horizontal component of J (also given by Oa) 
=I cos 18°12’ 


=0.951 
Equating the horizontal components gives: 25=0.957 


Hence the supply current after p.f. correction, 


[=> = 632A 
05", 


The vertical component of [jy (shown as ab) 
= Iy sin 51°19’ 
= 40 sin 51°19’ 
=31.22A 

The vertical component of J (shown as ac) 
=/ sin 18°12’ 
= 26.32 sin 18°12’ 
=8.22A 


The magnitude of the capacitor current Jc (shown as 
bc) is given by ab — ac, i.e. 31.22 —8.22=23A 
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V V 
(d) Current Jc = mo ( i ) 
2nfC 
Ic 23 
2nfV  2n(50)(240) 
VI. (240)(23) 


1000 ~=—-:1000 
= 5.52 kvar 


= 2nfCV, 


from which, C = F=305 wF 


(e) kvar rating of the capacitor = 


In this problem the supply current has been reduced 
from 40A to 26.32 A without altering the current or power 
taken by the motor. This means that the /*R losses are 
reduced, with an obvious saving in cost. 


Problem 13. A 250V, 50Hz single-phase supply 
feeds the following loads (i) incandescent lamps taking 
a current of 10A at unity power factor, (ii) fluorescent 
lamps taking 8 A at a power factor of 0.7 lagging, (iii) a 
3 kVA motor operating at full load and at a power factor 
of 0.8 lagging and (iv) a static capacitor. Determine, 
for the lamps and motor, (a) the total current, (b) the 
overall power factor and (c) the total power. (d) Find 
the value of the static capacitor to improve the overall 
power factor to 0.975 lagging. 


A phasor diagram is constructed as shown in Figure 
16.15(a), where 8A is lagging voltage V by cos”! 0.7, 
i.e. 45.57°, and the motor current is 3000/250, i.e. 12A 
lagging V by cos! 0.8, i.e. 36.87° 


36.87° 


10A V=250 
45.57° 
BA 
(a) 124 
25.2 A 
ae, i 
12.91A 
I 


Figure 16.15 


(a) The horizontal component of the currents 


= 10cos0° + 12 cos 36.87° + 8 cos 45.57° 
=104+96+5.6=25.2A 


The vertical component of the currents 


= 10sin 0° — 12 sin 36.87° — 8 sin 45.57° 
=0—-— 7.2 —5.713 = —12.91A 


From Figure 16.15(b), total current, 
I, = J/{((25.2)? + (12.91)7] 


91 
at a phase angle of ¢= tan~! (=). i.e. 27.13° 
lagging 
(b) Power factor = cos = cos 27.13° = 0.890 lagging 
(c) Total power, P= VI; cos @ 
= (250)(28.31)(0.890) 
=6.3kW 
(d) To improve the power factor, a capacitor is connected 
in parallel with the loads. The capacitor takes a cur- 
rent Jc such that the supply current falls from 28.31 A 


to I, lagging V by cos~! 0.975, i.e. 12.84°. The 
phasor diagram is shown in Figure 16.16. 


V=250V 


1,=28.31 AP 


Figure 16.16 


0a = 28.31 cos 27.13° =I cos 12.84° 


28.31 cos 27.13° 
Hence J = 
cos 12.84° 


Current I[¢ = be = (ab — ac) 


=25.84A 


= 28.31 sin 27.13° — 25.84 sin 12.84° 


= 12.91 — 5.742 

=7.168A 
I= = = —— = 2nfCV 

(se) 
Hence capacitance C = fe 
27fV 
7.168 
~ 257(50)(250) 


=91.27F 
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Thus to improve the power factor from 0.890 to 0.975 
lagging a 91.27 WF capacitor is connected in parallel 


with the loads. 


Now try the following exercise. 


3h 


Exercise 61 Further problems on power factor 
improvement 


1. 


A415 V alternator is supplying a load of 55 kW ata 
power factor of 0.65 lagging. Calculate (a) the kVA 
loading and (b) the current taken from the alternator. 
(c) If the power factor is now raised to unity find 
the new kVA loading. 

[(a) 84.6 kVA (b) 203.9A (c) 84.6 kVA] 


2. Asingle-phase motor takes 30 A at a power factor of 


0.65 lagging from a 240 V, 50 Hz supply. Determine 
(a) the current taken by the capacitor connected in 
parallel to correct the power factor to unity, and 
(b) the value of the supply current after power factor 
correction. [(a) 22.80A (b) 19.50 A] 


A 20 Q non-reactive resistor is connected in series 
with a coil of inductance 80mH and negligible 
resistance. The combined circuit is connected to 
a 200 V, 50 Hz supply. Calculate (a) the reactance 
of the coil, (b) the impedance of the circuit, (c) the 
current in the circuit, (d) the power factor of the 
circuit, (e) the power absorbed by the circuit, (f) 
the value of a power factor correction capacitor to 
produce a power factor of unity, and (g) the value 
of a power factor correction capacitor to produce a 
power factor of 0.9. 
[(a) 25.13 Q (b) 32.12251.49° Q 
(c) 6.2272 —51.49° A (d) 0.623 (e) 775.5 W 
(f) 77.56 WF (g) 47.67 LF] 


4. A motor has an output of 6 kW, an efficiency of 75% 


and a power factor of 0.64 lagging when operated 
from a 250V, 60 Hz supply. It is required to raise 
the power factor to 0.925 lagging by connecting 
a capacitor in parallel with the motor. Determine 
(a) the current taken by the motor, (b) the supply 
current after power factor correction, (c) the current 
taken by the capacitor, (d) the capacitance of the 
capacitor and (e) the kvar rating of the capacitor. 
[(a) SOA (b) 34.59.A (c) 25.28 A (d) 268.2 LF 
(e) 6.32 kvar] 


5. A 200V, 50 Hz single-phase supply feeds the fol- 


lowing loads: (1) fluorescent lamps taking a current 
of 8 A at a power factor of 0.9 leading, (11) incandes- 
cent lamps taking a current of 6A at unity power 
factor, (iii) a motor taking a current of 12A at a 
power factor of 0.65 lagging. Determine the total 
current taken from the supply and the overall power 
factor. Find also the value of a static capacitor con- 
nected in parallel with the loads to improve the 
overall power factor to 0.98 lagging. 

[21.74A, 0.966 lagging, 21.74 WF] 


17 D.c. transients 


At the end of this chapter you should be able to: 


e understand the term ‘transient’ 

e describe the transient response of capacitor and 
resistor voltages, and current in a series C—R d.c. 
circuit 

e define the term ‘time constant’ 

calculate time constant in a C-R circuit 

e draw transient growth and decay curves for a C—-R 
circuit 

© use equations vc = V(1 — e~'/"), vg = Ve~*/* and 
i=Je—/* for a CR circuit 

e describe the transient response when discharging a 
capacitor 


e describe the transient response of inductor and resistor 
voltages, and current in a series L—R d.c. circuit 

e calculate time constant in an L-R circuit 

e draw transient growth and decay curves for an LR 
circuit 

@ use equations vz = Ve~'/", vy =V(1 — e*/ and 
i=I(1—e*/") 

e describe the transient response for current decay in an 
LR circuit 

e understand the switching of inductive circuits 

e describe the effects of time constant on a rectangular 
waveform via integrator and differentiator circuits 


17.1 Introduction 


When a d.c. voltage is applied to a capacitor C and resis- 
tor R connected in series, there is a short period of time 
immediately after the voltage is connected, during which 
the current flowing in the circuit and voltages across C 
and R are changing. 

Similarly, when a d.c. voltage is connected to a circuit 
having inductance L connected in series with resistance 
R, there is a short period of time immediately after the 
voltage is connected, during which the current flowing in 
the circuit and the voltages across L and R are changing. 

These changing values are called transients. 


17.2. Charging a capacitor 


(a) The circuit diagram for a series connected C-R circuit 
is shown in Figure 17.1. When switch S is closed then 
by Kirchhoff’s voltage law: 


V=vc+upR (17.1) 


Figure 17.1 


(b) The battery voltage V is constant. The capacitor volt- 
age uc is given by q/C, where q is the charge on the 
capacitor. The voltage drop across R is given by iR, 
where / is the current flowing in the circuit. Hence at 
all times: 


ee 
V=—+iR 17.2 
at ( ) 


At the instant of closing S, (initial circuit condition), 
assuming there is no initial charge on the capacitor, 
qo is zero, hence vco is zero. Thus from equation 
(17.1), V=O-+ uo, i.e. URo = V. This shows that the 
resistance to current is solely due to R, and the initial 
current flowing, ip =J=V/R. 

(c) A short time later at time t; seconds after closing S, 
the capacitor is partly charged to, say, gj coulombs 
because current has been flowing. The voltage uc, is 
now qi/C volts. If the current flowing is 7; amperes, 
then the voltage drop across R has fallen to i,R volts. 
Thus, equation (17.2) is now V=(qi/C) + iR. 

(d) A short time later still, say at time f2 seconds after 

closing the switch, the charge has increased to q2 

coulombs and uc has increased to q2/C volts. Since 

V =vc + up and V is aconstant, then vp decreases to 

i2R. Thus uc is increasing and i and vp are decreasing 

as time increases. 

Ultimately, a few seconds after closing S, (i.e. at 

the final or steady state condition), the capacitor is 

fully charged to, say, Q coulombs, current no longer 
flows, i.e. i=0, and hence vr =iR=O. It follows 
from equation (17.1) that vc =V. 


(e 


Ym 
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(f) Curves showing the changes in vc, vp and i with time 


are shown in Figure 17.2. 


Capacitor voltage (V) 


Time (s) 
(a) Capacitor voltage transient 


—¥; 


a va=1R 
oD 
cop) 
& 
re) 
> 
s 
B 
n 
o 
cc 
Time (s) — + 


(b) Resistor voltage transient 


—+> ~. 


ae 
a 


Current (A) 


— 


Time (s) 
(c) Current transient 


Figure 17.2 


The curve showing the variation of vc with time is 
called an exponential growth curve and the graph is 
called the ‘capacitor voltage/time’ characteristic. The 
curves showing the variation of vr and i with time 
are called exponential decay curves, and the graphs 
are called ‘resistor voltage/time’ and ‘current/time’ 
characteristics respectively. (The name ‘exponential’ 
shows that the shape can be expressed mathematically 
by an exponential mathematical equation, as shown in 
Section 17.4). 


17.3 Time constant for a C-R circuit 


(a) If a constant d.c. voltage is applied to a series con- 


nected C-R circuit, a transient curve of capacitor 
voltage vc is as shown in Figure 17.2(a). 


(b) With reference to Figure 17.3, let the constant voltage 


supply be replaced by a variable voltage supply at 


time f; seconds. Let the voltage be varied so that the 
current flowing in the circuit is constant. 


Yo(V) 


Time 
constant 
t 


Figure 17.3 


(c) 
(d) 
(e) 


Since the current flowing is a constant, the curve will 
follow a tangent, AB, drawn to the curve at point A. 
Let the capacitor voltage uc reach its final value of V 
at time tz seconds. 

The time corresponding to (t — t;) seconds is called 
the time constant of the circuit, denoted by the Greek 
letter ‘tau’, t. The value of the time constant is CR 
seconds, i.e. for a series connected C-R circuit, 


time constant t = CR seconds 


Since the variable voltage mentioned in para (b) above 
can be applied to any instant during the transient 
change, it may be applied at t=0, i.e. at the instant 
of connecting the circuit to the supply. If this is done, 
then the time constant of the circuit may be defined as: 


‘the time taken for a transient to reach its final state 
if the initial rate of change is maintained’ . 


17.4 Transient curves for a C-R circuit 


There are two main methods of drawing transient curves 
graphically, these being: 


(a) 
(b) 


the tangent method — this method is shown in 

Problem | below and 

the initial slope and three point method, which is 

shown in Problem 2, and is based on the following 

properties of a transient exponential curve: 

(i) fora growth curve, the value of a transient at a time 
equal to one time constant is 0.632 of its steady 
state value (usually taken as 63% of the steady 
state value), at a time equal to two and a half time 
constants is 0.918 if its steady state value (usually 
taken as 92% of its steady state value) and at a time 
equal to five time constants is equal to its steady 
state value, 
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(ii) for a decay curve, the value of a transient at a time 
equal to one time constant is 0.368 of its initial 
value (usually taken as 37% of its initial value), 
at a time equal to two and a half time constants is 
0.082 of its initial value (usually taken as 8% of 
its initial value) and at a time equal to five time 
constants is equal to zero. 


The transient curves shown in Figure 17.2 have math- 
ematical equations, obtained by solving the differential 
equations representing the circuit. The equations of the 
curves are: 


growth of capacitor voltage, vc = V(1 — e~“/C®) 
= V(1—e7/") 
VR = Ve7t/CR 


= Ve/™ and 


i= Jet/R = Je~*t/t 


decay of resistor voltage, 


decay of current flowing, 


These equations are derived analytically in Chapter 45. 


Problem 1. A 15\wF uncharged capacitor is con- 
nected in series with a 47 kQ resistor across a 120 V, 
d.c. supply. Use the tangential graphical method to 
draw the capacitor voltage/time characteristic of the 
circuit. From the characteristic, determine the capac- 
itor voltage at a time equal to one time constant after 
being connected to the supply, and also two seconds 
after being connected to the supply. Also, find the time 
for the capacitor voltage to reach one half of its steady 
state value. 


To construct an exponential curve, the time constant of the 
circuit and steady state value need to be determined. 


Time constant = CR = 15 uF x 47kQ 
=15x 10° x 47 x 10° 


= 0.705 s 
Steady state value of uc = V, 
Le. vc = 120V. 


With reference to Figure 17.4, the scale of the horizontal 
axis is drawn so that it spans at least five time constants, i.e. 
5 x 0.705 or about 3.5 seconds. The scale of the vertical 
axis spans the change in the capacitor voltage, that is, from 
0 to 120V. A broken line AB is drawn corresponding to 
the final value of uc. 

Point C is measured along AB so that AC is equal 
to It, 1e. AC = 0.705s. Straight line OC is drawn. 
Assuming that about five intermediate points are needed 
to draw the curve accurately, a point D is selected on 
OC corresponding to a vc value of about 20V. DE is 
drawn vertically. EF is made to correspond to It, i.e. 


Capacitor voltage 


Figure 17.4 


EF = 0.705s. A straight line is drawn joining DF. This 
procedure of 


(a) drawing a vertical line through point selected, 

(b) at the steady state value, drawing a horizontal line 
corresponding to It, and 

(c) joining the first and last points, 


is repeated for vc values of 40, 60, 80 and 100V, giving 
points G, H, I and J. 

The capacitor voltage effectively reaches its steady state 
value of 120V after a time equal to five time constants, 
shown as point K. Drawing a smooth curve through points 
O, D, G, H, I, J and K gives the exponential growth curve 
of capacitor voltage. 

From the graph, the value of capacitor voltage at a time 
equal to the time constant is about 75 V. It is a characteris- 
tic of all exponential growth curves, that after a time equal 
to one time constant, the value of the transient is 0.632 of 
its steady state value. In this problem, 0.632 x 120 = 
75.84 V. Also from the graph, when ¢ is two seconds, uc is 
about 115 V. [This value may be checked using the equa- 
tion vc(1 — e~*/"), where V= 120 V, t= 0.7058 and 
t= 2s. This calculation gives vc = 112.97V.] 

The time for uc to rise to one half of its final value, 1.e. 
60 V, can be determined from the graph and is about 0.5 s. 
[This value may be checked using vc = V(1—e~' /T) where 
V=120V, vc = 60V and t = 0.705 s, giving t = 0.489 s.] 


Problem 2. A 4\F capacitor is charged to 24V 
and then discharged through a 220kQ resistor. Use 
the ‘initial slope and three point’ method to draw: (a) 
the capacitor voltage/time characteristic, (b) the resis- 
tor voltage/time characteristic and (c) the current/time 
characteristic, for the transients which occur. From the 
characteristics determine the value of capacitor volt- 
age, resistor voltage and current one and a half seconds 
after discharge has started. 
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To draw the transient curves, the time constant of the 
circuit and steady state values are needed. 


Time constant, tT = CR=4 x 10~° x 220 x 10° 


= 0.885 
Initially, capacitor voltage vc = ur = 24V, 
ve 24 
~ R220 x 108 
=0.109mA 


Finally, uc = vr =i=0 


(a) The exponential decay of capacitor voltage is from 
24V to OV in a time equal to five time constants, 
Le. 5 x 0.88 =4.4s. With reference to Figure 17.5, to 
construct the decay curve: 

(i) the horizontal scale is made so that it spans at 
least five time constants, i.e. 4.4 s, 

(ii) the vertical scale is made to span the change in 
capacitor voltage, i.e. 0 to 24 V, 

(iii) point A corresponds to the initial capacitor 
voltage, i.e. 24 V, 

(iv) OB is made equal to one time constant and line 
AB is drawn. This gives the initial slope of the 
transient, 

(v) the value of the transient after a time equal 
to one time constant is 0.368 of the initial 
value, i.e. 0.368 x 24 = 8.83 V; a vertical line is 
drawn through B and distance BC is made equal 
to 8.83 V, 

(vi) the value of the transient after a time equal to two 
and a half time constants is 0.082 of the initial 


Capacitor voltage (V) 


0.368 V 


Figure 17.5 


value, i.e. 0.082 x 24= 1.97V, shown as point 
D in Figure 17.5, 

(vii) the transient effectively dies away to zero after 
a time equal to five time constants, i.e. 4.45, 
giving point E. 

The smooth curve drawn through points A, C, D and 

E represents the decay transient. At 15 s after decay 

has started, vc © 4.4V. [This may be checked using 
vc =Ve/T, where V=24, t= 15 and t=0.88, 

giving vc = 4.36 V] 

(b) The voltage drop across the resistor is equal to 
the capacitor voltage when a capacitor is dischar- 
ging through a resistor, thus the resistor voltage/time 
characteristic is identical to that shown in Figure 17.5. 
Since vr = vc, then at 15 seconds after decay has 
started, ur + 4.4 V (see (vii) above). 

(c) The current/time characteristic is constructed in the 
same way as the capacitor voltage/time characteristic, 
shown in part (a) of this problem, and is as shown in 
Figure 17.6. The values are: 


point A: initial value of current = 0.109 mA 
pointC: at lt, i=0.368 x 0.109=0.040 mA 
point D: at 2.57, i=0.082 x 0.109 =0.009 mA 
pointE: at5r,i=0 


Figure 17.6 


Hence the current transient is as shown. At a time 
of 15 seconds, the value of current, from the char- 
acteristic is 0.02 mA. [This may be checked using 
i=Ie—'/* where 1 =0.109, t= 15 and t = 0.88, giv- 
ing i= 0.0198 mA or 19.8 pA] 


Problem 3. A 20\F capacitor is connected in series 
with a 50kQ resistor and the circuit is connected to a 
20V, d.c. supply. Determine 


(a) the initial value of the current flowing, 
(b) the time constant of the circuit, 
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(c) the value of the current one second after 
connection, 

(d) the value of the capacitor voltage two seconds after 
connection, and 

(e) the time after connection when the resistor voltage 
is 1I5V 


Parts (c), (d) and (e) may be determined graphically, as 
shown in Problems | and 2 or by calculation as shown 
below. 


V =20V,C = 20pF=20 x 10° F, 
R=50kQ2 =50 x 10°V 


(a) The initial value of the current flowing is 


Vv 20 


l= =>. ————_ 
R 50~x 103 


= 0.4mA 


(b) From Section 17.3 the time constant, 


Tt = CR = (20 x 107°) x (50 x 10°) = 1s 
(c) Current, i= Ie~*/* 


Working in mA units, i = 0.4e7'/! = 0.4 x 0.368 
= 0.147 mA 


(d) Capacitor voltage, vc = V0. — e~"/*) = 2001 — e~7/) 
= 20(1 — 0.135) = 20 x 0.865 


=17.3V 
(e) Resistor voltage, ur = Ve~'/* 
Thus, 15=20e/!, Bae ie = R=F 
Taking natural logarithms of each side of the equation 


gives 
t= In F = In 1.3333 


i.e. time, ¢ = 0.288 s 


Problem4. A circuit consists of a resistor connected 
in series with a0.5 j.F capacitor and has atime constant 
of 12 ms. Determine (a) the value of the resistor, and (b) 
the capacitor voltage 7 ms after connecting the circuit 
to a 10V supply. 


(a) The time constant t = CR, hence R= a 


ie. R = ——_——. = 24 x 10° = 24k 


(b) The equation for the growth of capacitor voltage is: 
vc = V(1—e7"/*) 
Since t= 12 ms= 12 x 1073s, V=10V and 


t=7ms=7~x 10-°s, 


Tx1073 


then Uc = 10 1 _ eri | =! 100 a 0-583) 


= 10(1 — 0.558) = 4.42V 


Alternatively, the value of uc when ¢ is 7 ms may be 
determined using the growth characteristic as shown 


in Problem 1. 


Problem 5. A circuit consists of a 10 \F capacitor 
connected in series with a 25 kQ resistor with a switch- 
able 100 V d.c. supply. When the supply is connected, 
calculate (a) the time constant, (b) the maximum cur- 
rent, (c) the voltage across the capacitor after 0.5 s, 
(d) the current flowing after one time constant, (e) the 
voltage across the resistor after 0.1 s, (f) the time for 
the capacitor voltage to reach 45 V, and (g) the initial 
rate of voltage rise. 


(a) Time constant, t= C x R= 10 x 10~® x 25 x 103 
=0.25s 


(b) Current is a maximum when the circuit is first con- 
nected and is only limited by the value of resistance 


in the circuit, i.e. 


V 100 
ln = > = =4mA 
R 25x 103 


(c) Capacitor voltage, vc = Vin(1 — ev) 
When time, t= 0.5 s, then 
0.5 
vc = 100(1 — e025) = 100(0.8647) = 86.47 V 


alm 


(d) Current, i= I,e7 


and when t = t, current,i =4e~7 =4e~!=1.472mA 


Alternatively, after one time constant the capacitor 
voltage will have risen to 63.2% of the supply voltage 
and the current will have fallen to 63.2% of its final 


value, i.e. 36.8% of In. 

Hence, i= 36.8% of 4=0.368 x 4=1.472mA 
(e) The voltage across the resistor, vr = Ve-= 

When t= 0.1s, resistor voltage, 


vr = 100e- 035 = 67.03V 


(f) Capacitor voltage, vc = Vn(1 — e~ 7) 
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When the capacitor voltage reaches 45V, then: 
45 = 100 (1 e725) 


from which, 

45 t t 45 

—=]-—e 03 d e 03 =]——~=0,55 

100 ae 100 

Hence, 

t 

955 In0.55 and time, t=—0.25 In 0.55 

=0.149s 
oe : V 100 
(g) Initial rate of voltage rise = — = 0257 400 V/s 
T ‘ 


(i.e. gradient of the tangent at t= 0) 


17.5 Discharging a capacitor 


When a capacitor is charged (i.e. with the switch in pos- 
ition A in Figure 17.7), and the switch is then moved to 
position B, the electrons stored in the capacitor keep the 
current flowing for a short time. Initially, at the instant 
of moving from A to B, the current flow is such that 
the capacitor voltage vc is balanced by an equal and 
opposite voltage vr =iR. Since initially vc =vr=V, 
then i=7=V/R. During the transient decay, by apply- 
ing Kirchhoff’s voltage law to Figure 17.7, uc =vp. 
Finally the transients decay exponentially to zero, i.e. 
vc = vr =0. The transient curves representing the volt- 
ages and current are as shown in Figure 17.8. 


Figure 17.7 


The equations representing the transient curves during 
the discharge period of a series connected C—R circuit are: 


decay of voltage, vc = vy = VeO"/®) = ye") 


decay of current, i=Je~/@® = Ie—"/) 


When a capacitor has been disconnected from the sup- 
ply it may still be charged and it may retain this charge for 
some considerable time. Thus precautions must be taken 
to ensure that the capacitor is automatically discharged 
after the supply is switched off. This is done by connecting 
a high value resistor across the capacitor terminals. 
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Figure 17.8 


Problem 6. A capacitor is charged to 100 V and then 
discharged through a 50 kQ resistor. If the time con- 
stant of the circuit is 0.8 s, determine: (a) the value of 
the capacitor, (b) the time for the capacitor voltage to 
fall to 20 V, (c) the current flowing when the capaci- 
tor has been discharging for 0.5 s, and (d) the voltage 
drop across the resistor when the capacitor has been 
discharging for one second. 


Parts (b), (c) and (d) of this problem may be solved graph- 
ically as shown in Problems 1 and 2 or by calculation as 
shown below. 


V = 100V,r = 0.085,R = 50k2 = 50 x 10° 


(a) Since time constant, T= CR, C=1t/R 
ie.C = — = 16uF 
(b) vc = Vew/t 
20= 100e71/98 i.e, $= 1/08 
Thus e’/°8 —5 and taking natural logarithms of each 
side, gives 


He oie ee Pay eas 


0.8 
Hence ¢t = 1.29s 
(c) i=IeW/t 
bot : 100 
The initial current flowing, J = — = ———.~ =2mA 
R 50x 103 
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Working in mA units, i= Tet! = Qe 5/08) 


= Je-0.625 


=2 x 0.535 = 1.07mA 
(d) vr=vc = Ve"t 

= 1002719" =100e"1* 

= 100 x 0.287 = 28.7V 


Problem 7. A 0.1 WF capacitor is charged to 200 V 
before being connected across a 4kQ resistor. Deter- 
mine (a) the initial discharge current, (b) the time 
constant of the circuit, and (c) the minimum time 
required for the voltage across the capacitor to fall to 
less than 2 V. 


ees . Vv 200 
(a) Initial discharge current, i= — = ———, =0.05A 
R- 4x 103 
or 50mA 
(b) Time constant t= CR=0.1 x 10~® x 4 x 10° 
= 0.0004 or 0.4ms 


(c) The minimum time for the capacitor voltage to fall to 
less than 2 V, i.e. less than or 540 or 1% of the initial 
value is given by 5 T. 


5t=5 x 0.4=2ms 


In a d.c. circuit, a capacitor blocks the current except 
during the times that there are changes in the supply 
voltage. 


Now try the following exercise. 


Exercise 62 Further problems on transients in 
series connected C-R circuits 


1. An uncharged capacitor of 0.2 |LF is connected to 
a 100V, d.c. supply through a resistor of 100 kQ. 
Determine, either graphically or by calculation the 
capacitor voltage 10 ms after the voltage has been 
applied. [39.35 V] 


2. A circuit consists of an uncharged capacitor con- 
nected in series with a 50 kQ2 resistor and has a time 
constant of 15 ms. Determine either graphically or 
by calculation (a) the capacitance of the capacitor 
and (b) the voltage drop across the resistor 5 ms 
after connecting the circuit to a 20 V, d.c. supply. 

[(a) 0.3 WF (b) 14.33 V] 


10. 


. A 10 uF capacitor is charged to 120 V and then 


discharged through a 1.5 MQ resistor. Determine 
either graphically or by calculation the capacitor 
voltage 2 s after discharging has commenced. Also 
find how long it takes for the voltage to fall to 25 V. 

[105.0 V, 23.53 s] 


. A capacitor is connected in series with a voltmeter 


of resistance 750 kQ and a battery. When the volt- 
meter reading is steady the battery is replaced with 
a shorting link. If it takes 17s for the voltmeter 
reading to fall to two-thirds of its original value, 
determine the capacitance of the capacitor. 

[55.9 LF] 


. When a 3\F charged capacitor is connected to 


a resistor, the voltage falls by 70% in 3.9s. 
Determine the value of the resistor. [1.08 M2] 


. A50\F uncharged capacitor is connected in series 


with a 1 kQ resistor and the circuit is switched to 
a 100V, d.c. supply. Determine: 


(a) the initial current flowing in the circuit, 
(b) the time constant, 
(c) the value of current when ft is 50 ms and 
(d) the voltage across the resistor 60 ms after 
closing the switch. 
{(a) 0.1 A (b) 50 ms (c) 36.8 mA (d) 30.1 V] 


. Anuncharged 5 F capacitor is connected in series 


with a 30kQ resistor across a 110V, d.c. sup- 
ply. Determine the time constant of the circuit and 
the initial charging current. Determine the current 
flowing 120 ms after connecting to the supply. 
[150 ms, 3.67 mA, 1.65 mA] 


. An uncharged 80\F capacitor is connected in 


series with a 1 kQ resistor and is switched across 
a 110V supply. Determine the time constant of 
the circuit and the initial value of current flowing. 
Determine the value of current flowing after (a) 
40 ms and (b) 80 ms. 

[80 ms, 0.11 A (a) 66.7 mA (b) 40.5 mA] 


. A 60 UF capacitor is connected in series with a 


10kQ resistor and connected to a 120V d.c. sup- 
ply. Calculate (a) the time constant, (b) the initial 
rate of voltage rise, (c) the initial charging cur- 
rent, and (d) the time for the capacitor voltage to 
reach 50 V. 

[(a) 0.60 s (b) 200 V/s (c) 12 mA (d) 0.323 s] 


A 200 V d.c. supply is connected to a 2.5 MQ resis- 
tor and a 2 LF capacitor in series. Calculate (a) the 
current flowing 4s after connecting, (b) the volt- 
age across the resistor after 4s, and (c) the energy 
stored in the capacitor after 4s. 

[(a) 35.95 WA (b) 89.87 V (c) 12.13 mJ] 
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11. 


(a) In the circuit shown in Figure 17.9, with 
the switch in position 1, the capacitor is 
uncharged. If the switch is moved to position 2 
at time t=0s, calculate (1) the initial current 
through the 0.5 MQ, (ii) the voltage across 
the capacitor when ft = 1.5 s, and (iii) the time 
taken for the voltage across the capacitor to 


reach 12V. 
| 40V 
| 
| 0.5 MQ 
o2 
¢— /-—o—+o1 
5 pF 03 
CI 
1MQ 
Figure 17.9 


(b) If at the time t=1.5s, the switch is moved 
to position 3, calculate (i) the initial current 
through the 1M resistor, (ii) the energy 
stored in the capacitor 3.5s later (i.e. when 
P=59) 

(c) Sketch a graph of the voltage across the 
capacitor against time from t=0 to t=5s, 
showing the main points. 

[(a)G) 80 wA (ai) 18.05 V (iii) 0.892 s 
(b)G) 40 A Gi) 48.30 pS J 


17.6 Camera flash 


The internal workings of a camera flash are an example 
of the application of C—R circuits. When a camera is first 
switched on, a battery slowly charges a capacitor to its full 
potential via a C—R circuit. When the capacitor is fully 
charged, an indicator (red light) typically lets the photog- 
rapher know that the flash is ready for use. Pressing the 
shutter button quickly discharges the capacitor through 
the flash (i.e. a resistor). The current from the capacitor is 
responsible for the bright light that is emitted. The flash 
rapidly draws current in order to emit the bright light. The 
capacitor must then be discharged before the flash can be 
used again. 


17.7 Current growth in an L-R circuit 


(a) 


The circuit diagram for a series connected L-R circuit 
is shown in Figure 17.10. When switch S is closed, 


then by Kirchhoff’s voltage law: 


V=vuy,+upR (17.3) 


Figure 17.10 


(b) 


(c) 


(d) 


(e) 


(f) 


(g) 


The battery voltage V is constant. The voltage across 
the inductance is the induced voltage, 1.e. 


change of current di 


VL = nae = 
change of time dt 

The voltage drop across R, up is given by iR. Hence, 
at all times: 

V = L(di/dt)+iR (17.4) 
At the instant of closing the switch, the rate of 
change of current is such that it induces an e.m.f. 
in the inductance which is equal and opposite to V, 
hence V = vz, +0, i.e. vz = V. From equation (17.3), 
because vz, = V, then ve = 0 andi=0 

A short time later at time ¢; seconds after closing S, 
current i, is flowing since there is a rate of change 
of current initially, resulting in a voltage drop of 
i,R across the resistor. Since V (constant) = vy + vr 
the induced e.m.f. is reduced, and equation (17.4) 
becomes: 


Ve sar 
= L—-+i 
dt, : 


A short time later still, say at time ft) seconds after 
closing the switch, the current flowing is iz, and the 
voltage drop across the resistor increases to i2R. Since 
uR increases, vy, decreases. 

Ultimately, a few seconds after closing S, the current 
flow is entirely limited by R, the rate of change of cur- 
rent is zero and hence vz is zero. Thus V = iR. Under 
these conditions, steady state current flows, usually 
signified by 7. Thus, /=V/R, vr =JR and v; = 0 at 
steady state conditions. 

Curves showing the changes in vy, , vr and i with time 
are shown in Figure 17.11 and indicate that vz is a 
maximum value initially (i.e equal to V), decaying 
exponentially to zero, whereas ur and i grow expo- 
nentially from zero to their steady state values of V 
and J = V/R respectively. 
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x 


— 


y,=V 


Induced Voltage (V) 


Time (s) —+t 
(a) Induced voltage transient 


Time (s) ——+t 
(b) Resistor voltage transient 


Current (A) 


Time (s) —+?t 
(c) Current transient 


Figure 17.11 


17.8 Time constant for an L-R circuit 


With reference to Section 17.3, the time constant of a 
series connected L-R circuit is defined in the same way as 
the time constant for a series connected C-—R circuit, i.e. 
it is the time taken to reach its final value if the initial rate 
of change is maintained. Its value is given by: 


time constant, t = L/R seconds 


17.9 Transient curves for an L-R circuit 


Transient curves representing the induced voltage/time, 
resistor voltage/time and current/time characteristics may 
be drawn graphically, as outlined in Section 17.4. A 
method of construction is shown in Problem 8. Each of the 
transient curves shown in Figure 17.11 have mathematical 
equations, and these are: 


decay of induced voltage, vz, = Ve®/)) = ve"/) 


growth of resistor voltage, vr = V(1 — et yy 


=V(1—e7"/") 
i=1(1 — e7®//) 
=1(1—e7/") 


growth of current flow, 


These equations are derived analytically in Chapter 45. 
The application of these equations is shown in Problem 10. 


Problem 8. A relay has an inductance of 100 mH and 
a resistance of 20 Q. It is connected to a 60 V, d.c. sup- 
ply. Use the ‘initial slope and three point’ method to 
draw the current/time characteristic and hence deter- 
mine the value of current flowing at a time equal to 
two time constants and the time for the current to grow 
to LSA. 


Before the current/time characteristic can be drawn, the 
time constant and steady state value of the current have to 
be calculated. 


L100 1073 
Time constant, T= — = = 5ms 
R 20 
V 
Final value of current, / = — = a =3A 
R- 20 


The method used to construct the characteristic is the same 
as that used in Problem 2. 


(a) The scales should span at least five time constants 
(horizontally), i.e. 25 ms, and 3 A (vertically). 

(b) With reference to Figure 17.12, the initial slope is 
obtained by making AB equal to 1 time constant, 
(5 ms), and joining OB. 


Figure 17.12 


(c) At a time of 1 time constant, CD is 0.632 x J= 
0.632 x 3=1.896A 
At a time of 2.5 time constants, EF is 0.918 x J= 
0.918 x 3=2.754A 
At a time of 5 time constants, GH=3A 
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(d) A smooth curve is drawn through points 0, D, F and 
H and this curve is the current/time characteristic. 


From the characteristic, when t = 2T, i+ 2.6A. 

[This may be checked by calculation using i = I(1 — e~‘/"), 
where J = 3 and t= 2r, giving i= 2.59 A]. 

Also, when the current is 1.5 A, the corresponding time is 
about 3.6 ms. 

[This may be checked by calculation, using i = 1(1 — e~'/") 
where i= 1.5, /=3 and t=5 ms, giving t = 3.466 ms. ] 


Problem 9. A coil of inductance 0.04 H and resist- 
ance 10 Q is connected to a 120V, d.c. supply. Deter- 
mine (a) the final value of current, (b) the time constant 
of the circuit, (c) the value of current after a time equal 
to the time constant from the instant the supply voltage 
is connected, (d) the expected time for the current to 
rise to within 1% of its final value. 


120 
(a) Final steady current, J = — = Tee =12A 
: beats L 0.04 
(b) Time constant of the circuit, t= — = —— 
R 10 
= 0.004s or 4ms 


(c) In the time ts the current rises to 63.2% of its 
final value of 12A, i.e. in 4ms the current rises to 
0.632 x 12=7.58A 

(d) The expected time for the current to rise to within 1% 
of its final value is given by 5 ts, ie.5 x 4=20ms 


Problem 10. The winding of an electromagnet has an 
inductance of 3 H and a resistance of 15 Q. When it is 
connected to a 120V, d.c. supply, calculate: 


(a) the steady state value of current flowing in the 
winding, 

(b) the time constant of the circuit, 

(c) the value of the induced e.m.f. after 0.1 s, 

(d) the time for the current to rise to 85% of its final 
value, and 

(e) the value of the current after 0.3 s 


(a) The steady state value of current is J=V/R, Le. 
T=120/15=8A 

(b) The time constant of the circuit, t= L/R=3/15=0.2s 
Parts (c), (d) and (e) of this problem may be deter- 
mined by drawing the transients graphically, as shown 
in Problem 7 or by calculation as shown below. 

(c) The induced e.m-f., vz is given by vz = Ve~'/". The 
d.c. voltage V is 120V, ¢ is 0.1 s and t is 0.2s, hence 


vp = 120e~9-1/02 = 120e- = 120 x 0.6065 
Le. vy = 72.78 V 


(d) When the current is 85% of its final value, i=0.85/. 


Also ,i=1(1 — e~“/"), thus 0.857 = I(1 — e7/") 
0.85 =1—e/* and since t = 0.2, 
0.85=1—e 1/9? 
e 1/02 — 1 — 0.85 = 0.15 
1 ; 
et/0.2 515 = 66 
Taking natural logarithms of each side of this equation 
gives: 


+/0.2 


Ine = In 6.6, and by the laws of logarithms 


t 5 
02 Ine =1n 6.6. But ln e = 1, hence 


t=0.2 In6.6 ie. t = 0.379 
(e) The current at any instant is given by i = J(1 — et/T) 
When / = 8,t = 0.3 and t = 0.2, then 
i= 8(1 — e7 93/02) — gq — e- 15) 
= 8(1 — 0.2231) = 8 x 0.7769 
ie.i=6.215A 


17.10 Current decay in an L-R circuit 


When a series connected L-R circuit is connected to a d.c. 
supply as shown with S in position A of Figure 17.13, a 
current ] = V/R flows after a short time, creating a mag- 
netic field (® «x J) associated with the inductor. When S 
is moved to position B, the current value decreases, caus- 
ing a decrease in the strength of the magnetic field. Flux 
linkages occur, generating a voltage vz, equal to L(di/dt). 
By Lenz’s law, this voltage keeps current i flowing in the 
circuit, its value being limited by R. Thus vz, = vr. The 
current decays exponentially to zero and since vp is pro- 
portional to the current flowing, vr decays exponentially 
to zero. Since vz = up, vy also decays exponentially to 
zero. The curves representing these transients are similar 
to those shown in Figure 17.8. 


R 
=, 
——— 


R 


_—— 


Figure 17.13 
The equations representing the decay transient curves are: 


decay of voltages, vp=vg = Ve'®/)) = Vel—t/”) 
decay of current, i=Je—""/) = Je—t/?) 
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Problem 11. The field winding of a 110 V, d.c. motor 
has a resistance of 15Q and a time constant of 
2s. Determine the inductance and use the tangential 
method to draw the current/time characteristic when 
the supply is removed and replaced by a shorting link. 
From the characteristic determine (a) the current flow- 
ing in the winding 3s after being shorted-out and (b) 
the time for the current to decay to 5A. 


Since the time constant, T= —, L=Rt 


lh 


i.e. inductance L= 15 x 2= 30H 


The current/time characteristic is constructed in a similar 
way to that used in Problem 1. 


(i) The scales should span at least five time constants 
horizontally, ie. 10s, andJ =V/R= 110/15 73A 
vertically. 

(ii) With reference to Figure 17.14, the initial slope is 
obtained by making OB equal to | time constant, 
(2s), and joining AB. 


KA) 


ym wo fF a OD NDP 


Figure 17.14 


(iii) At, say, i= 6A, let C be the point on AB correspond- 
ing to a current of 6A. Make DE equal to 1 time 
constant, (2s), and join CE. 

(iv) Repeat the procedure given in (iii) for current values 
of, say, 4A, 2A and 1A, giving points F, G and H. 

(v) Point J is at five time constants, when the value of 
current is zero. 

(vi) Join points A, C, F, G, H and J with a smooth curve. 
This curve is the current/time characteristic. 


(a) From the current/time characteristic, when 
t=3s, i=1.5A. [This may be checked by cal- 
culation using i=Jle/T, where 1=7.3, t=3 
and t=2, giving i= 1.64A.] The discrepancy 


between the two results is due to relatively few 
values, such as C, F, G and H, being taken. 

(b) From the characteristic, when i =5A,t=0.70s. 
[This may be checked by calculation using 
i=Ie~/*, where i=5, 1=7.3, t=2, giving 
t = 0.766 s.] Again, the discrepancy between the 
graphical and calculated values is due to rela- 
tively few values such as C, F, G and H being 
taken. 


Problem 12. A coil having an inductance of 6 H and 
aresistance of R Q is connected in series with a resistor 
of 10 2 to a 120 V, d.c. supply. The time constant of the 
circuit is 300 ms. When steady state conditions have 
been reached, the supply is replaced instantaneously 
by a short-circuit. Determine: (a) the resistance of the 
coil, (b) the current flowing in the circuit one second 
after the shorting link has been placed in the circuit, 
and (c) the time taken for the current to fall to 10% of 
its initial value. 


(a) The time constant, t= 


(b) The steady state current, J = — 


circuit inductance 


total circuit resistance 


7 L 
~ R+10 
L 6 
Thus R 10=—=10=102 
T 0.3 


Parts (b) and (c) may be determined graphically as 
shown in Problems 8 and 11 or by calculation as shown 


below. 
V 120 


R 10+10— 


The transient current after 1 second, 
i=Ie7t/t = 6e7 1/03 


Thus i=6e~33 =6 x 0.03567 =0.214A 


(c) 10% of the initial value of the current is (10/100) x 6, 


Le. 0.6A 
Using the equation i= /Je~"/" gives 
0.6 = 6e71/0 
0.6 
ie. See ee 
6 
or 


6 
HOS» So eat 
~~ 06 
Taking natural logarithms of each side of this equation 
gives: 
t 


=1i0 
(3 


a W 


= 0.3 1n 10 = 0.6915 
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Problem 13. An inductor has a negligible resistance 
and an inductance of 200 mH and is connected in series 
with a 1 kQ resistor to a 24V, d.c. supply. Determine 
the time constant of the circuit and the steady state 
value of the current flowing in the circuit. Find (a) the 
current flowing in the circuit at a time equal to one time 
constant, (b) the voltage drop across the inductor at a 
time equal to two time constants and (c) the voltage 
drop across the resistor after a time equal to three time 
constants. 


: L 0.2 
The time constant, T= — = —— =0.2 ms 
R_ 1000 


V 2 
The steady state current / = — = —— =24mA 
R_ 1000 


(a) The transient current, i= J(1 — e~‘/") and t= 1t 


Working in mA units gives, i= 24(1 — e~ 7”) 


= 24(1 — e“) 
= 24(1 — 0.368) 
=15.17mA 


(b) The voltage drop across the inductor, vz = Ve~"/* 


When t = 21, vy, = 24e~27/T = 240-2 
= 3.248V 


(c) The voltage drop across the resistor, ug = V(1 — et/T) 


When t = 37, ve = 24(1 — e737") = 24(1 — e73) 
= 22.81V 


Now try the following exercise. 


Exercise 63 Further problems on transients in 
series -R circuits 


1. Acoil has an inductance of 1.2 H and a resistance of 
40 Q and is connected to a 200 V, d.c. supply. Either 
by drawing the current/time characteristic or by cal- 
culation, determine the value of the current flowing 
60 ms after connecting the coil to the supply. 

[4.32 A] 


2. A25V d.c. supply is connected to a coil of induct- 
ance 1H and resistance 5. Either by using a 
graphical method to draw the exponential growth 
curve of current or by calculation, determine the 


value of the current flowing 100 ms after being 
connected to the supply. [1.97 A] 


. An inductor has a resistance of 20 Q and an induct- 


ance of 4H. It is connected to a 50 V d.c. supply. 

Calculate (a) the value of current flowing after 0.1 s 

and (b) the time for the current to grow to 1.5A. 
[(a) 0.984A (b) 0.183 s] 


. The field winding of a 200V d.c. machine has a 


resistance of 20 Q and an inductance of 500 mH. 
Calculate: 


(a) the time constant of the field winding, 
(b) the value of current flow one time constant after 
being connected to the supply, and 
(c) the current flowing 50 ms after the supply has 
been switched on. 
[(a) 25 ms (b) 6.32 A (c) 8.65 A] 


. A circuit comprises an inductor of 9 H of negligible 


resistance connected in series with a 60 Q resistor 
and a 240V d.c. source. Calculate (a) the time con- 
stant, (b) the current after | time constant, (c) the 
time to develop maximum current, (d) the time for 
the current to reach 2.5 A, and (e) the initial rate of 
change of current. 
[(a) 0.15 s (b) 2.528 A (c) 0.75 s 
(d) 0.147 (e) 26.67 A/s]} 


. In the inductive circuit shown in Figure 17.15, the 


switch is moved from position A to position B 
until maximum current is flowing. Calculate (a) 
the time taken for the voltage across the resistance 
to reach 8 volts, (b) the time taken for maximum 
current to flow in the circuit, (c) the energy stored 
in the inductor when maximum current is flowing, 
and (d) the time for current to drop to 750 mA after 
switching to position C. 

{(a) 64.38ms (b) 0.20s (c) 0.20J (d) 7.67 ms] 


A 
a 100 
EB ~ | 


Cc 


== 3.400 mH 
10V 5O) 


Figure 17.15 
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17.11 Switching inductive circuits 


Energy stored in the magnetic field of an inductor exists 
because a current provides the magnetic field. When the 
d.c. supply is switched off the current falls rapidly, the 
magnetic field collapses causing a large induced e.m.f. 
which will either cause an arc across the switch contacts 
or will break down the insulation between adjacent turns of 
the coil. The high induced e.m.f. acts in a direction which 
tends to keep the current flowing, i.e. in the same direction 
as the applied voltage. The energy from the magnetic field 
will thus be aided by the supply voltage in maintaining 
an arc, which could cause severe damage to the switch. 
To reduce the induced e.m.f. when the supply switch is 
opened, a discharge resistor Rp is connected in parallel 
with the inductor as shown in Figure 17.16. The magnetic 
field energy is dissipated as heat in Rp and R and arcing 
at the switch contacts is avoided. 


Inductor 


| 
D.C. supply 


Figure 17.16 


17.12 The effect of time constant on a 
rectangular waveform 


Integrator circuit 


By varying the value of either C or R in a series connected 
C-R circuit, the time constant (t = CR), of a circuit can be 
varied. If a rectangular waveform varying from +E to —E 
is applied to a C-R circuit as shown in Figure 17.17, output 
waveforms of the capacitor voltage have various shapes, 
depending on the value of R. When R is small, t= CR is 
small and an output waveform such as that shown in Fig- 
ure 17.18(a) is obtained. As the value of R is increased, the 
waveform changes to that shown in Figure 17.18(b). When 
R is large, the waveform is as shown in Figure 17.18(c), 
the circuit then being described as an integrator circuit. 


AR 


INPUT OUTPUT 


PLA L (to C.R.O.) 


Figure 17.17 


Figure 17.18 


Differentiator circuit 


If a rectangular waveform varying from +E to —E is 
applied to a series connected C-R circuit and the wave- 
form of the voltage drop across the resistor is observed, as 
shown in Figure 17.19, the output waveform alters as R is 
varied due to the time constant, (t = CR) altering. When 
R is small, the waveform is as shown in Figure 17.20(a), 
the voltage being generated across R by the capacitor 
discharging fairly quickly. Since the change in capacitor 
voltage is from +E to —E, the change in discharge current 
is 2E/R, resulting in a change in voltage across the resistor 
of 2E. This circuit is called a differentiator circuit. When 
R is large, the waveform is as shown in Figure 17.20(b). 


OUTPUT 
FR (toC.R.O) 


ere 
Figure 17.19 
Vp v 
ort ‘ 


Figure 17.20 
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At the end of this chapter you should be able to: 


e recognize the main properties of an operational 
amplifier 

e understand op amp parameters input bias current and 
offset current and voltage 

e define and calculate common-mode rejection ratio 

@ appreciate slew rate 

e explain the principle of operation, draw the circuit 
diagram symbol and calculate gain for the following 
operational amplifiers: 


— inverter 


— non-inverter 

— voltage follower (or buffer) 
— summing 

— voltage comparator 

— integrator 

— differentiator 


e understand digital to analogue conversion 
e understand analogue to digital conversion 


18.1 Introduction to operational amplifiers 


Operational Amplifiers (usually called ‘op amps’) 
were originally made from discrete components, being 
designed to solve mathematical equations electronically, 
by performing operations such as addition and division in 
analogue computers. Now produced in integrated-circuit 
(IC) form, op amps have many uses, with one of the 
most important being as a high-gain d.c. and a.c. voltage 
amplifier. 

The main properties of an op amp include: 


(i) a very high open-loop voltage gain A, of around 10° 
for d.c. and low frequency a.c., which decreases with 
frequency increase 

(ii) a very high input impedance, typically 10°Q to 
10!2.Q, such that current drawn from the device, 
or the circuit supplying it, is very small and the 
input voltage is passed on to the op amp with little 
loss 

(iii) a very low output impedance, around 100 Q, such 
that its output voltage is transferred efficiently to any 
load greater than a few kilohms 


The circuit diagram symbol for an op amp is shown in 
Figure 18.1. It has one output, V,, and two inputs; the 
inverting input, Vj, is marked—, and the non-inverting 
input, V2, is marked-+. 

The operation of an op amp is most convenient from a 
dual balanced d.c. power supply + Vs (i.e. +Vs, 0, —Vs); 
the centre point of the supply, i.e. 0 V, is common to 
the input and output circuits and is taken as their voltage 
reference level. The power supply connections are not 
usually shown in a circuit diagram. 


+V, (Supply +) 


ie, 
Inverting 
Input 


Output 


uM V; 
2 -V,(Supply-) | ° 
Non-inverting wy 


Input 


OV (on power supply) 


Figure 18.1 


An op amp is basically a differential voltage amplifier, 
i.e. it amplifies the difference between input voltages Vj 
and V2. Three situations are possible: 


(i) if V2 > Vi, Vo is positive 
(ii) if V2 < Vi, Vo is negative 
(iii) if V2 = Vj, V, is zero 


In general, Vo =Ao(V2 — V1) 
Vi 
or A= 
V2,-V\ 


(18.1) 


where A, is the open-loop voltage gain 


Problem 1. A differential amplifier has an open-loop 
voltage gain of 120. The input signals are 2.45 V and 
2.35 V. Calculate the output voltage of the amplifier. 


Operational amplifiers 213 


From equation (18.1), output voltage, 


Vo = Ao(V2 — Vi) = 120(2.45 — 2.35) 
= (120)(0.1) = 12 V 


Transfer characteristic 


A typical voltage characteristic showing how the output 
V, varies with the input (V2 — V;) is shown in Figure 18.2. 


Saturation 


Saturation 


Figure 18.2 


It is seen from Figure 18.2 that only within the very 
small input range POQ is the output directly proportional 
to the input; it is in this range that the op amp behaves 
linearly and there is minimum distortion of the amplifier 
output. Inputs outside the linear range cause saturation and 
the output is then close to the maximum value, i.e. +Vs 
or —Vs. The limited linear behaviour is due to the very 
high open-loop gain Ao, and the higher it is the greater is 
the limitation. 


Negative feedback 


Operational amplifiers nearly always use negative feed- 
back, obtained by feeding back some, or all, of the output 
to the inverting (—) input (as shown in Figure 18.5 later). 
The feedback produces an output voltage that opposes the 
one from which it is taken. This reduces the new out- 
put of the amplifier and the resulting closed-loop gain 
A is then less than the open-loop gain Ay. However, as 
a result, a wider range of voltages can be applied to 
the input for amplification. As long as A, >> A, negative 
feedback gives: 

(i) a constant and predictable voltage gain A, (ii) 
reduced distortion of the output, and (iii) better frequency 
response. 

The advantages of using negative feedback outweigh 
the accompanying loss of gain which is easily increased 
by using two or more op amp stages. 


Bandwidth 


The open-loop voltage gain of an op amp is not constant 
at all frequencies; because of capacitive effects it falls at 
high frequencies. Figure 18.3 shows the gain/bandwidth 
characteristic of a741 op amp. At frequencies below 10 Hz 
the gain is constant, but at higher frequencies the gain falls 


Voltage Gain 


n n n n rn 1 — 
1 10 10° 10° 10% 10° 10° 107 
Frequency (Hz) 


Figure 18.3 


at a constant rate of 6 dB/octave (equivalent to a rate of 
20 dB per decade) to OdB. 

The gain-bandwidth product for any amplifier is the 
linear voltage gain multiplied by the bandwidth at that 
gain. The value of frequency at which the open-loop gain 
has fallen to unity is called the transition frequency fr. 


Jr = closed-loop voltage gain x bandwidth (18.2) 


In Figure 18.3, fr = 10° Hz or 1 MHz; a gain of 20 dB (i.e. 
20 logio 10) gives a 100 kHz bandwidth, whilst a gain of 
80 dB (i.e. 20 logo 10*) restricts the bandwidth to 100 Hz. 


18.2 Some op amp parameters 


Input bias current 


The input bias current, Jp, is the average of the cur- 
rents into the two input terminals with the output at zero 
volts, which is typically around 80nA (i.e. 80 x 107? A) 
for a 741 op amp. The input bias current causes a volt 
drop across the equivalent source impedance seen by the 
op amp input. 


Input offset current 
The input offset current, /,;, of an op amp is the difference 


between the two input currents with the output at zero 
volts. In a 741 op amp, Jos is typically 20 nA. 


Input offset voltage 


In the ideal op amp, with both inputs at zero there should be 
zero output. Due to imbalances within the amplifier this is 
not always the case and a small output voltage results. The 
effect can be nullified by applying a small offset voltage, 
Vos, to the amplifier. Ina 741 op amp, Vos is typically | mV. 


Common-mode rejection ratio 


The output voltage of an op amp is proportional to the 
difference between the voltages applied to its two input 
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terminals. Ideally, when the two voltages are equal, the 
output voltages should be zero. A signal applied to both 
input terminals is called a common-mode signal and it 
is usually an unwanted noise voltage. The ability of an 
op amp to suppress common-mode signals is expressed in 
terms of its common-mode rejection ratio (CMRR), which 
is defined by: 


CMRR = 20 log, Ge voltage sm) a 


common mode gain 


(18.3) 
In a 741 op amp, the CMRR is typically 90 dB. 
The common-mode gain, Acom, is defined as: 
Vo 
Acom = —— 18.4 
com Veen ( ) 


where Voom is the common input signal 


Problem 2. Determine the common-mode gain of an 
op amp that has a differential voltage gain of 150 x 10° 
and a CMRR of 90 dB. 


From equation (18.3), 


CMRR = 201 
°610 ( common-mode gain 


150 x 103 
Hence 90 = 20 logig ( * : ) 
common-mode gain 
150 x 103 
from which 4.5 = log ( . - ) 
common-mode gain 
1 103 
and 1045 = ( openly - ) 
common-mode gain 
150 x 10° 
Hence, common-mode gain = or 5 =4.74 


Problem 3. A differential amplifier has an open-loop 
voltage gain of 120 and acommon input signal of 3.0 V 
to both terminals. An output signal of 24 mV results. 
Calculate the common-mode gain and the CMRR. 


From equation (18.4), the common-mode gain, 


Vo 24 x 1073 
Voom 3.0 


=8 x 10-? = 0.008 


Acom = 


differential voltage gain 
dB 


From equation (18.3), the 


differential voltage gain 
CMRR = 20 log) dB 


common-mode gain 


120 


Slew rate 


The slew rate of an op amp is the maximum rate of change 
of output voltage following a step input voltage. Figure 
18.4 shows the effects of slewing; it causes the output 
voltage to change at a slower rate than the input, such that 
the output waveform is a distortion of the input waveform. 
0.5 V/\1s is a typical value for the slew rate. 


aV Ideal output 


Figure 18.4 


18.3 Op amp inverting amplifier 


The basic circuit for an inverting amplifier is shown in 
Figure 18.5 where the input voltage V; (a.c. or d.c.) to 
be amplified is applied via resistor R; to the inverting (—) 
terminal; the output voltage V, is therefore in anti-phase 
with the input. The non-inverting (+) terminal is held 
at 0 V. Negative feedback is provided by the feedback 
resistor, Rr, feeding back a certain fraction of the output 
voltage to the inverting terminal. 


Figure 18.5 
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Amplifier gain 


In an ideal op amp two assumptions are made, these being 
that: 


(i) each input draws zero current from the signal source, 
i.e. their input impedances are infinite, and 

(ii) the inputs are both at the same potential if the op amp 
is not saturated, i.e. V4 = Vz in Figure 18.5. 


In Figure 18.5, Vg = 0, hence V4 = 0 and point X is called 
a virtual earth. 


Vi - 0O-YV, 
Thus, 7) = — and Ih = us 
R; Ry 
However, /; = J) from assumption (i) above. 
V; V, 
Hence — = =e, 
R; Ry 


the negative sign showing that V, is negative when V; is 
positive, and vice versa. 
The closed-loop gain A is given by: 


(18.5) 


This shows that the gain of the amplifier depends only on 
the two resistors, which can be made with precise values, 
and not on the characteristics of the op amp, which may 
vary from sample to sample. 

For example, if Rj =10kQ and Rr = 100k, then the 
closed-loop gain, 


—Ry — —100 x 10? | 


= 10 
R; 10 x 103 


Thus an input of 100mV will cause an output change 
of 1V. 


Input impedance 


Since point X is a virtual earth (i.e. at 0 V), R; may be 
considered to be connected between the inverting (—) 
input terminal and 0 V. The input impedance of the cir- 
cuit is therefore R; in parallel with the much greater input 
impedance of the op amp, i.e. effectively Rj. The cir- 
cuit input impedance can thus be controlled by simply 
changing the value of R;. 


Problem 4. In the inverting amplifier of Figure 
18.5, Rj =1kQ and Ry =2kQ. Determine the out- 
put voltage when the input voltage is: (a) +0.4V 
(b) —1.2V. 


Ry 
From equation (18.5), V, = R V; 


i 


(a) When V; = +0.4V, V au (+0.4)=—-0.8V 
a en V; = AV, = | ——_ .4)=-0. 
. 1000 
~2000 
b) When V; = —1.2V, V, = (—-— )(-1.2) =+2.4 
(b) en Vo ( moo) )=+2.4V 


Problem 5. The op amp shown in Figure 18.6 has an 
input bias current of 100 nA at 20°C. Calculate (a) the 
voltage gain, and (b) the output offset voltage due to 
the input bias current. (c) How can the effect of input 
bias current be minimized? 


Figure 18.6 


Comparing Figure 18.6 with Figure 18.5, gives 
R; = 10kQ and Ry = 1 MQ 


(a) From equation (18.5), voltage gain, 


—Ry —1x 10° 
R;  10x103 — 


A= 100 


(b) The input bias current, Jp, causes a volt drop across 
the equivalent source impedance seen by the op amp 
input, in this case, R; and Ry in parallel. Hence, the 
offset voltage, Vos, at the input due to the 100nA 
input bias current, Jz, is given by: 


Veh te 
os = 4B Ri + Ry 


= (100 x 10%) ( 


10 x 10° x 1 x 10° 
(10 x 103) +(1 x 10°) 


= (107~7)(9.9 x 10°) = 9.9 x 1074 = 0.99mV 


(c) The effect of input bias current can be minimized 
by ensuring that both inputs ‘see’ the same driv- 
ing resistance. This means that a resistance of 
value of 9.9kQ (from part (b)) should be placed 
between the non-inverting (+) terminal and earth 
in Figure 18.6. 
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Problem 6. Design an inverting amplifier to have 
a voltage gain of 40 dB, a closed-loop bandwidth of 
5 kHz and an input resistance of 10 kQ. 


The voltage gain of an op amp, in decibels, is given by: 
gain in decibels = 20 log, (voltage gain) 
from Chapter 10 


from which, 2=log;gA 
and A=107 = 100 


Hence 


With reference to Figure 18.5, and from equation (18.5), 


Rr 
a=|% 
Rj 

R 


. f 
& 400. 
fe OS O10 


Hence Ry = 100 x 10 x 10° = 1MQ 


From equation (18.2), 


frequency = gain x bandwidth = 100 x 5 x 10° 
=0.5MHz or 500kHz 


Now try the following exercise. 


Exercise 64 Further problems on the introduction 
to operational amplifiers 


1. A differential amplifier has an open-loop voltage 
gain of 150 when the input signals are 3.55 V 
and 3.40V. Determine the output voltage of the 
amplifier. [22.5 V] 


2. Calculate the differential voltage gain of an op amp 
that has a common-mode gain of 6.0 and a CMRR 
of 80dB. [6 x 104] 


3. A differential amplifier has an open-loop voltage 
gain of 150 and a common input signal of 4.0 V to 
both terminals. An output signal of 15 mV results. 
Determine the common-mode gain and the CMRR. 

[3.75 x 10-7, 92.04 dB] 


4. In the inverting amplifier of Figure 18.5 (on page 
214), R;=15kQ and Rp =2.5kQ. Determine 
the output voltage when the input voltage is: (a) 
+ 0.6V (b) —0.9V [(a) —1.0V (b) +1.5V] 


5. The op amp shown in Figure 18.7 has an input bias 
current of 90 nA at 20°C. Calculate (a) the voltage 
gain, and (b) the output offset voltage due to the 
input bias current. [(a) —80 (b) 1.33 mV] 


R,=1.2MQ 


Figure 18.7 


6. Determine (a) the value of the feedback resistor, 
and (b) the frequency for an inverting amplifier 
to have a voltage gain of 45dB, a closed-loop 
bandwidth of 10kHz and an input resistance of 
20kQ. 

[(a) 3.56 MQ (b) 1.78 MHz] 


18.4 Op amp non-inverting amplifier 


The basic circuit for a non-inverting amplifier is shown 
in Figure 18.8 where the input voltage V; (a.c. or d.c.) 
is applied to the non-inverting (+) terminal of the op 
amp. This produces an output V, that is in phase with the 
input. Negative feedback is obtained by feeding back to the 
inverting (—) terminal, the fraction of V, developed across 
R; in the voltage divider formed by Ry and R; across V, 


Figure 18.8 


Amplifier gain 
In Figure 18.8, let the feedback factor, 
Rj 


P= eee 


It may be shown that for an amplifier with open-loop gain 
Ao, the closed-loop voltage gain A is given by: 


Ao 
A= 
1+ BA, 
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For atypical op amp, Ay = 10°, thus BA, is large compared 
with 1, and the above expression approximates to: 


A 1 
A=— =- (18.6) 
BA, B 
Vo Rite Ry 
ence Vv; R + R (18.7) 


For example, if Rj = 10kQ and Rr = 100k, 


100 x 103 
then A= 1+ ———=1+10=11 
= *Tox10 ~* 
Again, the gain depends only on the values of R; and Rr 
and is independent of the open-loop gain A, 


Input impedance 


Since there is no virtual earth at the non-inverting (+) 
terminal, the input impedance is much higher (typically 
50 M2) than that of the inverting amplifier. Also, it is 
unaffected if the gain is altered by changing Ry and/or Rj. 
This non-inverting amplifier circuit gives good matching 
when the input is supplied by a high impedance source. 


Problem 7. For the op amp shown in Figure 18.9, 
R, =4.7kQ and R2 = 10kQ. If the input voltage is 
—0.4V, determine (a) the voltage gain (b) the output 
voltage 


(__} 
eh 
Hy 
R. Output 
Input voltage t voltage 
5 + o0V 
Figure 18.9 


The op amp shown in Figure 18.9 is a non-inverting 
amplifier, similar to Figure 18.8. 


(a) From equation (18.7), voltage gain, 


Ry Ry 10 x 103 
A=1 =i =i 
TR, as Sars 103 
=1+2.13 = 3.13 


(b) Also from equation (18.7), output voltage, 


Ro 
Vo=H=l(1t+—]V; 
va(142)u 


= (3.13)(— 0.4) = -1.25V 


18.5 Op amp voltage-follower 


The voltage-follower is a special case of the non-inverting 
amplifier in which 100% negative feedback is obtained 
by connecting the output directly to the inverting (—) ter- 
minal, as shown in Figure 18.10. Thus Ry in Figure 18.8 
is zero and R; is infinite. 


Figure 18.10 


From equation (18.6), A = 1/8 (when Ag is very large). 
Since all of the output is fed back, 6= 1 and A ~ 1. Thus 
the voltage gain is nearly | and V, = V; to within a few 
millivolts. 

The circuit of Figure 18.10 is called a voltage-follower 
since, as with its transistor emitter-follower equivalent, 
V, follows V;. It has an extremely high input impedance 
and a low output impedance. Its main use is as a buffer 
amplifier, giving current amplification, to match a high 
impedance source to a low impedance load. For example, 
itis used as the input stage of an analogue voltmeter where 
the highest possible input impedance is required so as not 
to disturb the circuit under test; the output voltage is meas- 
ured by a relatively low impedance moving-coil meter. 


18.6 Op amp summing amplifier 


Because of the existence of the virtual earth point, an op 
amp can be used to add a number of voltages (d.c. or 
a.c.) when connected as a multi-input inverting amplifier. 
This, in turn, is a consequence of the high value of the 
open-loop voltage gain Ay. Such circuits may be used 
as ‘mixers’ in audio systems to combine the outputs of 
microphones, electric guitars, pick-ups, etc. They are also 
used to perform the mathematical process of addition in 
analogue computing. 

The circuit of an op amp summing amplifier having 
three input voltages V;, V2 and V3 applied via input resis- 
tors R,, Ro and R3 is shown in Figure 18.11. If itis assumed 


Figure 18.11 
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that the inverting (—) terminal of the op amp draws no 
input current, all of it passing through Ry, then: 


T=h+h+h 


Since X is a virtual earth (i.e. at OV), it follows that: 
—VYo VM Va : V3 


(18.8) 


The three input voltages are thus added and amplified if 
Ry is greater than each of the input resistors, ‘weighted’ 
summation is said to have occurred. 
Alternatively, the input voltages are added and attenuated 
if Ry is less than each input resistor. 


For example, if zt =4, = =3 and fe =1 and 


Vi = V2 = V3 = +1 V, then 


V Biya By Pty (44341) =-8V 
o> Ric Ean ees) ae T T = 


If Rj = Ro = R3 = Ri, the input voltages are amplified or 
attenuated equally, and 


Rr 
Vo= —RiM! + V2 + V3) 
rf 


If, also, Rj = Ry then V, = — (Vj + V2 + V3) 

The virtual earth is also called the summing point of 
the amplifier. It isolates the inputs from one another so 
that each behaves as if none of the others existed and none 
feeds any of the other inputs even though all the resistors 
are connected at the inverting (—) input. 


Problem 8. For the summing op amp shown in Figure 
18.12, determine the output voltage, V, 
10 kQ 50 ko 
0.5 Vo-—1__] — 
20KQ 
0.8V 
1.2V 
30 kQ V, 
Figure 18.12 


From equation (18.8), 


ane oe 
OT TINR | Ry RS 
0.5 0.8 12 
=—(50 x 10° 
een (ae 20 x 103 wae) 


= —(50 x 10°)(5 x 107° +4 x 107° +4 x 107°) 


= —(50 x 10°)(13 x 107°) = —6.5V 


18.7 Op amp voltage comparator 


If both inputs of the op amp shown in Figure 18.13 are used 
simultaneously, then from equation (18.1), page 212, the 
output voltage is given by: 


Vo = Ao(V2 = V1) 


& ~ 
————o 
V, o—J tb 
1 V5 
Vv, 
° 0 0V 
777 

Figure 18.13 


When V2 > V; then V, is positive, its maximum value 
being the positive supply voltage +V,;, which it has 
when (V2 — V;) => V;/Ao. The op amp is then saturated. 
For example, if V; =+9V and A, = 10°, then saturation 
occurs when (V2 — V;) > 9/10° i.e. when V2 exceeds V; 
by 90 pV and V, ~ 9V. 

When Vi > V2, then V, is negative and saturation 
occurs if Vj exceeds V2 by V;/A, i.e. around 90 LV in 
the above example; in this case, V, ~ —V; = —9V. 

A small change in (V2 — V;) therefore causes V, to 
switch between near +V,; and near to —V, and enables 
the op amp to indicate when V% is greater or less than Vj, 
ie. to act as a differential amplifier and compare two 
voltages. It does this in an electronic digital voltmeter. 


Problem 9. Devise a light-operated alarm circuit 
using an op amp, a LDR, a LED and a +15 V supply. 


A typical light-operated alarm circuit is shown in 
Figure 18.14. 

Resistor R and the light dependent resistor (LDR) form 
a voltage divider across the +15/0/—15V supply. The 
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<|< 


nN 
oud 


R LED 


-15V 


Figure 18.14 


op amp compares the voltage V at the voltage divider 
junction, i.e. at the inverting (—) input, with that at the 
non-inverting (++) input, i.e. with V2, which is 0 V. In the 
dark the resistance of the LDR is much greater than that 
of R, so more of the 30V across the voltage divider is 
dropped across the LDR, causing Vj to fall below OV. 
Now V2 > Vj and the output voltage V, switches from 
near —15V to near +15 V and the light emitting diode 
(LED) lights. 


18.8 Op amp integrator 


The circuit for the op amp integrator shown in Figure 18.15 
is the same as for the op amp inverting amplifier shown in 
Figure 18.5, but feedback occurs via a capacitor C, rather 
than via a resistor. 


= 
R i & 


° 7 ae 
v | " 
7/7 
Figure 18.15 
The output voltage is given by: 
1 


Since the inverting (—) input is used in Figure 18.15, V, 
is negative if V; is positive, and vice-versa, hence the 
negative sign in equation (18.9). 

Since X is a virtual earth in Figure 18.15, i.e. at 0 V, the 
voltage across R is V; and that across C is V,. Assuming 
again that none of the input current J enters the op amp 
inverting (—) input, then all of current J flows through C 
and charges it up. If V; is constant, J will be a constant 
value given by [=V;/R. Capacitor C therefore charges 
at a constant rate and the potential of the output side of 
C (=V,, since its input side is zero) charges so that the 
feedback path absorbs I. If Q is the charge on C at time 


t and the p.d. across it (i.e. the output voltage) changes 
from 0 to V, in that time then: 


Q=-V,C=It 
(from Chapter 6) 
ie. —V,C= Ly 
R 
; 1 
i.e. Vo= ae 


This result is the same as would be obtained from 
Vo=—— | V; dt if V; is a constant value. 
CR 


For example, if the input voltage V;=—2V and, say, 
CR= Is, then 


Vo = —(—2)t = 2t 


A graph of V,/t will be a ramp function as shown in Fig- 
ure 18.16 (V, = 2t is of the straight line form y= mx +c; 
in this case y= V, and x =¢, gradient, m= 2 and vertical 
axis intercept c=0). V, rises steadily by +2 V/s in Fig- 
ure 18.16, and if the power supply is, say, +9 V, then V, 
reaches +9 V after 4.5 s when the op amp saturates. 


V, 
fo) A ee Saturation 
8 (Just < +9V) 
° 
4 \ | 
2 Ramp voltage (+2 V/s) 
i 
I 
0 1 2 3 4 5 
Time t(s) 
Figure 18.16 


Problem 10. A steady voltage of —0.75 V is applied 
to an op amp integrator having component values of 
R=200kQ and C= 2.5 WF. Assuming that the initial 
capacitor charge is zero, determine the value of the 
output voltage 100 ms after application of the input. 


From equation (18.9), output voltage, 


1 


1 
(2.5 x 10-®)(200 x 103) 


(—0.75) dt 


1 
=-55 / (—0.75) dt = —2[—0.75t] = +1.5¢ 
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When time t = 100 ms, output voltage, 


Vo = (1.5)(100 x 1073) = 0.15V 


18.9 Op amp differential amplifier 


The circuit for an op amp differential amplifier is shown 
in Figure 18.17 where voltages V; and V2 are applied to 
its two input terminals and the difference between these 
voltages is amplified. 


A, 
V,o aot | ree 
Vv, te es os} + 
A, R, V, 
° © OV 
777 
Figure 18.17 
(i) Let V, volts be applied to terminal 1 and OV be 


(ii) 


applied to terminal 2. The difference in the poten- 
tials at the inverting (—) and non-inverting (++) op 
amp inputs is practically zero and hence the inverting 
terminal must be at zero potential. Then J) = V,/R}. 
Since the op amp input resistance is high, this cur- 
rent flows through the feedback resistor Ry. The 
volt drop across Ry, which is the output voltage 
Vo =(V1/R1)Ry; hence, the closed-loop voltage gain 
A is given by: 


(18.10) 


By similar reasoning, if V2 is applied to terminal 2 
and OV to terminal 1, then the voltage appearing at 
the non-inverting terminal will be (R3/(R2 + R3))V2 
volts. This voltage will also appear at the inverting 
(—) terminal and thus the voltage across R, is equal 
to — (R3/(R2 + R3))V2 volts. 

Now the output voltage, 


v= (aoa)? * Team) Mle) 
OA Ro + R3 ° Ro + R3 : Ri 


and the voltage gain, 


‘=> leew) lesa) ICH) 


(iii) Finally, if the voltages applied to terminals 1 and 2 are 


V and V2 respectively, then the difference between 
the two voltages will be amplified. 
If Vy > V2, then: 


Re 
Vo=(V1-—V2){ - R, 
If V2 > Vj, then: : 


Vo=WV -v (gre) (147) (18.13) 
eae ee R2+R3 Ry 


(18.12) 


Problem 11. In the differential amplifier shown in 
Figure 18.17, Rj = 10kQ, Ro = 10kQ, R3 = 100kQ 
and Rr = 100 k&2. Determine the output voltage V, if: 


(a) Vj =5mV and V2 =0 
(b) Vj =0 and V2 =S5mV 
(c) Vj =50mV and V2 = 25 mV 
(d) Vj =25 mV and V2 =50mV 


(a) From equation (18.10), 


~ Ry 100 x 103 (5) mV 

— = m 

ee hi 10 x 103 
=-—50mV 


(b) From equation (18.11), 


Rr 
Ro + R3 Ri 
100 100 
=| — 1+ — V=+4+5 
(=) ( + 7) om +50mV 


(c) V; > Vz hence from equation (18.12), 


Rr 
Vo =(Vi vy R 


V, 


i) 


100 
10 


= (50 — 25) ( ) mV = —250mV 


(d) V2 > V; hence from equation (18.13), 


yaw ( tees 
Be t Ro+ R3 Ry 


100 100 
= (50-2 1+—)mv 
0 5 (aris) ( a 7) 


= (25) (=) (11) = +250mV 


110 
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Now try the following exercise. 


Exercise 65 Further problems on operational 
amplifier calculations 


1. If the input voltage for the op amp shown in Figure 
18.18, is —0.5 V, determine (a) the voltage gain (b) 
the output voltage. [(a) 3.21 (b) —1.60 V] 


15kOo 


Input voltage Output 
voltage 


° 0 0V 


Figure 18.18 


2. In the circuit of Figure 18.19, determine the value 
of the output voltage, V,, when (a) V; = +1 V and 
V2 =+4+3V (b) Vj} =+1V and V2 =—3 V 

[(a) —10V (b) +5 V] 


Figure 18.19 


3. For the summing op amp shown in Figure 18.20, 
determine the output voltage, Vo. 3:9) 


Figure 18.20 


4. Asteady voltage of —1.25 V is applied to an op amp 
integrator having component values of R= 125 kQ 
and C=4.0 WF. Calculate the value of the output 
voltage 120 ms after applying the input, assuming 
that the initial capacitor charge is zero. [0.3 V] 


5. In the differential amplifier shown in Figure 
18.21, determine the output voltage, V,, if: (a) 

VY, =4mV and V2=0 (b) Vj = 0 and V2 =6mV 
(c) Vj =40mV and V2=30mV (d) Vj =25mV 
and V2 = 40 mV [(a) —60 mV (b) +90 mV 
(c) —150 mV (d) +225 mV] 


420 kQ 
BkQ 
Vo — 
Vy of o—lt 
8 kQ 
[| 20 kQ Vo 


Figure 18.21 


18.10 Digital to analogue (D/A) conversion 


There are a number of situations when digital signals have 
to be converted to analogue ones. For example, a digital 
computer often needs to produce a graphical display on 
the screen; this involves using a D/A converter to change 
the two-level digital output voltage from the computer, 
into a continuously varying analogue voltage for the input 
to the cathode ray tube, so that it can deflect the electron 
beam to produce screen graphics. 

A binary weighted resistor D/A converter is shown 
in Figure 18.22 for a four-bit input. The values of the 
resistors, R, 2R, 4R, 8R increase according to the binary 
scale—hence the name of the converter. The circuit uses 
an op amp as a summing amplifier (see Section 18.6) 
with a feedback resistor Ry. Digitally controlled electronic 
switches are shown as S$; to S4. Each switch connects the 
resistor in series with it to a fixed reference voltage Vre¢ 
when the input bit controlling it is a 1 and to ground (OV) 
when it is a0. The input voltages V; to V4 applied to the op 
amp by the four-bit input via the resistors therefore have 
one of two values, i.e. either V;er or 0 V. 


o 


Viet] Si fai R 
— 
is or Rr 
i se28 | 
digital | Sera Ve 48 
input aa Analogue 
ea in voltage 
4 V, 8R output 
PS 
Ts3 Vo 
—o 
i.s.b. == ° OV 
Figure 18.22 


From equation (18.8), page 218, the analogue output 
voltage V, is given by: 
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Let Rp =R=1kQ, then: 


1 1 1 
= V: 
Vo (w+; 2+ 7V3 =s) 


With a four-bit input of 0001 (i.e. decimal 1), S4 
connects 8R to Vref, i.e. V4=Vyer, and $1, Sz and $3 
connect R, 2R and 4R to OV, making V; = V2 = V3 =0. 
Let Vier = — 8V, then output voltage, 


1 
Vo = (040404 3! )=41V 


With a four-bit input of 0101 (i.e. decimal 5), S2 and 
S4 connects 2R and 4R to Vier, i.e. V2 = V4 = Vref, and 


S; and S3 connect R and 4R to OV, making Vj = V3 =0. 
Again, if Vrep = — 8 V, then output voltage, 


1 1 
Vo = (0. 56 8)+04 3! 8)) =48V 


If the input is 0111 (i.e. decimal 7), the output voltage 
will be 7 V, and so on. From these examples, it is seen that 
the analogue output voltage, V,, is directly proportional 
to the digital input. 

V, has a ‘stepped’ waveform, the waveform shape 
depending on the binary input. A typical waveform is 
shown in Figure 18.23. 


18.11 Analogue to digital (A/D) conversion 


In a digital voltmeter, its input is in analogue form and the 
reading is displayed digitally. This is an example where 
an analogue to digital converter is needed. 

A block diagram for a four-bit counter type A/D con- 
version circuit is shown in Figure 18.24. An op amp is 
again used, in this case as a voltage comparator (see 
Section 18.7). The analogue input voltage V2, shown in 
Figure 18.25(a) as a steady d.c. voltage, is applied to 
the non-inverting (+) input, whilst a sawtooth voltage Vj 
supplies the inverting (—) input. 

The output from the comparator is applied to one input 
of an AND gate and is a 1 (i.e. ‘high’) until V; equals or 
exceeds V2, when it then goes to 0 (i.e. ‘low’) as shown 
in Figure 18.25(b). The other input of the AND gate is 
fed by a steady train of pulses from a pulse generator, as 
shown in Figure 18.25(c). When both inputs to the AND 
gate are ‘high’, the gate ‘opens’ and gives a ‘high’ output, 
i.e. a pulse, as shown in Figure 18.25(d). The time taken 
by V; to reach V> is proportional to the analogue voltage 
if the ramp is linear. The output pulses from the AND 
gate are recorded by a binary counter and, as shown in 


Ramp 
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(D/A convertor) 
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Figure 18.24 
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Figure 18.25 


Figure 18.25(e), are the digital equivalent of the analogue 
input voltage V2. In practise, the ramp generator is a D/A 
converter which takes its digital input from the binary 
counter, shown by the broken lines in Figure 18.24. As 
the counter advances through its normal binary sequence, 
a Staircase waveform with equal steps (i.e. a ramp) is built 
up at the output of the D/A converter (as shown by the first 
few steps in Figure 18.23. 
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Revision test 5 


This revision test covers the material contained in 
chapters 15 to 18. 


The marks for each question are shown in brackets at 
the end of each question. 


. The power taken by a series inductive circuit when 
connected to a 100 V, 100Hz supply is 250W and 
the current is 5 A. Calculate (a) the resistance, (b) the 
impedance, (c) the reactance, (d) the power factor, and 
(e) the phase angle between voltage and current. (9) 


. A coil of resistance 20 Q and inductance 200 mH is 
connected in parallel with a 4\1F capacitor across a 
50 V, variable frequency supply. Calculate (a) the res- 
onant frequency, (b) the dynamic resistance, (c) the 
current at resonance, and (d) the Q-factor at resonance. 


(10) 


. A series circuit comprises a coil of resistance 30 Q and 
inductance 50 mH, and a 2500 pF capacitor. Determine 
the Q-factor of the circuit at resonance. (4) 


. The winding of an electromagnet has an inductance of 
110 mH and aresistance of 5.5 Q. When it is connected 
to a L10V, d.c. supply, calculate (a) the steady state 
value of current flowing in the winding, (b) the time 
constant of the circuit, (c) the value of the induced 
e.m.f. after 0.1 s, (d) the time for the current to rise to 
75% of it’s final value, and (e) the value of the current 
after 0.02 s. (11) 


. A single-phase motor takes 30 A at a power factor 
of 0.65 lagging from a 300 V, 50 Hz supply. Calculate 


(a) the current taken by a capacitor connected in paral- 
lel with the motor to correct the power factor to unity, 
and (b) the value of the supply current after power 
factor correction. (7) 


. For the summing operational amplifier shown in Figure 


RT5.1, determine the value of the output voltage, Vo. 
(3) 


15V| ¢ 


Figure RT5.1 


7. 


In the differential amplifier shown in Figure RTS5.2, 
determine the output voltage, Vj when: (a) Vi =4mV 
and V2 = 0 (b) Vj =0 and V2 =5 mV (c) Vj = 20mV 


and V2 = 10 mV. (6) 
120 ka 
y gt __20K2 
V, =e 


Figure RT5.2 


19 Three-phase systems 


At the end of this chapter you should be able to: 


e describe a single-phase supply 

e describe a three-phase supply 

e understand a star connection, and recognize that 
Ty = Ip and Vip = /3V> 

e draw acomplete phasor diagram for a balanced, star 
connected load 

© understand a delta connection, and recognize that 
Vi =V,> and I, = /31p 


e draw a phasor diagram for a balanced, delta connected 
load 

e calculate power in three-phase systems using 
P=,/3V_I, cos & 

© appreciate how power is measured in a three-phase 
system, by the one, two and three-wattmeter methods 

© compare star and delta connections 

@ appreciate the advantages of three-phase systems 


19.1 Introduction 


Generation, transmission and distribution of electricity via 
the National Grid system is accomplished by three-phase 
alternating currents. 

The voltage induced by a single coil when rotated in 
a uniform magnetic field is shown in Figure 19.1 and is 
known as a single-phase voltage. Most consumers are fed 
by means of a single-phase a.c. supply. Two wires are used, 
one called the live conductor (usually coloured red) and 
the other is called the neutral conductor (usually coloured 
black). The neutral is usually connected via protective gear 
to earth, the earth wire being coloured green. The standard 
voltage for a single-phase a.c. supply is 240 V. The major- 
ity of single-phase supplies are obtained by connection to 
a three-phase supply (see Figure 19.5, page 226). 


Figure 19.1 


19.2 Three-phase supply 


A three-phase supply is generated when three coils are 
placed 120° apart and the whole rotated in a uniform 
magnetic field as shown in Figure 19.2(a). The result is 
three independent supplies of equal voltages which are 
each displaced by 120° from each other as shown in 
Figure 19.2(b). 


(a) 


Figure 19.2 


(i) The convention adopted to identify each of the phase 
voltages is: R-red, Y-yellow, and B-blue, as shown in 
Figure 19.2. 

(ii) The phase-sequence is given by the sequence in 
which the conductors pass the point initially taken 
by the red conductor. The national standard phase 
sequence is R, Y, B. 


A three-phase a.c. supply is carried by three conductors, 
called ‘lines’ which are coloured red, yellow and blue. The 
currents in these conductors are known as line currents (J; ) 
and the p.d.’s between them are known as line voltages 
(V,). A fourth conductor, called the neutral (coloured 
black, and connected through protective devices to earth) 
is often used with a three-phase supply. 

If the three-phase windings shown in Figure 19.2 are 

kept independent then six wires are needed to connect 
a supply source (such as a generator) to a load (such as 
motor). To reduce the number of wires it is usual to inter- 
connect the three phases. There are two ways in which 
this can be done, these being: 
(a) a star connection, and (b) a delta, or mesh, con- 
nection. Sources of three-phase supplies, i.e. alternators, 
are usually connected in star, whereas three-phase trans- 
former windings, motors and other loads may be con- 
nected either in star or delta. 
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19.3. Star connection 


(i) 


ii) 


(iii) 
(iv) 


(v) 


(vi) 


A star-connected load is shown in Figure 19.3 where 
the three line conductors are each connected to a load 
and the outlets from the loads are joined together at N 
to form what is termed the neutral point or the star 
point. 


Figure 19.3 


The voltages, Vr, Vy and Vz are called phase volt- 
ages or line to neutral voltages. Phase voltages are 
generally denoted by V,. 

The voltages, Vry, Vyg and Vgpr are called line 
voltages. 

From Figure 19.3 it can be seen that the phase currents 
(generally denoted by J,) are equal to their respective 
line currents Jp, Jy and Jp, i.e. for a star connection: 


I, =I, 


For a balanced system: 
IrR=ly =I, Vr=Vy=VpB 
Vry = Vyp=Ver, Zr=Zy =Zp 


and the current in the neutral conductor, Jy = 0. 

When a star connected system is balanced, then the 
neutral conductor is unnecessary and is often omitted. 
The line voltage, Vey, shown in Figure 19.4(a) is 
given by Vry =Vr—Vy (Vy is negative since it is 
in the opposite direction to Vry). In the phasor dia- 
gram of Figure 19.4(b), phasor Vy is reversed (shown 
by the broken line) and then added phasorially to 
Vr (.e. Vay = Vr +(—Vy)). By trigonometry, or by 


Vay 
= 


Figure 19.4 


(Vil) 


measurement, Vay = ./3Vp, i.e. for a balanced star 
connection: 


Vi = J/3V_ 


(See Problem 3 following for a complete phasor 
diagram of a star-connected system.) 

The star connection of the three phases of a supply, 
together with a neutral conductor, allows the use of 
two voltages — the phase voltage and the line voltage. 
A 4-wire system is also used when the load is not bal- 
anced. The standard electricity supply to consumers 
in Great Britain is 415/240 V, 50 Hz, 3-phase, 4-wire 
alternating current, and a diagram of connections is 
shown in Figure 19.5. 


LINES 


NEUTRAL 


GEAR. Three separate 
single-phase 240 V 


supplies 


w 
Single phase 
415 V supply 


-_—s—~ 
3-phase 
= 415 V, 3-wire 
Earth supply out ' 
(For motors and (For lighting, heating 


and domestic 
consumers) 


small industrial 
consumers) 


Figure 19.5 


For most of the 20th century, the supply voltage in 
the UK in domestic premises has been 240V a.c. 
(rm.s.) at 50Hz. In 1988, a European-wide agree- 
ment was reached to change the various national 
voltages, which ranged at the time from 220V to 
240 V, to a common European standard of 230V. 

As aresult, the standard nominal supply voltage in 
domestic single-phase 50 Hz installations in the UK 
has been 230V since 1995. However, as an interim 
measure, electricity suppliers can work with an asym- 
metric voltage tolerance of 230V +10%/—6% (i.e. 
216.2 V to 253 V). The old standard was 240 V + 6% 
(i.e. 225.6 V to 254.4V), which is mostly contained 
within the new range, and so in practice suppliers have 
had no reason to actually change voltages. 

Similarly, the three-phase voltage in the UK had 
been for many years 415 V + 6% (i.e. 390 V to 440 V). 
European harmonization required this to be changed 
to 400 V +10%/—6% (i.e. 376V to 440V). Again, 
since the present supply voltage of 415 V lies within 
this range, supply companies are unlikely to reduce 
their voltages in the near future. 


Three-phase systems 227 


Many of the calculations following are based on the 
240 V/415 V supply voltages which have applied for 
many years and are likely to continue to do so. 


Problem 1. Three loads, each of resistance 30 &2, are 
connected in star toa 415 V, 3-phase supply. Determine 
(a) the system phase voltage, (b) the phase current and 
(c) the line current. 


A ‘415V, 3-phase supply’ means that 415 V is the line 
voltage, Vz 


(a) For a star connection, Vz = /3V, 


Hence phase voltage, V, = Vi = = 
J3 3 
= 239.6 V or 240 V correct 
to 3 significant figures 
(b) Phase current, J, = Yp — an =8A 
Rp 30 


(c) For a star connection, J, = Iz, 


Hence the line current, J, =8A 


Problem 2. A star-connected load consists of three 
identical coils each of resistance 30 Q and inductance 
127.3 mH. If the line current is 5.08 A, calculate the 
line voltage if the supply frequency is 50 Hz. 


Inductive reactance X, = 2nfL 

= 27(50)(127.3 x 1073) 

=40Q 
Impedance of each phase Z, = / (R? + Xe) 

= /(307 + 407) = 502 
: Vp 
For a star connection IL=Ih= Zz 
‘D 

Vp =IpZp = (5.08)(50) = 254. V 


Vi = /3Vp = /3(254) = 440V 


Hence phase voltage 


Line voltage 


Problem 3. A balanced, three-wire, star-connected, 
3-phase load has a phase voltage of 240 V, a line current 
of 5 A and a lagging power factor of 0.966. Draw the 
complete phasor diagram. 


The phasor diagram is shown in Figure 19.6. 
Procedure to construct the phasor diagram: 


(i) Draw Vr = Vy = Vg = 240 V and spaced 120° apart. 
(Note that Vr is shown vertically upwards — this 


Vay=415 V 


Scales: 


Qiese> Current (A) 
0 50100 150 200 


Voltage (V} 


Figure 19.6 


however is immaterial for it may be drawn in any 
direction.) 

(ii) Power factor=cos¢=0.966 lagging. Hence the 
load phase angle is given by cos! 0.966, i.e. 15° 
lagging. Hence Ip =Iy = Ip =5A, lagging Vr, Vy 
and Vz respectively by 15°. 

(iii) Vry = Vr — Vy (phasorially). Hence Vy is reversed 
and added phasorially to Vr. By measurement, 
Vey =415V (i.e. ./3(240)) and leads Vr by 30°. 
Similarly, Vyp = Vy = Vp and VBR = Vp = Vr. 


Problem 4. A415 V, 3-phase, 4 wire, star-connected 
system supplies three resistive loads as shown in Fig- 
ure 19.7. Determine (a) the current in each line and 
(b) the current in the neutral conductor. 


Figure 19.7 
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(a) For a star-connected system Vz; = /3V, 


Hence Vy = Vi = a =240V 
p= Ss 
V3 3 
Since current J = Hower for a resistive load 
Voltage V 
P. 24 000 
then Ip=—=———=100A 
VR 240 
P 18 000 
pS SS sA 
Vy 240 
P. 12 
Pe ee ey 
VB 240 


(b) The three line currents are shown in the phasor dia- 
gram of Figure 19.8. Since each load is resistive the 
currents are in phase with the phase voltages and are 
hence mutually displaced by 120°. The current in the 
neutral conductor is given by: 


Iy = Ip + Iy + Ip phasorially. 


Ip=100A 


Ig=50A 
ly=75A 


Figure 19.8 


Figure 19.9 shows the three line currents added phasori- 
ally. Oa represents Jp in magnitude and direction. From 
the nose of Oa, ab is drawn representing Jy in magnitude 
and direction. From the nose of ab, be is drawn repre- 
senting Jp in magnitude and direction. Oc represents the 
resultant, Jy. 


Figure 19.9 


By measurement, Iy =43A 


Alternatively, by calculation, considering Ip at 90°, Iz at 
210° and Ty at 330°: 
Total horizontal component = 100 cos 90° + 75 cos 330° 


+ 50 cos 210° = 21.65 
Total vertical component = 100 sin 90° + 75 sin 330° 
+ 50 sin 210° = 37.50 
Hence magnitude of Iy = (21.65 + 37.507) 

= 43.3A 


19.4 Delta connection 


(i) A delta (or mesh) connected load is shown in Fig- 
ure 19.10 where the end of one load is connected to 
the start of the next load. 


Figure 19.10 


(ii) From Figure 19.10, it can be seen that the line volt- 
ages Vry, Vyg and Vgpr are the respective phase 
voltages, i.e. for a delta connection: 


Vi=Vp 


(iii) Using Kirchhoff’s current law in Figure 19.10, Ip = 
Try — [pr =Iry + (—Ippr). From the phasor diagram 
shown in Figure 19.11, by trigonometry or by mea- 
surement, Ip = ./3Ipy, i.e. for a delta connection: 


lap 


Figure 19.11 
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Problem 5. Three identical coils each of resistance 
30 Q and inductance 127.3 mH are connected in delta 
to a 440 V, 50 Hz, 3-phase supply. Determine (a) the 


phase current, and (b) the line current. 


Phase impedance, Z, =50 Q (from Problem 2) and for a 
delta connection, V, = Vz, 


V> Vz 440 
(a) Phase current, L=— = == 
Zp Zp 50 
=8.8A 
(b) Foradelta connection, Ip = /31, =./3(8.8) 
=15.24A 


Thus when the load is connected in delta, three times 
the line current is taken from the supply than is taken 
if connected in star. 


Problem 6. Three identical capacitors are connected 
in delta to a 415 V, 50 Hz, 3-phase supply. If the line 
current is 15 A, determine the capacitance of each of 
the capacitors. 


For a delta connection I, = /3Ip 


Hence ph es eg as eee 
ence phase curren =—=— =8. 
ope Vp Vi 
Capacitive reactance per phase, Xc = ene (since for 
P P 
a delta connection Vz = V)) 
H Xx ae 47.92. Q 
ence Xc = —— =47. 
© 8.66 
1 
Xc = ——, from which capacitance, 
27fC 
1 1 
C= = F 
2mfXc  27(50)(47.92) 
= 66.43 pF 


Problem 7. Three coils each having resistance 3 Q 
and inductive reactance 4 Q are connected (i) in star 
and (ii) in delta to a 415 V, 3-phase supply. Calculate 
for each connection (a) the line and phase voltages and 
(b) the phase and line currents. 


(i) For a star connection: J; =, and Vz = ./3V, 


(a) A 415 V, 3-phase supply means that the 
line voltage, V, = 415 V 
Vp 41S 


= == =20V 
v3 V3 


Phase voltage, V, 


(b) Impedance per phase, Z, = / (R27 + xX?) 
= /(3?+47)=52 


Vp 
Phase current, [, = =- = —— =48A 
Zp 5 
Line current, I, = 1, =48A 
(ii) For a delta connection: Vz, = V, and I, = /31p 
(a) Line voltage, V, =415V 
Phase voltage, V, = Vr; =415V 
V, 415 
(b) Phase current, [, = =- = — =83A 
Zp 5 
/3(83) = 144A 


Line current, J, =./3Ip 


Now try the following exercise. 


Exercise 66 Further problems on star and delta 
connections 


1. Three loads, each of resistance 50 Q are connected 
in star to a 400 V, 3-phase supply. Determine (a) the 
phase voltage, (b) the phase current and (c) the line 
current. [(a) 231 V (b) 4.62 A (c) 4.62 A] 


2. If the loads in question | are connected in delta to 
the same supply determine (a) the phase voltage, 
(b) the phase current and (c) the line current. 

[(a) 400 V (b) 8 A (c) 13.86 A] 


3. A star-connected load consists of three identical 
coils, each of inductance 159.2 mH and resistance 
50 Q. If the supply frequency is 50 Hz and the line 
current is 3A determine (a) the phase voltage and 
(b) the line voltage. [(a) 212 V (b) 367 V] 


4. Three identical capacitors are connected (a) in star, 
(b) in delta to a 400 V, 50 Hz, 3-phase supply. If 
the line current is 12 A determine in each case the 
capacitance of each of the capacitors. 

[(a) 165.4 WF (b) 55.13 WF] 


5. Three coils each having resistance 6 Q and induc- 
tance L H are connected (a) in star and (b) in delta, 
to a415 V, 50 Hz, 3-phase supply. If the line current 
is 30 A, find for each connection the value of L. 

[(a) 16.78 mH (b) 73.84 mH] 


6. A 400V, 3-phase, 4 wire, star-connected system 
supplies three resistive loads of 15 kW, 20 kW and 
25 kW in the red, yellow and blue phases respect- 
ively. Determine the current flowing in each of the 
four conductors. 

[Tr = 64.95 A, Iy = 86.60A 
Ip = 108.25.A, Iy =37.50A] 
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7. A 3-phase, star-connected alternator delivers a line 
current of 65 A to a balanced delta-connected load 
at a line voltage of 380 V. Calculate (a) the phase 
voltage of the alternator, (b) the alternator phase 
current and (c) the load phase current. 

[(a) 219.4 V (b) 65A (c) 37.53 A] 


8. Three 24 .F capacitors are connected in star across 
a 400V, 50Hz, 3-phase supply. What value of 
capacitance must be connected in delta in order to 
take the same line current? [8 WF] 


19.5 Power in three-phase systems 


The power dissipated in a three-phase load is given by 
the sum of the power dissipated in each phase. If a load is 
balanced then the total power P is given by: P= 3 x power 
consumed by one phase. 


The power consumed in one phase = Ry or Vplp cos 
(where @ is the phase angle between V, and I,,) 


; V 
For a star connection, V, = ere and I, = I; hence 


Re 


P=3 (4) I, cos 


= /3VLIL cos o 


I 
For a delta connection, Vy = Vz and Ip = m2 hence 


P=3V (4 ob 
= —— }] COS 
t\3 
= /3V,I, cosd 


Hence for either a star or a delta balanced connection the 
total power P is given by: 


P= /3V_I, cos ¢ watts | or | P= 327Rp watts. 


Total volt-amperes, S = ./3 V_I, volt-amperes 


Problem 8. Three 12 Q resistors are connected in star 
to a 415 V, 3-phase supply. Determine the total power 
dissipated by the resistors. 


Power dissipated, P=./3ViI, cos@ or P= 31, Rp 


Line voltage, Vz = 415 V and 


h: It V, ab 240 V 
ase voltage V, = —- = 
p g VB 
(since the resistors are star-connected) 
V, V, 240 
Phase current, I, 7 E 20A 
Zp Rp 12 


For a star connection J; =I, =20A 
For a purely resistive load, the power factor = cos = 1 
Hence power P= /3VzIz, cos ¢ = /3(415)(20)(1) 
=14.4kW 
or power P = 317 R, = 3(20)°(12) = 14.4kW 


Problem 9. The input power to a 3-phase a.c. motor 
is measured as 5 kW. If the voltage and current to the 
motor are 400 V and 8.6A respectively, determine the 
power factor of the system. 


Power, P=5000W; Line voltage Vz, =400V; Line 
current, J, = 8.6A 


Power, P= ./3ViI, cos & 


P 5000 
Hence power factor = cos ¢ = WAT = J34008.6) 
= 0.839 


Problem 10. Three identical coils, each of resistance 
10 Q and inductance 42 mH are connected (a) in star 
and (b) in delta to a 415 V, 50Hz, 3-phase supply. 
Determine the total power dissipated in each case. 


(a) Star connection 
Inductive reactance X;, = 2mfL = 27(50)(42 x 10-3) 


= 13.192 
Phase impedance Z, = ./(R? + X?) 
= /(10? + 13.197) 


= 16.55 Q 
Line voltage V_ = 415 V and 
Ve 415 
phase voltage, V, = —- = —- = 240V 
V3 V3 
V, 240 
Phase current, J, = =- = —— = 14.50A 
Zy 16.55 
Line current, J, =I,=14.50A 
Rp 10 
Power factor =cos ¢= — = 
Zp 16.55 
= 0.6042 lagging 
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Power dissipated, P= ./3V_,Iz, cos @ 
= ./3(415)(14.50)(0.6042) 
=6.3kW 

(Alternatively, P = 377R, = 3(14.50)?(10) 
=6.3kW) 
(b) Delta connection 
Vi = Vp = 415V, Z, = 16.55 Q, 
cos ¢ = 0.6042 lagging (from above). 


Vy 415 
= =25.08A 
Zs. 1655 


Line current, I, = /31) = /3(25.08) = 43.44A 
Power dissipated, P = ./3V_Iz, cos @ 
= ./3(415)(43.44)(0.6042) 
= 18.87 kW 


Phase current, J, = 


(Alternatively, P = 317 Rp = 3(25.08)?(10) 
= 18.87kW) 
Hence loads connected in delta dissipate three times the 


power than when connected in star, and also take a line 
current three times greater. 


Problem 11. A415 V, 3-phase a.c. motor has a power 
output of 12.75 kW and operates at a power factor 
of 0.77 lagging and with an efficiency of 85%. If 
the motor is delta-connected, determine (a) the power 
input, (b) the line current and (c) the phase current. 


tput 
(a) Efficiency — Bee ne 
power input 
85 12750 


100 power input 


hence 


12750 x 100 
85 
= 15000 W or 15kW 
(b) Power, P= /3VzIz cos ¢, hence 
P 15000 
J3Vicos@  /3(415)(0.77) 
=27.10A 


from which, power input = 


line current, J, = 


(c) For a delta connection, I, = /31,, 
Ir 27.10 


— = = 15.65A 
v3 v3 


hence phase current, J, = 


19.6 Measurement of power in three-phase 
systems 


Power in three-phase loads may be measured by the 
following methods: 


(1) One-wattmeter method for a balanced load 
Wattmeter connections for both star and delta are 
shown in Figure 19.12. 


Total power = 3 x wattmeter reading 


Current coil 


Figure 19.12 


(11) Two-wattmeter method for balanced or unbal- 
anced loads 
A connection diagram for this method is shown 
in Figure 19.13 for a star-connected load. Similar 
connections are made for a delta-connected load. 


Total power = sum of wattmeter readings 
=P,+P2 


Wattmeter 1 


Wattmeter 2 


Figure 19.13 


The power factor may be determined from: 


Pi —P2 
tan @ = /J3 
pe, (F cm) 


(see Problems 
12 and 15 to 18) 


It is possible, depending on the load power factor, 
for one wattmeter to have to be ‘reversed’ to obtain a 
reading. In this case it is taken as a negative reading 
(see Problem 17). 


PART 


232 Electrical Circuit Theory and Technology 


(ii) Three-wattmeter method for a_ three-phase, p=(wattmeter | reading)+(wattmeter 2 reading) 
4-wire system for balanced and unbalanced loads =pitp2 

(see Figure 19.14). The moving systems of the wattmeters are unable 

to follow the variations which take place at normal 

Total power = P; + P2 + P3 frequencies and they indicate the mean power taken 

over a cycle. Hence the total power, P = P; + P2 for 


balanced or unbalanced loads. 

(b) The phasor diagram for the two-wattmeter method 
for a balanced load having a lagging current is 
shown in Figure 19.16, where Vrg = Vr — Vg and 
Vyp = Vy — Vp (phasorially). 


wattmeter Von (= Va-V; 
ee, faa (- Va—Va) 
Uc 
rod 


4 
| 
I 
| 
| 
! 
\ 


Wattmeter 1 


Figure 19.14 


Problem 12. (a) Show that the total power in a 3-phase, ls 
3-wire system using the two-wattmeter method of mea- 
surement is given by the sum of the wattmeter readings. 
Draw a connection diagram. (b) Draw a phasor dia- 
gram for the two-wattmeter method for a balanced 
load. (c) Use the phasor diagram of part (b) to derive 


a formula from which the power factor of a 3-phase Hieure:e7 ts 


system may be determined using only the wattmeter (c) Wattmeter | reads Veglr cos(30° — ¢) = P 
aan Wattmeter 2 reads Vygly cos(30° + ¢) = P2 
(a) A connection diagram for the two-wattmeter method Pi 24 Vrslr cos(30° — ) ES cos(30° — 9) 
of a power measurement is shown in Figure 19.15 for Po Vyply cos(30° + @) — cos(30° + ¢) 


a star-connected load. ; 
since Ip = ly and Vrg = Vyz for a balanced load. 


mast ee Pi _ cos 30° cosh + sin 30° sin o) 

P2  cos30° cos @ — sin 30° sing 
(from compound angle formulae, see ‘Higher Engi- 
neering Mathematics’, J.O. Bird, 2006, 5" edition, 
Elsevier.) 
Dividing throughout by cos 30° cos ¢ gives: 


P; 1+ tan30° tang 
Py 1 —tan30° tang 


wattmeter 2 1 
: 1+ —,tan@ 
Figure 19.15 _ J3 Ginee sing ae 
Total instantaneous power, p=erir-+teyiy + epiz 1— —~-tang On? 
and in any 3-phase system ir +iy +ig=0. Hence V3 
B= IR ly Cross-multiplying gives: 
Thus, p = eriz + eyiy + ep(—ir — iy) 5 P| agen Po wid 
; ' ier ae ace 

= (er — ep)ir + (ey — ep)iy J3 J3 
However, (er — eg) is the p.d. ACrOSs wattmeter 1 Hence Pe Bese 4 pe 
in Figure 19.15 and (ey —eg) is the p.d. across V3 


wattmeter 2. 


Pi -P 
from which tan 6=v3( : 2) 


Hence total instantaneous power, P,+P2 
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¢, cos ¢ and thus power factor can be determined from 
this formula. 


Problem 13. A 400V, 3-phase star connected alter- 
nator supplies a delta-connected load, each phase of 
which has a resistance of 30 Q and inductive reactance 
40 Q. Calculate (a) the current supplied by the alter- 
nator and (b) the output power and the kVA of the 
alternator, neglecting losses in the line between the 
alternator and load. 


A circuit diagram of the alternator and load is shown in 
Figure 19.17. 


ALTERNATOR LOAD 
Figure 19.17 
Ae Vp 
(a) Considering the load: Phase current, J, = z 
D 


V, = Vz for a delta connection. Hence V, = 400 V 
Phase impedance, Z, = ,/' (Re + X?) 

= /(30? +407) = 502 
V, 400 
Zp 50 
For a delta-connection, line current, 
Ty = J 3Ip = /3(8) = 13.86A 


Hence 13.86A is the current supplied by the 
alternator. 


Hence Ip = 8A 


(b) Alternator output power is equal to the power dissi- 
pated by the load. 


Ry, 30 
i.e. P= /3VzI, cos, wherecos¢ = —- = — =0.6 
Zp 50 


Hence P = ./3(400)(13.86)(0.6) = 5.76 kW 
Alternator output kVA, S = ./3VzI 
= ,/3(400)(13.86) 
= 9.60 kVA 


Problem 14. Each phase of a delta-connected load 
comprises a resistance of 30 Q and an 80 WF capaci- 
tor in series. The load is connected to a 400 V, 50 Hz, 
3-phase supply. Calculate (a) the phase current, (b) 


the line current, (c) the total power dissipated and (d) 
the kVA rating of the load. Draw the complete phasor 
diagram for the load. 


(a) Capacitive reactance, Xc = sat 
1 
~ 27(50)(80 x 10-6) 
= 39.79 Q 
Phase impedance, Z, = ,/' Cs +X2) 
= ./(307 + 39.797) 
= 49.83 Q 
R 30 
Power factor = cos @ Z, 79.33 0.602 


Hence ¢=cos™! 0.602 = 52°59’ leading. 


V, 
Phase current, J, = = and V,=Vz for a delta 


‘Dp 
connection 


400 
~ 49.83 
(b) Line current J, = ./3/, for a delta connection 
Ty = J/3(8.207) = 13.90A 
(c) Total power dissipated, P= ./3VzIr cos & 
= ,/3(400)(13.90)(0.602) 
=5.797kW 
(d) Total kVA, S=./3VzI, = /3(400)(13.90) 
= 9.630 kVA 


The phasor diagram for the load is shown in Fig- 
ure 19.18. 


Hence I, =8.027A 


Hence 


.=13.90 A 


“ 


Vi= Vp= 400 Vv 
c 


[p=8.027A 


Figure 19.18 
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Problem 15. Two wattmeters are connected to meas- 
ure the input power to a balanced 3-phase load by the 
two-wattmeter method. If the instrument readings are 
8kW and 4kW, determine (a) the total power input 
and (b) the load power factor. 


(a) Total input power, P= P, + P2 =8+4=12kW 
Pi —P2 8-4 

b) t =/3 = 6/3 { —— 

Opn? Vv (F3) Vv (Gs) 


4 1 1 
=v3(35) =3(3)= 7 
Hence ¢= tan! = = 30° 


WE 


Power factor = cos @ 


cos 30° = 0.866 


Problem 16. Two wattmeters connected to a 3-phase 
motor indicate the total power input to be 12 kW. The 
power factor is 0.6. Determine the readings of each 
wattmeter. 


If the two wattmeters indicate P; and P2 respectively 


then P; + P27 =12kW (1) 
P, — P2 
tan d= /3 and power factor = 0.6 = cos 
p= ( ee =) P o 
Angle ¢=cos~! 0.6 = 53.13° and tan 53.13° = 1.3333 
3(P; —P 
Hence 1.3333 = a from which, 
12(1. 
Peas (1.3333) 
J3 
ie. Py — P27 =9.237kW (2) 
Adding equations (1) and (2) gives: 2P) = 21.237 
: 21.237 
1.€. Pi = 
2 
= 10.62 kW 


Hence wattmeter 1 reads 10.62 kW 


From equation (1), wattmeter 2 reads (12 — 10.62) = 
1.38 kW 


Problem 17. Two wattmeters indicate 1OkW and 
3kW respectively when connected to measure the 
input power to a 3-phase balanced load, the reverse 
switch being operated on the meter indicating the 3 kW 
reading. Determine (a) the input power and (b) the load 
power factor. 


Since the reversing switch on the wattmeter had to be 
operated the 3 kW reading is taken as —3 kW. 


(a) Total input power, P= Pj + P2 = 10+ (—3)=7kW 


_ ys (PizP2) _ py (WED 
a a (F E) ae (rs) 


13 
=/3 (>) = 3.2167 


Angle ¢ =tan~! 3.2167 =72.73° 
Power factor = cos ¢ = cos 72.73° = 0.297 


Problem 18. Three similar coils, each having a resist- 
ance of 8 Q and an inductive reactance of 8 Q are 
connected (a) in star and (b) in delta, across a 415 V, 
3-phase supply. Calculate for each connection the 
readings on each of two wattmeters connected to 
measure the power by the two-wattmeter method. 


(a) Star connection: Vz = /3V, and J; = 1, 
Vi 415 

Phase voltage, V, = a = B a 

phase impedance, Z, = ./ (Re + X?) 


= /(8* +87) =11.31Q 


nd 


V,  415/,/3 
Hence phase current, I, = ee // 


= =21.18A 
Ze 11.31 


Total power, P = 317 Rp = 3(21.18)*(8) = 10766 W 


If wattmeter readings are P; and P2 then 


P, + Py = 10766 (1) 


Since Ry =8Q and X,=8, then phase angle 
go =45° (from impedance triangle) 


P\—P 
tang= v3 ( : *) , ene 


Pi +P2 
tan 45° = Alen?) ~ Pa) 
10766 
10 766(1 
from which P; — P2 = — = 6216W (2) 


Adding equations (1) and (2) gives: 


2P, = 10766 + 6216 
= 16982 W 
Hence P; = 8491 W 
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(b) 


From equation (1), P2 = 10 766 — 8491 = 2275 W 


When the coils are star-connected the wattmeter 
readings are thus 8.491 kW and 2.275 kW. 


Delta connection: Vz = V, and I, = /31, 
V, 415 
Phase current, J, = P= _ = 36.69A 
Z, W031 


Total power, P = 317 Rp = 3(36.69)(8) = 32 310 W 


Hence P, + Po = 32310W (3) 
Pi —P2 /3(P1 — P2) 

t = /Jf3 thus | = ——___— 

ee (F) ne 32310 


32310 
J3 

Adding equations (3) and (4) gives: 

2P, = 50960, from which P; = 25 480 W 

From equation (3), P2 = 32 310 — 25 480 = 6830 W 


from which, P; — Pz = = 18650W (4) 


When the coils are delta-connected the wattmeter 
readings are thus 25.48 kW and 6.83 kW. 


Now try the following exercise. 


Exercise 67 Further problems on power in 
3-phase circuits 


1. Determine the total power dissipated by three 20 Q 


. Determine the power dissipated in the circuit of 


. A balanced delta-connected load has a line voltage 


. Three inductive loads, each of resistance 4 Q and 


. The input voltage, current and power to a motor is 


resistors when connected (a) in star and (b) in delta 
to a 440 V, 3-phase supply. 
[(a) 9.68 kW (b) 29.04 kW] 


problem 3 of Exercise 66, page 229. [1.35 kW] 


of 400 V, a line current of 8 A and a lagging power 
factor of 0.94. Draw a complete phasor diagram of 
the load. What is the total power dissipated by the 
load? [5.21 kW] 


reactance 9 Q are connected in delta. When con- 
nected to a 3-phase supply the loads consume 
1.2 kW. Calculate (a) the power factor of the load, 
(b) the phase current, (c) the line current and (d) 
the supply voltage. 

[(a) 0.406 (b) 10A (c) 17.32 A (d) 98.53 V] 


measured as 415 V, 16.4A and 6kW respectively. 
Determine the power factor of the system. 
[0.509] 


. A 440V, 3-phase a.c. motor has a power output 


. Two wattmeters are connected to measure the input 


. 8kW is found by the two-wattmeter method to be 


. Three similar coils, each having a resistance of 


10. 


iil, 


of 11.25 kW and operates at a power factor of 0.8 
lagging and with an efficiency of 84%. If the motor 
is delta connected determine (a) the power input, 
(b) the line current and (c) the phase current. 

[(a) 13.39 kW (b) 21.97A (c) 12.68 A] 


power to a balanced 3-phase load. If the wattmeter 
readings are 9.3 kW and 5.4kW determine (a) the 
total output power, and (b) the load power factor. 

[(a) 14.7kW (b) 0.909] 


the power input to a 3-phase motor. Determine the 
reading of each wattmeter if the power factor of 
the system is 0.85. (5.431 kW, 2.569 kW] 


4.0 Q and an inductive reactance of 3.46 Q are con- 
nected (a) in star and (b) in delta across a 400 V, 
3-phase supply. Calculate for each connection the 
readings on each of two wattmeters connected to 
measure the power by the two-wattmeter method. 

[(a) 17.15 kW, 5.73 kW (b) 51.46 kW, 17.18 kW] 


A 3-phase, star-connected alternator supplies a 
delta connected load, each phase of which has a 
resistance of 15 Q and inductive reactance 20 Q. 
If the line voltage is 400 V, calculate (a) the cur- 
rent supplied by the alternator and (b) the output 
power and kVA rating of the alternator, neglecting 
any losses in the line between the alternator and 
the load. 

[(a) 27.71 A (b) 11.52 kW, 19.20 kVA] 


Each phase of a delta-connected load comprises a 
resistance of 40 Q and a 40 LF capacitor in series. 
Determine, when connected to a 415 V, 50Hz, 
3-phase supply (a) the phase current, (b) the line 
current, (c) the total power dissipated, and (d) the 
kVA rating of the load. 

[(a) 4.66A (b) 8.07A (c) 2.605 kW (d) 5.80 kVA] 


19.7. Comparison of star and delta connections 


(i) 
(ii) 


Loads connected in delta dissipate three times more 
power than when connected in star to the same supply. 
For the same power, the phase currents must be 
the same for both delta and star connections (since 
power = 3P°R,), hence the line current in the delta- 
connected system is greater than the line current in 
the corresponding star-connected system. To achieve 
the same phase current in a star-connected system as 
in a delta-connected system, the line voltage in the 
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star system is ./3 times the line voltage in the delta 
system. 

Thus for a given power transfer, a delta system is 
associated with larger line currents (and thus larger 
conductor cross-sectional area) and a star system is 
associated with a larger line voltage (and thus greater 
insulation). 


(ii) 
(iii) 


with a smaller cross-sectional area. This means a sav- 
ing of copper (or aluminium) and thus the original 
installation costs are less. 

Two voltages are available (see Section 19.3(vii)). 
Three-phase motors are very robust, relatively cheap, 
generally smaller, have self-starting properties, pro- 
vide a steadier output and require little maintenance 
compared with single-phase motors. 


19.8 Advantages of three-phase systems 


Advantages of three-phase systems over single-phase 
supplies include: 


(i) For a given amount of power transmitted through a 
system, the three-phase system requires conductors 


20 Transformers 


At the end of this chapter you should be able to: 
e understand the principle of operation of a 


transformer 
e understand the term ‘rating’ of a transformer 
Vi M hh. : 
e use — = — = — incalculations on transformers 
Vo NM 


© construct a transformer no-load phasor diagram and 
calculate magnetizing and core loss components of 
the no-load current 

e state the emf. equation for a transformer 
E=4.44f®,,N and use it in calculations 

e construct a transformer on-load phasor diagram for 
an inductive circuit assuming the volt drop in the 
windings is negligible 

e describe transformer construction 


e derive the equivalent resistance, reactance and 
impedance referred to the primary of a transformer 

e understand voltage regulation 

e describe losses in transformers and calculate 
efficiency 

@ appreciate the concept of resistance matching and 
how it may be achieved 

: : MY 

e perform calculations using R; = (x) Ri 

e describe an auto transformer, its advantages/ 
disadvantages and uses 

e describe an isolating transformer, stating uses 

describe a three-phase transformer 

e describe current and voltage transformers 


20.1 Introduction 


A transformer is a device which uses the phenomenon 
of mutual induction (see Chapter 9) to change the values 
of alternating voltages and currents. In fact, one of the 
main advantages of a.c. transmission and distribution is 
the ease with which an alternating voltage can be increased 
or decreased by transformers. 


Primary Secondary J——] 


P winding winding 
Ny turns Neo turns 


Ferromagnetic core 


ah 


(a) 


Figure 20.1 


Losses in transformers are generally low and thus effi- 
ciency is high. Being static they have a long life and are 
very stable. 

Transformers range in size from the miniature units 
used in electronic applications to the large power trans- 
formers used in power stations. The principle of operation 
is the same for each. 

A transformer is represented in Figure 20.1(a) as con- 
sisting of two electrical circuits linked by a common 
ferromagnetic core. One coil is termed the primary wind- 
ing which is connected to the supply of electricity, and the 
other the secondary winding, which may be connected 
to a load. A circuit diagram symbol for a transformer is 
shown in Figure 20.1(b). 


20.2 Transformer principle of operation 


When the secondary is an open-circuit and an alternating 
voltage V, is applied to the primary winding, a small cur- 
rent — called the no-load current J9 — flows, which sets 
up a magnetic flux in the core. This alternating flux links 
with both primary and secondary coils and induces in them 
e.m.f.’s of E; and E2 respectively by mutual induction. 
The induced e.m.f. E in a coil of N turns is given by 


d® 
E = —N— volts, 
dt 
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where d®/dt is the rate of change of flux. In an ideal 
transformer, the rate of change of flux is the same for 
both primary and secondary and thus E/N, = E2/N2, i.e. 
the induced e.m.f. per turn is constant. 


Assuming no losses, FE) = V; and E2 = V2. Hence 


Vie Ve or teas (20.1) 
N No V2 No 

V,/V2 is called the voltage ratio and N;/N2 the turns 
ratio, or the ‘transformation ratio’ of the transformer. If 
N> is less than N; then V2 is less than V; and the device 
is termed a step-down transformer. If N2 is greater then 
N, then V) is greater than V; and the device is termed a 
step-up transformer. 

When a load is connected across the secondary wind- 
ing, a current /> flows. In an ideal transformer losses are 
neglected and a transformer is considered to be 100% 
efficient. 

Hence input power= output power, or Vj J) = Valo, 
i.e. in an ideal transformer, the primary and secondary 
volt-amperes are equal. 


V I 
Thus — =~ (20.2) 
VY 
Combining equations (20.1) and (20.2) gives: 
V. N I 
ee (20.3) 
V2 N2 Gi 


The rating of a transformer is stated in terms of the volt- 
amperes that it can transform without overheating. With 
reference to Figure 20. 1(a), the transformer rating is either 
Viti or V2I2, where Jy is the full load secondary current. 


A turns ratio of 2:7 means that the transformer has 2 turns 
on the primary for every 7 turns on the secondary (i.e. a 
step-up transformer). Thus, 


Ni 2 
No 7 
; Ny Vi 2 240 
For an ideal transformer, = —; hence - = 
2 V2 7 V2 
240)(7 
Thus the secondary voltage V2 = ( > ) = 840V 


Problem 3. An ideal transformer has a turns ratio of 
8:1 and the primary current is 3 A when it is supplied 
at 240 V. Calculate the secondary voltage and current. 


; Ni 8. 
A turns ratio of 8:1 means — = T i.e. a step-down 
2 
transformer. 


NV N: 
Sor secondary voltage V2 = V; (=) 


No V2 N 
= 240 ( : 
= 8 
= 30 volts 
N I N 
Also, aS aay hence secondary current Jy = 1 an) 
N No 
8 
() 
1 
=24A 


Problem 4. An ideal transformer, connected to a 
240 V mains, supplies a 12 V, 150 W lamp. Calculate 
the transformer turns ratio and the current taken from 
the supply. 


Problem 1. A transformer has 500 primary turns and 
3000 secondary turns. If the primary voltage is 240 V, 
determine the secondary voltage, assuming an ideal 
transformer. 


For an ideal transformer, voltage ratio = turns ratio, i.e. 


VY M 240 500 
— = —, hence ——- = —— 
V2 No V2 3000 
24 
Thus secondary voltage V2 = ee 
= 1440 V or 1.44 kV 


Problem 2. An ideal transformer with a turns ratio of 
2:7 is fed from a 240 V supply. Determine its output 
voltage. 


V, = 240 V, V2 =12V, b= . — 1D 2 
1= ,v2= > a ae D2 
. Ny Vy 240 
Turns ratio = — = — = —— 
No V2 12 


vi OI V. 12 
ree Fon wud be 125 
Vo. Th Vi 240 


12.5 
Hence current taken from the supply, J) = i a 0.625 A 


Problem 5. A SkVA single-phase transformer has a 
turns ratio of 10:1 and is fed from a 2.5kV supply. 
Neglecting losses, determine (a) the full load sec- 
ondary current, (b) the minimum load resistance which 
can be connected across the secondary winding to give 
full load kVA, (c) the primary current at full load kVA. 
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NM 10 
(a) — =— and Vj =2.5kV=2500V 
Nd 1 


_ MV 
Since — = —, secondary voltage 
2 V2 


vn =v, (82) = 2500( 1) = 250v 
2= VI = 70) = 


The transformer rating in volt-amperes = V2/» (at full 
load), i.e. 5000 = 2501 
5000 


Hence full load secondary current J, = 250 = 20A 
7 : Vo 
(b) Minimum value of load resistance, Ry = a. 
2 


lh , : N2 
(c) — = —, from which primary current J; = J) | — 
i N 


->(}) 


=2A 


Now try the following exercise. 


Exercise 68 Further problems on the transformer 
principle of operation 


1. A transformer has 600 primary turns connected to 
a 1.5kV supply. Determine the number of sec- 
ondary turns for a 240 V output voltage, assuming 
no losses. [96] 


2. An ideal transformer with a turns ratio of 2:9 is fed 
from a 220 V supply. Determine its output voltage. 
[990 V] 


3. A transformer has 800 primary turns and 2000 
secondary turns. If the primary voltage is 160V, 
determine the secondary voltage assuming an ideal 
transformer. [400 V] 


4, An ideal transformer has a turns ratio of 12:1 and is 
supplied at 192 V. Calculate the secondary voltage. 
[16 V] 


5. An ideal transformer has a turns ratio of 15:1 and is 
supplied at 180 V when the primary current is 4A. 
Calculate the secondary voltage and current. 

[12 V, 60 A] 


6. A step-down transformer having a turns ratio of 
20:1 has a primary voltage of 4kV and a load of 
10 kW. Neglecting losses, calculate the value of the 
secondary current. [SOA] 


7. A transformer has a primary to secondary turns ratio 


8. A 10kVA, single-phase transformer has a turns 


9. A20 Q resistance is connected across the secondary 


of 1:15. Calculate the primary voltage necessary 
to supply a 240V load. If the load current is 3 A 
determine the primary current. Neglect any losses. 

[16 V, 45 A] 


ratio of 12:1 and is supplied from a 2.4kV sup- 
ply. Neglecting losses, determine (a) the full load 
secondary current, (b) the minimum value of load 
resistance which can be connected across the sec- 
ondary winding without the kVA rating being 
exceeded, and (c) the primary current. 

[(a) 50 A (b) 4 Q (c) 4.17 A] 


winding of a single-phase power transformer whose 
secondary voltage is 150 V. Calculate the primary 
voltage and the turns ratio if the supply current is 
5A, neglecting losses. [225 V, 3:2] 


20.3 Transformer no-load phasor diagram 


(i) The core flux is common to both primary and sec- 


ondary windings in a transformer and is thus taken as 
the reference phasor in a phasor diagram. On no-load 
the primary winding takes a small no-load current Jo 
and since, with losses neglected, the primary winding 
is a pure inductor, this current lags the applied volt- 
age V; by 90°. In the phasor diagram assuming no 
losses, shown in Figure 20.2(a), current J produces 
the flux and is drawn in phase with the flux. The pri- 
mary induced e.m.f. E; is in phase opposition to V; 
(by Lenz’s law) and is shown 180° out of phase with 
V, and equal in magnitude. The secondary induced 
e.m.f. is shown for a 2:1 turns ratio transformer. 


Y, 


Ey 
(a) 


Figure 20.2 


(ii) A no-load phasor diagram for a practical transformer 


is shown in Figure 20.2(b). If current flows then 
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losses will occur. When losses are considered then 
the no-load current Jp is the phasor sum of two com- 
ponents — (a) Ij, the magnetizing component, in 
phase with the flux, and (b) Ic, the core loss com- 
ponent (supplying the hysteresis and eddy current 
losses). From Figure 20.2(b): 


No-load current, Ig = ./ Ki, +1 DD: where 
Iy =I sin 0 
and Ic= Ig cos ¢o 


I 
Power factor on no-load = cos ¢o = ; 
0 


The total core losses (i.e. iron losses) = VJ cos do 


Problem 6. A 2400V/400V_ single-phase trans- 
former takes a no-load current of 0.5 A and the core loss 
is 400 W. Determine the values of the magnetizing and 
core loss components of the no-load current. Draw to 
scale the no-load phasor diagram for the transformer. 


Vi = 2400 V, V2 = 400 V, Io = 0.5A 
Core loss (i.e. iron loss) = 400 = Vj Jo cos do 
i.e. 400 = (2400)(0.5) cos do 
400 
(2400)(0.5) 
$0 = cos! 0.3333 = 70.53° 


Hence cos ¢o = = 0.3333 


The no-load phasor diagram is shown in Figure 20.3. 


Y= 2400 V 


Es= 400 V 


Scales Voltage 
Ee ee | 
0 400 800 1200 


SS ee See | 
0 025 0.50 0.75 
Current 


E> = 2400 V 
Figure 20.3 


Magnetizing component, [jz = /p sin dp = 0.5 sin 70.53° 
=0.471A 


Core loss component, Ic = Ip cos dp = 0.5 cos 70.53° 
= 0.167A 


Problem 7. A transformer takes a current of 0.8A 
when its primary is connected to a 240 volt, 50 Hz 
supply, the secondary being on open circuit. If the 
power absorbed is 72 watts, determine (a) the iron loss 
current, (b) the power factor on no-load, and (c) the 
magnetizing current. 


Ip =0.8 A, Vj = 240 V 


(a) Power absorbed = total core loss = 72 = Vi Ig cos do 
Hence 72 = 240 Ip cos do 


72 
and iron loss current, Jc = Ip cos do = 70 =0.30A 


I : 
(b) Power factor at no load, cos ¢9 = aaa one = 0.375 
Ip =0.80 


(c) From the right-angled triangle in Figure 20.2(b) and 
using Pythagoras’ theorem, i a Ie + Ey 
from which, magnetizing current, 
Iu = Jp — 12) = /(0.807 — 0.307) 
=0.74A 


Now try the following exercise. 


Exercise 69 Further problems on the no-load 
phasor diagram 


1. (a) Draw the phasor diagram for an ideal trans- 
former on no-load. 
(b) A 500 V/100V, single-phase transformer takes 
a full load primary current of 4A. Neglecting 
losses, determine (i) the full load secondary 
current, and (ii) the rating of the transformer. 
[(b) (i) 20A Gi) 2KVA] 


2. A 3300 V/440V, single-phase transformer takes a 
no-load current of 0.8 A and the iron loss is 500 W. 
Draw the no-load phasor diagram and determine the 
values of the magnetizing and core loss components 
of the no-load current. [0.786A, 0.152 A] 


3. A transformer takes a current of 1A when its 
primary is connected to a 300V, 50Hz supply, 
the secondary being on open-circuit. If the power 
absorbed is 120 watts, calculate (a) the iron loss 
current, (b) the power factor on no-load, and (c) the 
magnetizing current. 

[(a) 0.40 A (b) 0.40 (c) 0.917 A] 
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20.4 E.m.f. equation of a transformer 


The magnetic flux ® set up in the core of a transformer 
when an alternating voltage is applied to its primary 
winding is also alternating and is sinusoidal. 

Let ®,, be the maximum value of the flux and f be 
the frequency of the supply. The time for 1 cycle of the 
alternating flux is the periodic time T, where T= 1/f 
seconds. 

The flux rises sinusoidally from zero to its maximum value 
in i cycle, and the time for i cycle is 1/4f seconds. 

Din 
(1/4f) 
4 f ®,, Wb/s, and since 1 Wb/s = 1 volt, the average e.m-f. 
induced in each tun =4f/®,, volts. 
As the flux ® varies sinusoidally, then a sinusoidal e.m.f. 
will be induced in each turn of both primary and secondary 
windings. 


Hence the average rate of change of flux = 


: rms value 
For a sine wave, form factor = ——————_ 
average value 


= 1.11 (see Chapter 14) 

Hence rms value = form factor x average value 

= 1.11 x average value 
Thus rms e.m.f. induced in each turn 

= 1.11 x 4f®,, volts 

= 4.44f®,, volts 
Therefore, rms value of e.m.f. induced in primary, 
E, = 4.44f©,,N volts (20.4) 
and rms value of e.m.f. induced in secondary, 
E = 4.44f ®,,N2 volts (20.5) 
Dividing equation (20.4) by equation (20.5) gives: 


E N 
— = =a as previously obtained in Section 20.2. 
Ey No 


Problem 8. A 100 kVA, 4000 V/200 V, 50 Hz single- 
phase transformer has 100 secondary turns. Determine 
(a) the primary and secondary current, (b) the number 
of primary turns, and (c) the maximum value of the 
flux. 


VY, =4000V, V2 = 200 V, f = 50 Hz, Nz = 100 turns 


(a) Transformer rating = V, J) = V2I2 = 100000 VA 


100000 _ 100000 
Vv; ~~ +4000 
=25A 


Hence primary current, /; = 


100000 100000 
V. ~——-.200 


=500A 


and secondary current, J) = 


: Vi M 
b) F t 20.3), — = — 
(b) From equation ( ) Vo Np 


V 

from which, primary turns, Nj = (3) (N2) 
2 

= (= 


aw) (100) 


i.e. Ny = 2000 turns 
(c) From equation (20.5), E2 =4.44f ®,,N2 


from which, maximum flux ®,, 


Ep 200 
~ 4.44fN2  4.44(50)(100) 


(assuming E2=V2) 
= 9,01x 107 Wb or 9.01 mWb 
[Alternatively, equation (20.4) could have been used, 


where E; = 4.44f ®,,N1 


; Ey 4000 
from which, ®,, = = 
4.44fN,; 4.44(50)(2000) 


(assuming E; = V1) 


= 9.01 mWb, as above] 


Problem 9. A single-phase, 50 Hz transformer has 
25 primary turns and 300 secondary turns. The cross- 
sectional area of the core is 300 cm”. When the primary 
winding is connected to a 250V supply, determine 
(a) the maximum value of the flux density in the core, 
and (b) the voltage induced in the secondary winding. 


(a) From equation (20.4), 
e.m.f. Ej =4.44f®,,N, volts i.e. 
250 = 4.44(50)®,,(25) 
from which, maximum flux density, 


250 
= ——_____ Wb 
(4.44)(50)(25) 


= 0.04505 Wb 


m 


However, ®,, = By, x A, where B,, = maximum flux 
density in the core and A = cross-sectional area of the 
core (see Chapter 7). 


Hence B,, x 300 x 10-4 = 0.04505 
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from which, maximum flux density, 
0.04505 


By, = —————— = 1.50 T 
™ ~~ 300 x 10-4 
V N N 
(b) ees ae from which, V2 = V aa 
Vo No Ni 


i.e. voltage induced in the secondary winding, 


300 
V2 = (250) (=) = 3000V or 3kV 


Problem 10. A _ single-phase S500 V/100V, 50Hz 
transformer has a maximum core flux density of 1.5 T 
and an effective core cross-sectional area of 50. cm?. 
Determine the number of primary and secondary turns. 


The e.m.f. equation for a transformer is E = 4.44 f®,,N 
and maximum flux, ®,, = Bx A=(1.5)(50 x 10“) 


=75 x 10-4 Wb 
Since FE; =4.44f®,,N1 
E 
then primary turns, Nj = a 
4.44 f®,, 
500 
~ 4.44(50)(75 x 1074) 
= 300 turns 
Since Fp = 4.44 f®,,No 
E 
then secondary turns, Nz = a 
4.AAf Oy 
7 100 
~ 4.44(50)(75 x 1074) 
= 60 turns 


Problem 11. A 4500V/225V, 50Hz single-phase 
transformer is to have an approximate e.m.f. per turn 
of 15 V and operate with a maximum flux density of 
1.4T. Calculate (a) the number of primary and sec- 
ondary turns and (b) the cross-sectional area of the 
core. 


EE, E> 
(a) E.m-f. per turn = — = — = 15 
Ni No 
E,; 4500 
H i t Ni = — = — =300 
ence primary turns, Nj is is 
Ey 225 
and secondary turns, Nz = — = —- =15 
15 15 
(b) E.m-f. EF; =4.44 f®,,N, 
E 4500 
from which, ®,, = ge 
4.44fN,  4.44(50)(300) 
= 0.0676 Wb 


Now flux ®,,=B, x A, where A is the cross- 
sectional area of the core, hence 
®,, 0.0676 


area A= — 
Bin 1.4 


0.0483 m2 or 483 em? 


Now try the following exercise. 


Exercise 70 Further problems on the e.m.f. 
equation 


1. A60kVA, 1600 V/100 V, 50 Hz, single-phase trans- 
former has 50 secondary windings. Calculate (a) the 
primary and secondary current, (b) the number of 
primary turns, and (c) the maximum value of the 
flux. [(a) 37.5A, 600A (b) 800 (c) 9.0mWb] 


2. A single-phase, 50 Hz transformer has 40 primary 
turns and 520 secondary turns. The cross-sectional 
area of the core is 270 cm”. When the primary wind- 
ing is connected to a 300 volt supply, determine 
(a) the maximum value of flux density in the 
core, and (b) the voltage induced in the secondary 
winding. 

[(a) 1.25 T (b) 3.90 kV] 


3. A single-phase 800 V/100 V, 50 Hz transformer has 
a maximum core flux density of 1.294T and an 
effective cross-sectional area of 60 cm?. Calculate 
the number of turns on the primary and secondary 
windings. [464, 58] 


4. A3.3kV/110V, 50 Hz, single-phase transformer is 
to have an approximate e.m.f. per turn of 22 V and 
operate with a maximum flux of 1.25 T. Calculate 
(a) the number of primary and secondary turns, 
and (b) the cross-sectional area of the core. 

[(a) 150, 5 (b) 792.8 cm?] 


20.5 Transformer on-load phasor diagram 


If the voltage drop in the windings of a transformer are 
assumed negligible, then the terminal voltage V2 is the 
same as the induced e.m.f. E> in the secondary. Similarly, 
V, = E,. Assuming an equal number of turns on primary 
and secondary windings, then E) = E>, and let the load 
have a lagging phase angle ¢2. 

In the phasor diagram of Figure 20.4, current Jy lags 
V2 by angle 2. When a load is connected across the 
secondary winding a current J) flows in the secondary 
winding. The resulting secondary e.m.f. acts so as to tend 
to reduce the core flux. However this does not happen since 
reduction of the core flux reduces E), hence a reflected 
increase in primary current J; occurs which provides a 
restoring mmf. Hence at all loads, primary and secondary 
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mmf’s are equal, but in opposition, and the core flux 
remains constant. J; is sometimes called the ‘balancing’ 
current and is equal, but in the opposite direction, to cur- 
rent /2 as shown in Figure 20.4. Jo, shown at a phase angle 
do to Vj, is the no-load current of the transformer (see 


Section 20.3). 


Figure 20.4 


The phasor sum of J and Jp gives the supply current J 


and the phase angle between V; and J; is shown as ¢}. 


Problem 12. A single-phase transformer has 2000 
turns on the primary and 800 turns on the secondary. Its 
no-load current is 5 A at a power factor of 0.20 lagging. 
Assuming the volt drop in the windings is negligible, 
determine the primary current and power factor when 
the secondary current is 100 A at a power factor of 0.85 
lagging. 


Let J; be the component of the primary current which 
provides the restoring mmf. Then 


TM =I15N> 
i.e. qi (2000) = (100)(800) 
(100)(800) 


from which, J; = =40A 


2000 
If the power factor of the secondary is 0.85 
then cos #2 = 0.85, from which, ¢2 = cos~!0.85 
= 31.8° 
If the power factor on no-load is 0.20, 
then cos gp = 0.2 and ¢o9 = cos~!0.2=78.5° 


In the phasor diagram shown in Figure 20.5, 2 = 100 A 
is shown at an angle of ¢2 = 31.8° to V2 and q = 40A is 
shown in anti-phase to J. 

The no-load current J) =5A is shown at an angle of 
$0 =78.5° to Vj. 


I= 100A 


Figure 20.5 


Current J; is the phasor sum of J; and Jp and by drawing 

to scale, J; = 44 A and angle ¢; = 37°. 

By calculation, J; cos ¢; = oa+ ob 
= Ip cos ¢p +1; cos d2 
= (5)(0.2) + (40)(0.85) 
=35.0A 

and J; sin gj =oc + od 

=Ip sindo + J; sin ¢2 
= (5) sin 78.5° + (40) sin 31.8° 
=25.98A 


Hence the magnitude of I; = ./(35.07+25.98) = 43.59A 
25: 25; 
and tan ¢; = (>). from which, ¢; = tan~! ( 2 5) 


35.0 35.0 
= 36.59° 
Hence the power factor of the primary = cos ¢; = cos 36.59° 
= 0.80 


Now try the following exercise. 


Exercise 71 Further problem on transformer 
on-load 


1. A single-phase transformer has 2400 turns on the 
primary and 600 turns on the secondary. Its no-load 
current is 4A at a power factor of 0.25 lagging. 
Assuming the volt drop in the windings is negli- 
gible, calculate the primary current and power 
factor when the secondary current is 80 A at a power 
factor of 0.8 lagging. [23.26A, 0.73] 
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20.6 Transformer construction 


(i) There are broadly two types of single-phase double- 
wound transformer constructions — the core type 
and the shell type, as shown in Figure 20.6. The low 
and high voltage windings are wound as shown to 
reduce leakage flux. 


Laminated 
core 


nae 
L.V. winding me winding 
H.V. winding H.¥. winding 
(a) Core type (b) Shell type 
Figure 20.6 


(ii) For power transformers, rated possibly at several 
MVA and operating at a frequency of 50 Hz in Great 
Britain, the core material used is usually laminated 
silicon steel or stalloy, the laminations reducing eddy 
currents and the silicon steel keeping hysteresis loss 
to a minimum. 

Large power transformers are used in the main 
distribution system and in industrial supply circuits. 
Small power transformers have many applications, 
examples including welding and rectifier supplies, 
domestic bell circuits, imported washing machines, 
and so on. 

(iii) For audio frequency (a.f.) transformers, rated from 
a few mVA to no more than 20 VA, and operating at 
frequencies up to about 15kHz, the small core is 
also made of laminated silicon steel. A typical appli- 
cation of a.f. transformers is in an audio amplifier 
system. 


(iv) Radio frequency (r-f.) transformers, operating in 
the MHz frequency region have either an air core, 
a ferrite core or a dust core. Ferrite is a ceramic 
material having magnetic properties similar to sili- 
con steel, but having a high resistivity. Dust cores 
consist of fine particles of carbonyl iron or permal- 
loy (i.e. nickel and iron), each particle of which 
is insulated from its neighbour. Applications of 
r.f. transformers are found in radio and television 
receivers. 

(v) Transformer windings are usually of enamel- 
insulated copper or aluminium. 

(vi) Cooling is achieved by air in small transformers and 
oil in large transformers. 


20.7 Equivalent circuit of a transformer 


Figure 20.7 shows an equivalent circuit of a transformer. 
R, and R2 represent the resistances of the primary and sec- 
ondary windings and X and X2 represent the reactances of 
the primary and secondary windings, due to leakage flux. 
The core losses due to hysteresis and eddy currents are 
allowed for by resistance R which takes a current Jc, the 
core loss component of the primary current. Reactance X 
takes the magnetizing component Jy. 
In a simplified equivalent circuit shown in Figure 20.8, 
R and X are omitted since the no-load current Jp is 
normally only about 3-5% of the full load primary current. 
It is often convenient to assume that all of the resistance 
and reactance as being on one side of the transformer. 
Resistance R» in Figure 20.8 can be replaced by insert- 
ing an additional resistance R;, in the primary circuit such 
that the power absorbed in R4 when carrying the primary 
current is equal to that in Rz due to the secondary current, 
ie. PRS =ER> 


Figure 20.7 


transformer 
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R, x 


Figure 20.8 


hy Vive 
from which, R5 = R2 an R> : 
q V2 


Then the total equivalent resistance in the primary circuit 
R- is equal to the primary and secondary resistances of the 
actual transformer. Hence 


Ro =Ri +R, ie. 


By similar reasoning, the equivalent reactance in the 
primary circuit is given by 


2 
V 
Xe =X 4X}, ie. | Xe=Xi+X2 (7) (20.7) 
2 


The equivalent impedance Z, of the primary and sec- 
ondary windings referred to the primary is given by 


Ze = V(R? +X?) (20.8) 


If ¢, is the phase angle between J; and the volt drop 1 Z. 
then 


Re 


cos @, = Zz. 
e 


(20.9) 


The simplified equivalent circuit of a transformer is shown 
in Figure 20.9. 


Figure 20.9 


Problem 13. A transformer has 600 primary turns 
and 150 secondary turns. The primary and secondary 
resistances are 0.25 Q and 0.01 Q respectively and the 
corresponding leakage reactances are 1.0 Q and 0.04 Q PART 
respectively. Determine (a) the equivalent resistance 2 
referred to the primary winding, (b) the equivalent 
reactance referred to the primary winding, (c) the 
equivalent impedance referred to the primary winding, 
and (d) the phase angle of the impedance. 


(a) From equation (20.6), equivalent resistance 


Vi 2 
Re=R,+Ro2( — 
e ia (F) 


2 
N 
i.e. Re = 0.25 +0.01 (Ss) fieee : 


nee — = — 
150 V2 No 


=0.412 


(b) From equation (20.7), equivalent reactance, 


%=X4+%)(2 ; 
eA] -\V, 


600 \ 7 
ie. X,=1.0+0.04( —) =1.642 
= a (Ss) 


(c) From equation (20.8), equivalent impedance, 
Ze = /(R2 + X?) 
= /(0.417 + 1.647) 


= 1.692 
(d) From equation (20.9), cos ¢e = ae = eas 
Ze 1.69 
Hence ¢, = cos! (TS) = 75.96° 
1.69 
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Now try the following exercise. 


Exercise 72 Further problem on the equivalent 
circuit of a transformer 


1. A transformer has 1200 primary turns and 200 
secondary turns. The primary and secondary resis- 
tances are 0.2 2 and 0.02 Q respectively and the 
corresponding leakage reactances are 1.2 Q and 
0.05 Q respectively. Calculate (a) the equivalent 
resistance, reactance and impedance referred to the 
primary winding, and (b) the phase angle of the 
impedance. 

[(a) 0.92 Q, 3.0 Q, 3.14 Q (b) 72.95°] 


20.8 Regulation of a transformer 


When the secondary of a transformer is loaded, the sec- 
ondary terminal voltage, V2, falls. As the power factor 
decreases, this voltage drop increases. This is called the 
regulation of the transformer and it is usually expressed 
as a percentage of the secondary no-load voltage, E2. For 
full-load conditions: 


E,-V2 
2 


Regulation = ( ) x 100% (20.10) 


The fall in voltage, (Ez — V2), is caused by the resistance 
and reactance of the windings. 

Typical values of voltage regulation are about 3% in 
small transformers and about 1% in large transformers. 


Problem 14. A S5kVA, 200V/400V, single-phase 
transformer has a secondary terminal voltage of 387.6 
volts when loaded. Determine the regulation of the 
transformer. 


From equation (20.10): 


(No-load secondary voltage 


— terminal voltage on load) 


regulation = x 100% 


no-load secondary voltage 


|= — 387.6 


1 
100 x 100% 


12.4 
= (=) x 100% = 3.1% 


Problem 15. The open-circuit voltage of a trans- 
former is 240 V. A tap-changing device is set to operate 
when the percentage regulation drops below 2.5%. 
Determine the load voltage at which the mechanism 
operates. 


(no load voltage 
— terminal load voltage) 


Regulation = 100% 

eer no load voltage ‘i . 

240 — V2 

H 2.5 = | ——— | 1 

ence 2.5 | 740 00% 

(2.5)(240) 
Theref = 240 — V. 
erefore 100 2 

i.e, 6 = 240 — V2 


from which, load voltage, Vz = 240 — 6 = 234 volts 


Now try the following exercise. 


Exercise 73 Further problems on regulation 


1. A 6kVA, 100 V/S500V, single-phase transformer 
has a secondary terminal voltage of 487.5 volts 
when loaded. Determine the regulation of the 
transformer. [2.5%] 


2. A transformer has an open-circuit voltage of 110 
volts. A tap-changing device operates when the reg- 
ulation falls below 3%. Calculate the load voltage 
at which the tap-changer operates. [106.7 volts] 


20.9 Transformer losses and efficiency 


There are broadly two sources of losses in transformers 
on load, these being copper losses and iron losses. 


(a) Copper losses are variable and result in a heating 
of the conductors, due to the fact that they possess 
resistance. If R; and R2 are the primary and sec- 
ondary winding resistances then the total copper loss 
is [7R, + Ro 

(b) Iron losses are constant for a given value of frequency 
and flux density and are of two types — hysteresis loss 
and eddy current loss. 


(i) Hysteresis loss is the heating of the core as a result 
of the internal molecular structure reversals which 
occur as the magnetic flux alternates. The loss is 
proportional to the area of the hysteresis loop and 
thus low loss nickel iron alloys are used for the 
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core since their hysteresis loops have small areas. 
(See Chapters 7 and 38) 

(11) Eddy current loss is the heating of the core due to 
e.m.f.’s being induced not only in the transformer 
windings but also in the core. These induced 
e.m.f.’s set up circulating currents, called eddy cur- 
rents. Owing to the low resistance of the core, eddy 
currents can be quite considerable and can cause a 
large power loss and excessive heating of the core. 
Eddy current losses can be reduced by increasing 
the resistivity of the core material or, more usually, 
by laminating the core (i.e. splitting it into layers or 
leaves) when very thin layers of insulating material 
can be inserted between each pair of laminations. 
This increases the resistance of the eddy current 
path, and reduces the value of the eddy current. 


. output power 
Transformer efficiency, 7 = ————_ 
input power 


input power — losses 


input power 


losses 


n=1- (20.11) 


input power 


and is usually expressed as a percentage. It is not 
uncommon for power transformers to have efficiencies 
of between 95% and 98%. 


Output power = V2/2 cos ¢2, 
total losses = copper loss + iron losses, 
and input power = output power + losses 


Problem 16. A 200KkVA rated transformer has a full- 
load copper loss of 1.5 kW and an iron loss of 1 kW. 
Determine the transformer efficiency at full load and 
0.85 power factor. 


; output power —_ input power — losses 
Efficiency n = = 


input power 


input power 


losses 


input power 

Full-load output power = VI cos ¢ = (200)(0.85) 
=170kW 

Total losses = 1.5+ 1.0=2.5kW 

Input power = output power + losses = 170+ 2.5 


= 172.5kW 
fficiency = (1 22 ) =1-—0.01449 
Hence e y 172.5 : 
= 0.9855 or 98.55 % 


Problem 17. Determine the efficiency of the trans- 
former in Problem 16 at half full load and 0.85 power 
factor. 


Half full-load power output = 5(200)(0.85) =85kW 


Copper loss (or I*R loss) is proportional to current 
squared. 


Hence the copper loss at half full load is ea (1500) = 
375 W 


Iron loss = 1000 W (constant) 
Total losses = 375 + 1000 = 1375 W or 1.375 kW 


Input power at half full load = output power at half full 
load + losses 


= 85+ 1.375 = 86.375 kW 


Hence efficiency = ( 1 


= 1 — 0.01592 = 0.9841 or 98.41% 


losses 1 1.375 
input power) 86.375 


Problem 18. A 400kVA transformer has a primary 
winding resistance of 0.5 Q and a secondary winding 
resistance of 0.001 &. The iron loss is 2.5 kW and the 
primary and secondary voltages are SkV and 320V 
respectively. If the power factor of the load is 0.85, 
determine the efficiency of the transformer (a) on full 
load, and (b) on half load. 


(a) Rating = 400 kVA = V, J) = Vala 


; 400 x 103 400 x 103 
Hence primary current, ) = = 
Vi 5000 
=80A 


400 x 10° _ 400 x 10° 


and secondary current, Jy = 
V2 320 


= 1250A 
Total copper loss = FPR + I5R2, 


(where R; = 0.5 Q and Ry = 0.001 Q) 


= (80)°(0.5) + (1250)7(0.001) 
= 3200 + 1562.5 = 4762.5 watts 
On full load, total loss = copper loss + iron loss 
= 4762.5 + 2500 
= 7262.5 W = 7.2625 kW 
Total output power on full load = V2/2 cos $2 
= (400 x 10°)(0.85) 
= 340kW 
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Input power = output power + losses 
= 340kW + 7.2625 kW 
= 347.2625 kW 


losses 


Efficiency, n = E x 100% 


input power 


"347.2625 
= 97.91% 


7.262. 
=| Faas | * 100% 


(b) Since the copper loss varies as the square of the 
current, then total copper loss on half load= 


4762.5 x (4) =1190.625 W 


Hence total loss on half load = 1190.625 + 2500 
= 3690.625 W or 
3.691 kW 


Output power on half full load = 5 (340) =170kW 


Input power on half full load 
= output power + losses 
= 170 kW + 3.691 kW = 173.691 kW 


Ax? =2.5 


2.5 2.5 
from which x? = 4 and.x= | ( ; ) = 0.791 


Hence the output kVA at maximum efficiency 


= 0.791 x 500 = 395.5 kVA 


(b) Total loss at maximum efficiency = 2 x 2.5=5kW 


Output power = 395.5 kVA x p.f. = 395.5 x 0.75 
= 296.625 kW 


Input power = output power + losses 
= 296.625 + 5 = 301.625 kW 


Maximum efficiency, 


| 
n= 1 — x 100% 
input power 


5 
Seine Oise 
| via us 


= 98.34% 


Hence efficiency at half full load, 


n=! losses | = 100% 


input power 


Now try the following exercise. 


Exercise 74 Further problems on losses and 
efficiency 


1. A single-phase transformer has a voltage ratio of 


| 3.691 
1 


— 2°") | x 100% = 97.87% 
on See ore 


Maximum efficiency 


It may be shown that the efficiency of a transformer is a 
maximum when the variable copper loss (i.e. I rRi + I5R>) 
is equal to the constant iron losses. 


Problem 19. A 500KkVA transformer has a full load 
copper loss of 4 kW and an iron loss of 2.5 kW. Deter- 
mine (a) the output kVA at which the efficiency of 
the transformer is a maximum, and (b) the max- 
imum efficiency, assuming the power factor of the load 
is 0.75. 


(a) Let x be the fraction of full load kVA at which the 
efficiency is a maximum. 


The corresponding total copper loss = (4 kW)(x") 
At maximum efficiency, copper loss = iron loss. Hence 


6:1 and the h.v. winding is supplied at 540 V. The 
secondary winding provides a full load current of 
30A at a power factor of 0.8 lagging. Neglecting 
losses, find (a) the rating of the transformer, (b) the 
power supplied to the load, (c) the primary current. 

[(a) 2.7kVA, (b) 2.16 kW, (c) 5A] 


. A single-phase transformer is rated at 40 kVA. The 


transformer has full load copper losses of 800 W 

and iron losses of 500 W. Determine the transformer 

efficiency at full load and 0.8 power factor. 
[96.10%] 


. Determine the efficiency of the transformer in 


problem 2 at half full load and 0.8 power factor. 
[95.81%] 


. A 100kVA, 2000 V/400V, 50Hz, single-phase 


transformer has an iron loss of 600 W and a full 
load copper loss of 1600 W. Calculate its efficiency 
for a load of 60 kW at 0.8 power factor. [97.56%] 


. (a) What are eddy currents? State how their effect 


is reduced in transformers. 


Transformers 249 


(b) Determine the efficiency of a 15 kVA trans- 
former for the following conditions: 


(i) full load, unity power factor 
(ii) 0.8 full load, unity power factor 
(iii) half full load, 0.8 power factor. 


Assume that iron losses are 200 W and the full load 
copper loss is 300 W. 
[(a) 96.77% (ii) 96.84% (iii) 95.62%] 


6. A250 kVA transformer has a full load copper loss of 
3 kW and an iron loss of 2 kW. Calculate (a) the out- 
put kVA at which the efficiency of the transformer 
is a maximum, and (b) the maximum efficiency, 
assuming the power factor of the load is 0.80. 

[(a) 204.1 kVA (b) 97.61%] 


20.10 Resistance matching 


Varying a load resistance to be equal, or almost equal, 
to the source internal resistance is called matching. 
Examples where resistance matching is important include 
coupling an aerial to a transmitter or receiver, or in coup- 
ling a loudspeaker to an amplifier, where coupling trans- 
formers may be used to give maximum power transfer. 

With d.c. generators or secondary cells, the internal 
resistance is usually very small. In such cases, if an attempt 
is made to make the load resistance as small as the source 
internal resistance, overloading of the source results. 

A method of achieving maximum power transfer 
between a source and a load (see Section 13.9, page 152), 
is to adjust the value of the load resistance to ‘match’ the 
source internal resistance. A transformer may be used as 
a resistance matching device by connecting it between 
the load and the source. 

The reason why a transformer can be used for this is 
shown below. With reference to Figure 20.10: 


. N No 
For an ideal transformer, Vj = { — ] V2 and/; = {| — Jl 
Np Ni 


Thus the equivalent input resistance R; of the transformer 
is given by: 


Ni 
— | V: 
ee — iz) = (*) (2) = ("Yn 
q Gaz N> bh Ny 


Ni 


: M1)? 
i.e. Ry=|—) Rx 


Hence by varying the value of the turns ratio, the equiva- 
lent input resistance of a transformer can be ‘matched’ 
to the internal resistance of a load to achieve maximum 
power transfer. 


Problem 20. A transformer having a turns ratio of 
4:1 supplies a load of resistance 100 2. Determine the 
equivalent input resistance of the transformer. 


From above, the equivalent input resistance, 


M 2, 4 2 
Ri = Rr = (; ) (100) = 1600 9 


Problem 21. The output stage of an amplifier has 
an output resistance of 112 Q. Calculate the optimum 
turns ratio of a transformer which would match a 
load resistance of 7 Q to the output resistance of the 
amplifier. 


The circuit is shown in Figure 20.11. 


Amplifier Matching 
: aS aC a. transformer 
i t 
ir=112 Q : 
| 1A, 
| im ON, N, |5,=70 
| vf ! 
! 
i ee 
iota ee oJ 
Figure 20.11 


The equivalent input resistance, R; of the transformer 
needs to be 112 Q for maximum power transfer. 


N\? Ri 112 
Hence = — = 16 
Nd Ry, 7 
Ni 
1:65 —_—= 16)=4 
ie N; J/(16) 


Hence the optimum turns ratio is 4:1 
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Problem 22. Determine the optimum value of load 
resistance for maximum power transfer if the load is 
connected to an amplifier of output resistance 150 Q 
through a transformer with a turns ratio of 5:1. 


The equivalent input resistance R; of the transformer 
needs to be 150 Q for maximum power transfer. 


Ni A . N2 ° 
R, =| — ]) R_, from which, Rp = R; | — 
Nd N 


1 2 
=150(-}) =62 
() 


Problem 23. A single-phase, 220V/1760V ideal 
transformer is supplied from a 220V source through 
a cable of resistance 2 Q. If the load across the sec- 
ondary winding is 1.28 kQ determine (a) the primary 
current flowing and (b) the power dissipated in the load 
resistor. 


The circuit diagram is shown in Figure 20.12. 


Figure 20.12 
VY, 220 1 


1 
No Vo 1760 8 


Equivalent input resistance of the transformer, 


ee ae . 
1= N> L 


1 2 
= (5) (1.28 x 10°) = 202 


(a) Turns ratio 


Total input resistance, Rijn = R+ Ry =2+20=22Q2 
V; 220 
Primary current, J; = ee a 10A 
Rin 22 


Y, SL 
(b) For an ideal transformer— = ae from which 
2 1 


Power dissipated in load resistor Rz, 


P=E5R, = (1.25)7(1.28 x 103) 


= 2000 watts or 2kW 


Problem 24. An a.c. source of 24V and internal 
resistance 15kQ is matched to a load by a 25:1 
ideal transformer. Determine (a) the value of the load 
resistance and (b) the power dissipated in the load. 


The circuit diagram is shown in Figure 20.13. 


A.c. source I 
7 1 


Figure 20.13 
(a) For maximum power transfer R; needs to be equal to 
15kQ 


N,\2 
R= (=) R_,, from which load resistance, 
2 


Rp =R, (2 ‘ 
eee es 


1\2 
=(1 =) =242 
( 5000) (==) 


(b) The total input resistance when the source is con- 
nected to the matching transformer is Rij + Rj, i.e. 
15kQ4+ 15kQ=30kQ 


Primary current, J) = 30000 = — =0.8mA 
_ = _ from which, 1) =; (=) 
= (0.8 x 107) (>) 
=20x 10°7A 


Power dissipated in the load Rz, 


P = EGR, = (20 x 1074)?(24) = 9600 x 10°° W 
= 9.6 mW 
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Now try the following exercise. 


Exercise 75 Further problems on _ resistance 
matching 


1. A transformer having a turns ratio of 8:1 supplies 
a load of resistance 50 (2. Determine the equivalent 
input resistance of the transformer. (3.2kQ2] 


2. What ratio of transformer turns is required to make 
a load of resistance 30 Q appear to have a resistance 
of 270 Q? [Bal] 


3. A single-phase, 240 V/2880 V ideal transformer is 
supplied from a 240V source through a cable of 
resistance 3 (2. If the load across the secondary 
winding is 720 Q determine (a) the primary current 
flowing and (b) the power dissipated in the load 
resistance. [(a) 30A (b) 4.5 kW] 


4. A load of resistance 768 Q is to be matched to an 
amplifier which has an effective output resistance 
of 12 2. Determine the turns ratio of the coupling 
transformer. [1:8] 


5. An a.c. source of 20V and internal resistance 
20kQ is matched to a load by a 16:1 single-phase 
transformer. Determine (a) the value of the load 
resistance and (b) the power dissipated in the load. 

[(a) 78.13 Q (b) 5mW] 


20.11 Auto transformers 


An auto transformer is a transformer which has part of its 
winding common to the primary and secondary circuits. 
Figure 20.14(a) shows the circuit for a double-wound 
transformer and Figure 20.14(b) that for an auto trans- 
former. The latter shows that the secondary is actually part 
of the primary, the current in the secondary being (/2 — /)). 
Since the current is less in this section, the cross-sectional 
area of the winding can be reduced, which reduces the 
amount of material necessary. 


Figure 20.14 


Figure 20.15 shows the circuit diagram symbol for an 
auto transformer. 


SOE ee 


Figure 20.15 


Problem 25. A single-phase auto transformer has a 
voltage ratio 320 V:250 V and supplies a load of 20 kVA 
at 250 V. Assuming an ideal transformer, determine the 
current in each section of the winding. 


Rating = 20kVA= VQ, = Vola 


20x 107 20x 103 


Hence primary current, /; = 


Vi 320 
=62.5A 
20x 10? 20 x 10° 
and secondary current, Jz = 2 See PART 
V2 250 
2 
=80A 


Hence current in common part of the winding 
= 80—62.5=17.5A 

The current flowing in each section of the transformer is 
shown in Figure 20.16. 


62.5A 


320 V oon 


lisa 250 V 


Figure 20.16 


Saving of copper in an auto transformer 


For the same output and voltage ratio, the auto transformer 
requires less copper than an ordinary double-wound 
transformer. This is explained below. 

The volume, and hence weight, of copper required in 
a winding is proportional to the number of turns and to 
the cross-sectional area of the wire. In turn this is propor- 
tional to the current to be carried, i.e. volume of copper is 
proportional to N7/. 


Volume of copper in an auto transformer 

x (Ny — Na) + NoU2 — 11) see Figure 20.14(b) 
«NT — Nol) + Nol — Noh 

«Ny + Nolo — 2Noh 


x 2Ni1h <r 2No1; 
(since Noln = Nh) 
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Volume of copper in a double-wound 
transformer « N,J) + Nolo 


«x 2M 
(again, since Nalz = NiI) 


volume of copper in an auto transformer 


Hence 
volume of copper in a double-wound transformer 


Ni — 2N2Ki 


2NiNh 
x 2Niti 2No1i 
“OM 2Nh 
Ny 
N2 
If — =x then 


(volume of copper in auto transformer) 


= (1 — x) (volume of copper in a double-wound 
transformer) (20.12) 

If, say, x = 4 then 

(volume of copper in auto transformer) 


— (1 = 4) (volume of copper in a double-wound 
transformer) 


= 5 (volume in double-wound transfomer) 
Le. a saving of 80% 
Similarly, if x = ie the saving is 25%, and so on. 


The closer N2 is to Nj, the greater the saving in copper. 


Problem 26. Determine the saving in the volume of 
copper used in an auto transformer compared with 
a double-wound transformer for (a) a 200 V:150 V 
transformer, and (b) a 500 V:100 V transformer. 


Vo 150 
For a 200 V:150 V transf x= — = — = 0.75 
(a) Fora ransformer, x Vi ~ 200 


Hence from equation (20.12), (volume of copper in 
auto transformer) 


= (1 — 0.75) (volume of copper in double-wound 
transformer) 


= (0.25) (volume of copper in double-wound 
transformer) 


= 25% of copper in a double-wound transformer 


Hence the saving is 75% 


V>o 100 
b) For a 500 V:100V transf x= = —=0.2 
(b) Fora ransformer, x Vi > 300 
Hence (volume of copper in auto transformer) 


= (1 — 0.2) (volume of copper in double-wound 
transformer) 


= (0.8) (volume in double-wound transformer) 
= 80% of copper in a double-wound transformer 


Hence the saving is 20% 


Now try the following exercise. 


Exercise 76 Further problems on the auto 
transformer 


1. A single-phase auto transformer has a voltage ratio 
of 480 V:300V and supplies a load of 30kVA at 
300 V. Assuming an ideal transformer, calculate the 
current in each section of the winding. 

[T) = 62.5 A, bh = 100A, (2 — 1) = 37.5 A] 


2. Calculate the saving in the volume of copper used in 
an auto transformer compared with a double-wound 
transformer for (a) a 300 V:240 V transformer, and 
(b) a 400 V:100 V transformer. [(a) 80% (b) 25%] 


Advantages of auto transformers 


The advantages of auto transformers over double-wound 
transformers include: 


a saving in cost since less copper is needed (see above) 
less volume, hence less weight 

a higher efficiency, resulting from lower J7R losses 
acontinuously variable output voltage is achievable if a 
sliding contact is used 

5. a smaller percentage voltage regulation. 


Power 


Disadvantages of auto transformers 


The primary and secondary windings are not electrically 
separate, hence if an open-circuit occurs in the sec- 
ondary winding the full primary voltage appears across 
the secondary. 


Uses of auto transformers 


Auto transformers are used for reducing the voltage 
when starting induction motors (see Chapter 22) and for 
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interconnecting systems that are operating at approxi- 
mately the same voltage. 


20.12 Isolating transformers 


Transformers not only enable current or voltage to be 
transformed to some different magnitude but provide a 
means of isolating electrically one part of a circuit from 
another when there is no electrical connection between 
primary and secondary windings. An isolating trans- 
former is a 1:1 ratio transformer with several important 
applications, including bathroom shaver-sockets, portable 
electric tools, model railways, and so on. 


20.13 Three-phase transformers 


Three-phase double-wound transformers are mainly used 
in power transmission and are usually of the core type. 
They basically consist of three pairs of single-phase wind- 
ings mounted on one core, as shown in Figure 20.17, 
which gives a considerable saving in the amount of iron 
used. The primary and secondary windings in Figure 20.17 
are wound on top of each other in the form of concentric 
cylinders, similar to that shown in Figure 20.6(a). The 
windings may be with the primary delta-connected and 
the secondary star-connected, or star-delta, star-star or 
delta-delta, depending on its use. 


Primary windings 


Secondary windings 


Laminated 
core 


Figure 20.17 


A delta connection is shown in Figure 20.18(a) and a 
star connection in Figure 20.18(b). 


Line 


Line 


Line Line 
(a) Delta connection 


Line Line Line Line 


Line 


Neutral 


Neutral ; 
Line 


(b) Star connection 


Figure 20.18 


Problem 27. A three-phase transformer has 500 pri- 
mary turns and 50 secondary turns. If the supply 
voltage is 2.4 kV find the secondary line voltage on no- 
load when the windings are connected (a) star-delta, 
(b) delta-star. 


(a) For a star connection, Vz = /3V, (see Chapter 19) 


: Vz; 2400 
Primary phase voltage, V,; = —— = —— 
v3 v3 
= 1385.64 volts 


For a delta connection, Vz = Vp 


N 
= oak from which, 
No V2 
Np 
secondary phase voltage, V2 = Vp1 N, 
1 
50 
= (1385.64) | —— 
( ) ( 500 ) 
= 138.6 volts 


(b) For a delta connection, Vz = Vp, 
hence primary phase voltage V,; =2.4kV 
= 2400 volts 


N. 
Secondary phase voltage, V2 = Vp1 (=) 
1 


= (2400) (=) 


500 
= 240V 
For a star connection, Vi= J. 3V, 
hence the secondary line voltage = ./3(240) 
= 416 volts 
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Now try the following exercise. 


Exercise 77 Further problem on _ three-phase 
transformer 


1. A three-phase transformer has 600 primary turns 
and 150 secondary turns. If the supply voltage is 
1.5 kV determine the secondary line voltage on no- 
load when the windings are connected (a) delta-star, 
(b) star-delta. [(a) 649.5 V (b) 216.5 V] 


20.14 Current transformers 


For measuring currents in excess of about LOOA a cur- 
rent transformer is normally used. With a d.c. moving-coil 
ammeter the current required to give full scale deflection 
is very small — typically a few milliamperes. When larger 
currents are to be measured a shunt resistor is added to the 
circuit (see Chapter 10). However, even with shunt resis- 
tors added it is not possible to measure very large currents. 
When a.c. is being measured a shunt cannot be used since 
the proportion of the current which flows in the meter will 
depend on its impedance, which varies with frequency. 


i No 
In a double-wound transformer: — = — 
bh N 


N 
from which, secondary current I, = 1, (=) 
2 


In current transformers the primary usually consists of one 
or two turns whilst the secondary can have several hundred 
turns. A typical arrangement is shown in Figure 20.19. 


Secondary 


Laminated 
iron ore 


Primary 


Load Supply 


Figure 20.19 


If, for example, the primary has 2 turns and the 
secondary 200 turns, then if the primary current is 500A, 


Ni 2 
secondary current, Jy = I (=) = (500) (500) =5A 
Current transformers isolate the ammeter from the main 
circuit and allow the use of a standard range of ammeters 
giving full-scale deflections of 1A, 2A or 5A. 

For very large currents the transformer core can be 
mounted around the conductor or bus-bar. Thus the pri- 
mary then has just one turn. It is very important to 
short-circuit the secondary winding before removing the 
ammeter. This is because if current is flowing in the pri- 
mary, dangerously high voltages could be induced in the 
secondary should it be open-circuited. 

Current transformer circuit diagram symbols are shown 
in Figure 20.20. 


OR 


Figure 20.20 


Problem 28. A current transformer has a single turn 
on the primary winding and a secondary winding of 
60 turns. The secondary winding is connected to an 
ammeter with a resistance of 0.15 Q. The resistance 
of the secondary winding is 0.25 Q. If the current 
in the primary winding is 300A, determine (a) the 
reading on the ammeter, (b) the potential difference 
across the ammeter and (c) the total load (in VA) on the 
secondary. 


N 1 
(a) Reading on the ammeter, 1b = 1 & ) = 300 ( ) 
2 


=5A 


(b) P.d. across the ammeter 
= I)R4, where Rg is the ammeter resistance 


= (5)(0.15) = 0.75 volts 
(c) Total resistance of secondary circuit = 0.15 + 0.25 
= 0.402 
Induced e.m.f. in secondary = (5)(0.40) = 2.0 V 
Total load on secondary = (2.0)(5) = 10 VA 
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Now try the following exercise. 


Exercise 78 Further problem on _ current 
transformer 


1. A current transformer has two turns on the primary 
winding and a secondary winding of 260 turns. 
The secondary winding is connected to an amme- 
ter with a resistance of 0.2 Q. The resistance of the 
secondary winding is 0.3 (2. If the current in the pri- 
mary winding is 650A, determine (a) the reading 
on the ammeter, (b) the potential difference across 
the ammeter, and (c) the total load in VA on the 
secondary. [(a) 5A (b) 1 V (c) 7.5 VA] 


20.15 Voltage transformers 


For measuring voltages in excess of about 500 V it is 
often safer to use a voltage transformer. These are nor- 
mal double-wound transformers with a large number of 
turns on the primary, which is connected to a high voltage 
supply, and a small number of turns on the secondary. A 
typical arrangement is shown in Figure 20.21. 


| 


High 
voltage 
supply 


Secondary 
Primary 
Figure 20.21 
V N 
Since eee 
V2 No 


N 
the secondary voltage, V2 =V 1 (=) 
1 


Thus if the arrangement in Figure 20.21 has 4000 primary 
turns and 20 secondary turns then for a voltage of 22 kV 
on the primary, the voltage on the secondary, 


No 20 
V2 = —)])=22 — ]} = 110volt 
27=V\ (=) 000 (5) 0 volts 
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Revision test 6 


This revision test covers the material contained in 
chapters 19 and 20. 


The marks for each question are shown in brackets at 
the end of each question. 


. Three identical coils each of resistance 40 Q and induc- 
tive reactance 30 Q are connected (i) in star, and (ii) 
in delta to a 400V, three-phase supply. Calculate for 
each connection (a) the line and phase voltages, (b) 
the phase and line currents, and (c) the total power 
dissipated. (12) 


. Two wattmeters are connected to measure the input 
power to a balanced three-phase load by the two- 
wattmeter method. If the instrument readings are 
10kW and 6kW, determine (a) the total power input, 
and (b) the load power factor. (5) 


. An ideal transformer connected to a 250 V mains, sup- 
plies a 25V, 200 W lamp. Calculate the transformer 
turns ratio and the current taken from the supply. (5) 


4. A 200kVA, 8000 V/320V, 50 Hz single-phase trans- 


former has 120 secondary turns. Determine (a) the 
primary and secondary currents, (b) the number of 
primary turns, and (c) the maximum value of flux. (9) 


. Determine the percentage regulation of an 8kVA, 


100 V/200 V, single-phase transformer when its sec- 
ondary terminal voltage is 194 V when loaded. (3) 


. A 5OO0KVA rated transformer has a full load copper 


loss of 4kW and an iron loss of 3 kW. Determine the 
transformer efficiency (a) at full load and 0.80 power 
factor, and (b) at half full load and 0.80 power factor. 

(10) 


. Determine the optimum value of load resistance for 


maximum power transfer if the load is connected to 
an amplifier of output resistance 288 Q through a 
transformer with a turns ratio 6:1. (3) 


. A single-phase auto transformer has a voltage ratio of 


250 V:200V and supplies a load of ISKVA at 200V. 
Assuming an ideal transformer, determine the current 
in each section of the winding. (3) 


21 + D.c. machines 


At the end of this chapter you should be able to: 


e distinguish between the function of a motor and a 
generator 

describe the action of a commutator 

describe the construction of a d.c. machine 
distinguish between wave and lap windings 
understand shunt, series and compound windings of 
d.c. machines 

e understand armature reaction 


e calculate generated e.m.f. in an armature winding 
2pOnZ 


using E = 


e describe types of dic. 
characteristics 

e calculate generated e.m.f. for a generator using 
E=V+IQRa 


generator and _ their 


@ state typical applications of d.c. generators 

list d.c. machine losses and calculate efficiency 

e calculate back emf. for a dc. motor using 
E=V—IqRa 


EL. 
e calculate the torque of a d.c. motor using T= 5 c 
smn 
®ZI, 
re 
UC 


describe types of d.c. motor and their characteristics 
state typical applications of d.c. motors 

describe a d.c. motor starter 

describe methods of speed control of d.c. motors 
list types of enclosure for d.c. motors 


21.1 Introduction 


When the input to an electrical machine is electrical 
energy, (seen as applying a voltage to the electrical termin- 
als of the machine), and the output is mechanical energy, 
(seen as a rotating shaft), the machine is called an electric 
motor. Thus an electric motor converts electrical energy 
into mechanical energy. 

The principle of operation of a motor is explained in 
Section 8.4, page 68. 

When the input to an electrical machine is mechan- 
ical energy, (seen as, say, a diesel motor, coupled to the 
machine by a shaft), and the output is electrical energy, 
(seen as a voltage appearing at the electrical terminals of 
the machine), the machine is called a generator. Thus, a 
generator converts mechanical energy to electrical energy. 

The principle of operation of a generator is explained 
in Section 9.2, page 71. 


21.2 The action of a commutator 


In an electric motor, conductors rotate in a uniform mag- 
netic field. A single-loop conductor mounted between 
permanent magnets is shown in Figure 21.1. A voltage 
is applied at points A and B in Figure 21.1(a). 


7 
Axis of 


rotation 


(b) 
Figure 21.1 


A force, F,, acts on the loop due to the interaction of the 
magnetic field of the permanent magnets and the magnetic 
field created by the current flowing in the loop. This force 
is proportional to the flux density, B, the current flowing, 
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T, and the effective length of the conductor, /, i.e. F = Bil. 
The force is made up of two parts, one acting vertically 
downwards due to the current flowing from C to D and the 
other acting vertically upwards due to the current flowing 
from E to F (from Fleming’s left-hand rule). If the loop is 
free to rotate, then when it has rotated through 180°, the 
conductors are as shown in Figure 21.1(b). For rotation 
to continue in the same direction, it is necessary for the 
current flow to be as shown in Figure 21.1(b), i.e. from 
D to C and from F to E. This apparent reversal in the 
direction of current flow is achieved by a process called 
commutation. With reference to Figure 21.2(a), when a 
direct voltage is applied at A and B, then as the single- 
loop conductor rotates, current flow will always be away 
from the commutator for the part of the conductor adjacent 
to the N-pole and towards the commutator for the part of 
the conductor adjacent to the S-pole. Thus the forces act 
to give continuous rotation in an anticlockwise direction. 
The arrangement shown in Figure 21.2(a) is called a ‘two- 
segment’ commutator and the voltage is applied to the 
rotating segments by stationary brushes, (usually carbon 
blocks), which slide on the commutator material, (usually 
copper), when rotation takes place. 

In practice, there are many conductors on the rotating 
part of a d.c. machine and these are attached to many 
commutator segments. A schematic diagram of a multi- 
segment commutator is shown in Figure 21.2(b). 


Two-segment Permanent 
commutator Magnet 


Commutator 
segment 


Single or 
multi-loop 
conductor 


=--__—_—__— Brush 


(b) 
Figure 21.2 


Poor commutation results in sparking at the trailing 
edge of the brushes. This can be improved by using 
interpoles (situated between each pair of main poles), 
high resistance brushes, or using brushes spanning several 
commutator segments. 


21.3 D.c. machine construction 


The basic parts of any d.c. machine are shown in Fig- 
ure 21.3, and comprise: 


Teeth on armature 
Commutator 
Armature 


conductors 
Field 
winding 
Brush 


Laminated 
armature 


Figure 21.3 


(a) a stationary part called the stator having, 
(i) asteel ring called the yoke, to which are attached 
(ii) the magnetic poles, around which are the 
(iii) field windings, i.e. many turns of a conductor 
wound round the pole core; current passing 
through this conductor creates an electromag- 
net, (rather than the permanent magnets shown 
in Figures 21.1 and 21.2), 
(b) a rotating part called the armature mounted in 
bearings housed in the stator and having, 
(iv) a laminated cylinder of iron or steel called the 
core, on which teeth are cut to house the 
(v) armature winding, i.e. a single or multi-loop 
conductor system and 
(vi) the commutator, (see Section 21.2). 


Armature windings can be divided into two groups, 
depending on how the wires are joined to the commutator. 
These are called wave windings and lap windings. 


(a) In wave windings there are two paths in parallel irre- 
spective of the number of poles, each path supplying 
half the total current output. Wave wound generators 
produce high voltage, low current outputs. 

(b) In lap windings there are as many paths in parallel 
as the machine has poles. The total current output 
divides equally between them. Lap wound generators 
produce high current, low voltage output. 


21.4 Shunt, series and compound windings 


When the field winding of a d.c. machine is connected in 
parallel with the armature, as shown in Figure 21.4(a), the 
machine is said to be shunt wound. If the field winding 
is connected in series with the armature, as shown in Fig- 
ure 21.4(b), then the machine is said to be series wound. 
A compound wound machine has a combination of series 
and shunt windings. 


D.c. machines 259 


Field 
winding 
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winding 


Armature Armature 


(a) Shunt-wound machine (b) Series-wound machine 


Figure 21.4 


Depending on whether the electrical machine is series 
wound, shunt wound or compound wound, it behaves dif- 
ferently when a load is applied. The behaviour of a d.c. 
machine under various conditions is shown by means of 
graphs, called characteristic curves or just characteris- 
tics. The characteristics shown in the following sections 
are theoretical, since they neglect the effects of armature 
reaction. 

Armature reaction is the effect that the magnetic field 
produced by the armature current has on the magnetic 
field produced by the field system. In a generator, armature 
reaction results in a reduced output voltage, and in a motor, 
armature reaction results in increased speed. 

A way of overcoming the effect of armature reaction 
is to fit compensating windings, located in slots in the 
pole face. 


21.5 E.m.f. generated in an armature winding 


Let Z = number of armature conductors, 

® = useful flux per pole, in webers 

p=number of pairs of poles 
and n = armature speed in rev/s 

The e.m.f. generated by the armature is equal to the 

e.m.f. generated by one of the parallel paths. Each con- 
ductor passes 2p poles per revolution and thus cuts 2p® 
webers of magnetic flux per revolution. Hence flux cut by 
one conductor per second = 2p®n Wb and so the average 
e.m.f. E generated per conductor is given by: 

E = 2p®n volts (since 1 volt = 1 Weber per second) 


Let c = number of parallel paths through the winding 
between positive and negative brushes 


c = 2 for a wave winding 
c = 2p for a lap winding 


Z 
The number of conductors in series in each path = — 

c 
The total e.m.f. between brushes 


= (average e.m.f./conductor)(number of conductors 
in series per path) 


Z 
= 2p®n— 
c 


Le. generated e.m.f., E = 


2pon Z 
Pen volts | (21.1) 
Cc 


Since Z, p and c are constant for a given machine, then 
E x ®n. However 27:n is the angular velocity w in radians 
per second, hence the generated e.m.f. is proportional to 
® and a, i.e. 


generatede.m.f.,E « ®w (21.2) 


Problem 1. An 8-pole, wave-connected armature has 
600 conductors and is driven at 625 rev/min. If the flux 
per pole is 20 mWb, determine the generated e.m_f. 


Z = 600, c = 2 (for a wave winding), p = 4 pairs 


2 
n= p25 rev/s, ® =20 x 1073 Wb 


60 
2p@nZ 
Generated e.m.f., E = 
c 
625 
2(4)(20 x 1073) (FS (600) 
é: 60 
a 2 
= 500 volts 


Problem 2. A 4-pole generator has a lap-wound 
armature with 50 slots with 16 conductors per slot. 
The useful flux per pole is 30mWb. Determine the 
speed at which the machine must be driven to generate 
an e.m.f. of 240 V. 


E=240V, c = 2p (for a lap winding), Z =50 x 16 = 800, 

© =30 x 10-7 Wb. 

2penZ = =2ponZ 
a 2p 


Generated e.m.f. E = = ®nZ 


E 240 
®Z ~~ (30 x 10-3)(800) 
= 10 rev/s or 600 rev/min 


Rearranging gives, speed, n = 


Problem 3. An 8-pole, lap-wound armature has 1200 
conductors and a flux per pole of 0.03 Wb. Determine 
the e.m.f. generated when running at 500 rev/min. 


2pOnZ 2pPnZ 
Generated e.m.f., E= = 
c 2p 


for a lap- 


wound machine, i.e. 


500 
E= ®nZ = (0.03) (=) (1200) = 300 volts 
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Problem 4. Determine the generated e.m.f. in Prob- 
lem 3 if the armature is wave-wound. 


2penZ = 2pOnZ 
ca 
(since c = 2 for wave-wound) 
= p®nZ = (4)(®nZ) 
= (4)(300) from Problem 3, 
= 1200 volts 


Generated e.m.f. E = 


Problem 5. A d.c. shunt-wound generator running 
at constant speed generates a voltage of 150V at a 
certain value of field current. Determine the change in 
the generated voltage when the field current is reduced 
by 20%, assuming the flux is proportional to the field 
current. 


The generated e.m.f. E of a generator is proportional to 
®a, i.e. is proportional to ®n, where ® is the flux and n 
is the speed of rotation. 


It follows that E = k@®n, where k is a constant. 
At speed n; and flux ®), Ej =k®,n, 

At speed ng and flux ®2, Ex =k®2n2 

Thus, by division: 


Ey _ k®inj1 _ Pin 
Ex k®on. ®ono 


The initial conditions are E} = 150 V, ® = ®; andn=n,. 
When the flux is reduced by 20%, the new value of flux is 
80/100 or 0.8 of the initial value, i.e. ®2 = 0.80). Since 
the generator is running at constant speed, nz =n. 


EE, On Pin} 1 
Thus — = = 

E> Donn = 0.8 Dy ny 0.8 
that is, EL,2=150x0.8=120V 


Thus, a reduction of 20% in the value of the flux reduces 
the generated voltage to 120 V at constant speed. 


Problem 6. A d.c. generator running at 30 rev/s gen- 
erates an e.m.f. of 200 V. Determine the percentage 
increase in the flux per pole required to generate 250 V 
at 20 rev/s. 


From equation (21.2), generated e.m.f., E x«®w and since 
w= 2nn, Ex @n. 


Let E; =200V, nj =30rev/s and flux per pole at this 
speed be ©; 


Let Ey =250V, nj =20rev/s and flux per pole at this 
speed be ®2 


Since E « ®n then Fi = PH 
Ey on 

200 = ,(30) 
Hence —_ = 

250 (20) 

: ®(30)(250) 

fi hich, ®, = ——__——_ = 1.875 ® 
rom whic. 2 (20)(200) 1 


Hence the increase in flux per pole needs to be 87.5% 


Now try the following exercise. 


Exercise 79 Further problems on generated e.m.f. 


1. A 4-pole, wave-connected armature of a d.c. 
machine has 750 conductors and is driven at 
720 rev/min. If the useful flux per pole is 15 mWb, 
determine the generated e.m-f. [270 volts] 


2. A 6-pole generator has a lap-wound armature with 
40 slots with 20 conductors per slot. The flux per 
pole is 25mWb. Calculate the speed at which the 
machine must be driven to generate an e.m.f. of 
300 V. [15 rev/s or 900 rev/min] 


3. A 4-pole armature of a d.c. machine has 1000 con- 
ductors and a flux per pole of 20 mWb. Determine 
the e.m.f. generated when running at 600 rev/min 
when the armature is (a) wave-wound, (b) lap- 
wound. [(a) 400 volts (b) 200 volts] 

4. A d.c. generator running at 25rev/s generates an 
e.m.f. of 150 V. Determine the percentage increase 
in the flux per pole required to generate 180V at 
20 rev/s. [50%] 


21.6 D.c. generators 


D.c. generators are classified according to the method of 
their field excitation. These groupings are: 


(i) Separately-excited generators, where the field 
winding is connected to a source of supply other than 
the armature of its own machine. 

(ii) Self-excited generators, where the field winding 
receives its supply from the armature of its own 
machine, and which are sub-divided into (a) shunt, 
(b) series, and (c) compound wound generators. 
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21.7 Types of d.c. generator and their 
characteristics 
(a) Separately-excited generator 


A typical separately-excited generator circuit is shown in 
Figure 21.5. 


- Field 
: winding 
Terminal External 
as d.c. supply 
Ra 
Figure 21.5 


When a load is connected across the armature terminals, a 
load current J, will flow. The terminal voltage V will fall 
from its open-circuit e.m.f. EF due to a volt drop caused by 
current flowing through the armature resistance, shown as 
Rg, 1.€. 


terminal voltage, V = E —I,R, 


or generated e.m.f., E= V+IgRq (21.3) 


Problem 7. Determine the terminal voltage of a gen- 
erator which develops an e.m.f. of 200 V and has an 
armature current of 30 A on load. Assume the armature 
resistance is 0.30 Q. 


With reference to Figure 21.5, terminal voltage, 


(30)(0.30) = 200 — 9 
= 191 volts 


V =E-—1,R,q = 200 


Problem 8. A generator is connected to a 60 Q load 
and a current of 8 A flows. If the armature resistance 
is 1 Q determine (a) the terminal voltage, and (b) the 
generated e.m.f. 


(a) Terminal voltage, V = I,Rz = (8)(60) = 480 volts 


(b) Generated e.m-f., 
E=V+1I1 Raq _ from equation (21.3) 
= 480 + (8)(1) = 480 + 8 = 488 volts 


Problem 9. A separately-excited generator develops 
a no-load e.m.f. of 150V at an armature speed of 
20 rev/s and a flux per pole of 0.10 Wb. Determine 
the generated e.m.f. when (a) the speed increases to 
25 rev/s and the pole flux remains unchanged, (b) the 
speed remains at 20 rev/s and the pole flux is decreased 
to 0.08 Wb, and (c) the speed increases to 24 rev/s and 
the pole flux is decreased to 0.07 Wb. 


(a) From Section 21.5, generated e.m.f. E «x ®n 


., 2 Pin 
from which, — = 
1) Oon2 


150 (0.10)(20) 
Hence — = 
E> (0.10)(25) 


(150)(0.10)(25) 


from which, E> = (0.1020) = 187.5 volts 
(b) 150 2 (0.10)(20) 
B3 (0.08)(20) 
from which, e.m.f., £3 = ee) 
(0.10)(20) 
= 120 volts 
(©) 150 < (0.10)(20) 
Ea (0.07)(24) 
from which, e.m.f. £4 = es, 
(0.10)(20) 
= 126 volts 


Characteristics 


The two principal generator characteristics are the gen- 
erated voltage/field current characteristics, called the 
open-circuit characteristic and the terminal voltage/load 
current characteristic, called the load characteristic. A 
typical separately-excited generator open-circuit char- 
acteristic is shown in Figure 21.6(a) and a typical load 
characteristic is shown in Figure 21.6(b). 


Generated Terminal 
voltage voltage 
E Vv 
Field current 0 Load current In 
(a) (b) 
Figure 21.6 


A separately-excited generator is used only in special 
cases, such as when a wide variation in terminal p.d. is 
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required, or when exact control of the field current is 
necessary. Its disadvantage lies in requiring a separate 
source of direct current. 


(b) Shunt-wound generator 


In a shunt wound generator the field winding is connected 
in parallel with the armature as shown in Figure 21.7. The 
field winding has a relatively high resistance and there- 
fore the current carried is only a fraction of the armature 
current. 


Figure 21.7 


For the circuit shown in Figure 21.7, 
terminal voltage V = E — I,Rq 

or generated e.m.f., E=V+I,Ra 

Iq = Ip +I, from Kirchhoff’s current law, 


where J, =armature current 
V 
Ty = field current (- 4 
Rr 
and 7 =load current 


Problem 10. A shunt generator supplies a 20 kW load 
at 200 V through cables of resistance, R= 100 mQ. 
If the field winding resistance, Ry =50 and the 
armature resistance, R, =40m2, determine (a) the 
terminal voltage, and (b) the e.m.f. generated in 
the armature. 


(a) The circuit is as shown in Figure 21.8. 
20.000 watts 
200 volts 

Volt drop in the cables to the load 
= IR = (100)(100 x 1073) 
=10V 
Hence terminal voltage, V = 200 + 10 = 210 volts 


Load current, / = = 100A 


(b) Armature current J, =Ip +I 


4 210 
Field current, If = R = —=42A 
f 


, R=100mo . 
< e << S 
y/ 
OF 
LOAD 
Ry = 502 
pores 200 V V 3 i 
R, =40 mo 
Figure 21.8 


Hence Ig = Jp +1 =4.2 + 100 =104.2A 
Generated e.m.f. E= V+ IgRq 
= 210+ (104.2)(40 x 1073) 
= 210+ 4.168 
= 214.17 volts 


Characteristics 


The generated e.m.f., E, is proportional to ®w, (see Sec- 
tion 21.5), hence at constant speed, since w = 270, Ex ®. 
Also the flux ® is proportional to field current Jy until 
magnetic saturation of the iron circuit of the generator 
occurs. Hence the open circuit characteristic is as shown 
in Figure 21.9(a). 


4 


Generated Terminal 4 
emf. voltage Re — ite 
E vo) ee 
t 
Field current ) Load current 
fy la 
{a) (b) 
Figure 21.9 


As the load current on a generator having constant field 
current and running at constant speed increases, the value 
of armature current increases, hence the armature volt 
drop, I, Ra increases. The generated voltage E is larger 
than the terminal voltage V and the voltage equation for 
the armature circuit is V = E — I, Rg. Since E is constant, 
V decreases with increasing load. The load characteristic 
is as shown in Figure 21.9(b). In practice, the fall in volt- 
age is about 10% between no-load and full-load for many 
d.c. shunt-wound generators. 

The shunt-wound generator is the type most used in 
practice, but the load current must be limited to a value that 
is well below the maximum value. This then avoids exces- 
sive variation of the terminal voltage. Typical applications 
are with battery charging and motor car generators. 
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(c) Series-wound generator 


In the series-wound generator the field winding is 
connected in series with the armature as shown in 
Figure 21.10. 


° 


Figure 21.10 


Characteristic 


The load characteristic is the terminal voltage/current 
characteristic. The generated e.m.f. E, is proportional to 
®w and at constant speed w(= 27) is a constant. Thus FE 
is proportional to ®. For values of current below magnetic 
saturation of the yoke, poles, air gaps and armature core, 
the flux ® is proportional to the current, hence E « J. For 
values of current above those required for magnetic sat- 
uration, the generated e.m.f. is approximately constant. 
The values of field resistance and armature resistance in 
a series-wound machine are small, hence the terminal 
voltage V is very nearly equal to E. A typical load char- 
acteristic for a series generator is shown in Figure 21.11. 


Terminal 
voltage 
V 


Load current 


Figure 21.11 


In a series-wound generator, the field winding is in 
series with the armature and it is not possible to have a 
value of field current when the terminals are open cir- 
cuited, thus it is not possible to obtain an open-circuit 
characteristic. 

Series-wound generators are rarely used in practise, but 
can be used as a ‘booster’ on d.c. transmission lines. 


(d) Compound-wound generator 


In the compound-wound generator two methods of con- 
nection are used, both having a mixture of shunt and 
series windings, designed to combine the advantages 
of each. Figure 21.12(a) shows what is termed a long- 
shunt compound generator, and Figure 21.12(b) shows a 
short-shunt compound generator. The latter is the most 
generally used form of d.c. generator. 


Series Series 
| winding winding | la 
owe < 


Figure 21.12 


Problem 11. A short-shunt compound generator sup- 
plies 80A at 200V. If the field resistance, Rp = 40 Q, 
the series resistance, Rs-e=0.02 02 and the arma- 
ture resistance, R,=0.04Q, determine the e.m-f. 
generated. 


The circuit is shown in Figure 21.13. 


Rse = 0.02 2 1=80A [e 


Rz= 0.04 Q 


° 


Figure 21.13 


Volt drop in series winding = /Rs- = (80)(0.02) = 1.6V 
P.d. across the field winding = p.d. across armature 
=V, = 200+ 1.6=201.6V 


. V, 201.6 
Field current Jp = — = —— =5.04A 
Ry 40 

Armature current, Ig =I + If =80+5.04=85.04A 
Generated e.m.f., E =V, +1gRq 

= 201.6 + (85.04)(0.04) 

= 201.6+ 3.4016 

= 205 volts 
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Characteristics 


In cumulative-compound machines the magnetic flux pro- 
duced by the series and shunt fields are additive. Included 
in this group are over-compounded, level-compounded 
and under-compounded machines — the degree of com- 
pounding obtained depending on the number of turns of 
wire on the series winding. 

A large number of series winding turns results 
in an over-compounded characteristic, as shown in Fig- 
ure 21.14, in which the full-load terminal voltage exceeds 
the no-load voltage. A level-compound machine gives a 
full-load terminal voltage which is equal to the no-load 
voltage, as shown in Figure 21.14. 


Over-compounded 


Terminal 
voltage 
V 


Level-compounded 


Under-compounded 


Load current / 


Figure 21.14 


An under-compounded machine gives a full-load ter- 
minal voltage which is less than the no-load voltage, as 
shown in Figure 21.14. However even this latter character- 
istic is a little better than that for a shunt generator alone. 

Compound-wound generators are used in electric arc 
welding, with lighting sets and with marine equipment. 


Now try the following exercise. 


Exercise 80 Further problems on the d.c. 
generator 


1. Determine the terminal voltage of a generator which 
develops an e.m.f. of 240 V and has an arma- 
ture current of 50 A on load. Assume the armature 
resistance is 40 mQ2. [238 volts] 


2. A generator is connected to a 50 Q load and a cur- 
rent of 10 A flows. If the armature resistance is 
0.5 Q, determine (a) the terminal voltage, and (b) 
the generatede.m.f. —_ [(a) 500 volts (b) 505 volts] 


3. A separately excited generator develops a no-load 
e.m.f. of 180 V at an armature speed of 15 rev/s and 
a flux per pole of 0.20 Wb. Calculate the generated 
e.m.f. when 


(a) the speed increases to 20 rev/s and the flux per 
pole remaining unchanged, 


(b) the speed remains at 15 rev/s and the pole flux 
is decreased to 0.125 Wb, and 
(c) the speed increases to 25 rev/s and the pole flux 
is decreased to 0.18 Wb. 
[(a) 240 volts (b) 112.5 volts (c) 270 volts] 


4. A shunt generator supplies a 50 kW load at 400 V 
through cables of resistance 0.2 2. If the field wind- 
ing resistance is 50 and the armature resistance is 
0.05 Q, determine (a) the terminal voltage, (b) the 
e.m.f. generated in the armature. 

[(a) 425 volts (b) 431.68 volts] 


5. A short-shunt compound generator supplies 50 A at 
300 V. If the field resistance is 30 (2, the series resist- 
ance 0.03 Q and the armature resistance 0.05 Q, 
determine the e.m.f. generated. [304.5 volts] 


6. A d.c. generator has a generated e.m.f. of 210V 
when running at 700 rev/min and the flux per pole 
is 120 mWb. Determine the generated e.m.f. (a) at 
1050 rev/min, assuming the flux remains constant, 
(b) if the flux is reduced by one-sixth at constant 
speed, and (c) at a speed of 1155 rev/min and a flux 
of 132mWb. —_[(a) 315 V (b) 175 V (c) 381.2 V] 


7. A 250V d.c. shunt-wound generator has an arma- 
ture resistance of 0.1 8&2. Determine the generated 
e.m.f. when the generator is supplying 50kW, 
neglecting the field current of the generator.[270 V] 


21.8 D.c. machine losses 


As stated in Section 21.1, a generator is a machine for 
converting mechanical energy into electrical energy and 
a motor is a machine for converting electrical energy into 
mechanical energy. When such conversions take place, 
certain losses occur which are dissipated in the form 
of heat. 

The principal losses of machines are: 


(i) Copper loss, due to /7R heat losses in the armature 
and field windings. 

(ii) Iron (or core) loss, due to hysteresis and eddy- 
current losses in the armature. This loss can be 
reduced by constructing the armature of silicon steel 
laminations having a high resistivity and low hystere- 
sis loss. At constant speed, the iron loss is assumed 
constant. 

(iii) Friction and windage losses, due to bearing and 
brush contact friction and losses due to air resistance 
against moving parts (called windage). At constant 
speed, these losses are assumed to be constant. 

(iv) Brush contact loss between the brushes and com- 
mutator. This loss is approximately proportional to 
the load current. 
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The total losses of a machine can be quite significant 
and operating efficiencies of between 80% and 90% are 
common. 


21.9 Efficiency of a d.c. generator 


The efficiency of an electrical machine is the ratio of the 
output power to the input power and is usually expressed 
as a percentage. The Greek letter, “n’ (eta) is used to sig- 
nify efficiency and since the units are power/power, then 
efficiency has no units. Thus 


output power 


efficiency, 7 = ( input power 


) x 100% 


If the total resistance of the armature circuit (including 
brush contact resistance) is Ra, then the total loss in the 
armature circuit is I7R, 

If the terminal voltage is V and the current in the shunt 
circuit is J, then the loss in the shunt circuit is Ir V 

If the sum of the iron, friction and windage losses is C 
then the total losses is given by: 


PRatlV+C 
(PR, + IpV is, in fact,the ‘copper loss’) 


If the output current is /, then the output power is VI 
Total input power = VI +/2R, + I¢V + C. Hence 


output 
efficiency, 7 = Z 


input 


1 
= ( : ba ) x 100%| (21.4) 
VI+P?Rat+l;V+C 


The efficiency of a generator is a maximum when the 
load is such that: 


P-Rq =VIp +C 


i.e. when the variable loss = the constant loss 


Problem 12. A 10kW shunt generator having an 
armature circuit resistance of 0.75 Q and a field resist- 
ance of 125 Q, generates a terminal voltage of 250 V 
at full load. Determine the efficiency of the generator 
at full load, assuming the iron, friction and windage 
losses amount to 600 W. 


The circuit is shown in Figure 21.15. 


V=250V 


Ry =125 O OC 


Ra=0.75 QO 

Figure 21.15 
Output power = 10000 W = VI 

10000 10000 
from which, load current I 40A 

V 250 
V = -250 
Field current, Ip = — = —~ =2A 
Rp 125 


Armature current, I, =Ip +1 =2+40=42A 


Efficiency, 
VI 
n= ( x 100% 
VI+ I?Ra +1pV+C 
1 
= ey x 100% 
10 000 + (42)2(0.75) + (2)(250) + 600 
10000 
= 19493 x 100% = 80.50% 


Now try the following exercise. 


Exercise 81 Further problem on efficiency of a 
d.c. generator 


1. A 15kW shunt generator having an armature cir- 
cuit resistance of 0.4Q and a field resistance of 
100 &2, generates a terminal voltage of 240 V at full 
load. Determine the efficiency of the generator at 
full load, assuming the iron, friction and windage 
losses amount to 1 kW. [82.14%] 


21.10 D.c. motors 


The construction of a d.c. motor is the same as a d.c. 
generator. The only difference is that in a generator the 
generated e.m.f. is greater than the terminal voltage, 
whereas in a motor the generated e.m-f. is less than the 
terminal voltage. 

D.c. motors are often used in power stations to drive 
emergency stand-by pump systems which come into oper- 
ation to protect essential equipment and plant should the 
normal a.c. supplies or pumps fail. 
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Back e.m.f. 


When a d.c. motor rotates, an e.m.f. is induced in the 
armature conductors. By Lenz’s law this induced e.m-f. 
E opposes the supply voltage V and is called a back e.m.f., 
and the supply voltage, V is given by: 


V=E+IgRy | or | E=V—IgRg (21.4) 


Problem 13. Ad.c. motor operates from a 240 V sup- 
ply. The armature resistance is 0.2 2. Determine the 
back e.m.f. when the armature current is SOA. 


For a motor, V=E+]gRq 
hence back e.m.f., E = V — IgRq 
= 240 — (50)(0.2) = 240 — 10 
= 230 volts 


Problem 14. The armature of a d.c. machine has a 
resistance of 0.25 Q and is connected to a 300V sup- 
ply. Calculate the e.m.f. generated when it is running: 
(a) as a generator giving 100A, and (b) as a motor 
taking 80A. 


(a) As a generator, generated e.m_f., 
E=V-+I,Ra, from equation (21.3), 
= 300 + (100)(0.25) 
= 300 + 25 = 325 volts 
(b) As a motor, generated e.m.f. (or back e.m.f.), 
E=V — I,Ra, from equation (21.5), 
= 300 — (80)(0.25) = 280 volts 


Now try the following exercise. 


Exercise 82. Further problems on back e.m.f. 


1. A d.c. motor operates from a 350V supply. If the 
armature resistance is 0.4Q determine the back 
e.m.f. when the armature current is 60 A. 

[326 volts] 


2. The armature of a d.c. machine has a resistance of 
0.5 Q and is connected to a 200 V supply. Calculate 
the e.m.f. generated when it is running (a) as a motor 
taking 50 A and (b) as a generator giving 70 A. 

[(a) 175 volts (b) 235 volts] 


3. Determine the generated e.m-f. of a d.c. machine 
if the armature resistance is 0.1 Q and it (a) is run- 
ning as a motor connected to a 230V supply, the 
armature current being 60 A, and (b) is running as 
a generator with a terminal voltage of 230 V, the 
armature current being 80A. 

[(a) 224 V (b) 238 V] 


21.11 Torque of a d.c. machine 


From equation (21.5), for a d.c. motor, the supply voltage 
V is given by 


V=E+]QRa 
Multiplying each term by current J, gives: 
Vg = Elg + P?Ra 


The term VI, is the total electrical power supplied to 
the armature, the term I? Rz is the loss due to armature 
resistance, and the term EJ, is the mechanical power 
developed by the armature 


If T is the torque, in newton metres, then the mechanical 
power developed is given by Tw watts (see ‘Science for 
Engineering’). 


Hence Tw = 22nT = EI, from which, 


El 
torque T = 
2nn 


newton metres (21.5) 


From Section 21.5, equation (21.1), the e.m.f. E generated 
is given by 


_ 2pbnZ 


Cc 


E 


( 


2pnZ 
Som 
a, oe 6 


2mn 


2pOnZ 
Hence 27nT = El, = di 


and torque T = 


pPZlq 
IC 


i.e. T= newton metres (21.6) 


For a given machine, Z, c and p are fixed values 


Hence torque, TxOly (21.7) 
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Problem 15. An 8-pole d.c. motor has a wave-wound 
armature with 900 conductors. The useful flux per 
pole is 25 mWb. Determine the torque exerted when a 
current of 30 A flows in each armature conductor. 


p=4, c=2 for a wave winding, ®=25 x 10-> Wb, 
Z = 900, Ig =30A 


From equation (21.7), 
P®ZIq 


ITC 
(4)(25 x 1073)(900)(30) 
a 7(2) 
= 429.7Nm 


torque T= 


Problem 16. Determine the torque developed by a 
350V d.c. motor having an armature resistance of 
0.5 Q and running at 15 rev/s. The armature current 
is 60A. 


V = 350V, Rg = 0.5 Q, n= 15 rev/s, Ig =60A 
Back e.m.f. E = V — Ig Rg = 350 — (60)(0.5) = 320 V 
EI, — (320)(60) 
2nn ~—-2x(15) 

= 203.7 Nm 


From equation (21.6), torque T= 


Problem 17. A six-pole lap-wound motor is con- 
nected to a 250V d.c. supply. The armature has 500 
conductors and a resistance of 1 Q. The flux per pole 
is 20 mWb. Calculate (a) the speed and (b) the torque 
developed when the armature current is 40 A. 


V=250V, Z=500, Rg=1Q2, &=20~x 10-3 Wb, 
I, =40A, c= 2p for a lap winding 


(a) Back e.m.f. E=V — [gRg = 250 — (40)(1) =210V 


2pPnZ 
E.m.f. E = 
Cc 
—3 
ie. 210= 2p(20 x 107”)n(500) 
2p 
210 


Hence speed n = = 21 rev/s 


(20 x 10-3)(500) 
or (21 x 60) = 1260 rev/min 


Elq _ (210)(40) 


by TegQue rhe  e) 
NN Soa DOD 


= 63.66 Nm 


Problem 18. The shaft torque of a diesel motor driv- 
ing a 100V d.c. shunt-wound generator is 25 Nm. The 
armature current of the generator is 16 A at this value 
of torque. If the shunt field regulator is adjusted so 
that the flux is reduced by 15%, the torque increases 
to 35 Nm. Determine the armature current at this new 
value of torque. 


From equation (21.8), the shaft torque T of a gener- 
ator is proportional to ®J,, where ® is the flux and J, 
is the armature current. Thus, T=k®J,, where k is a 
constant. 


The torque at flux ®; and armature current J, is 
Ty = k®qIq. 
Similarly, T2 = k®o1q0 


T\ _ k®i lq Plat 


T, k®olqn Pal qn 


By division 


25 ®; x 16 


Hence = 
35 0.858, x Iq2 
16 x 35 
1.6; Ig = ——— = 26.35A 
- aa oe ae aa 


That is, the armature current at the new value of 
torque is 26.35 A 


Problem 19. A 100V d.c. generator supplies a cur- 
rent of 1SA when running at 1500 rev/min. If the 
torque on the shaft driving the generator is 12 Nm, 
determine (a) the efficiency of the generator and (b) 
the power loss in the generator. 


(a) From Section 21.9, the efficiency of a 


output power 


generator = x 100% 


input power 


The output power is the electrical output, i.e. 
VI watts. The input power to a generator is the 
mechanical power in the shaft driving the genera- 
tor, i.e. Tw or T(27n) watts, where T is the torque in 
Nm and 7 is speed of rotation in rev/s. Hence, for a 
generator 


efficiency, 7 x 100% 


~ T(2nn) 
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i (100)(15)(100) 
(12)(2mr) (1592) 


1.e. 


ie. efficiency = 79.6% 


(b) The input power = output power + losses 


Hence, T(2zn) = VI + losses 


Le. losses = T(2zn) — VI 


1500 


—[(100)(15)] 


i.e. power loss = 1885 — 1500=385 W 


Now try the following exercise. 


1. 


Exercise 83 Further problems on losses, efficiency 
and torque 


The shaft torque required to drive a d.c. generator 
is 18.7Nm when it is running at 1250 rev/min. If 
its efficiency is 87% under these conditions and the 
armature current is 17.3 A, determine the voltage at 
the terminals of the generator. [123.1 V] 


. A 220V, d.c. generator supplies a load of 37.5 A and 


runs at 1550rev/min. Determine the shaft torque 
of the diesel motor driving the generator, if the 
generator efficiency is 78%. [65.2 Nm] 


. A4-pole d.c. motor has a wave-wound armature with 


800 conductors. The useful flux per pole is 20 mWb. 
Calculate the torque exerted when a current of 40A 
flows in each armature conductor. {203.7 Nm] 


. Calculate the torque developed by a 240 V d.c. motor 


whose armature current is 50 A, armature resistance 
is 0.6 Q and is running at 10 rev/s. {167.1 Nm] 


. An 8-pole lap-wound d.c. motor has a 200 V supply. 


The armature has 800 conductors and a resistance of 
0.8 Q. If the useful flux per pole is 40 mWb and the 
armature current is 30 A, calculate (a) the speed and 
(b) the torque developed. 

{(a) 5.5 rev/s or 330 rev/min (b) 152.8 Nm] 


. A 150V d.c. generator supplies a current of 25A 


when running at 1200 rev/min. If the torque on the 
shaft driving the generator is 35.8 Nm, determine (a) 
the efficiency of the generator, and (b) the power loss 
in the generator. [(a) 83.4% (b) 748.8 W] 


21.12 Types of d.c. motor and their characteristics 


(a) Shunt-wound motor 


In the shunt wound motor the field winding is in par- 
allel with the armature across the supply as shown in 
Figure 21.16. 


Generated 
e.m.f. 
E 
Supply 
voltage V 
Armature 
volt drop 
laRa 
Figure 21.16 


For the circuit shown in Figure 21.16, 
Supply voltage, V = E+ IgRa 
or generated e.m.f., E = V — IgRa 


Supply current, J = J + Jy, from Kirchhoff’s 
current law. 


Problem 20. A 240V shunt motor takes a total cur- 
rent of 30A. If the field winding resistance R¢ = 150 Q 
and the armature resistance Rz = 0.4 Q determine (a) 
the current in the armature, and (b) the back e.m.f. 


. V 240 
(a) Field current Jy =— = —~ = 1.6A 
Rp 150 


Supply current J = I, + If 


Hence armature current, Jy =I — Ir = 30 — 1.6 
=28.4A 
(b) Back e.m.f. E= V —IgRq 
= 240 — (28.4)(0.4) = 228.64 volts 


Characteristics 


The two principal characteristics are the torque/armature 
current and speed/armature current relationships. From 
these, the torque/speed relationship can be derived. 


(i) The theoretical torque/armature current characteris- 
tic can be derived from the expression T x ®Jg, (see 
Section 21.11). For a shunt-wound motor, the field 
winding is connected in parallel with the armature cir- 
cuit and thus the applied voltage gives a constant field 
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current, i.e. a shunt-wound motor is a constant flux 
machine. Since ® is constant, it follows that T « Jy, 
and the characteristic is as shown in Figure 21.17. 


Torque 


Armature current 
la 


Figure 21.17 


(ii) The armature circuit of ad.c. motor has resistance due 
to the armature winding and brushes, R, ohms, and 
when armature current J, is flowing through it, there 
is a voltage drop of [,R, volts. In Figure 21.16 the 
armature resistance is shown as a separate resistor in 
the armature circuit to help understanding. Also, even 
though the machine is a motor, because conductors 
are rotating in a magnetic field, a voltage, E x Pw, is 
generated by the armature conductors. From equation 
(21.5), V=E+1,Rq or E=V —1yRa 


However, from Section 21.5, Ea@®n, hence 
nXxE/®, Le. 


d E V—IgRa 
speed of rotation, n « o oe + (21.8) 


For a shunt motor, V, ® and R, are constants, hence 
as armature current J, increases, J,R, increases and 
V — I,Rq decreases, and the speed is proportional to 
a quantity which is decreasing and is as shown in 
Figure 21.18. As the load on the shaft of the motor 
increases, J, increases and the speed drops slightly. 
In practice, the speed falls by about 10% between 
no-load and full-load on many d.c. shunt-wound 
motors. Due to this relatively small drop in speed, the 
d.c. shunt-wound motor is taken as basically being a 
constant-speed machine and may be used for driving 
lathes, lines of shafts, fans, conveyor belts, pumps, 
compressors, drilling machines and so on. 


Armature current 
la 


Figure 21.18 


(iii) Since torque is proportional to armature current, (see 
(i) above), the theoretical speed/torque characteristic 
is as shown in Figure 21.19. 


Torque 7 


Figure 21.19 


Problem 21. A 200 V, d.c. shunt-wound motor has an 
armature resistance of 0.4 Q and at a certain load has 
an armature current of 30A and runs at 1350 rev/min. 
If the load on the shaft of the motor is increased so that 
the armature current increases to 45 A, determine the 
speed of the motor, assuming the flux remains constant. 


The relationship E « ®n applies to both generators and 
motors. For a motor, 


E=V — IgRa, (see equation 21.5) 


Hence E; = 200 — 30 x 0.4= 188 V, 


and Ey = 200—45 x 0.4= 182V. 
E = Din 


The relationship, — = 
Ex ®2n2 


applies to both generators and motors. Since the flux is 
constant, ®j = ®> 


22.5 x 182 
= .e. ny = ———_——_ 
182 D, x n2 188 
= 21.78 rev/s 


Thus the speed of the motor when the armature current is 
45 A is 21.78 x 60 rev/min, i.e. 1307 rev/min 


Problem 22. <A 220V, d.c. shunt-wound motor runs 
at 800 rev/min and the armature current is 30A. The 
armature circuit resistance is 0.4 Q. Determine (a) the 
maximum value of armature current if the flux is sud- 
denly reduced by 10% and (b) the steady state value of 
the armature current at the new value of flux, assuming 
the shaft torque of the motor remains constant. 


(a) For a d.c. shunt-wound motor, E = V — J,R,. Hence 
initial generated e.m.f., Ej = 220 — 30 x 0.4= 208 V. 
The generated e.m.f. is also such that E x ®n, so at 
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(b) 


the instant the flux is reduced, the speed has not had 
time to change, and E = 208 x 90/100 = 187.2 V. 
Hence, the voltage drop due to the armature resistance 
is 220 — 187.2, i.e. 32.8 V. The instantaneous value 
of the current is 32.8/0.4, i.c. 82A. This increase 
in current is about three times the initial value and 
causes an increase in torque, (JT « ®/,). The motor 
accelerates because of the larger torque value until 
steady state conditions are reached. 

T x ®/J, and since the torque is constant, 


® 11g) = P2Iq2. The flux ® is reduced by 10%, hence 
®, = 0.99, 


Thus, ®; x 30=0.9®, x I 


le. the steady state value of armature current, 


(b) Series-wound motor 


In 


the series-wound motor the field winding is in series 


with the armature across the supply as shown in Figure 


21 


20. 
For the series motor shown in Figure 21.20, 


Supply voltage V = E +1(Ra + Ry) 


or generated e.m.f. E = V —I(R, + Ry) 
ot 
Generated 
fem 
Field E 
v Ar winding 
Armature 
Ra volt drop 
IjRa 
ie, 
Figure 21.20 
Characteristics 


In 


a series motor, the armature current flows in the field 


winding and is equal to the supply current, /. 


(i) The torque/current characteristic 


It is shown in Section 21.11 that torque T « ®ly. 
Since the armature and field currents are the same cur- 
rent, I, ina series machine, then T « ®/ over a limited 
range, before magnetic saturation of the magnetic cir- 
cuit of the motor is reached, (i.e. the linear portion of 
the B—-H curve for the yoke, poles, air gap, brushes 
and armature in series). Thus ® «J and T « I”. After 
magnetic saturation, ® almost becomes a constant 


Torque 


Current / 


Figure 21.21 


and T «J. Thus the theoretical torque/current char- 
acteristic is as shown in Figure 21.21. 


(ii) The speed/current characteristic 


It is shown in equation (21.9) thatn x (V — IgRg)/®. 
In a series motor, J, = and below the magnetic sat- 
uration level, ® «J. Thus n«(V —JR)/I where R 
is the combined resistance of the series field and 
armature circuit. Since JR is small compared with 
V, then an approximate relationship for the speed is 
nxV/I«1/I since V is constant. Hence the the- 
oretical speed/current characteristic is as shown in 
Figure 21.22. The high speed at small values of cur- 
rent indicate that this type of motor must not be run 
on very light loads and invariably, such motors are 
permanently coupled to their loads. 


0 Current / 
Figure 21.22 


(iii) The theoretical speed/torque characteristic may be 


derived from (i) and (ii) above by obtaining the 
torque and speed for various values of current and 
plotting the co-ordinates on the speed/torque char- 
acteristics. A typical speed/torque characteristic is 
shown in Figure 21.23. 


Speed 
n 


0 Torque T 
Figure 21.23 


A d.c. series motor takes a large current on starting 
and the characteristic shown in Figure 21.21 shows 
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that the series-wound motor has a large torque when 
the current is large. Hence these motors are used for 
traction (such as trains, milk delivery vehicles, etc.), 
driving fans and for cranes and hoists, where a large 
initial torque is required. 


Problem 23. A series motor has an armature resist- 
ance of 0.2 Q and a series field resistance of 0.3 Q. It 
is connected to a 240 V supply and at a particular load 
runs at 24 rev/s when drawing 15 A from the supply. 


(a) Determine the generated e.m_-f. at this load. 

(b) Calculate the speed of the motor when the load is 
changed such that the current is increased to 30 A. 
Assume that this causes a doubling of the flux. 


(a) With reference to Figure 21.20, generated e.m.f., E, 
at initial load, is given by 
Ey =V —Ig(Ra + Rf) 
= 240 — (15)(0.2 + 0.3) = 240 — 7.5 
= 232.5 volts 
(b) When the current is increased to 30 A, the generated 
e.m.f. is given by: 
Ey =V —I,(Ra + Rp) 
= 240 — (30)(0.2 + 0.3) = 240 — 15 
= 225 volts 


Now e.m.f. E x ®n 


Ej Din, 
thuys —= 
Ep Oon2 


232.5 1(24) 


1.€. = 
225 (2®1)(nz) 


since 7 =20, 


(24)(225) 
(232.5)(2) 
= 11.6rev/s 


Hence speed of motor, nz = 


As the current has been increased from 15 A to 30A, 
the speed has decreased from 24 rev/s to 11.6 rev/s. Its 
speed/current characteristic is similar to Figure 21.22. 


(c) Compound-wound motor 
There are two types of compound-wound motor: 


(i) Cumulative compound, in which the series winding 
is so connected that the field due to it assists that due 
to the shunt winding. 


(ii) Differential compound, in which the series winding 
is so connected that the field due to it opposes that due 
to the shunt winding. 


Figure 21.24(a) shows a long-shunt compound motor and 
Figure 21.24(b) a short-shunt compound motor. 


Series Series 
n winding 


; winding 


Figure 21.24 


Characteristics 


A compound-wound motor has both a series and a shunt 
field winding, (i.e. one winding in series and one in par- 
allel with the armature), and is usually wound to have a 
characteristic similar in shape to a series-wound motor 
(see Figures 21.21—21.23). A limited amount of shunt 
winding is present to restrict the no-load speed to a 
safe value. However, by varying the number of turns on 
the series and shunt windings and the directions of the 
magnetic fields produced by these windings (assisting or 
opposing), families of characteristics may be obtained to 
suit almost all applications. Generally, compound-wound 
motors are used for heavy duties, particularly in appli- 
cations where sudden heavy load may occur such as for 
driving plunger pumps, presses, geared lifts, conveyors, 
hoists and so on. 

Typical compound motor torque and speed character- 
istics are shown in Figure 21.25. 


Differential 
compound 


Cumulative 
compound 


Armature current 


Armature current 
la ly 


Figure 21.25 


21.13 The efficiency of a d.c. motor 


It was stated in Section 21.9, that the efficiency of a d.c. 
machine is given by: 


tput 
efficiency, 7 = SERENE 100% 


input power 
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Also, the total losses = | aR: + I¢V + C (fora shunt motor) 
where C is the sum of the iron, friction and windage losses. 


For a motor, the input power = VI 


and the output power = VI — losses 


=VI-[2Ra-l;V —C 
Hence 
VI — 1?7Ra -—1fV —C 
efficiency 7 = aoe ae x 100% 
VI 
(21.9) 


The efficiency of a motor is a maximum when the load 
is such that: 


Ra =1pV+C 


Problem 24. A 320V shunt motor takes a total cur- 
rent of 80A and runs at 1000rev/min. If the iron, 
friction and windage losses amount to 1.5 kW, the 
shunt field resistance is 40 Q and the armature resist- 
ance is 0.2 2, determine the overall efficiency of the 
motor. 


The circuit is shown in Figure 21.26. 


1=80A 


Figure 21.26 
V 320 
Field current, Ir = = —=8A 
Ry 40 
Armature current J, =I —Iy =80-—8=72A 


C =iron, friction and windage losses = 1500 W 


Efficiency, 
VI—-I?R, —IfpV—C 
n= aoe x 100% 
VI 


_ (oe —(72)°(0.2) — (8)(320) — 
7 (320)(80) 


1 
=) x 100% 


25 600 — 1036.8 — 2560 — 1500 
— 1 
( 25 600 )x Oe 
20 503.2 
— (=) x 100% = 80.1% 
( am ) x 100% = 80.1% 


Problem 25. A 250V series motor draws a current 
of 40A. The armature resistance is 0.15 Q and the 
field resistance is 0.05 Q. Determine the maximum 
efficiency of the motor. 


The circuit is as shown in Figure 21.27. 


1=40A 


Figure 21.27 


From equation (21.10), efficiency, 


_ (Wi-RR,-V-—C 
a VI 


x 100% 


However for a series motor, Jf = 0 and the /, 2 Ra loss needs 
to be I7(Ra + Ry) 


VI — I?(Ry + Rp) — C 
at 1) ) 10 


For maximum efficiency J (Ra +R) =C 


Hence efficiency, 7 = ( 


Hence efficiency, 


VI — 21?(R, +R 
n=( { 8) 005 


VI 


(250)(40) — 2(40)*(0.15 + 0.05) 
(250)(40) 


: 
(7 


) x 100% 


1 
10000 ra Be Oe 


en 7 x 100% = 93.6% 
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Problem 26. A 200V d.c. motor develops a shaft 
torque of 15 Nm at 1200 rev/min. If the efficiency is 
80%, determine the current supplied to the motor. 


output power 


The efficiency of a motor = x 100% 


input power 
The output power of a motor is the power available to 
do work at its shaft and is given by Tw or T(277n) watts, 
where T is the torque in Nm and n is the speed of rotation 
in rev/s. The input power is the electrical power in watts 
supplied to the motor, i.e. VI watts. 


Thus for a motor, efficiency, 


T(2zn) 
= x 100% 

VI 
ie. 

(15)(277)(1200/60) 

ia (200)(1) aes 
Thus the current supplied, J = Beene) 
(200)(80) 
=11.8A 


Problem 27. A d.c. series motor drives a load at 
30 rev/s and takes a current of 10 A when the supply 
voltage is 400 V. If the total resistance of the motor is 
2 Q and the iron, friction and windage losses amount 
to 300 W, determine the efficiency of the motor. 


x 100% 


VI - a VI-PR-C 
Efficiency, 7 = 


(400)(10) ) x 100% 


4000 — 200 — ow) x 100% 
3500 


_(#on — (10)2(2) — 300 
=k 4000 
= (Fa) x 100% = 87.5% 


4000 


Now try the following exercise. 


Exercise 84 Further problems on d.c. motors 


1. A 240 V shunt motor takes a total current of 80A. If 
the field winding resistance is 120 Q and the arma- 
ture resistance is 0.4 Q, determine (a) the current in 
the armature, and (b) the back e.m-f. 

[(a) 78 A (b) 208.8 V] 


2. Ad.c. motor has a speed of 900 rev/min when con- 
nected to a 460V supply. Find the approximate 
value of the speed of the motor when connected 
to a 200V supply, assuming the flux decreases by 
30% and neglecting the armature volt drop. 

(559 rev/min] 


3. A series motor having a series field resistance of 
0.25 Q and an armature resistance of 0.15 Q, is con- 
nected to a 220 V supply and at a particular load runs 
at 20 rev/s when drawing 20A from the supply. Cal- 
culate the e.m.f. generated at this load. Determine 
also the speed of the motor when the load is changed 
such that the current increases to 25 A. Assume the 
flux increases by 25%. [212 V, 15.85 rev/s] 


4. A 500V shunt motor takes a total current of 100A 
and runs at 1200rev/min. If the shunt field resis- 
tance is 502, the armature resistance is 0.25 Q 
and the iron, friction and windage losses amount to 
2 kW, determine the overall efficiency of the motor. 

(81.95%] 


5. A 250V, series-wound motor is running at 
500 rev/min and its shaft torque is 130Nm. If its 
efficiency at this load is 88%, find the current taken 
from the supply. [30.94 A] 


6. In a test on a d.c. motor, the following data was 
obtained. Supply voltage: 500V. Current taken 
from the supply: 42.4 A. Speed: 850 rev/min. Shaft 
torque: 187Nm. Determine the efficiency of the 
motor correct to the nearest 0.5%. [78.5%] 


7. A 300V series motor draws a current of 50 A. The 
field resistance is 40 mQ and the armature resis- 
tance is 0.2 2. Determine the maximum efficiency 
of the motor. [92%] 


8. A series motor drives a load at 1500 rev/min and 
takes a current of 20A when the supply voltage is 
250V. If the total resistance of the motor is 1.5 Q 
and the iron, friction and windage losses amount to 
400 W, determine the efficiency of the motor. 

[80%] 


9. A series-wound motor is connected to a d.c. supply 
and develops full load torque when the current is 
30A and speed is 1000rev/min. If the flux per 
pole is proportional to the current flowing, find the 
current and speed at half full load torque, when 
connected to the same supply. 

(21.2 A, 1415 rev/min] 


21.14 D.c. motor starter 


If a d.c. motor whose armature is stationary is switched 
directly to its supply voltage, it is likely that the fuses 
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protecting the motor will burn out. This is because the 
armature resistance is small, frequently being less than 
one ohm. Thus, additional resistance must be added to the 
armature circuit at the instant of closing the switch to start 
the motor. 

As the speed of the motor increases, the armature con- 
ductors are cutting flux and a generated voltage, acting 
in opposition to the applied voltage, is produced, which 
limits the flow of armature current. Thus the value of the 
additional armature resistance can then be reduced. 

When at normal running speed, the generated e.m-f. 
is such that no additional resistance is required in the 
armature circuit. To achieve this varying resistance in the 
armature circuit on starting, a d.c. motor starter is used, 
as shown in Figure 21.28. 


Starter 
Sliding 
contact 


Starting 
handle 


Figure 21.28 


The starting handle is moved slowly in a clockwise 
direction to start the motor. For a shunt-wound motor, the 
field winding is connected to stud | or to L via a slid- 
ing contact on the starting handle, to give maximum field 
current, hence maximum flux, hence maximum torque on 
starting, since T x Ply. 

A similar arrangement without the field connection is 
used for series motors. 


21.15 Speed control of d.c. motors 


Shunt-wound motors 


The speed of a shunt-wound d.c. motor, n, is proportional 
to (V — IgRz)/® (see equation (21.9)). The speed is varied 
either by varying the value of flux, ®, or by varying the 
value of Rz. The former is achieved by using a variable 
resistor in series with the field winding, as shown in Fig- 
ure 21.29(a) and such a resistor is called the shunt field 
regulator. As the value of resistance of the shunt field 
regulator is increased, the value of the field current, Jy, is 
decreased. 

This results in a decrease in the value of flux, ®, and 
hence an increase in the speed, since n x 1/®. Thus only 
speeds above that given without a shunt field regulator can 


Shunt 
field 
regulator 


Figure 21.29 


be obtained by this method. Speeds below those given by 
(V — I,Rq)/® are obtained by increasing the resistance in 
the armature circuit, as shown in Figure 21.29(b), where 


V —Ig(Ra + R) 
BC a ee ee 
®D 


Since resistor R is in series with the armature, it carries 
the full armature current and results in a large power loss 
in large motors where a considerable speed reduction is 
required for long periods. 

These methods of speed control are demonstrated in the 
following worked problem. 


Problem 28. A 500 V shunt motor runs at its normal 
speed of 10 rev/s when the armature current is 120A. 
The armature resistance is 0.2 Q. 


(a) Determine the speed when the current is 60 A and 
a resistance of 0.5 Q is connected in series with 
the armature, the shunt field remaining constant. 

(b) Determine the speed when the current is 60 A and 
the shunt field is reduced to 80% of its normal 
value by increasing resistance in the field circuit. 


(a) With reference to Figure 21.29(b), 
back e.m.f. at 120A, 


E, =V —1,Rq = 500 — (120)(0.2) 
= 500 — 24 = 476 volts 


When I, = 60 A, Ex = 500 — (60)(0.2 + 0.5) 
= 500 — (60)(0.7) 
= 500 — 42 = 458 volts 


Ey Din 
Now — 

E> Oon2 
. 476 (10), 
ie. —-= since ®7 = ®, 

458 (2) 
10)(458 

from which, speed nz = oe = 9.62 rev/s 
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(b) Back e.m.f. when J, = 60A, 
E> = 500 — (60)(0.2) 


= 500 — 12 = 488 volts 


Ey Din} 
Now —= 
Ey, ®on 
476 ®,)(10 
1.e. = (P1)(10) since ®2 = 0.8, 


488  (0.8@1)(n3)’ 


(10)(488) 


IONAS 8) = 44995 vaus 
(0.8)(476) mere 


from which, speed n3 = 


Series-wound motors 


The speed control of series-wound motors is achieved 
using either (a) field resistance, or (b) armature resistance 
techniques. 


(a) The speed of a d.c. series-wound motor is given by: 


—IR 
®D 


where k is a constant, V is the terminal voltage, R 
is the combined resistance of the armature and series 
field and ® is the flux. 

Thus, areduction in flux results in an increase in speed. 
This is achieved by putting a variable resistance in 
parallel with the field winding and reducing the field 
current, and hence flux, fora given value of supply cur- 
rent. A circuit diagram of this arrangement is shown 
in Figure 21.30(a). A variable resistor connected in 
parallel with the series-wound field to control speed 
is called a diverter. Speeds above those given with 
no diverter are obtained by this method. Problem 29 
below demonstrates this method. 


Figure 21.30 


(b) Speeds below normal are obtained by connecting a 
variable resistor in series with the field winding and 
armature circuit, as shown in Figure 21.30(b). This 
effectively increases the value of R in the equation 


n=«(*) 
®d 


and thus reduces the speed. Since the additional resis- 
tor carries the full supply current, a large power loss 
is associated with large motors in which a consider- 
able speed reduction is required for long periods. This 
method is demonstrated in Problem 30. 


Problem 29. On full-load a 300 V series motor takes 
90A and runs at I5rev/s. The armature resistance 
is 0.1 & and the series winding resistance is 50 mQ. 
Determine the speed when developing full load torque 
but with a 0.2 © diverter in parallel with the field wind- 
ing. (Assume that the flux is proportional to the field 
current.) 


At 300 V, e.m.f. FE; = V —JIR 
= V—I(Ra+Ree) 
= 300 — (90)(0.1 + 0.05) 
= 300 — (90)(0.15) 
= 300 — 13.5 = 286.5 volts 


PART 


With the 0.2 2 diverter in parallel with Rye (see Fig- 
ure 21.30(a)), 


the equivalent resistance, 


_ ©.2)(0.05) _ (0.2)(0.05) 
~ (0.2)+(0.05) (0.25) 


= 0.04 Q 


By current division, current J¢ (in Figure 21.30(a)) 


=f 02); 
~ (0.2 +0.05 


= 0.81 
Torque, T « I,® and for full load torque, Jg1 ®, = Ig2 P2 


Since flux is proportional to field current ®; «J/g; and 
D7 «0.8242 then (90)(90) = Ug2)(0.81 a2) 


2 
(90) aioe 90 


——_ = 100.62A 
0.8 V0.8) 


from which, Ts = 


Hence e.m.f. Ey = V — Igo(Ra + R) 
= 300 — (100.62)(0.1 + 0.04) 
= 300 — (100.62)(0.14) 
= 300 — 14.087 = 285.9 volts 


EE, ®in, Tain 
Ey on  0.81,2n2 


Now e.m.f., E « ®n from which, 


286.5 (90)(15) 


Hence = 
285.9  (0.8)(100.62)n2 
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(285.9)(90)(15) 
(286.5)(0.8)(100.62) 
Thus the speed of the motor has increased from 15 rev/s 
(i.e. 900 rev/min) to 16.74 rev/s (i.e. 1004rev/min) by 


inserting a 0.2 Q diverter resistance in parallel with the 
series winding. 


and new speed, nz = = 16.74 rev/s 


Problem 30. A series motor runs at 800 rev/min when 


the voltage is 400 V and the current is 25 A. The arma- 
ture resistance is 0.4 Q and the series field resistance 
is 0.2 Q. Determine the resistance to be connected in 
series to reduce the speed to 600 rev/min with the same 
current. 


With reference to Figure 21.30(b), at 800 rev/min, 
e.m.f., Ey =V —1I(Ra + Rse) = 400 — (25)(0.4 + 0.2) 
= 400 — (25)(0.6) 
= 400 — 15 = 385 volts 


At 600 rev/min, since the current is unchanged, the flux is 
unchanged. 
Ei m 
Thus E « ®n, or E xn, and — = — 
2 Mm 
385 800 
Ey 600 
(385)(600) 
(800) 
and Fy =V—1(Ra t+ Ree + R) 
Hence 288.75 = 400 — 25(0.4+ 0.2+ R) 
400 — 288.75 
25 


from which, extra series resistance, R= 4.45 — 0.6 


ie. R=3.85 Q 


Hence 


from which, E> = = 288.75 volts 


Rearranging gives: 0.6 +R= = 4.45 


Thus the addition of a series resistance of 3.85 Q has 
reduced the speed from 800 rev/min to 600 rev/min. 


Now try the following exercise. 


Exercise 85 Further problems on speed control of 
d.c. motors 


1. A 350V shunt motor runs at its normal speed of 
12 rev/s when the armature current is 90A. The 
resistance of the armature is 0.3 Q. 


(a) Find the speed when the current is 45A and a 
resistance of 0.4 Q is connected in series with the 
armature, the shunt field remaining constant. (b) 
Find the speed when the current is 45A and the 
shunt field is reduced to 75% of its normal value by 
increasing resistance in the field circuit. 

[(a) 11.83 rev/s (b) 16.67 rev/s] 


2. A series motor runs at 900 rev/min when the volt- 
age is 420 V and the current is 40 A. The armature 
resistance is 0.3 Q and the series field resistance is 
0.2 &. Calculate the resistance to be connected in 
series to reduce the speed to 720 rev/min with the 
same current. [2 Q] 


3. A 320V series motor takes 80A and runs at 
1080 rev/min at full load. The armature resistance 
is 0.2 Q and the series winding resistance is 0.05 Q. 
Assuming the flux is proportional to the field cur- 
rent, calculate the speed when developing full load 
torque, but with a 0.15 © diverter in parallel with 
the field winding. {1239 rev/min] 


21.16 Motor cooling 


Motors are often classified according to the type of enclos- 
ure used, the type depending on the conditions under 
which the motor is used and the degree of ventilation 
required. 

The most common type of protection is the screen- 
protected type, where ventilation is achieved by fitting a 
fan internally, with the openings at the end of the motor 
fitted with wire mesh. 

A drip-proof type is similar to the screen-protected 
type but has a cover over the screen to prevent drips of 
water entering the machine. 

A flame-proof type is usually cooled by the conduction 
of heat through the motor casing. 

With a pipe-ventilated type, air is piped into the motor 
from a dust-free area, and an internally fitted fan ensures 
the circulation of this cool air. 


22 Three-phase induction motors 


At the end of this chapter you should be able to: 


e appreciate the merits of three-phase induction 
motors 

e understand how arotating magnetic field is produced 

e state the synchronous speed, n; = (f/p) and use in 
calculations 

e describe the principle of operation of a three-phase 
induction motor 

e distinguish between squirrel-cage and wound rotor 
types of motor 

e understand how a torque is produced causing rotor 
movement 

© understand and calculate slip 

e derive expressions for rotor e.m.f., frequency, resis- 
tance, reactance, impedance, current and copper 
loss, and use them in calculations 


@ state the losses in an induction motor and calculate 
efficiency 

e derive the torque equation for an induction motor, 
state the condition for maximum torque, and use in 
calculations 

e describe torque-speed and torque-slip characteristics 
for an induction motor 

e state and describe methods of starting induction 
motors 

e state advantages of cage rotor and wound rotor types 
of induction motor 

e describe the double cage induction motor 

@ state typical applications of three-phase induction 
motors 


22.1 Introduction 


In d.c. motors, introduced in Chapter 21, conductors on 
a rotating armature pass through a stationary magnetic 
field. In a three-phase induction motor, the magnetic 
field rotates and this has the advantage that no external 
electrical connections to the rotor need be made. Its name 
is derived from the fact that the current in the rotor is 
induced by the magnetic field instead of being supplied 
through electrical connections to the supply. The result is 
a motor which: (i) is cheap and robust, (11) is explosion 
proof, due to the absence of a commutator or slip-rings 
and brushes with their associated sparking, (iii) requires 
little or no skilled maintenance, and (iv) has self-starting 
properties when switched to a supply with no additional 
expenditure on auxiliary equipment. The principal disad- 
vantage of a three-phase induction motor is that its speed 
cannot be readily adjusted. 


22.2 Production of a rotating magnetic field 


When a three-phase supply is connected to symmetrical 
three-phase windings, the currents flowing in the windings 
produce a magnetic field. This magnetic field is constant in 
magnitude and rotates at constant speed as shown below, 
and is called the synchronous speed. 


With reference to Figure 22.1, the windings are 
represented by three single-loop conductors, one for each 
phase, marked RsRr, YsYr and BsBr, the S and F sig- 
nifying start and finish. In practice, each phase winding 
comprises many turns and is distributed around the stator; 
the single-loop approach is for clarity only. 

When the stator windings are connected to a three-phase 
supply, the current flowing in each winding varies with 
time and is as shown in Figure 22.1(a). If the value of 
current in a winding is positive, the assumption is made 
that it flows from start to finish of the winding, i.e. if it is 
the red phase, current flows from Rs to Rr, i.e. away from 
the viewer in Rs and towards the viewer in Rr. When the 
value of current is negative, the assumption is made that it 
flows from finish to start, i.e. towards the viewer in an ‘S’ 
winding and away from the viewer in an ‘F’ winding. At 
time, say t;, shown in Figure 22.1(a), the current flowing 
in the red phase is a maximum positive value. At the same 
time, ¢;, the currents flowing in the yellow and blue phases 
are both 0.5 times the maximum value and are negative. 

The current distribution in the stator windings is there- 
fore as shown in Figure 22.1(b), in which current flows 
away from the viewer, (shown as ®) in Rs since it is posi- 
tive, but towards the viewer (shown as ©) in Ys and Bs, 
since these are negative. The resulting magnetic field is as 
shown, due to the ‘solenoid’ action and application of the 
corkscrew rule. 

A short time later at time f2, the current flowing in 
the red phase has fallen to about 0.87 times its maximum 
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Current j i 
+ 
Magnetic R- 
flux 
(d) 
Figure 22.1 


value and is positive, the current in the yellow phase is 
zero and the current in the blue phase is about 0.87 times 
its maximum value and is negative. Hence the currents and 
resultant magnetic field are as shown in Figure 22.1(c). At 
time 73, the currents in the red and yellow phases are 0.5 
of their maximum values and the current in the blue phase 
is a maximum negative value. The currents and resultant 
magnetic field are as shown in Figure 22.1(d). 

Similar diagrams to Figure 22.1(b), (c) and (d) can be 
produced for all time values and these would show that 
the magnetic field travels through one revolution for each 
cycle of the supply voltage applied to the stator windings. 
By considering the flux values rather than the current val- 
ues, it is shown below that the rotating magnetic field 


Coil 
Rotating 


magnetic 
field 


3-Phase 
supply — 
connection 


Figure 22.2 


has a constant value of flux. The three coils shown in 
Figure 22.2(a), are connected in star to a three-phase sup- 
ply. Let the positive directions of the fluxes produced by 
currents flowing in the coils, be ¢4, og and ¢c respect- 
ively. The directions of ¢4, ¢g and ¢c do not alter, but 
their magnitudes are proportional to the currents flowing 
in the coils at any particular time. At time f;, shown in 
Figure 22.2(b), the currents flowing in the coils are: 


ig, amaximum positive value, i.e. the flux is towards 
point P; 

ig and ic, half the maximum value and negative, i.e. 
the flux is away from point P. 


These currents give rise to the magnetic fluxes @4, og 
and $c, whose magnitudes and directions are as shown in 
Figure 22.2(c). The resultant flux is the phasor sum of ¢4, 
op and ¢c, shown as ® in Figure 22.2(c). At time fy, the 
currents flowing are: 


iz, 0.866 x maximum positive value, ic, zero, and 
i4, 0.866 x maximum negative value. 
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The magnetic fluxes and the resultant magnetic flux are as 
shown in Figure 22.2(d). 


At time fs, ig is 0.5 x maximum value and is positive 
iq is a maximum negative value, and 
ic is 0.5 x maximum value and is positive. 


The magnetic fluxes and the resultant magnetic flux are as 
shown in Figure 22.2(e). 

Inspection of Figures 22.2(c), (d) and (e) shows that 
the magnitude of the resultant magnetic flux, ®, in each 
case is constant and is 15 x the maximum value of ¢,, 
os or dc, but that its direction is changing. The process 
of determining the resultant flux may be repeated for all 
values of time and shows that the magnitude of the result- 
ant flux is constant for all values of time and also that it 
rotates at constant speed, making one revolution for each 
cycle of the supply voltage. 


22.3 Synchronous speed 


The rotating magnetic field produced by three-phase wind- 
ings could have been produced by rotating a permanent 
magnet’s north and south pole at synchronous speed, 
(shown as N and S at the ends of the flux phasors in Fig- 
ures 22.1(b), (c) and (d)). For this reason, it is called a 
2-pole system and an induction motor using three-phase 
windings only is called a 2-pole induction motor. 

If six windings displaced from one another by 60° are 
used, as shown in Figure 22.3(a), by drawing the current 
and resultant magnetic field diagrams at various time val- 
ues, it may be shown that one cycle of the supply current 
to the stator windings causes the magnetic field to move 
through half a revolution. The current distribution in the 
stator windings are shown in Figure 22.3(a), for the time 
t shown in Figure 22.3(b). 

It can be seen that for six windings on the stator, the 
magnetic flux produced is the same as that produced by 
rotating two permanent magnet north poles and two per- 
manent magnet south poles at synchronous speed. This 
is called a 4-pole system and an induction motor using 
six-phase windings 1s called a 4-pole induction motor. By 
increasing the number of phase windings the number of 
poles can be increased to any even number. 

In general, if f is the frequency of the currents in the 
stator windings and the stator is wound to be equiva- 
lent to p pairs of poles, the speed of revolution of the 
rotating magnetic field, i.e. the synchronous speed, ny is 
given by: 


ns =— rev/s 


Figure 22.3 


Problem 1. A three-phase two-pole induction motor 
is connected to a 50 Hz supply. Determine the syn- 
chronous speed of the motor in rev/min. 


From above, n; =f/p rev/s, where n,; is the synchronous 
speed, f is the frequency in hertz of the supply to the stator 
and p is the number of pairs of poles. Since the motor is 
connected to a 50 hertz supply, f =50. The motor has a 
two-pole system, hence p, the number of pairs of poles is 
one. 


Thus, synchronous speed, ns = ~ = 50rev/s 
= 50 x 60 rev/min 


= 3000 rev/min 


Problem 2. A stator winding supplied from a three- 
phase 60 Hz system is required to produce a magnetic 
flux rotating at 900 rev/min. Determine the number of 
poles. 


900 
Synchronous speed, ns = 900 rev/min = re rev/s 


= 15rev/s 
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60 
then p= J = =4 
ns 15 
Hence the number of pole pairs is 4 and thus the number 
of poles is 8. 


Since n; = ‘— 


Problem 3. A three-phase 2-pole motor is to have 
a synchronous speed of 6000 rev/min. Calculate the 
frequency of the supply voltage. 


Since ns = f then frequency, f = (n;)(p) 
P 


-() (5) 


= 100 Hz 


Now try the following exercise. 


Exercise 86 Further problems on synchronous 
speed 


1. The synchronous speed of a 3-phase, 4-pole induc- 
tion motor is 60 rev/s. Determine the frequency of 
the supply to the stator windings. [120 Hz] 


2. The synchronous speed of a 3-phase induction 
motor is 25 rev/s and the frequency of the supply to 
the stator is 50 Hz. Calculate the equivalent number 
of pairs of poles of the motor. [2] 


3. A 6-pole, 3-phase induction motor is connected to 
a 300 Hz supply. Determine the speed of rotation 
of the magnetic field produced by the stator. 

[100 rev/s] 


22.4 Construction of a three-phase induction 
motor 


The stator of a three-phase induction motor is the station- 
ary part corresponding to the yoke of a d.c. machine. It 
is wound to give a 2-pole, 4-pole, 6-pole,...... rotating 
magnetic field, depending on the rotor speed required. The 
rotor, corresponding to the armature of a d.c. machine, is 
built up of laminated iron, to reduce eddy currents. 

In the type most widely used, known as a squirrel-cage 
rotor, copper or aluminium bars are placed in slots cut in 
the laminated iron, the ends of the bars being welded or 
brazed into a heavy conducting ring, (see Figure 22.4(a)). 
A cross-sectional view of a three-phase induction motor 
is shown in Figure 22.4(b). 

The conductors are placed in slots in the laminated 
iron rotor core. If the slots are skewed, better starting 


Figure 22.4 


and quieter running is achieved. This type of rotor has 
no external connections which means that slip-rings and 
brushes are not needed. The squirrel-cage motor is cheap, 
reliable and efficient. 

Another type of rotor is the wound rotor. With this 
type there are phase windings in slots, similar to those 
in the stator. The windings may be connected in star or 
delta and the connections made to three slip-rings. The 
slip-rings are used to add external resistance to the rotor 
circuit, particularly for starting (see Section 22.13), but 
for normal running the slip-rings are short circuited. 

The principle of operation is the same for both the 
squirrel-cage and the wound rotor machines. 


22.5 Principle of operation of a three-phase 
induction motor 


When a three-phase supply is connected to the stator 
windings, a rotating magnetic field is produced. As the 
magnetic flux cuts a bar on the rotor, an e.m.f. is induced 
in it and since it is joined, via the end conducting rings, to 
another bar one pole pitch away, acurrent flows in the bars. 
The magnetic field associated with this current flowing in 
the bars interacts with the rotating magnetic field and a 
force is produced, tending to turn the rotor in the same 
direction as the rotating magnetic field, (see Figure 22.5). 


O Pete Oo 
[e) aor 3 Force 
2 fe 


Rotating magnetic 
field 


Stator 


Rotor 


Figure 22.5 
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Similar forces are applied to all the conductors on the rotor, 
so that a torque is produced causing the rotor to rotate. 


22.6 Slip 


The force exerted by the rotor bars causes the rotor to turn 
in the direction of the rotating magnetic field. As the rotor 
speed increases, the rate at which the rotating magnetic 
field cuts the rotor bars is less and the frequency of the 
induced e.m.f.’s in the rotor bars is less. If the rotor runs 
at the same speed as the rotating magnetic field, no e.m.f.’s 
are induced in the rotor, hence there is no force on them 
and no torque on the rotor. Thus the rotor slows down. 
For this reason the rotor can never run at synchronous 
speed. 

When there is no load on the rotor, the resistive forces 
due to windage and bearing friction are small and the 
rotor runs very nearly at synchronous speed. As the rotor 
is loaded, the speed falls and this causes an increase in 
the frequency of the induced e.m.f.’s in the rotor bars and 
hence the rotor current, force and torque increase. The dif- 
ference between the rotor speed, n,, and the synchronous 
speed, ns, is called the slip speed, i.e. 


slip speed = ns — n; rev/s 


The ratio (ns —1n,)/ns is called the fractional slip or 
just the slip, s, and is usually expressed as a percentage. 
Thus 


Ss 


slip,s = (* se a) x 100% 


Typical values of slip between no load and full load are 
about 4 to 5% for small motors and 1.5 to 2% for large 
motors. 


Problem 4. The stator of a 3-phase, 4-pole induc- 
tion motor is connected to a 50 Hz supply. The rotor 
runs at 1455 rev/min at full load. Determine (a) the 
synchronous speed and (b) the slip at full load. 


(a) The number of pairs of poles, p= 4/2 =2 
The supply frequency f = 50 Hz 


50 
The synchronous speed, ns = f a5 25 rev/s 
Pp 


1455 


(b) The rotor speed, n; = —— = 24.25 rev/s 


The slip, s = (* = “«) x 100% 
Ns 
25 — 24.25 


Problem 5. A 3-phase, 60 Hz induction motor has 2 
poles. If the slip is 2% at a certain load, determine 
(a) the synchronous speed, (b) the speed of the rotor 
and (c) the frequency of the induced e.m-f.’s in the 
rotor. 


2 
(a) f =60Hz, p=>=1 


60 
Hence synchronous speed, n; = f =7 
Pp 
= 60 rev/s PART 
or 60 x 60= 3600 rev/min 2 
(b) Since slip, s = (* = “*) x 100% 
Ns 
60 — n; 
2= 100 
( 60 ) ‘ 
x 60 
H = 60 —n, 
ence 100 n 
2 
ie. pee eae ee 


100 
i.e. the rotor runs at 58.8 x 60 = 3528 rev/min 
(c) Since the synchronous speed is 60 rev/s and that of 
the rotor is 58.8 rev/s, the rotating magnetic field cuts 


the rotor bars at (60 — 58.8), i.e. 1.2 rev/s. 
Thus the frequency of the e.m.f.’s induced in the 


2 
rotor bars, f=n,p = a.2)(5) =1.2 Hz 


Problem 6. A three-phase induction motor is sup- 
plied from a 50 Hz supply and runs at 1200 rev/min 
when the slip is 4%. Determine the synchronous speed. 


Slip, s= (* a “*) x 100% 


S 


1200 
Rotor speed, n, = 60 = 20rev/s, and s=4 
ns — 20 
Hence 4= x 100% 
Ns 
ns — 20 


or 0.04 = 
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from which, n;(0.04) =n; — 20 
and 20 =n; — 0.04 ns =n;(1 — 0.04) 


20 
H h spans 
ence synchronous speed, n, ( 7 au) 


= 20.83 rev/s 
= (20.83 x 60) rev/min 
= 1250 rev/min 


Now try the following exercise. 


Exercise 87 Further problems on slip 


1. A 6-pole, 3-phase induction motor runs at 
970 rev/min at a certain load. If the stator is con- 
nected to a 50 Hz supply, find the percentage slip at 
this load. [3%] 


2. A3-phase, 50 Hz induction motor has 8 poles. If the 
full load slip is 2.5%, determine (a) the synchronous 
speed, (b) the rotor speed, and (c) the frequency of 
the rotor e.m.f.’s. 

[(a) 750 rev/min (b) 731 rev/min (c) 1.25 Hz] 


3. A three-phase induction motor is supplied from a 
60 Hz supply and runs at 1710 rev/min when the 
slip is 5%. Determine the synchronous speed. 

{1800 rev/min] 


4. A 4-pole, 3-phase, 50 Hz induction motor runs at 
1440 rev/min at full load. Calculate (a) the syn- 
chronous speed, (b) the slip and (c) the frequency 
of the rotor induced e.m.f.’s. 

[(a) 1500 rev/min (b) 4% (c) 2 Hz] 


22.7 Rotor e.m.f. and frequency 


Rotor e.m.f. 


When an induction motor is stationary, the stator and rotor 
windings form the equivalent of a transformer as shown 
in Figure 22.6. 


Stator Rotor 


Figure 22.6 


The rotor e.m.f. at standstill is given by 
(22.1) 


where E; is the supply voltage per phase to the stator. 

When an induction motor is running, the induced e.m.f. 
in the rotor is less since the relative movement between 
conductors and the rotating field is less. The induced 
e.m.f. is proportional to this movement, hence it must 
be proportional to the slip, s. 


Hence when running, rotor e.m.f. per phase 


S. S 


Rotor frequency 


(22.2) 


The rotor e.m.f. is induced by an alternating flux and the 
rate at which the flux passes the conductors is the slip 
speed. Thus the frequency of the rotor e.m-f. is given by: 


fr = (ns — ny) p = Ce np) 


S 


Ns — 
However 


Ns 
frequency f, hence 


“*) is the slip s and nsp is the supply 


(22.3) 


Problem 7. The frequency of the supply to the stator 
of an 8-pole induction motor is 50 Hz and the rotor 
frequency is 3 Hz. Determine (a) the slip, and (b) the 
rotor speed. 


(a) From equation (22.3), f- = sf 
3 =(s)(50) 


Hence 


from which, slip, s = = = 0.06 or 6% 


(b) Synchronous speed, ns = f = ~ = 12.5 rev/s 
or (12.5 x 60) = 750 rev/min 


Bit af TY a ee 2 (1a 
Ip, S= = , nence V. = 5° 


(0.06)(12.5) = 12.5 — n; 
and rotor speed, n; = 12.5 — (0.06)(12.5) 
= 11.75 rev/s or 705 rev/min 
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Now try the following exercise. 


Exercise 88 Further problems on rotor frequency 


1. A 12-pole, 3-phase, 50 Hz induction motor runs at 
475 rev/min. Determine (a) the slip speed, (b) the 
percentage slip and (c) the frequency of rotor 
currents. [(a) 25 rev/min (b) 5% (c) 2.5 Hz] 


2. The frequency of the supply to the stator of a 6-pole 
induction motor is 50 Hz and the rotor frequency is 
2 Hz. Determine (a) the slip, and (b) the rotor speed 
in rev/min. [(a) 0.04 or 4% (b) 960 rev/min] 


22.8 Rotor impedance and current 


Rotor resistance 


The rotor resistance R2 is unaffected by frequency or slip, 
and hence remains constant. 


Rotor reactance 


Rotor reactance varies with the frequency of the rotor 


current. 
At standstill, reactance per phase, X2 = 2zfL 


When running, reactance per phase, 


X; = 2nf,-L 
= 27(sf)L from equation (22.3) 
= 5(27fL) 

ie. (22.4) 


Figure 22.7 represents the rotor circuit when running. 


Re X, = 8X, 


E, = SE, 


Figure 22.7 


Rotor impedance 


Rotor impedance per phase, Z, = ./ [R5 + (sX2)"] 
(22.5) 


At standstill, slip s =1,then Z) = Y[R} + X3] (22.6) 


Rotor current 


From Figures 22.6 and 22.7, 


N2 E 
E, a Ny 1 


at standstill, starting current, | [2 = — = es ee 
Z2 J [R3 + Xz] 


(22.7) 


and when running, current,| J, = 


(22.8) 


22.9 Rotor copper loss 


Power P = 2nT, where T is the torque in newton metres, 
hence torque T = (P/2zn) 

If P2 is the power input to the rotor from the rotating 
field, and P,, is the mechanical power output (including 
friction losses) 


P. P, 
then = em 
2mn,; 27Nn, 
P. P, P, 
from which, ~=—" or = fae 
Ns Ny Po Ns 
P, 
Hence ae a 
2 Ns 
Py — Pin Ns — Ny 
Po 7 Ns = 


Pz — Pr is the electrical or copper loss in the rotor, i.e. 
Po — Pm=T?Ro 


rotor copper loss _ 1?R2 


: (22.9) 
rotor input P2 


Hence} slip, s = 


or power input to the rotor, } P2 = —— (22.10) 
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Input power 


Stator 


Stator 
losses 


P,= P,— Stator losses 


Figure 22.8 


22.10 Induction motor losses and efficiency 


Figure 22.8 summarizes losses in induction motors. 


output power Py 


Motor efficiency, | 1 = x 100% 


input power P\ 


Rotor 
copper 
losses 


Useful mechanical 
power from 
rotor shaft 


Friction 
and 
windage 
losses 


F = F,- Rotor F,= F — Friction 
copper and 
losses windage 


losses 


(d) Efficiency of induction motor, 


output power 
~~ \ input power 


) x 100% 


= (=) x 100% = 89.10% 


Problem 8. The power supplied to a three-phase 
induction motor is 32kW and the stator losses are 
1200 W. If the slip is 5%, determine (a) the rotor cop- 
per loss, (b) the total mechanical power developed by 
the rotor, (c) the output power of the motor if friction 
and windage losses are 750 W, and (d) the efficiency 


Problem9. The speed of the induction motor of Prob- 
lem 8 is reduced to 35% of its synchronous speed by 
using external rotor resistance. If the torque and stator 
losses are unchanged, determine (a) the rotor copper 
loss, and (b) the efficiency of the motor. 


of the motor, neglecting rotor iron loss. 


(a) Input power to rotor = stator input power 
— stator losses 


=32kW — 1.2kW=30.8kW 


ti ] 
From equation (22.9), slip = FOLOE COPDEENOSS. 


rotor input 


: 5 rotor copper loss 

sid 100. «30.8 

from which, rotor copper loss = (0.05)(30.8) 
= 1.54kW 


(b) Total mechanical power developed by the rotor 
= rotor input power — rotor losses 
= 30.8 — 1.54=29.26kW 

(c) Output power of motor 


= power developed by the rotor 
— friction and windage losses 


= 29.26 — 0.75 = 28.51 kW 


(a) Slip, s= (* = “*) x 100% 


Ns 


> (* — 0.35 ns 


Ns 


) x 100% 


= (0.65)(100) = 65% 
Input power to rotor = 30.8 kW (from Problem 8) 


rotor copper loss 


Since s= : 
rotor input 


then rotor copper loss = (s)(rotor input) 


65 
= {— .8) = 20.02 k 
(—) oo 02kW 


(b) Power developed by rotor 
= input power to rotor — rotor copper loss 
= 30.8 — 20.02 = 10.78 kW 
Output power of motor 


= power developed by rotor 
— friction and windage losses 


= 10.78 — 0.75 = 10.03 kW 
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output power 


Efficiency, 7 = x 100% 


input power 
10. 
= (2228) 5 1008 


=31.34% 


Now try the following exercise. 


Exercise 89 Further problems on losses and 
efficiency 


1. The power supplied to a three-phase induction 
motor is 50kW and the stator losses are 2kW. If 
the slip is 4%, determine (a) the rotor copper loss, 
(b) the total mechanical power developed by the 
rotor, (c) the output power of the motor if friction 
and windage losses are 1 kW, and (d) the efficiency 
of the motor, neglecting rotor iron losses. 

[(a) 1.92 kW (b) 46.08 kW (c) 45.08 kW 
(d) 90.16%] 


2. By using external rotor resistance, the speed of the 
induction motor in Problem | is reduced to 40% 
of its synchronous speed. If the torque and stator 
losses are unchanged, calculate (a) the rotor copper 
loss, and (b) the efficiency of the motor. 

[(a) 28.80 kW (b) 36.40%] 


22.11 Torque equation for an induction motor 


Py 1 T?R2 
Torque T = — (from equation 
2mMNns 2mNns KY 
(22.10) 


S(N2/N1)E\ 


From equation (22.8), [, = ——.———_—_ 
"IRS + (sX2)7] 


Hence torque per phase, 


" ( 1 ) s?(N2/N\)°E? (*) 
~ \ ann, R3 + (sX2)? s 


( 1 ) s(N2/N\PE{R2 
le. T= 
2mNs RS + (sX2)? 


If there are m phases then 


m ) s(N2/N1)°E7 Ro 
Qnns RS + (sX2)? 


torque, T= ( 


(22.11) 


sE?R> 
=k REECE C where k is a constant for 
Ry + (sX2) a particular machine, 


sE?R, 


1.e. torque T « —————. 
de ORE (XP 


(22.12) 


Under normal conditions, the supply voltage is usually 
constant, hence equation (22.12) becomes: 


SRo R> 
Tx 5 5 XT 
Ry + (sX2) R53 


Ss 


+ Gi 


The torque will be a maximum when the denominator is 
a minimum and this occurs when RS /s= 5X3 


2 or Ro = sX2 = X, from equation (22.4) 
2 


i.e. when s= 


Thus maximum torque occurs when rotor resistance and 
rotor reactance are equal, i.e. Rz = X; 


Problems 10 to 13 following illustrate some of the 
characteristics of three-phase induction motors. 


Problem 10. A 415V, three-phase, 50Hz, 4-pole, 
star-connected induction motor runs at 24 rev/s on full 
load. The rotor resistance and reactance per phase 
are 0.35 Q and 3.5 Q respectively, and the effective 
rotor-stator turns ratio is 0.85:1. Calculate (a) the syn- 
chronous speed, (b) the slip, (c) the full load torque, 
(d) the power output if mechanical losses amount to 
770 W, (e) the maximum torque, (f) the speed at which 
maximum torque occurs, and (g) the starting torque. 


(a) Synchronous speed, ns = 


2 
= 25 rev/s or (25 x 60) 


= 1500 rev/min 


f 50 
P 


: Ns — Ny 25 — 24 
(b) Slip, s= = = 0.04 or 4% 
Ns 25 


415 
(c) Phase voltage, FE; = 3B = 239.6 volts 
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Full load torque, 


gs [ae | sE7R> 
Lang R3 + (8X2) 


from equation (22.11) 


_ [ 30.85) 0.04 (239.6)? 0.35 

“| 2n(25) } | (0.35)? + (0.04 x 3.5)? 
803.71 
0.1421 


= (0.01380) ( ) =78.05Nm 


(d) Output power, including friction losses, 
Pm = 20ny-T 
= 271(24)(78.05) 
= 11770 watts 
Hence power output = P,,, — mechanical losses 
= 11770—770= 11000 W 
=11kW 
(e) Maximum torque occurs when R2 = X; = 0.35 Q 
_ Re _ 035 _ 
XxX 3.5 


Hence maximum torque, 


Slip, s 0.1 


sE? Ro 


Tm = (0.01380) | ————— 
= )| eee 


from part (c) 


2 
~ (0.01380) aoa =| 


0.35? + 0.352 


2009.29 
0.245 


= (0.01380) | 


= 113.18Nm 


(f) For maximum torque, slip s=0.1 


Sli Ns —Ny\. 0.1 25 —n, 
ip, s= ie. 0.1 = 
Bee Ns 25 


Hence (0.1)(25) = 25 — n; and n, = 25 — (0.1)(25) 


Thus speed at which maximum torque occurs, 
ny = 25 — 2.5 
= 22.5 rev/s or 1350 rev/min 
(g) At the start, i.e. at standstill, slip s = 1 


me EX Ro 
2mns RU + X35 


Hence starting torque = 


from equation (22.11) with s= 1 


2 
— (0.01380) aa o3 


0.35? + 3.57 
ae) 


=(0.01 
a 380) ( 12.3725 


ie. starting torque = 22.41 Nm 


(Note that the full load torque (from part (c)) is 78.05 Nm 
but the starting torque is only 22.41 Nm) 


Problem 11. Determine for the induction motor in 
Problem 10 at full load, (a) the rotor current, (b) the 
rotor copper loss, and (c) the starting current. 


(a) From equation (22.8), rotor current, 


r 


IR + (8X2)? ] 

_ (0.04)(0.85)(239.6) 
10.352 + (0.04 x 3.5)2] 
8.1464 

~ 0.37696 


(b) Rotor copper loss per phase = I? Ry 
= (21.61)?(0.35) 
= 163.45 W 


=21.61A 


Total copper loss (for 3 phases) = 3 x 163.45 
= 490.35 W 
(c) From equation (22.7), starting current, 
Ny 
— )E, 
— AM —__ (0.85)(239.6) 


- = = 57.904 
2 IRE 4X2] 10.35? + 3.57] 


(Note that the starting current of 57.90 A is considerably 
higher than the full load current of 21.61 A) 


Problem 12. For the induction motor in Problems 10 
and 11, if the stator losses are 650 W, determine (a) the 
power input at full load, (b) the efficiency of the motor 
at full load and (c) the current taken from the supply 
at full load, if the motor runs at a power factor of 0.87 


lagging. 


(a) Output power P,,=11.770kW from part (d), 
Problem 10 


Rotor copper loss = 490.35 W = 0.49035 kW from 
part (b), Problem 11 


Three-phase induction motors 287 


Stator input power, P) = P,, + rotor copper loss 
+ rotor stator loss 
= 11.770+ 0.49035 +0.650 
= 12.910kW 
(b) Net power output = 11 kW from part (d), Problem 10 


output 


input 


il 
= (50) x 100% 


= 85.21% 


(c) Power input, P; =./3Vz I, cos @ (see Chapter 19) 
and cos @= p.f. = 0.87 


Hence efficiency, 7 = x 100% 


Pi 
/3V1 cosh 
_ 12.910 x 1000 
/3(415) 0.87 
= 20.64A 


hence, supply current, I, = 


Problem 13. For the induction motor of Problems 10 
to 12, determine the resistance of the rotor winding 
required for maximum starting torque. 


From equation (22.4), rotor reactance X; = sX2 
At the moment of starting, slip, s= 1 

Maximum torque occurs when rotor reactance 
equals rotor resistance hence for maximum torque, 
R2 =X, = 5X2 = X72 =3.52 

Thus if the induction motor was a wound rotor type 
with slip-rings then an external star-connected resistance 
of (3.5 — 0.35) 2 =3.15 Q per phase could be added to 
the rotor resistance to give maximum torque at starting 
(see Section 22.13). 


Now try the following exercise. 


Exercise 90 Further problems on the torque 
equation 


1. A 400V, three-phase, 50 Hz, 2-pole, star-connected 
induction motor runs at 48.5 rev/s on full load. The 
rotor resistance and reactance per phase are 0.4 Q 
and 4.0 Q respectively, and the effective rotor-stator 
turns ratio is 0.8:1. Calculate (a) the synchronous 
speed, (b) the slip, (c) the full load torque, (d) the 
power output if mechanical losses amount to 500 W, 


(e) the maximum torque, (f) the speed at which 
maximum torque occurs, and (g) the starting torque. 
[(a) 50 rev/s or 3000 rev/min (b) 0.03 or 3% 

(c) 22.43 Nm (d) 6.34 kW (e) 40.74 Nm 

(f) 45 rev/s or 2700 rev/min (g) 8.07 Nm] 


2. For the induction motor in Problem 1, calculate at 
full load (a) the rotor current, (b) the rotor copper 
loss, and (c) the starting current. 

[(a) 13.27A (b) 211.3 W (c) 45.96 A] 


3. If the stator losses for the induction motor in Prob- 
lem | are 525 W, calculate at full load (a) the power 
input, (b) the efficiency of the motor and (c) the 
current taken from the supply if the motor runs at a 
power factor of 0.84. 

[(a) 7.57 kW (b) 83.75% (c) 13.0A] 


4. For the induction motor in Problem 1, determine 
the resistance of the rotor winding required for 
maximum starting torque. [4.0 02] 


22.12 Induction motor torque-speed 
characteristics 


From Problem 10, parts (c) and (g), it is seen that the 
normal starting torque may be less than the full load 
torque. Also, from Problem 10, parts (e) and (f), it is seen 
that the speed at which maximum torque occurs is deter- 
mined by the value of the rotor resistance. At synchronous 
speed, slip s=0 and torque is zero. From these observa- 
tions, the torque-speed and torque-slip characteristics of 
an induction motor are as shown in Figure 22.9. 

The rotor resistance of an induction motor is usu- 
ally small compared with its reactance (for example, 
Ry =0.35 Q and X27 =3.5 Q in the above Problems), so 
that maximum torque occurs at a high speed, typically 
about 80% of synchronous speed. 

Curve P in Figure 22.9 is a typical characteristic for an 
induction motor. The curve P cuts the full load torque 
line at point X, showing that at full load the slip is 
about 4-5 %. The normal operating conditions are between 
0 and X, thus it can be seen that for normal operation the 
speed variation with load is quite small — the induction 
motor is an almost constant-speed machine. Redrawing 
the speed-torque characteristic between 0 and X gives the 
characteristic shown in Figure 22.10, which is similar to 
a d.c. shunt motor as shown in Chapter 21. 

If maximum torque is required at starting then a high 
resistance rotor is necessary, which gives characteristic Q 
in Figure 22.9. However, as can be seen, the motor has 
a full load slip of over 30%, which results in a drop in 
efficiency. Also such a motor has a large speed variation 
with variations of load. Curves R and S of Figure 22.9 
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Maximum 


torque 


Full load 


Torque 


torque 


0 


0 
100 % 


(Synchronous 
speed) 


Figure 22.9 
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Speed 


T 
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t 

| 

|Full load 
| torque 
| 

| 


i) Torque 


Figure 22.10 


are characteristics for values of rotor resistances between 
those of P and Q. Better starting torque than for curve 
P is obtained, but with lower efficiency and with speed 
variations under operating conditions. 

A squirrel-cage induction motor would normally 
follow characteristic P. This type of machine is highly 
efficient and about constant-speed under normal running 
conditions. However it has a poor starting torque and must 
be started off-load or very lightly loaded (see Section 
22.13 below). Also, on starting, the current can be four 
or five times the normal full load current, due to the motor 
acting like a transformer with secondary short circuited. 
In Problem 11, for example, the current at starting was 
nearly three times the full load current. 

A wound-rotor induction motor would follow char- 
acteristic P when the slip-rings are short-circuited, which 
is the normal running condition. However, the slip-rings 
allow for the addition of resistance to the rotor circuit 
externally and, as a result, for starting, the motor can have 
a characteristic similar to curve Q in Figure 22.9 and the 
high starting current experienced by the cage induction 
motor can be overcome. 

In general, for three-phase induction motors, the power 
factor is usually between about 0.8 and 0.9 lagging, and 
the full load efficiency is usually about 80-90%. 

From equation (22.12), it is seen that torque is propor- 
tional to the square of the supply voltage. Any voltage 


variations therefore would seriously affect the induction 
motor performance. 


22.13 Starting methods for induction motors 


Squirrel-cage rotor 


(1) Direct-on-line starting 
With this method, starting current is high and may 
cause interference with supplies to other consumers. 

(ii) Auto transformer starting 
With this method, an auto transformer is used to 
reduce the stator voltage, E;, and thus the starting 
current (see equation (22.7)). However, the starting 
torque is seriously reduced (see equation (22.12)), so 
the voltage is reduced only sufficiently to give the 
required reduction of the starting current. A typical 
arrangement is shown in Figure 22.11. A double- 
throw switch connects the auto transformer in circuit 
for starting, and when the motor is up to speed the 


Three-phase 
auto transformer 


Run 


Figure 22.11 
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switch is moved to the run position which connects 
the supply directly to the motor. 
(iii) Star-delta starting 

With this method, for starting, the connections to 
the stator phase winding are star-connected, so that 
the voltage across each phase winding is 1/,/3 (ie. 
0.577) of the line voltage. For running, the windings 
are switched to delta-connection. A typical arrange- 
ment is shown in Figure 22.12. This method of 
starting is less expensive than by auto transformer. 


Wound rotor 


When starting on load is necessary, a wound rotor induc- 
tion motor must be used. This is because maximum torque 
at starting can be obtained by adding external resistance to 
the rotor circuit via slip-rings, (see Problem 13). A face- 
plate type starter is used, and as the resistance is gradually 
reduced, the machine characteristics at each stage will be 
similar to Q, S, R and P of Figure 22.13. At each resistance 
step, the motor operation will transfer from one character- 
istic to the next so that the overall starting characteristic 


Induction 
motor 


Start 


Figure 22.12 
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Torque 


torque 
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will be as shown by the bold line in Figure 22.13. For very 
large induction motors, very gradual and smooth starting 
is achieved by a liquid type resistance. 


22.14 Advantages of squirrel-cage induction 
motors 


The advantages of squirrel-cage motors compared with 
the wound rotor type are that they: 


(i) are cheaper and more robust 
(ii) have slightly higher efficiency and power factor 
(iii) are explosion-proof, since the risk of sparking is 
eliminated by the absence of slip-rings and brushes. 


22.15 Advantages of wound rotor induction motor 


The advantages of the wound rotor motor compared with 
the cage type are that they: 


(i) have a much higher starting torque 
(ii) have a much lower starting current 
(iii) have a means of varying speed by use of external 
rotor resistance. 


22.16 Double cage induction motor 


The advantages of squirrel-cage and wound rotor induc- 
tion motors are combined in the double cage induction 
motor. This type of induction motor is specially con- 
structed with the rotor having two cages, one inside the 
other. The outer cage has high resistance conductors so 
that maximum torque is achieved at or near starting. The 
inner cage has normal low resistance copper conductors 


4 
anne Combined double cage 

a Cae 
> 
oz 
ec 

19, 
10 Speed ) 


Figure 22.14 


but high reactance since it is embedded deep in the iron 
core. The torque-speed characteristic of the inner cage is 
that of anormal induction motor, as shown in Figure 22.14. 
At starting, the outer cage produces the torque, but when 
running the inner cage produces the torque. The com- 
bined characteristic of inner and outer cages is shown in 
Figure 22.14. The double cage induction motor is highly 
efficient when running. 


22.17 Uses of three-phase induction motors 


Three-phase induction motors are widely used in industry 
and constitute almost all industrial drives where a nearly 
constant speed is required, from small workshops to the 
largest industrial enterprises. 

Typical applications are with machine tools, pumps and 
mill motors. The squirrel cage rotor type is the most widely 
used of all a.c. motors. 


Revision test 7 


This revision test covers the material contained in 
chapters 21 and 22. 


The marks for each question are shown in brackets at 


the end of each question. 


1. A 6-pole armature has 1000 conductors and a flux per 
pole of 40 mWb. Determine the e.m.f. generated when 
running at 600 rev/min when (a) lap wound (b) wave 
wound. (6) 


. The armature of ad.c. machine has a resistance of 0.3 Q 
and is connected to a 200 V supply. Calculate the e.m.f. 
generated when it is running (a) as a generator giving 
80A (b) as a motor taking 80A (4) 


3. A 15 kW shunt generator having an armature circuit 
resistance of | Q and a field resistance of 160 Q gener- 
ates a terminal voltage of 240 V at full load. Determine 
the efficiency of the generator at full load assuming the 
iron, friction and windage losses amount to 544 W. 


(6) 


4. A 4-pole d.c. motor has a wave-wound armature with 
1000 conductors. The useful flux per pole is 40 mWb. 
Calculate the torque exerted when a current of 25A 
flows in each armature conductor. (4) 


. A 400V shunt motor runs at it’s normal speed of 20 


rev/s when the armature current is 100 A. The armature 
resistance is 0.25 Q. Calculate the speed, in rev/min 
when the current is 50A and a resistance of 0.40 Q is 
connected in series with the armature, the shunt field 
remaining constant. (7) 


. The stator of a three-phase, 6-pole induction motor is 


connected to a 60 Hz supply. The rotor runs at 1155 
rev/min at full load. Determine (a) the synchronous 
speed, and (b) the slip at full load. (6) 


. The power supplied to a three-phase induction motor 


is 40kW and the stator losses are 2kW. If the slip 
is 4% determine (a) the rotor copper loss, (b) the 
total mechanical power developed by the rotor, (c) the 
output power of the motor if frictional and windage 
losses are 1.48 kW, and (d) the efficiency of the motor, 
neglecting rotor iron loss. (9) 


. A 400V, three-phase, 100 Hz, 8-pole induction motor 


runs at 24.25 rev/s on full load. The rotor resistance and 
reactance per phase are 0.2 Q and 2 Q respectively and 
the effective rotor-stator turns ratio is 0.80:1. Calculate 
(a) the synchronous speed, (b) the percentage slip, and 
(c) the full load torque. (8) 
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Main formulae for Part 2 


A.c. theory: 


1 1 P+ie+R+ +i 
T=-orf=— T= ee ee “ 
f T n 


2 
For a sine wave: I4y = —I, or 0.6371 
Sd 


1 
T= —=1 yp, or 0.7071 in 


J2 


Peak factor = 
average rms 


maximum 
Form factor = —_——_—_ 


General sinusoidal voltage: v = V,, sin (wt + @) 


Single-phase circuits: 


: t= V =V@ER 


Xy = 2nfL XC 


~~ QnfC I 
1 
Series resonance: f,. = ———— 
i 2n/LC 
VL Ve 2nf-L 1 1 ie 
Q= or = = = 
V V R 2mf;-CR RVC 
fr ie 
Q= o (f-fp=s 
fo —-fi Q 
Parallel (LR-C circuit): f ee i Oe 
arallel resonance -© circuit): =>=— —_ - — 
"~InVLC L2 
VRC L Qnf,L Ic 
[= — Rp = — = = 
r L D CR Q R 1, 


P=Vicos# or PR S=VI 


R 
Q=VIsing power factor = cos ¢ = Z 


D.c. transients: 


C—Rcircuit t=CR 


Charging: ve =V(1— ee @/®)) yy, = Ve H/CR) 
i= Je #/CR) 
Discharging: vc=vr=VeWTV/AR fate 


C32: L 
L— Reircuit t= — 


Current growth: vz, = Ve~@/)) 


vr=V(1 — e RL) 
i=I(1—e @/)) 
Current decay: vz =vgp=Ve~R/)) j= Je~#/2) 


Operational amplifiers: 


differential voltage gain 


common mode gain 


V —R; 
Inverter: A=—= a 
Vi R; 
; Vo Ry 
Non-inverter: A=—=14+— 
i Rj 
; Vi V2 V3 
S : Vo = —Ry 
Pee ee G Ro 4 
1 
Integrator: Vo=- CR Vidt 
: : Ry 
Differential: If Vj > V2: Vo = (Vi — V2) 


Ri 
If V2 > Vi : 


Vo =(V vo( = )O+%) 
Cee , Ro + R3 " Ri 


Three-phase systems: 


Star Ip =I, Vip=V3Vp Delta Vi=V, IL=V3, 
P=VJ3V,I, cos or P=32PRy 


Two-wattmeter method P = P; + P2 


(P, — P2) 
tan @ = /3——_—— 
(P, + P2) 
Transformers: 
Vy Mb 7 72 
—=—=4 p=,j/dz4+I 
Ver Ne Gj 0= yn +10) 


Im = Io sin do Ic = Incos do 
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—E 


) x 100% 


V1 \2 
Equivalent circuit: Re = Ri + Ro (2) 


V2 
ees ee a ee : 
e—Al 2 V5 
Ze = y (R2 + X2) 

losses 


Efficiency, 7 = 1 — —————— 
input power 


Output power = V212 cos d2 
Total loss = copper loss + iron loss 


Input power = output power + losses 


: : M\? 
Resistance matching: Ry = (= R, 
2 


D.c. machines: 


2pOnZ 


c 
(c = 2 for wave winding, c = 2p for lap winding) 


Generator: EF = V + IgRq 


General e.m.f. E = «x Ow 


VI 
Vit Ry FHV +E 


Efficiency, 7 = ( ) x 100% 


Motor: E=V—IgRa 


VI —-I?R,-Il;V —C 
Efficiency, 7 = ane x 100% 
VI 
EI ZI, 
Torque = Ce x Ig® 
2mn IC 
Three-phase induction motors: 
Ns _f s= (* — “*) x 100 f-=sf X, = sX2 
P Ns 
N2 ) 
s{—]E, 
E ( IPR 
I, ee Ni ect 2 


Zr ER + (8X2)?] Pa 


Efficiency, 7 = at 
P| 

input — stator loss — rotor copper loss 

— friction & windage loss 


input power 


( ay sETR> 
Torque, T = 
2mns R5 + (8X2)? 


sE{R2 
x 
R5 + (8X2)? 
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23 Revision of complex numbers 


At the end of this chapter you should be able to: 


e define a complex number 

e understand the Argand diagram 

e perform calculations on addition, subtraction, mul- 
tiplication, and division in Cartesian and polar 
forms 


e use De Moivres theorem for powers and roots of 
complex numbers 


23.1 Introduction 


A complex number is of the form (a+ jb) where a is 
a real number and jb is an imaginary number. Hence 
(1 +j2) and (5 — j7) are examples of complex numbers. 


By definition, | j= /—-1 | and | 7? = -1 


Complex numbers are widely used in the analysis of 
series, parallel and series-parallel electrical networks sup- 
plied by alternating voltages (see Chapters 24 to 26), in 
deriving balance equations with a.c. bridges (see Chap- 
ter 27), in analysing a.c. circuits using Kirchhoff’s laws 
(Chapter 30), mesh and nodal analysis (Chapter 31), the 
superposition theorem (Chapter 32), with Thévenin’s and 
Norton’s theorems (Chapter 33) and with delta-star and 
star-delta transforms (Chapter 34) and in many other 
aspects of higher electrical engineering. The advantage 
of the use of complex numbers is that the manipulative 
processes become simply algebraic processes. 

A complex number can be represented pictorially on an 
Argand diagram. In Figure 23.1, the line 0A represents 
the complex number (2+ 3), OB represents (3 —/), OC 
represents (—2 + j2) and OD represents (—4 — 3). 

A complex number of the form a+ jb is called a 
Cartesian or rectangular complex number. The sig- 
nificance of the j operator is shown in Figure 23.2. In 
Figure 23.2(a) the number 4 (i.e. 4+j0) is shown drawn 
as a phasor horizontally to the right of the origin on the real 
axis. (Such a phasor could represent, for example, an alter- 
nating current, i= 4 sin wt amperes, when time f is zero.) 

The number /4 (i.e. 0 +/4) is shown in Figure 23.2(b) 
drawn vertically upwards from the origin on the imaginary 
axis. Hence multiplying the number 4 by the operator 
j results in an anticlockwise phase-shift of 90° without 
altering its magnitude. 


Imaginary 
axis 


Real 
axis 


Figure 23.1 The Argand diagram 


Multiplying j4 by j gives j*4, ie. —4, and is shown in 
Figure 23.2(c) as a phasor four units long on the horizon- 
tal real axis to the left of the origin — an anticlockwise 
phase-shift of 90° compared with the position shown 
in Figure 23.2(b). Thus multiplying by j? reverses the 
original direction of a phasor. 

Multiplying j74 by j gives 34, i.e. —j4, and is shown in 
Figure 23.2(d) as a phasor four units long on the vertical, 
imaginary axis downward from the origin — an anticlock- 
wise phase-shift of 90° compared with the position shown 
in Figure 23.2(c). 

Multiplying j?4 by j gives j*4, ie. 4, which is the 
original position of the phasor shown in Figure 23.2(a). 

Summarizing, application of the operator j to any num- 
ber rotates it 90° anticlockwise on the Argand diagram, 
multiplying a number by /? rotates it 180° anticlockwise, 
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Figure 23.2 


multiplying a number by j? rotates it 270° anticlockwise 
and multiplication by j* rotates it 360° anticlockwise, i.e. 
back to its original position. In each case the phasor is 
unchanged in its magnitude. 


By similar reasoning, if a phasor is operated on by 
—j then a phase shift of —90° (i.e. clockwise direction) 
occurs, again without change of magnitude. 

In electrical circuits, 90° phase shifts occur between 
voltage and current with pure capacitors and inductors; 
this is the key as to why j notation is used so much in 
the analysis of electrical networks. This is explained in 
Chapter 24. 


23.2 Operations involving Cartesian complex 
numbers 


(a) Addition and subtraction 
(a+ jb) + (c+ jd)=(a+c)+j(b+d) 
and = (a+ jb)—(c+ jd)=(a—c)+ j(b—d) 
Thus, (3+ j2)+(2—j4)=3+j2+2-j4=5-j2 
and (3+ j2)—(2— j4)=3 + j2-24 j4=14j6 


(b) Multiplication 


(a + jb)(c + jd) = ac + a jd) + (jb)e + (jb)(jd) 
=ac + jad + jbc + j°bd 


But j” = —1, thus 
(a + jb)(c + jd) = (ac — bd) + j(ad + bc) 


For example, 


B+ j2)O 74) =6 = fl2 +4. = 778 
= (6 — (—1)8) + j(—12 + 4) 
= 14+ j(—8) = 14-j8 


(c) Complex conjugate 
The complex conjugate of (a+ jb) is (a—jb). For 
example, the conjugate of (3 — j2) is (3 +j2). 

The product of a complex number and its complex con- 
jugate is always a real number, and this is an important 
property used when dividing complex numbers. Thus 


(a + jb)(a — jb) =a* — jab + jab — jb? 
=a’ — (-b’) 


=a +b (i.e. a real number) 


Forexample, (1 +j2)(1—j2)=1° +27 =5 
and (3 — j4)G3 +/4)= 3° +4? = 25 
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(d) Division 


The expression of one complex number divided by 
another, in the form a+ jb, is accomplished by multiply- 
ing the numerator and denominator by the complex con- 
jugate of the denominator. This has the effect of making 
the denominator a real number. Hence, for example, 


2+j4 2+j4 34j4 6+;8 
= x 
eer) ee ee ee 


jl2+j716 
BF a2 
6 +j8 +j12 — 16 


The elimination of the imaginary part of the denomin- 
ator by multiplying both the numerator and denominator 
by the conjugate of the denominator is often termed 
‘rationalizing’. 


Problem 1. In an electrical circuit the total 
impedance Zr is given by 


Determine Zr in (a+jb) form, correct to two 
decimal places, when Z; =5—j3, Z2=4+ 7 and 
Z3 =3.9—j6.7 


ZZy = (5 — j3)(4 + j7) = 20 + j35 — j12 — j721 
= 20 + j35 —j12 + 21 = 41 + j23 
Z, +2 =(5 —j3)+(44+j7) =94+j4 
ZZ, 41 4+j23 (41 + j23)(9 — j4) 
Z+Z 9474 ~~ (9+j4)(9 —j4) 
369 — j164 + j207 — j792 


92 + 42 
369 — j164 + j207 + 92 
7 97 
461 + j43 
2 OEE sa Odd 
97 
Vaya ; 
Thus + Z3 = (4.753 + j0.443) + (3.9 — j6.7) 
1+Z 


= 8.65 — 76.26, correct to two 


decimal places. 


Problem 2. Given Z; = 3 +j4 and Zp = 2 — j5 deter- 
mine in Cartesian form correct to three decimal places: 


1 1 1 1 1 
b d 
@7 ™z, Ont, anramD 
1 1 3 —j4 3 —jA 


(a) 


Z 3+j4 GB+jMGB—j4 324+4 
eee) eee 


= = = 0.120 — j0.160 
2 25 125 iets 
0) a ae 2+j5 — 24j5 _ 24 j5 
Z 2—j5 (2—j5\(2+j5) 2245229 
9 


5 
= — + j— = 0.069 + j0.172 
79 +39 0.069 + 


Tan 7 
(c) — + — = (0.120 — j0.160) + (0.069 + j0.172) 
De ite 


= 0.189 + j0.012 


1 1 
(1/Z1) +(1/Z2) «0.189 + j0.012 

_ 0.189 — j0.012 

~ (0.189 + j0.012)(0.189 — j0.012) 

_ 0.189 — j0.012 

~ 0.1892 + 0.0122 

_ 0.189 — j0.012 

~ 0.03587 

0.189 j0.012 
~ 0.03587 0.03587 PART 
~ 5,269 — j0.335 3 


(d) 


Now try the following exercise. 


Exercise 91 Further problems on operations 
involving Cartesian complex numbers 


In problems 1 to 5, evaluate in a+ jb form assum- 


ing that Z} =2+)3, 2=3—j4, Z;=—1+j2 and 
Z4=—2—j5 
1. (a) Z} —Z (b+) H+23—-—Zy 

[(a) —1+ j7 (b) 4+ 3] 
2. (a) Zi Zz (b) Z3Z4 [(a) 18+) (b) 12+] 


3. (a) Z1Z3Z4 (b) Z2Z3 + Z4 
[(a) 21 +738 (b) 3+ 75] 
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Z1+Z 
23 + Z4 


6 17 Oa 
g 75 +i 55 (b) 5+] 


iN 


as 
“tay 7) 


Y404) 14) 
5. (a b)Z,+—+4+2Z 
are ee Boe 
89 23 11 12 
ede, ; 
[eo 3 t55 5 || 
1 Ae Cc 2 
6. Evaluate pea [4] 
J 
7. IfZ,; =4—j3 and Z2 = 2 + j evaluate x and y given 
+j ese et 
pe any es aE 
[x = 0.188, y= 0.216] 
8. Evaluate (a) (1+j)* 6) <2 (©) — 
. Evaluate (a —_ (c) ——— 
Y apy Gone 
(a) 4(b) > A ©) ae 
; Sere ieee 
1+ 73 
9. If Z= a evaluate Z? in a+ jb form. 
[0 —j2] 
10. In an electrical circuit the equivalent impedance Z 
is given by 
LoL 
Z=2Z,+ ae 
2Q+Z3 


Determine Z is rectangular form, correct to two 
decimal places, when Z; = 5.91 + 73.15, 
Zp =5+4+ 12 and Z3 =8—j15 
[Z = 21.62 + j8.39] 
11. Given Z; =5 —Jj9 and Z, =7+ 2, determine in 
(a+ jb) form, correct to four decimal places 


Oo Oe an 2 
m” @Z+0/D 


Zi 74) Zi 
[(a) 0.0472 + j0.0849 (b) 0.1321 —j0.0377 
(c) 0.1793 + j0.0472 (d) 5.2158 — 71.3731] 


23.3 Complex equations 


If two complex numbers are equal, then their real parts 
are equal and their imaginary parts are equal. Hence, if 
a+jb=c+jdthena=c and b=d. This is a useful prop- 
erty, since equations having two unknown quantities can 


be solved from one equation. Complex equations are used 
when deriving balance equations with a.c. bridges (see 
Chapter 27). 


Problem 3. Solve the following complex equations: 


(a) 3(a+jb)=9 —j2 
(b) 2+j(-24+)=xt+ijy 
(c) (a—j2b) + (b —j3a)=5+j2 


(a) 3(a+ jb) =9 —j2. Thus 3a + j3b=9 — j2 
Equating real parts gives: 3a=9, i.c.a=3 


Equating imaginary parts gives: 
3b=—2, i.e. b = —2/3 


(b) 2+j\(-2+)=x ty 


Thus AL P= + Pax 
5+ j0=x+jy 


Equating real and imaginary parts gives: x =-—5, 
y=0 


(c) (a—j2b)+ (b— j3a)=5+j2 


Thus (a+ b) + j(—2b — 3a) =5+j2 
Hence a+b=5 (1) 
and —2b—3a=2 (2) 


We have two simultaneous equations to solve. Multi- 
plying equation (1) by 2 gives: 


2a + 2b = 10 (3) 


Adding equations (2) and (3) gives —a=12, ie. 
a=-12 


From equation (1), b=17 


Problem 4. An equation derived from an a.c. bridge 
network is given by 


. 1 
R,R3 = (Ro + jolz) lane | 


R,, R3, Ra and C4 are known values. Determine 
expressions for R2 and LZ» in terms of the known 
components. 
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Multiplying both sides of the equation by (1/R4 +ja@Ca) 
gives 


(Ri R3)1/R4 + joC4) = Rz + jol2 
Le. Ry, R3/Rq +jR,R3@C4 = Ro + jol2 
Equating the real parts gives: R2 = R1R3/R4 
Equating the imaginary parts gives: 


@Lz = R,R3wC4, from which, Lz = RyR3C4 


Now try the following exercise. 


Exercise 92 Further problems on complex 
equations 


In problems 1 to 4 solve the given complex equations: 


1. 4(a+jb)=7—j3 


2. (3+ j4)(2 —j3) =x +jy bo iy pl] 
3. (a—j3b)+(b—j2a)=4+j6 [a=18,b=—14] 
4.5+j2=/(e+jf) [e=21, f = 20] 
5. An equation derived from an a.c. bridge circuit is 


given by 


=jj j R4(—j/(@C4)) 
@) (5a |= zeal le acr@eos| 
oC| @C, | LR4 — (j/(@C4)) 
Components R3, R4, C, and C4 have known values. 


Determine expressions for R, and C,. in terms of the 
known components. 


23.4 The polar form of a complex number 


In Figure 23.3(a), Z=x+jy=rcos@+ jr sin@ 
from trigonometry, 


=r(cos@+/ sin 0) 
This latter form is usually abbreviated to Z=rZ9, and is 
called the polar form of a complex number. 
r is called the modulus (or magnitude of Z) and is 
written as mod Z or |Z|. r is determined from Pythagoras’s 
theorem on triangle OAZ, i.e. 


IZ) =r= J +) 


The modulus is represented on the Argand diagram by 
the distance OZ. 6 is called the argument (or amplitude) 


Imaginary 
axis 


Imaginary 
axis 


Figure 23.3 


of Z and is written as arg Z. 6 is also deduced from triangle 
OAZ: arg Z = 0 = tan“ !y/x 

For example, the cartesian complex number (3 + j4) is 
equal to rZ0 in polar form, where r = \/ (3? + 42) =5 and 


4 
6=tan7! a= 53.13° 
Hence (3 +j4) = 5253.13° 
Similarly, (—3 +/4) is shown in Figure 23.3(b), 

4 

where r= /(324+472)=5, 0’/= tan“! = 53.13° 
and 6 = 180° — 53.13° = 126.87° 
(—3 +4) =52126.87° 


Hence 


23.5 Multiplication and division using complex 
numbers in polar form 


(a) Multiplication 
(71 201)(72. 202) =r1r2Z (91 + 92) 


Thus 3225° x 232° =6257°, 
4Z11° x 5Z—18° = 202-7°, 
22(1/3) x 7Z(t/6) = 142(2t/2), and so on. 
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(b) Division 


BE 6) 
12209 = r2 i 
Whe fe} 
Thus pee =42Z47°, 

2211° 
92136° 
—— =32(136° — —60° 
3Z—60° ; 

= 32196° or 3Z—164°, 

102 (7/2 
AOE Ee) =22(37/4), and so on. 
5Z(—1/4) 


Conversion from Cartesian or rectangular form to polar 
form, and vice versa, may be achieved by using the R > P 
and P — R conversion facility which is available on most 
calculators with scientific notation. This allows, of course, 
a saving of time. 


Problem 5. Convert 57—132° into a+ jb form cor- 
rect to four significant figures. 


Figure 23.4 indicates that the polar complex number 
5Z—132° lies in the third quadrant of the Argand diagram. 


Imaginary 
axis 


Figure 23.4 


Using trigonometrical ratios, 
x = 5cos 48° = 3.346 and y = 5 sin 48° = 3.716 
Hence 57—132° = —3.346 —j3.716 
Alternatively, 
5Z—132° = 5(cos —132° + j sin —132°) 
= 5cos (—132°) + j5 sin (—132°) 
= —3.346 — 73.716, as above. 


With this latter method the real and imaginary parts are 
obtained directly, using a calculator. 


Problem 6. Two impedances in an electrical network 
are given by Z) = 4.7235° and Z) = 7.32—48°. Deter- 
mine in polar form the total impedance Zr; given that 
Zr =Z,Z2/(Z1 + Zp). 


Z, =4.7235° = 4.7 cos 35° + j4.7 sin 35° 


= 3.85 +. j2.70 
Zp =7.32Z—48° = 7.3 cos(—48°) + j7.3 sin(—48°) 
= 4.88 — j5.42 
Z, + Zp = (3.85 + j2.70) + (4.88 — 75.42) 
= 8.73 — j2.72 


9:79 
= /(8.737 + 2.727) Zt (SS 
Se eee aa aa ere 


= 9.147—17.31° 


Hence 


4.7235° x 7.32—48° 
Zr = Z2p/(Z, + Za) = 


9.147—17.31° 
_ 4.7 x 13 135° 48° 
~ 9.14 
=(217.31°)] 


= 3.7524.31° or 3.7524°19' 


Now try the following exercise. 


Exercise 93 Further problems on the polar form 
of complex numbers 


In problems 1 and 2 determine the modulus and the 
argument of each of the complex numbers given. 


1. (a) 3 +j4 (b)2—j5 
[(a) 5, 53°8! (b) 5.385, —68°12'] 


2. (a) —4+ 7 (b) —5 —j3 
[(a) 4.123, 165°58’ (b) 5.831, —149°2’] 


In problems 3 and 4 express the given Cartesian com- 
plex numbers in polar form, leaving answers in surd 
form. 


3. (a)6+/5 (b) 3—j2 (c) —3 
[(a) /61239°48’ (b) ./132—33°41' 
(c) 3Z180° or 327] 


4. (a) -5+ j (b) —4—j3 (c) —j2 
[(a) ./262168°41’ (b) 5Z—143°8' 


(c) 2Z—90° or 22—21/2] 
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In problems 5 to 7 convert the given polar complex 
numbers into (a+ jb) form, giving answers correct to 
four significant figures. 


5. (a) 6230° (b) 4260° (c) 3245° 
[(a) 5.196 + 73.000 (b) 2.000 + 3.464 
(c) 2.121 +72.121] 
6. (a) 2271/2 (b) 32m (c) 5Z(577/6) 
[(a) 0 + 72.000 (b) —3.000 + j0 
(c) —4.330 + j2.500] 
7. (a) 82150° (b) 4.22—120° (c) 3.62—25° 
[(a) —6.928 + 74.000 (b) —2.100 — 73.637 
(c) 3.263 —j1.521] 
In problems 8 to 10, evaluate in polar form. 


8. (a) 2240° x 5220° (b) 2.6272° x 4.3245° 
[(a) 10260° (b) 11.182117°] 


2. @) S23" + Zz— il? 
(b) 430° x 3270° + 22—15° 
[(a) 2.9245° (b) 62115°] 
4.1220° x 3.22—62° 
1.22150° 
(b) 6225° + 32—36°—4272° 
[(a) 10.932168° (b) 7.2892—24°35'] 


10. (a) 


11. Solve the complex equations, giving answers 
correct to four significant figures. 


12Z (1/2) x 3230/4) _ 


(a) 2Z—(1/3) 
(b) 1522/3 + 122n/2 —62—2/3=rZ0 


+y 


[(a) x = 4.659, y= —17.387 

(b) r= 30.52, 0=81°31’] 

12. The total impedance Zr of an electrical circuit is 
given by 

— Z x LZ 

 Zy+Zy 

Determine Zr in polar form correct to three signifi- 


cant figures when Z; = 3.27—56°, Z, =7.4225° 
and Z3 = 6.3 262° [6.61237.24°] 


Zr + Z3 


13. A star-connected impedance Z) is given by 


ZAZB 


as are tears 
Evaluate Z;, in both Cartesian and polar form, 
given Z4 = (20 + j0)Q, Zz = (0 — j20)Q and Zc = 
(10 + j10)Q2 

[(4 —j12)Q or 12.652Z—71.57° Q] 


14. The current J flowing in an impedance is given by 


_ (8260°)(1020°) 
~ (8260° + 5230°) 


Determine the value of current in polar form, 
correct to two decimal places. [6.36711.46°A] 


15. A delta-connected impedance Z, is given by 


Z\Zq + ZyZ3 + Z3Z, 
iA i 
22 


Determine Z,4, in both Cartesian and polar 
form, given Z; = (10 + j0)Q, Zz = (0 —j10)Q and 
23 = (10+ j10)Q 

[110 + j20)Q, 22.36263.43° Q] 


23.6 De Moivre’s theorem — powers and 
roots of complex numbers 


De Moivre’s theorem, states: 


[rZoy)" =r" 2nd 


This result is true for all positive, negative or fractional val- 
ues of n. De Moivre’s theorem is thus useful in determin- 
ing powers and roots of complex numbers. For example, 


[215°]® = 2°4(6 x 15°) = 64290° = 0+j64 


A square root of a complex number is determined as 
follows: 


1/2 1/2 /1 
JirZ6] = [rZo]'? =r? 216 


However, it is important to realize that a real number has 
two square roots, equal in size but opposite in sign. On an 
Argand diagram the roots are 180° apart (see Problem 8 
following). 


Problem 7. Determine (—2+/3)° in polar and in 
Cartesian form. 


Z=-—2+ 3 is situated in the second quadrant of the 
Argand diagram. 


Thus r=./[(2)* +(3)7]=./13 and a = tan7!3/2 
=56.31° 
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Hence the argument 6 = 180° — 56.31° = 123.69° 
Thus —2 + j3 in polar form is ,/13123.69° 
(—2 + j3)° = L/132123.69°}° 
=(/13PZ(5 x 123.69°) 
from De Moivre’s theorem 
= 13°/° 2618.45° 
= 13°/°258.45° 
(since 618.45° = 618.45° — 360°) 
= 13°/7Z—101.55° = 609.32—101° 33’ 
In Cartesian form, 
609.3Z—101.55° = 609.3 cos(—101.55°) 
+ j609.3 sin(—101.55°) 
= —122 —j597 


Problem 8. Determine the two square roots of the 
complex number (12 +5) in Cartesian and polar form, 
correct to three significant figures. Show the roots on 
an Argand diagram. 


In polar form 12 +j5 = J2? +57)Ztan—! (5/12), since 
12 +j5 is in the first quadrant of the Argand diagram, i.e. 
12+ j5 = 13222.62°. 

Since we are finding the square roots of 13222.62° 
there will be two solutions. To obtain the second 
solution it is helpful to express 13222.62° also as 
132(360° + 22.62°), i.e. 132382.62° (we have merely 
rotated one revolution to obtain this result). The reason 
for doing this is that when we divide the angles by 2 we 
still obtain angles less than 360°, as shown below. 


Hence ./(12 + 5) = /[13222.62°] or ./[132382.62°] 
= [13222.62°]!/? or [13.2382.62°]!/7 
= 13/77 (5 x 22.62°) or 

13'/? 2 (5 x 382.62°) 
from De Moivre’s theorem, 
= /1311.31° or /132191.31° 
= 3.61211.31° or 3.61Z—168.69° 
ie. 3.61211°19' or 3.612—168° 41’ 


These two solutions of ./(12+ 5) are shown in the 
Argand diagram of Figure 23.5. 3.61211°19’ is in the 
first quadrant of the Argand diagram. 


Thus 3.61211°19’=3.6l(cos 11°19 + j sin 11°19’) 
= 3.540 + j0.708 


3.612Z—168°41’ is in the third quadrant of the 
Argand diagram. 


Imaginary 
axis 


Figure 23.5 
Thus 3.612—168°41’ = 3.61[cos(—168°41’) 
+ jsin (—168°41’)] 
= —3.540 — j0.708 
Thus in Cartesian form the two roots are £(3.540 +.0.708) 


From the Argand diagram the roots are seen to be 180° 
apart, i.e. they lie on a straight line. This is always true 
when finding square roots of complex numbers. 


Now try the following exercise. 


Exercise 94 Further problems on powers and 
roots of complex numbers 


In problems | to 4, evaluate in Cartesian and in polar 
form. 


1. (a) 2 +J3)° (b) (4 —j5)° 
[(@) —5 +12; 132112°37' (b) —9 — 740; 
41Z—102°41'] 


2a (a) (= 42h j2)n (b) (= 2), 
[(a) 597 +122; 609.3211°33! 
(b) —2 —j11; 11.182—100°17'] 


3. (a) (4232°)* (b) (22125°)5 
[(a) —157.6 + j201.7; 2562128° 
(b) —2.789 — j31.88; 322—95°] 


4. (a) 3Z—7/3)> (b) 1.52—160°)* 
[(a) —27+j0; 272-1 
(b) 0.8792 + j4.986; 5.063280°] 


In problems 5 to 7, determine the two square roots 
of the given complex numbers in Cartesian form and 
show the results on an Argand diagram. 


FG One by S72 
[(a) £(1.455 + j0.344) (b) £(1.818 — j0.550)] 


6G) 3 4b) 8 
[(a) £1 + j2) (b) £(1.040 — j1.442)] 


7. (a) 5236° (b) 1437/2 
[(a) +(2.127 + 0.691) (b) +(—2.646 + j2.646)] 


8. Convert 2 —j into polar form and hence evaluate 
(2—j)’ in polar form. 
[/52—-26°34'; 279.52174°3'] 


24 Application of complex numbers to 


series a.c. circuits 


At the end of this chapter you should be able to: 


@ appreciate the use of complex numbers in a.c. 
circuits 


e perform calculations on series a.c. circuits using 
complex numbers 


24.1 Introduction 


Simple a.c. circuits may be analysed by using phasor dia- 
grams. However, when circuits become more complicated 
analysis is considerably simplified by using complex num- 
bers. It is essential that the basic operations used with 
complex numbers, as outlined in Chapter 23, are thor- 
oughly understood before proceeding with a.c. circuit 
analysis. The theory introduced in Chapter 15 is relevant; 
in this chapter similar circuits will be analysed using j 
notation and Argand diagrams. 


24.2 Series a.c. circuits 


(a) Pure resistance 


In an a.c. circuit containing resistance R only (see Figure 
24.1(a)), the current Jp is in phase with the applied voltage 
Vr as shown in the phasor diagram of Figure 24.1(b). 
The phasor diagram may be superimposed on the Argand 
diagram as shown in Figure 24.1(c). The impedance Z of 
the circuit is given by 


VrZ0° 
Z= = 
Ip Z0° 


(b) Pure inductance 


In an a.c. circuit containing pure inductance L only (see 
Figure 24.2(a)), the current J; lags the applied voltage V; 
by 90° as shown in the phasor diagram of Figure 24.2(b). 
The phasor diagram may be superimposed on the Argand 
diagram as shown in Figure 24.2(c). The impedance Z of 
the circuit is given by 


V,Z90° VL 
I,Z0e od, 


Z90° = X,Z90° or JXL 


(a) (b) 


Imaginary 
axis 


Figure 24.1 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 


where X_ is the inductive reactance given by 


Xz, = @L = 2nfL ohms 


where f is the frequency in hertz and L is the inductance 
in henrys. 


(c) Pure capacitance 


In an a.c. circuit containing pure capacitance only (see Fig- 
ure 24.3(a)), the current Jc leads the applied voltage Vc 
by 90° as shown in the phasor diagram of Figure 24.3(b). 
The phasor diagram may be superimposed on the Argand 
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I, V, 
a | 
(a) 


I 
(b) 
Imaginary 
axis 
M 
Real 
0 I, axis 


Figure 24.2 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 


Ie 
Ve ir 
V 
(a) 


Imaginary 
axis 


Real 
axis 


Figure 24.3 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 


diagram as shown in Figure 24.3(c). The impedance Z of 
the circuit is given by 


VceZ—90° Vo 
IcZ0° side 


Z—-90° = XcZ—90° or—jXc 


where Xc is the capacitive reactance given by 


where C is the capacitance in farads. 


Note iXc j IV) j Cc) 1 


aC oC(j) joc joC joc 


(d) R-L series circuit 


In an a.c. circuit containing resistance R and inductance L 
in series (see Figure 24.4(a)), the applied voltage V is the 
phasor sum of Vr and V;, as shown in the phasor diagram 
of Figure 24.4(b). The current / lags the applied voltage V 
by an angle lying between 0° and 90° — the actual value 
depending on the values of Vr and V;, , which depend on 
the values of R and L. The circuit phase angle, i.e. the angle 
between the current and the applied voltage, is shown as 


(a) 


Imaginary 
axis 


Figure 24.4 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 
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angle ¢ in the phasor diagram. In any series circuit the cur- 
rent is common to all components and is thus taken as the 
reference phasor in Figure 24.4(b). The phasor diagram 
may be superimposed on the Argand diagram as shown in 
Figure 24.4(c), where it may be seen that in complex form 
the supply voltage V is given by: 


V=Vrt+JjVi 


Figure 24.5(a) shows the voltage triangle that is derived 
from the phasor diagram of Figure 24.4(b) (i.e. triangle 
Oab). If each side of the voltage triangle is divided by 
current J then the impedance triangle of Figure 24.5(b) is 
derived. The impedance triangle may be superimposed on 
the Argand diagram, as shown in Figure 24.5(c), where 
it may be seen that in complex form the impedance Z is 
given by: 


Z=R+jXL 


Vi =IX, z xX, 


Vp =IR R 
(a) (b) 


Imaginary 
axis 


Figure 24.5 (a) Voltage triangle (b) Impedance triangle 
(c) Argand diagram 


Thus, for example, an impedance expressed as (3 + j4) Q 
means that the resistance is 3 Q and the inductive reactance 
is4Q 

In polar form, Z=|Z| 2 where, from the impedance 
triangle, the modulus of impedance |Z| = ./' (R?2 + xP) and 
the circuit phase angle @ = tan~! (X,,/R) lagging 


(e) R-C series circuit 


In an a.c. circuit containing resistance R and capacitance 
Cin series (see Figure 24.6(a)), the applied voltage Vis the 
phasor sum of Vr and Vc as shown in the phasor diagram 
of Figure 24.6(b). The current J leads the applied voltage 
Vby an angle lying between 0° and 90° — the actual value 
depending on the values of Vr and Vc, which depend on 
the values of R and C. The circuit phase angle is shown as 
angle ¢ in the phasor diagram. The phasor diagram may be 
superimposed on the Argand diagram as shown in Figure 
24.6(c), where it may be seen that in complex form the 
supply voltage V is given by: 


V=Vr—-JjVc 


Imaginary 
axis 


Figure 24.6 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 


Figure 24.7(a) shows the voltage triangle that is derived 
from the phasor diagram of Figure 24.6(b). If each 
side of the voltage triangle is divided by current J, the 
impedance triangle is derived as shown in Figure 24.7(b). 
The impedance triangle may be superimposed on the 
Argand diagram as shown in Figure 24.7(c), where it may 
be seen that in complex form the impedance Z is given by 


Z=R-jXc 


Thus, for example, an impedance expressed as (9 — 14) Q 
means that the resistance is 9 Q and the capacitive react- 
ance Xc is 14Q 
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Vq= IR 


VaiZWo =X zwre 
(a) (b) 
Imaginary 
axis 


Figure 24.7 (a) Voltage triangle (b) Impedance triangle 
(c) Argand diagram 


In polar form, Z = |Z| Z @ where, from the impedance tri- 
angle, |Z| = ./(R* + XZ) and @ = tan7! (X¢/R) leading 


(f) R-L-C series circuit 


In an a.c. circuit containing resistance R, inductance L and 
capacitance C in series (see Figure 24.8(a)), the applied 
voltage V is the phasor sum of Vr, Vi and Vc as shown 
in the phasor diagram of Figure 24.8(b) (where the con- 
dition V; > Vc is shown). The phasor diagram may be 
superimposed on the Argand diagram as shown in Figure 
24.8(c), where it may be seen that in complex form the 
supply voltage V is given by: 


V=Vrt+Jj(Vi— Ve) 
From the voltage triangle the impedance triangle is derived 


and superimposing this on the Argand diagram gives, in 
complex form, 


impedance Z=R+j(X_, —Xc) or Z=|Z| Zo 

where, 

[Z| = /[R? + (Xi — Xc)*] and g = tan! (X, — Xc)/R 
When V; = Vc, X_ = Xc and the applied voltage V and 


the current J are in phase. This effect is called series 
resonance and is discussed separately in Chapter 28. 


axis 


Figure 24.8 (a) Circuit diagram (b) Phasor diagram 
(c) Argand diagram 


(g) General series circuit 


In an a.c. circuit containing several impedances connected 
in series, say, Z|, Z2,Z3,--- ,Zn, then the total equivalent 
impedance Zr is given by 


Lp = Zi, +2Z24+Z34+++++ZLy 


Problem 1. Determine the values of the resistance 
and the series-connected inductance or capacitance 
for each of the following impedances: (a) (12 + j5) Q 
(b) —j40 Q (c) 30260° Q (d) 2.20 x 10°2—30° Q. 
Assume for each a frequency of 50 Hz. 


(a) From Section 24.2(d), for an R-L series circuit, 
impedance Z = R + jX;. 
Thus Z = (12 +5) Q represents a resistance of 12 Q 
and an inductive reactance of 5 Q in series. 
Since inductive reactance X;, = 27fL, 


XL 
Qnf 27(50) 


inductance L = = 0.0159H 


i.e. the inductance is 15.9 mH. 
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Thus an impedance (12 + j5)Q& represents a 
resistance of 12 & in series with an inductance of 
15.9 mH. 

(b) From Section 24.2(c), for a purely capacitive circuit, 
impedance Z = —jXc. 
Thus Z=—j40Q represents zero resistance and a 
capacitive reactance of 40 Q. 
Since capacitive reactance Xc = 1/(27fC), 


i j 
InfXe ~ In(50(40) 
=o ae 

~ 357(50)(40) * 


capacitance C = 


F=79.6 uF 


Thus an impedance —j40Q represents a pure 
capacitor of capacitance 79.6 uF 

(c) 30260° = 30(cos 60° + sin 60°) = 15 + 725.98 
Thus Z = 30260° Q = (15 +j25.98) Q represents a 
resistance of 15Q and an inductive reactance of 
25.98 Q in series (from Section 24.2(d)). 


Since X, = 2zfL, 


: XL 25.98 
inductance L = —— = 
2nf  27(50) 
= 0.0827 H or 82.7 mH 


Thus an impedance 3060° & represents a resist- 
ance of 15Q in series with an inductance of 
82.7mH 
(d) 2.20 x 10°2—30° 

=2.20 x 10°[cos(—30°) +/ sin (—30°)] 

=1.905 x 10°—j1.10 x 10° 
Thus Z = 2.20 x 10°2—30° Q 

= (1.905 x 10° —j1.10 x 10°) Q 

represents a resistance of 1.905x10°Q (ie. 
1.905 MQ) and acapacitive reactance of 1.10 x 10° Q 
in series (from Section 24.2(e)). 


Since capacitive reactance Xc = 1/(27fC), 
1 1 


ass F 
2nfXc  22(50)(1.10 x 10%) 
= 2.894 x 107? For 2.894 nF 


capacitance C = 


Thus an impedance 2.2 x 10°2—30°@ represents 
a resistance of 1.905 MQ in series with a 2.894 nF 
capacitor. 


Problem 2. Determine, in polar and rectangular 
forms, the current flowing in an inductor of negli- 
gible resistance and inductance 159.2 mH when it is 
connected to a 250 V, 50 Hz supply. 


Inductive reactance 

X_, = 2nfL = 2n(50)(159.2 x 1073) = 502 
Thus circuit impedance Z = (0 + j50) Q = 50290° Q 
Supply voltage, V = 250Z0° V (or (250 +j0)V) 


(Note that since the voltage is given as 250V, this is 
assumed to mean 25020° V or (250 +j0)V) 


V 25020° ~—- 250 
= = = (0° — 90° 
Z~ 50290° 50 ( ) 
= 5/-90° A 
V (250+ j0) _ 250(—j50) 
Z ~~ (0+ 50) ~— j50(—j50) 
—j(50)(250) ; 
=O = 5A 
502 i 


which is the same as 5Z—90° A 


Hence current J = 


Alternatively, J = 


Problem 3. A3\F capacitor is connected to a supply 
of frequency | kHz and a current of 2.83 290° A flows. 
Determine the value of the supply p.d. 


1 1 


Capacitive reactance Xc = Inf ~ ImA0003 x 10-5) 
= 53.05 Q 
Hence circuit impedance 
Z = (0—j53.05)Q = 53.052—90° Q 
Current J = 2.83290° A (or (0 +j2.83)A) 
Supply p.d., V = IZ = (2.83290°)(53.052—90°) 


ie. p.d. = 15020° V 
Alternatively, V = 1Z = (0 + j2.83)(0 — j53.05) 
= — j?(2.83)(53.05) =150V 


Problem 4. The impedance of an electrical circuit is 
(30 —j50) ohms. Determine (a) the resistance, (b) the 
capacitance, (c) the modulus of the impedance, and 
(d) the current flowing and its phase angle, when the 
circuit is connected to a 240 V, 50 Hz supply. 


(a) Since impedance Z = (30 — j50) , the resistance is 
30 ohms and the capacitive reactance is 50 Q 
(b) Since Xc = 1/(2zfC), capacitance, 


1 
oe 2nfX.  2(50)(50) 


= 63.66 UF 
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(c) The modulus of impedance, 
IZ| = /(R? + X2) = /(30? + 50°) 
= 58.312 y 
(d) Impedance Z = (30 — j50)Q = 58.312 tan~! - 


= 58.312—59.04° Q 


V 24020° 
Hence current / = = = 
Z  58.31Z—59.04° 
= 4.12759.04° A 


Problem 5. A 200V, 50Hz supply is connected 
across a coil of negligible resistance and inductance 
0.15 H connected in series with a 32 Q resistor. Deter- 
mine (a) the impedance of the circuit, (b) the current 
and circuit phase angle, (c) the p.d. across the 32 Q 
resistor, and (d) the p.d. across the coil. 


(a) Inductive reactance X; = 27fL = 27(50)(0.15) 
=47.1Q 


Impedance Z = R + jX, 
= (32 + j47.1)2 or 57.0 2 55.81°2 
The circuit diagram is shown in Figure 24.9 


Figure 24.9 


V 20020° 
Z 57.0255.81° 


ic. the current is 3.51 A lagging the voltage by 
55.81° 


(b) Current J = = 3.517—55.81° A 


(c) P.d. across the 32 resistor, 
Vr =IR= (3.51 2Z—55.81°)(3220°) 
ie. Vr = 112.37—55.81° V 


(d) P.d. across the coil, 
Vz, = IX, = (3.512Z—55.81°)(47.1 290°) 
ie. Vz, = 165.3234.19° V 


The phasor sum of Vp and V; is the supply voltage V as 
shown in the phasor diagram of Figure 24.10. 


Vr = 112.32—55.81° = (63.11 — j92.89) V 


Vi = 165.3234.19° V = (136.73 + j92.89) V 


V,=165.3 V 


Figure 24.10 


Hence 


V = Vet Vz = (63.11 — j92.89) + (136.73 + j92.89) 


= (200 + j0) V or 20020° V, correct to three 
significant figures. 


Problem 6. Determine the value of impedance if a 
current of (7 +7 16)A flows in a circuit when the supply 
voltage is (120 + j200)V. If the frequency of the sup- 
ply is 5 MHz, determine the value of the components 
forming the series circuit. 


V (120 + j200) 
I (7+ 716) 


233.24/59.04° 
~~ 17.464266.37° 


Impedance Z = 


= 13.362—7.33 Q or (13.25 — j1.705)Q 


The series circuit thus consists of a 13.25 Q resistor and 
a capacitor of capacitive reactance 1.705 & 
1 


Since Xc = Onc 


1 
2nf Xc 

_ 1 

~ Ixt(5 x 106)(1.705) 


= 1.867 x 10-8 F = 18.67nF 


capacitance C = 
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Now try the following exercise. 


Exercise 95 Further problems on series a.c. 
circuits 


1. Determine the resistance R and series inductance 
L (or capacitance C) for each of the following 
impedances, assuming the frequency to be 50 Hz. 
(a) (4+ j7)Q (b) (3 —j20)Q (c) 10 2 (d) —j3 kQ 
(e) 15Z(27/3)Q (f) 6Z—45° MQ 

[(a) R=4Q,L =22.3 mH 

(b) R=3 Q,C=159.2 uF (c) R=0,L=31.8mH 
(d)R=0,C =1.061 uF (ec) R=7.5 Q,L=41.3 mH 
(f) R= 4.243 MQ, C =0.750 nF] 


2. A 0.4\F capacitor is connected to a 250 V, 2 kHz 
supply. Determine the current flowing. 
[1.257290° A or 71.257 A] 


3. Two voltages in a circuit are represented 
by (15 + j10)V and (12 — j4)V. Determine the mag- 
nitude of the resultant voltage when these voltages 
are added. [27.66 V] 


4. A current of 2.52—90° A flows in a coil of induct- 
ance 314.2 mH and negligible resistance when con- 
nected across a 50 Hz supply. Determine the value 
of the supply p.d. [246.820° V] 


5. A voltage (75+ j90)V is applied across an 
impedance and a current of (5 + j12)A flows. Deter- 
mine (a) the value of the circuit impedance, and 
(b) the values of the components comprising the 
circuit if the frequency is | kHz. 

[(a) Z = (8.61 —j2.66)Q or 9.012—17.19° Q 
(b) R= 8.61 Q, C=59.83 LF] 


6. A 30\F capacitor is connected in series with a 
resistance R at a frequency of 200 Hz. The result- 
ing current leads the voltage by 30°. Determine the 
magnitude of R. [45.95 Q] 


7. A coil has a resistance of 40Q and an induc- 
tive reactance of 75 Q. The current in the coil is 
1.7020° A. Determine the value of (a) the supply 
voltage, (b) the p.d. across the 40 Q resistance, (c) 
the p.d. across the inductive part of the coil, and (d) 
the circuit phase angle. Draw the phasor diagram. 

[(a) (68 +j127.5) V or 144.5261.93° V 
(b) 6820°V (c) 127.5290°V (d) 61.93° lagging] 


8. An alternating voltage of 100 V, 50 Hz is applied 
across an impedance of (20 —j30)&. Calculate 
(a) the resistance, (b) the capacitance, (c) the cur- 
rent, and (d) the phase angle between current and 
voltage [(a) 20 Q (b) 106.1 WF (c) 2.774 A 

(d) 56.31° leading] 


9. A capacitor C is connected in series with a coil 
of resistance R and inductance 30 mH. The cur- 
rent flowing in the circuit is 2.57—40° A when 
the supply p.d. is 200 V at 400 Hz. Determine the 
value of (a) resistance R, (b) capacitance C, (c) 
the p.d. across C, and (d) the p.d., across the coil. 
Draw the phasor diagram. 

[(a) 61.28 Q (b) 16.59 LF (c) 59.95 Z—130° V 
(d) 242.9710.90° V] 


10. If the p.d. across a coil is (30+ j20)V at 60 Hz and 
the coil consists of a 50 mH inductance and 10 Q 
resistance, determine the value of current flowing 
(in polar and Cartesian forms). 

[1.692—28.36°A; (1.49 — j0.80)A] 


24.3. Further worked problems on series 
a.c. circuits 


Problem 7. For the circuit shown in Figure 24.11, 
determine the value of impedance Z 


1=3.52-20°A 
een eee 72, 
4.36 Q | 
I 
| 
] 
—f2.10 9 | 
7wzg0 ve} J} rr renee J 
22 


Figure 24.11 


Total circuit impedance 
V 70Z30° 


~ 7 3.52—20° 
= 20250° Q or (12.86 +j15.32)Q 
Total impedance Z = Z| + Zp (see Section 24.2(g)). 
Hence (12.86 + 715.32) = (4.36 — j2.10) + Z 
from which, impedance 
Zp = (12.86 + 15.32) — (4.36 — j2.10) 
= (8.50 + j17.42)Q or 19.38763.99° Q 


Problem 8. A circuit comprises a resistance of 90 Q 
in series with an inductor of inductive reactance 150 Q. 
If the supply current is 1.35 20° A, determine (a) the 
supply voltage, (b) the voltage across the 90 Q resis- 
tance, (c) the voltage across the inductance, and (d) the 
circuit phase angle. Draw the phasor diagram. 
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The circuit diagram is shown in Figure 24.12 


{=1.3520 A 


Figure 24.12 


(a) Circuit impedance Z=R+jX, =(90+j150)Q or 
174.93 259.04°Q 


Supply voltage, 
V=I1Z=(1.3520°)(174.93259.04° ) 
= 236.2259.04° V or (121.5 + 7202.5) V 


(b) Voltage across 90Q resistor, Ve =121.5V (since 
V=Vr+JjVL) 

(c) Voltage across inductance, Vz = 202.5 V leading Vp 
by 90° 

(d) Circuit phase angle is the angle between the supply 
current and voltage, i.e. 59.04° lagging (i.e. cur- 
rent lags voltage). The phasor diagram is shown in 
Figure 24.13. 


Vi = 202.5 V 


Vq=121.5V 


1=1.35A 


Figure 24.13 


Problem 9. A coil of resistance 25 Q and induc- 
tance 20mH has an alternating voltage given by 
v= 282.8 sin(628.4¢ + (27/3)) volts applied across it. 
Determine (a) the rms value of voltage (in polar form), 
(b) the circuit impedance, (c) the rms current flowing, 
and (d) the circuit phase angle. 


(a) Voltage v= 282.8 sin(628.4t + (7/3)) volts means 
Vin = 282.8 V, hence rms voltage 


1 
V =0.707 x 282.8 lor x 282.8| 


Le. V = 200V 


In complex form the rms voltage may be expressed as 
20027/3 V or 200260° V 


(b) w= 2nf = 628.4 rad/s, hence frequency 

f = 628.4/(27) = 100 Hz 

Inductive reactance 

X_, = 2nfL = 2n(100)(20 x 1073) = 12.57Q 

Hence circuit impedance 

Z=R+jxX, = (25 + j12.57) 2 or 27.98226.69° Q 
V_—_—_-200260° 
Z  27.98226.69° 

= 7.148 733.31° A 


(d) Circuit phase angle is the angle between current J and 
voltage V, i.e. 60° — 33.31° = 26.69° lagging. 


(c) Rms current, J = 


Problem 10. A240 V, 50 Hz voltage is applied across 
a series circuit comprising a coil of resistance 12 Q and 
inductance 0.10 H, and 120 F capacitor. Determine 
the current flowing in the circuit. 


The circuit diagram is shown in Figure 24.14. 


i 


A=12Q 
240 V, 
50 Hz 
L=0.10H 
C =120 HF 
Figure 24.14 


Inductive reactance, X, = 27fL = 27(50)(0.10) = 31.4 Q 


Capacitive reactance, 

1 1 
~ In fC 2n(50)(120 x 1076) 
Impedance Z = R+ j(X, — Xc) (see Section 24.2(f)) 


ie. Z= 12 +j(31.4 — 26.5) 
= (12 +j4.9)Q or 13.02 22.2° Q 


V 24020° 
Z 13.0222.2° 


XC = 26.5 Q 


Current flowing, J = = 18.52—22.2° A, 


i.e. the current flowing is 18.5 A, lagging the voltage by 
22.2°. 
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The phasor diagram is shown on the Argand diagram in 
Figure 24.15 
Imaginary 
axis 
taal 


V=240V 
or.a-265)0{] -gepi2 1 Real 
0 A-12Q {=18.5A axis 


-(265Q¢ 


Figure 24.15 


Problem 11. A coil of resistance R ohms and induc- 
tance L henrys is connected in series with a 50 LF 
capacitor. If the supply voltage is 225V at 50Hz 
and the current flowing in the circuit is 1.52 —30°A, 
determine the values of R and L. Determine also the 
voltage across the coil and the voltage across the 
capacitor. 


[=1.52-30°A 


225 V, 
50 Hz 


50 LF 


Figure 24.16 


Hence Vcor, = (1.52—30°)(190246.87°) 
= 285 16.87° V or 272.74 + j82.71)V 


Voltage across capacitor, 
Vo=1[Xc = (1.52Z—30° )(63.662—90°) 
= 95.497 —120° V or ( — 47.75— j82.70)V 


[Check: Supply voltage, 


A bl Vi -225.20° 
Circuit impedance, Z = = = ———__— 
Z  1.52—30° 


= 150230° & or (129.9 +j75.0)2 


Capacitive reactance, 


1 1 
~ InfC ~~ 2n(50)(50 x 10~®) 


XC = 63.66 Q 


Circuit impedance Z=R-+ (Xz, — Xc) 
J(XL 


Equating the real parts gives: resistance R = 129.9 Q. 


Le. 129.9+j75.0=R 63.66) 


Equating the imaginary parts gives: 75.0 = X;, — 63.66, 
from which, X; = 75.0 + 63.66 = 138.66 Q 


X, 138.66 
Since X;, = 27fL, inductance L = ae 0) 
= 0.441 H 


The circuit diagram is shown in Figure 24.16. 


Voltage across coil, Vcom = /Zcom. 


Zcow = R+jXi 
= (129.9 + j138.66)Q or 190246.87° Q 


V=Voon + Ve 
= (272.74 + j82.71) + (—47.75 — 82.70) 
= (225 + jO)V or 22520° V] 


Problem 12. For the circuit shown in Figure 24.17, 
determine the values of voltages V; and V> if the supply 
frequency is 4kHz. Determine also the value of the 
supply voltage V and the circuit phase angle. Draw 
the phasor diagram. 


1=62Z0°A 


Figure 24.17 
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For impedance Z, 


1 1 
~ InfC  2n(4000)(2.653 x 10-6) 


Xc 15Q 


Hence Z; = (8 —j15)Q or 17Z—61.93° Q 


and voltage V; = 1Z; = (620° )(172—61.93°) 
= 1027—61.93° V or (48 —j90)V 


For impedance Z, 
Xp = 2nfL = 2n(4000)(0.477 x 1073) = 122 
Hence Z) = (5 + 12)Q or 13267.38° Q 
and voltage V2 = IZ) = (620° )(13.267.38°) 
= 78267.38° V or (30+ j72)V 


Supply voltage, V = V; + V2 = (48 — j90) + (30 + j72) 
= (78 —j18)V or 80 7—13° V 


Circuit phase angle, @ = 13° leading. The phasor diagram 
is shown in Figure 24.18. 


Figure 24.18 


Now try the following exercise. 


Exercise 96 Further problems on series a.c. 
circuits 


1. Determine, in polar form, the complex impedances 
for the circuits shown in Figure 24.19 if the fre- 
quency in each case is 50 Hz. 

[(a) 44.532—63.31° Q (b) 19.77.252.62° Q 
(c) 113.5 Z—58.08° Q] 


20 © 120 60 
0.2H 

50 mH 
80 LF 20 LF 


Figure 24.19 


2. For the circuit shown in Figure 24.20 determine the 
impedance Z in polar and rectangular forms. 
[Z = (1.85 + j6.20)Q or 6.47 273.39° Q] 


162Q 1350 


{=52-20°A 


Figure 24.20 


3. A series circuit consists of a 10 Q resistor, a coil 

of inductance 0.09 H and negligible resistance, and 

a 150\F capacitor, and is connected to a LOOV, 

50 Hz supply. Calculate the current flowing and its 
phase relative to the supply voltage. 

[8.17A lagging V by 35.20°] 


4. A150 mV, 5 kHz source supplies an a.c. circuit con- 

sisting of a coil of resistance 25 (2 and inductance 

5 mH connected in series with a capacitance of 

177 nF. Determine the current flowing and its phase 
angle relative to the source voltage. 

[4.44742.31° mA] 


5. Two impedances, Z,=5230°Q and Z= 
10245° Q draw a current of 3.36 A when con- 
nected in series to a certain a.c. supply. Determine 
(a) the supply voltage, (b) the phase angle between 
the voltage and current, (c) the p.d. across Z;, and 
(d) the p.d. across Z 

[(a) 50 V (b) 40.01° lagging (c) 16.8230° V 
(d) 33.6245° V] 


6. A 4500pF capacitor is connected in series 
with a 50 Q resistor across an alternating voltage 
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v=212.1 sin(10°t + 2/4) volts. Calculate (a) the 

rms value of the voltage, (b) the circuit impedance, 

(c) the rms current flowing, (d) the circuit phase 

angle, (e) the voltage across the resistor, and (f) the 
voltage across the capacitor. 

[(a) 150245° V (b) 86.632—54.75° Q 

(c) 1.73299.75° A (d) 54.75° leading 

(e) 86.50299.75° V (f) 122.3829.75° V] 


. Three impedances are connected in series across a 
120V, 10 kHz supply. The impedances are: 


(1) Z, acoil of inductance 200 WH and resistance 
8Q 
(11) Zp, a resistance of 12 Q 
(iii) Z3, a 0.50 WF capacitor in series with a 15 Q 
resistor. 
Determine (a) the circuit impedance, (b) the circuit 
current, (c) the circuit phase angle, and (d) the p.d. 
across each impedance. 


[(a) 39.952Z—28.82° Q (b) 3.00228.82°A 
(c) 28.82° leading (d) Vj = 44.70286.35° V, 
V2 = 36.00228.82° V, 

V3 = 105.562—35.95° V] 


. Determine the value of voltages V; and V2 in the 
circuit shown in Figure 24.21, if the frequency of 
the supply is 2.5kHz. Find also the value of the 
supply voltage V and the circuit phase angle. Draw 
the phasor diagram. 

[V1 = 1642—12.68° V or (160 — j36)V 
V2 = 10467.38° V or (40 + j96)V 

V3 = 208.8216.70° V or (200 + j60)V 
Phase angle = 16.70° lagging] 


1=4A 

40Q 

Vy 
7.074 uF 

V 

109 

Vo 
1.528 mH 


Figure 24.21 


9. A circuit comprises a coil of inductance 40 mH and 
resistance 20 Q in series with a variable capacitor. 
The supply voltage is 120 V at 50 Hz. Determine 
the value of capacitance needed to cause a current 
of 2.0A to flow in the circuit. [46.04 WF] 


10. For the circuit shown in Figure 24.22, determine 
(i) the circuit current I flowing, and (ii) the p.d. 
across each impedance. 

[G) 3.71Z—17.35° A 
(ii) Vj = 55.6512.65° V, 
Vo = 37.102—77.35°V, V3 = 44.52232.65° V] 


24= 15230? O 22= 102-60° Q 


10020° V { Z3= 12250° G 


~<. 
t 


Figure 24.22 
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25 Application of complex numbers to 
parallel a.c. networks 


At the end of this chapter you should be able to: 


e determine admittance, conductance and susceptance 
in a.c. circuits 


e perform calculations on parallel a.c. circuits using 
complex numbers 


25.1 Introduction 


As with series circuits, parallel networks may be analysed 
by using phasor diagrams. However, with parallel net- 
works containing more than two branches this can become 
very complicated. It is with parallel a.c. network analysis 
in particular that the full benefit of using complex numbers 
may be appreciated. The theory for parallel a.c. networks 
introduced in Chapter 16 is relevant; more advanced net- 
works will be analysed in this chapter using j notation. 
Before analysing such networks admittance, conductance 
and susceptance are defined. 


25.2 Admittance, conductance and susceptance 


Admittance is defined as the current J flowing in an a.c. 
circuit divided by the supply voltage V (i.e. it is the recip- 
rocal of impedance Z). The symbol for admittance is Y. 
Thus 


I 1 


Y=— = — 
VeZ 


The unit of admittance is the Siemen, S. 

An impedance may be resolved into a real part R and 
an imaginary part X, giving Z=R+ jX. Similarly, an 
admittance may be resolved into two parts — the real 
part being called the conductance G, and the imaginary 
part being called the susceptance B — and expressed in 
complex form. Thus admittance 


Y=G+jB 


When an a.c. circuit contains: 
(a) pure resistance, then 


1 1 
Z=RandY=—=—=G 
Z R 


(b) pure inductance, then 


1 4 =e 
Ja pds SS 
Z jXr  (jXt\(-/) 


si , 
Se = BE 


thus a negative sign is associated with inductive 
susceptance, By 
(c) pure capacitance, then 


1 1 j 
ee ay Se ee 
Z  —jXc_ (—jXc)(j) 
J . 
= B 
Xe +) Bc 


thus a positive sign is associated with capacitive 
susceptance, Bc 
(d) resistance and inductance in series, then 


1 1 
Z=R+jX, and Y = == 
Se alee Z~ R+jX, 
_ (R= jX1) 
R? +X; 
R XL R XL 


= j or Y= —,-j—=, 
R+X? 7R+X? ize ize 


Thus conductance, G= R/|Z|? and inductive suscep- 

tance, By = —X,/|Z|* 

(Note that in an inductive circuit, the imaginary 

term of the impedance, Xz, is positive, whereas the 

imaginary term of the admittance, Bz, is negative.) 
(e) resistance and capacitance in series, then 


1 1 R+jX 
TE ae Ce ae ae el 
Z~ R—ic R2+X2 
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" R «Res 
— + or 
R2+X2 R4+X2 
R XC 
¥=_.4j— 
ize \zP 


i.e. 


Thus conductance, G = R/|Z|* and capacitive suscep- 

tance, Bc = Xc/|Z|* 

(Note that in a capacitive circuit, the imaginary term 

of the impedance, Xc, is negative, whereas the 

imaginary term of the admittance, Bc, is positive.) 
(f) resistance and inductance in parallel, then 


1 1 ; 1 JXL+R 

ZR’ JX, (RIX) 

from which, Z = (R)GXL) i.e. product 
R+ jx; sum 


1 R+jX, R — jXy 


and == =- + = 
Z JRXL JRX, = jRX1 
1 1 —j 1 
ng, Speers f J) Mi 
JXt RR (jXit)(—-j)_— RR 
1 2 
or Y=-—- we 
R xX, 


Thus conductance, G=1/R and inductive suscep- 
tance, By = —1/X_. 
(g) resistance and capacitance in parallel, then 


(R)\CjXc) (. | product 
Z= - le. 
R—-jxXc sum 
1 R—jXxc R JIXC 
and Y= -= — =— ; 
Z —jRXc —jRXc  —jRXc 
1 1 j 1 
1.e. Y= —+== {) —~+ 
—iXc R- (-jXc)j) R 
Y : + j (25.1) 
or = —+— ; 
R Xc¢ 


Thus conductance, G=1/R and capacitive suscep- 
tance, Bo =/Xc 

The conclusions that may be drawn from Sections (d) 
to (g) above are: 


(i) that a series circuit is more easily represented by an 
impedance, 

(ii) that a parallel circuit is often more easily represented 
by an admittance especially when more than two 
parallel impedances are involved. 


Problem 1. Determine the admittance, conduc- 
tance and susceptance of the following impedances: 
(a) —J5 Q (b) (25 +740) Q (c) (3 — 72) Q (d) 50240° Q 


(a) If impedance Z = —j5 Q, then 

Le LE SI 
js (-75)@) 5 

=j 0.2 S or 0.2290° S 


admittance Y = 


Since there is no real part, conductance, G= 0, and 
capacitive susceptance, Bc = 0.2S 
(b) If impedance Z = (25 + j40)Q then 


1 25 — j40 
admittance Y= = = ——— 
Z (254+ j40) 252+ 402 
25 = j40 
= —— — —— = (0.0112 —- 70.01 
3095 2975 ~ W112 — 70.0180)s 


Thus conductance, G=0.0112S and inductive 
susceptance, B; = 0.0180S 
(c) If impedance Z = (3 — j2)Q, then 


1 3+ 2 
Z (3—j2) 32422 


admittance Y= 


(0.231 + j0.154)S 


Thus conductance, G=0.231S 
susceptance, Bc = 0.1548 
(d) If impedance Z = 50240° Q, then 


and capacitive 


1 120° 
Z  50240° 50740° 


admittance Y = 
: Z—40° =0.02 Z—40°S 
=—Z- =0. - or 
50 
(0.0153 — j0.0129)S 


Thus conductance, G=0.0153S 
susceptance, B; = 0.0129S 


and inductive 


Problem 2. Determine expressions for the impe- 
dance of the following admittances: (a) 0.004230° S 
(b) (0.001 — j0.002) S (c) (0.05 + 7 0.08) S 


(a) Since admittance Y = 1/Z, impedance Z = 1/Y. 


1 120° 
0.004230° —-0.004.230° 
= 250 Z—30° Q or 
(216.5 —j125)Q 


Hence impedance Z = 
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1 
(0.001 — j0.002) 
0.001 +j0.002 
~ (0.001)? + (0.002)2 
_ 0.001 +j0.002 
~ 0.000.005 
= (200 +400)& or 447.263.43° Q 
(c) Admittance Y = (0.05 +j0.08)S = 0.094.57.99° S 
1 
0.0094.57.99° 


= 10.642 —57.99°Q or 
(5.64 — 79.02) & 


(b) Impedance Z = 


Hence impedance Z = 


Problem 3. The admittance of a circuit is 
(0.040 + j0.025)S. Determine the values of the 
resistance and the capacitive reactance of the circuit if 
they are connected (a) in parallel, (b) in series. Draw 
the phasor diagram for each of the circuits. 


(a) Parallel connection 

Admittance Y= (0.040+ j0.025)S, therefore conduc- 
tance, G=0.040S and capacitive susceptance, Bc= 
0.025 S. From equation (25.1) when a circuit consists 
of resistance R and capacitive reactance in parallel, then 


Y =(1/R)+(j/Xc). 


1 1 
Hence resistance R= — = ——— = 250 
G 0.04 
ae 1 1 
and capacitive reactance Xc = — = —— =402 
Bc 0.025 


The circuit and phasor diagrams are shown in Figure 25.1. 


Xco=400 


(b) 


Figure 25.1 (a) Circuit diagram (b) Phasor diagram 


(b) Series connection 
Admittance Y = (0.040 + j0.025)S, therefore 


1 

Y  0.040+ 0.025 
0.040 — j0.025 
~ (0.040)? + (0.025)? 
= (17.98 —j11.242 


impedance Z = 


Thus the resistance, R=17.98Q@ and capacitive 
reactance, Xc = 11.242. 


The circuit and phasor diagrams are shown in Figure 25.2. 


{ 


R=17.98 Q 


Xo= 11.24 0 


(a) 


Figure 25.2 (a) Circuit diagram (b) Phasor diagram 


The circuits shown in Figures 25.1(a) and 25.2(a) are 
equivalent in that they take the same supply current J for a 
given supply voltage V; the phase angle ¢ between the cur- 
rent and voltage is the same in each of the phasor diagrams 
shown in Figures 25.1(b) and 25.2(b). 


Now try the following exercise 


Exercise 97 Further problems on admittance, 
conductance and susceptance 


1. Determine the admittance (in polar form), conduc- 
tance and susceptance of the following impedances: 
(a) j10Q (b) —j40.Q ©) 322-305 @ 
(d) (5 +/9)Q (e) (16 —710)22 

[(a) 0.12—90° S, 0, 0.1S 
(b) 0.025290° S, 0, 0.025 S 
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(c) 0.0312530° S, 0.0271 S, 0.0156S 
(d) 0.09712—60.93° S, 0.0472 S, 0.0849 S 
(e) 0.0530232.04° S, 0.0449 S, 0.0281 S] 


. Derive expressions, in polar form, for 

the impedances of the following admit- 

tances: (a) 0.05240°S (b) 0.00162—25°S 
(c) (0.1 + j0.4) S (d) (0.025 — j0.040) S 

[(a) 202—40° Q (b) 625.225° Q 

(c) 2.4252—75.96° Q (d) 21.20257.99° Q] 


. The admittance of a _ series circuit is 

(0.010 —j0.004)S. Determine the values of 

the circuit components if the frequency is 50 Hz. 
[R= 86.21 Q, L= 109.8 mH] 


. The admittance of a network is (0.05 —j0.08) S. 

Determine the values of resistance and reactance in 

the circuit if they are connected (a) in series, (b) in 
parallel. 

[(a) R=5.62 Q, X, = 8.99 Q 

(b) R= 20 Q, X, = 12.5 Q] 


. The admittance of a two-branch parallel network is 
(0.02 +j0.05) S. Determine the circuit components 
if the frequency is 1 kHz. 

[R= 50 2, C= 7.958 LF] 


. Determine the total admittance, in rectangular and 
polar forms, of each of the networks shown in 
Figure 25.3. 


20 Q 


j30Q 


109 


-j20Q 


j52 


§© 120 


12.2 -j16 


(d) 
Figure 25.3 


[(a) (0.0154 — j0.0231) S or 0.02782—56.31° S 
(b) (0.132 — j0.024) S or 0.1342—10.30° S 

(c) (0.08 + 0.01) § or 0.080627.125° S 

(d) (0.0596 — j0.0310) S or 0.06722—27.48° S] 


25.3 Parallel a.c. networks 


Figure 25.4 shows a circuit diagram containing three 
impedances, Z,j, Z and Z3 connected in parallel. 
The potential difference across each impedance is the 
same, i.e. the supply voltage V. Current 1) =V/Z, 
In=V/Z_ and 1;=V/Z3. If Zr is the total equivalent 
impedance of the circuit then J/=V/Zr. The supply 
current, J = 1, + I2 + J; (phasorially). 


1 1 iii 
Zr Z1 ZZ. Zz 


or total admittance, Yr = Yy + Y2+ Y3 
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In general, for n impedances connected in parallel, The following problems show how complex numbers are 
used to analyse parallel a.c. networks. 


Yr =Y¥1+Y2+Y3+---+Y¥n | (phasorially) 


Problem4. Determine the values of currents J, 7; and 


It is in parallel circuit analysis that the use of admittance 1, shown in the network of Figure 25.6. 
has its greatest advantage. 


Exe) 


Current division in a.c. circuits 


For the special case of two impedances, Z; and Zp, 
connected in parallel (see Figure 25.5), 


Figure 25.6 


Total circuit impedance, 


(876) _ i (J48)(8 — j6) 


Zrp=5+ 


; 2462 

Figure 25.5 Se ee 

5 , (384+ 288 

7 100 

Be TD ge de = (7.88 + j3.84)Q or 8.77225.98° Q 
Zr ZI LZ ZZ 
V 5020° ; 
The total impedance, Zr = Z1Z2/(Z1 + Z2) (i.e. prod- Current J = = = 5.702—25.98° A 
Zr 8.77Z25.98° 

uct/sum). 
From Figure 25.5, 

16 

ea VeIzp=l Z| Zn Current 1) =I (4. =) 
supply voltage, V = IZr =I\ 5 > j ee 
= (5.702—25.98°) | ——__— 
10236.87° 
Also, V= NZ, (and V= IhZn) 
= 3.42227.15° A 
ZZ 
Thus, YZ, =1 (5 : 7 ) Cc tEG es 
1+ BENS TG 
8Z0° 
- = (5.70/—25.98°) (ao) 
Le. current J; =I (525) 10236.87 
1+ 42 = 4,562—62.85° A 
[Note: J =I + In = 3.42227.15° + 4.562—62.85° 
Z ‘ : 
Similarly, current J, = I (5 7 ) = (3.043 + 71.561) + (2.081 — 74.058) 
ee = (5.124 — j2.497)A 

Note that all of the above Circuit symbols infer complex = 5.702—25.98°A] 


quantities either in Cartesian or polar form. 
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Problem 5. For the parallel network shown in 
Figure 25.7, determine the value of supply current J 
and its phase relative to the 40 V supply. 


Figure 25.7 


Impedance Z; = (5 + j12)Q, Zz = (3 — j4)Q and Z3 = 8 Q 


Supply current J = Zz VYr where Zr = total circuit 


T 
impedance, and Y7 = total circuit admittance. 


Yr =Y¥,+%+¥3 


Esa 1 1 1 
“Zi ' Lh Zs (5+ 712) B-j4) 8 
_ 5-fl2 3474 1 
~ 524122 " 32442 * 8 


= (0.0296 — j0.0710) + (0.1200 + j0.1600) 
+ (0.1250) 
ie. Yr = (0.2746 + j0.0890)S or 0.2887217.96° S 


Current J = VYr = (4020°)(0.2887217.96°) 

= 11.55217.96°A 
Hence the current / is 11.55 A and is leading the 40 V 
supply by 17.96° 


Alternatively, current 7=1)} +h+h 


4020° 4020° 
Current J; = —— 
5+j12  13267.38° 
= 3.077Z — 67.38° A or (1.183 —j2.840)A 
40Z0° 402Z0° 
Current J) = we wa = 82Z53.13°A 


3—j4  52—53.13° 
or (4.80 + j6.40)A 


400° : 
Current /3 = 370° =520° A or (5+ j0)A 


Thus current =J) +h+h 
= (1.183 — j2.840) + (4.80 + j6.40) 
+ (5 + j0) 
= 10.983 + 73.560 = 11.55217.96° A, 


as previously obtained. 


Problem 6. An a.c. network consists of a coil, of 
inductance 79.58 mH and resistance 18 Q, in parallel 
with a capacitor of capacitance 64.96 WF. If the supply 
voltage is 25020° V at 50 Hz, determine (a) the total 
equivalent circuit impedance, (b) the supply current, 
(c) the circuit phase angle, (d) the current in the coil, 
and (e) the current in the capacitor. 


The circuit diagram is shown in Figure 25.8. 


25020° V, 
50 Hz 


79,58 MH 


Figure 25.8 


Inductive reactance, X; = 2af L = 21(50)(79.58 x 1073) 
=25Q 


Hence the impedance of the coil, 


Zcow = (R+jXz) = (18 + j25)Q or 30.81254.25° Q 


Capacitive reactance, Xc = ie 
1 
~ 2x(50)(64.96 x 10-6) 
=492 


In complex form, the impedance presented by the capac- 
itor, Zc is —jXc, i.e. —j49 Q or 497—90°Q 


(a) Total equivalent circuit impedance, 


ZcCoILXc ( product ) 
Zr= i.e. 
Zoo + Zc sum 
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(30.81 254.25°)(492—90°) 
(18 + j25) + (—j49) 
_ (30.81254.25°)(492—90°) 
18 — j24 
(30.81 254.25°)(492—90°) 
30Z—53.13° 
= 50.322(54.25°— 90° — (—53.13°)) 


= 50.32217.38° or (48.02 + 715.03)2 


V 25020° 
Zr 50.32.717.38° 
=4,97/-17.38° A 


(c) Circuit phase angle = 17.38° lagging, i.e. the current 
I lags the voltage V by 17.38° 


Vi _—s.250.20° 
Zocor, 30.81254.25° 
=8.11 7—54.25°A 


(b) Supply current J = 


(d) Current in the coil, Icom = 


: d V 250Z0° 
(e) Current in the capacitor, l¢ = — = ———_ 
Zo 49Z-—90° 
=5.10290° A 


Now try the following exercise 


Exercise 98 Further problems on parallel a.c. 
networks 


1. Determine the equivalent circuit impedances of the 
parallel networks shown in Figure 25.9. 


ANQ 209 


129 


—/30.Q 


{52 


(c) 
Figure 25.9 


[(a) (4 — j8)Q or 8.942—63.43°2 
(b) (7.56 + 1.95) Qor7.81214.46°Q 
(c) (14.04 — j0.74)Q or 14.062—3.02°Q] 


2. Determine the value and phase of currents J; and 
in the network shown in Figure 25.10. 


100/0° V 192 


192 
Figure 25.10 
[h = 8.942—10.30° A, Ip = 17.89279.70° A] 


3. For the  series-parallel network shown in 
Figure 25.11, determine (a) the total network 
impedance across AB, and (b) the supply current 
flowing if a supply of alternating voltage 30220° V 
is connected across AB. 


362 {5.20 


Figure 25.11 
[(a) 10236.87° Q (b) 3Z—16.87° A] 


4. For the parallel network shown in Figure 25.12, 
determine (a) the equivalent circuit impedance, 
(b) the supply current /, (c) the circuit phase angle, 
and (d) currents J; and Ip 


I Io 
150 102 
50 V, 
1 kHz 
elms 50 UF 
Figure 25.12 
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[(a) 10.332—6.31°R (b) 4.8426.31° A 
(c) 6.31° leading (d) I; =0.9532—73.38° A, 
ly = 4.765217.66° A] 


5. For the network shown in Figure 25.13, determine 
(a) current /;, (b) current J), (c) current J, (d) 
the equivalent input impedance, and (e) the supply 
phase angle. 


Ip 
ik Figure 25.15 
25 Q 
120 V, 
400 Hz SOLE 
: 25.4 Further worked problems on parallel a.c. 
10 mH 
networks 
Problem 7. (a) For the network diagram of Fig- 
Figure 25.13 ure 25.16, determine the value of impedance Z (b) If 
the supply frequency is 5 kHz, determine the value of 
[(a) 15.08290° A (b) 3.392—45.15° A the components comprising impedance Z 
(c) 12.90279.33° A (d) 9.302—79.33° Q _ y 
(e) 79.33° leading] {= 31.4252.48° A 


6. Determine, for the network shown in Figure 
25.14, (a) the total network admittance, (b) the 
total network impedance, (c) the supply current /, 


(d) the network phase angle, and (e) currents J), 10 
h, Bb and I4. 
Figure 25.16 
So P PART 
(a) Total circuit admittance, 3 
I 31.4252.48° 
Yr=== 
V 50230° 
= 0.628 725.48°S or 
Figure 25.14 (0.58 +j0.24)S 
[(a) 0.0733243.39° S (b) 13.642—43.39° Q Yr=Y1+%24+ ¥3 
(c) 1.833243.39° A (d) 43.39° leading 1 1 
(e) 1, = 0.455 2—43.30° A, Ip = 1.863.257.50° A, Thus (0.58 + j0.24) = Y; ea 0 
b =120° A, 14 = 1.570290° A] (ere) 
7. Four impedances of (10 —j20)2, (30+/0) Q, =Y¥, == 0.1 
(2—j15)Q and (25+ 712)Q are connected in 8° +6 
parallel across a 250 V a.c. supply. Find the supply ie. 0.58 + j0.24 = Y; + 0.08 — j0.06 + 0.1 


current and its phase angle. [32.62243.55° A] 


Hence Y; = (0.58 — 0.08 — 0.1) 
8. In the network shown in Figure 25.15, the volt- : : 
meter indicates 24 V. Determine the reading on the AHO 2S 10:09) 
ammeter. [7.53A] = (0.4 + j0.3)S or 0.5236.87°S 
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1 1 
Thus impedance, Z; = — 
Y;  0.5236.87° 
=22-—36.87° Q 


or (1.6 —j1.2)Q2 


(b) Since Z} = (1.6—j1.2) Q, resistance = 1.6 Q and 
capacitive reactance, Xc = 1.2 Q. 


: 1 
, capacitance C = 


Since Xc = —— 
ee Oe OAC InfXc 
1 


= —______F 
27(5000)(1.2) 


le. capacitance = 26.53 LF 


Problem 8. For the series-parallel arrangement 
shown in Figure 25.17, determine (a) the equivalent 
series circuit impedance, (b) the supply current /, 
(c) the circuit phase angle, (d) the values of voltages 
V, and V2, and (e) the values of currents J, and Ig 


! 


9120° V 


-j152 


Figure 25.17 


(a) The impedance, Z, of the two branches connected in 
parallel is given by: 


(5 +j7)(4 — j15) 
~ (5+ j7) + (4—j15) 


_ 20 —j75 + j28 — j° 105 

= 9 —j8 

_ 125—j47 _ 133.542—20.61° 
~ 9-78 —~— 12.042—41.63° 


= 11.092—21.02° Q or (10.35 + j3.98)Q 


Equivalent series circuit impedance, 
Zr = (1.65 + 1.02) + (10.35 +. 73.98) 
= (12 +75) or 132 22.62° & 


Vi -9120° 
b 1 t, /= — = —___ 
(b) Supply current, I= > = 75799. 628 

= 72 —22.62° A 


(c) Circuit phase angle = 22.62° lagging 


(d) Voltage Vi =/Z1, where Z; =(1.65+ 1.02) Q or 
1.94731.72° Q. 


Hence V; =(72—22.62°)(1. 94231.72°) 
= 13.5829.10° V 


Voltage V2 = IZ, where Z is the equivalent impedance 
of the two branches connected in parallel. 


Hence V> = (72—22.62°) (11.09221.02°) 
= 77.632—1.60° V 
(e) Current [4 = V2/Z,4, where Z4 = (5 +j7) Q or 
8.60254.46°Q. 


77.63Z—1.60° 


Thus 144= 
8.60254.46° 


= 9.032—56.06°A 


Current Ip = V2/Zz, 
where Zp = (4 —j15)Q or 15.5247—75.07°Q 


77.63Z—1.60° 


This ti ees 
me B= 15 594 — 75. 07° 


= 5.00273.47° A 


[Alternatively, by current division, 


15.5247—75.07° 
=12-2.62' ( 22 an ) 


(5 +j7) + (4 —j15) 


segs bes (Ssectson ) 


9 — 78 


15.5247—75.07° 
=12-22.62° Ce) 


12.047—41.63° 


= 9.032—56.06°A 
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ZA 
Ip=lI 
Za + ZB 


8.60254.46° 
= 7Z—22.62° 


12.042—41.63° 
= 5.00273.47°A] 


Now try the following exercise. 


Exercise 99 Further problems on parallel a.c. 
networks 


1. Three impedances are connected in parallel to 
a 100V, 50Hz supply. The first impedance 
is (10+j12.5)Q and the second impedance is 
(20 + j8) &. Determine the third impedance if the 
total current is 202—25° A. 

[(9.74 + 71.82) Q or 9.91210.56°Q] 


2. For each of the network diagrams shown in Fig- 
ure 25.18, determine the supply current J and their 
phase relative to the applied voltages. 


0.12H 


Figure 25.18 
[(a) 1.6327—17.10°A (b) 5.4127—8.46° A] 


3. Determine the value of current flowing in the 
(12+ j9) Q impedance in the network shown in 
Figure 25.19. 


13620° V ap 


j9 


Figure 25.19 


[7.66233.63° A] 


4. Inthe series-parallel network shown in Figure 25.20 
the p.d. between points A and B is 502—68.13° V. 
Determine (a) the supply current J, (b) the equiv- 
alent input impedance, (c) the supply voltage V, 
(d) the supply phase angle, (e) the p.d. across points 
B and C, and (f) the value of currents J; and Jp. 


f, 102 j6Q 


Figure 25.20 


[(a) 11.992—31.81° A (b) 8.54.220.56° Q 
(c) 102.42—11.25° V (d) 20.56° lagging 
(ce) 86.0217.91° V (f) [1 =7.37Z—13.05° A 
In =5.542Z—57.16° A] 


5. For the network shown in Figure 25.21, determine 
(a) the value of impedance Zp, (b) the current flow- 
ing in Zp, and (c) the components comprising Zp if 
the supply frequency is 2 kHz. 


1=20225° A 
O 


100.260° V ap 


—}30 2 


Figure 25.21 


[(a) 6.25252.34°Q (b) 16.027.66° A 
(c) R=3.819 Q,L =0.394 mH] 
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6. Coils of impedance (5 +/8)Q and (12 +/16) Q 
are connected in parallel. In series with this com- 
bination is an impedance of (15 —j40) Q. If the 
alternating supply pd. is 15020° V, determine (a) 
the equivalent network impedance, (b) the supply 
current, (c) the supply phase angle, (d) the current 
in the (5 + j8)Q impedance, and (e) the current in 
the (12 + j16)Q impedance. 

[(a) 39.312—61.84°Q (b) 3.816261.84° A 
(c) 61.84° leading (d) 2.59560.28° A 
(e) 1.224765.15° A] 


7. For circuit shown in Figure 25.22, determine (a) the 
input impedance, (b) the source voltage V, (c) the 
p.d. between points A and B, and (d) the current in 
the 10 Q resistor. 


5Q f8Q 


1=15230°A 2.43Q 3.762 


Figure 25.22 


[(a) 10.0236.87° &2 
(b) 150266.87° V 
(c) 90251.92° V 
(d) 2.50£18.23° A] 


26 Power in a.c. circuits 


At the end of this chapter you should be able to: 


e determine active, apparent and reactive power in a.c. e perform calculations involving power factor 
series/parallel networks improvement 
@ appreciate the need for power factor improvement 
26.1 Introduction Maximum 


Alternating currents and voltages change their polarity 
during each cycle. It is not surprising therefore to find 
that power also pulsates with time. The product of voltage 
vand current i at any instant of time is called instantaneous 
power p, and is given by: 


p=v 


26.2 Determination of power in a.c. circuits 


(a) Purely resistive a.c. circuits 


Let a voltage v = V,, sin wt be applied to a circuit compris- 
ing resistance only. The resulting current is i=, sin wt, 
and the corresponding instantaneous power, p, is given by: 


p=vi = (Vm Sin wt) Sin ot) 
te. = pD=Vinln sin? wt 


From trigonometrical double angle formulae, 
cos 2A = 1-2 sin2A, from which, 


sin27A = 5(1 — cos 2A) 
Thus sin?@t = 5(1 — cos 2wt) 
Then power p = Vintm [5 — cos 2or)| 
Le. p= 5Vinlm (1 — cos 2wt) 


The waveforms of v, i and p are shown in Figure 26.1. The 
waveform of power repeats itself after 27/a@ seconds and 
hence the power has a frequency twice that of voltage and 
current. The power is always positive, having a maximum 
value of Vinlm. The average or mean value of the power is 
5Vnkm- 

The rms value of voltage V=0.707Vin, i.e. 
V=Vn/./2, from which, Vin = /2 V. Similarly, the rms 


power 


Average 
power 


t (seconds) 


Figure 26.1. The waveforms of v, i and p 


value of current, J=J,,/./2, from which, I,=/21. 
Hence the average power, P, developed in a purely 
resistive a.c. circuit is given by 


P= 5Vimlm = 4(V/2 V)./2D = VI watts 


Also, power P=PR or V2 /R as for a d.c. circuit, since 
V=IR. 


Summarizing, the average power P in a purely resistive 
a.c. circuit is given by 


y2 
P=VI=PR= a watts 


where V and J are rms values. 


(b) Purely inductive a.c. circuits 


Let a voltage v=V,, sinwt be applied to a circuit con- 
taining pure inductance (theoretical case). The resulting 
current is i = Jj, sin(wt — (7r/2)) since current lags voltage 
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by 90° in a purely inductive circuit, and the corresponding 
instantaneous power, p, is given by: 


p=vi=(Vy sin wt)Iy sin(@t — (7/2)) 
Le. p=Vnlm sin wt sin(@t — (77/2)) 
However, sin(wt — (1/2)) = — cos wt 
Thus p = — VinIm Sin wt cos wt 


Rearranging gives: p=— 5 Vinlm (2 sin wt cos wt). 
However, from the double-angle formulae, 
2 sin wt cos wt = sin 2at. 


Thus power, p = — i Vinlm sin 2ot 


The waveforms of v, i and p are shown in Figure 26.2. 
The frequency of power is twice that of voltage and cur- 
rent. For the power curve shown in Figure 26.2, the area 
above the horizontal axis is equal to the area below, thus 
over a complete cycle the average power P is zero. It 
is noted that when v and i are both positive, power p is 
positive and energy is delivered from the source to the 
inductance; when v and i have opposite signs, power p is 
negative and energy is returned from the inductance to the 
source. 


t (seconds) 


Figure 26.2 Power ina purely inductive a.c. circuit 


In general, when the current through an inductance is 
increasing, energy is transferred from the circuit to the 
magnetic field, but this energy is returned when the current 
is decreasing. 


Summarizing, the average power P in a purely induct- 
ive a.c. circuit is zero. 


(c) Purely capacitive a.c. circuits 


Let a voltage v=V,,sinwt be applied to a circuit 
containing pure capacitance. The resulting current is 
i=Ip sin(wt + (71/2)), since current leads voltage by 90° 


in a purely capacitive circuit, and the corresponding 
instantaneous power, p, is given by: 


p=vi= (Vy sin wt Jn sin(wt + (7/2)) 


Le. p= Vinln sin ot sin(wt + (s0/2)) 


However, sin(wt + (77/2)) = cos wt. 


Thus P= V pln Sin wt cos wt 


Rearranging gives p= 5 Vindm(2 Sin wt COs wt). 
Thus power, p = 1V Lm sin 2t 


The waveforms of v, i and p are shown in Figure 26.3. 
Over a complete cycle the average power P is zero. When 
the voltage across a capacitor is increasing, energy is trans- 
ferred from the circuit to the electric field, but this energy 
is returned when the voltage is decreasing. 


t (seconds) 


Figure 26.3 Power in a purely capacitive a.c. circuit 


Summarizing, the average power P in a purely capaci- 
tive a.c. circuit is zero. 


(d) R-L or R-C a.c. circuits 


Let a voltage v = V,, sin wt be applied to a circuit contain- 
ing resistance and inductance or resistance and capaci- 
tance. Let the resulting current be i=/,, sin(wt+ @), 
where phase angle ¢ will be positive for an R-C cir- 
cuit and negative for an R—L circuit. The corresponding 
instantaneous power, p, is given by: 


Pp=vi= (Vy sinwt)Tm sin (wt + @)) 
Le. p=Vinlm Sin wt sin(wt + ?) 


Products of sine functions may be changed into differences 
of cosine functions by using: 


sinA sin B= —4[cos(A + B) — cos(A — B)] 
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Substituting wf =A and (wt + ¢) =B gives: 
power, p= Vinlin { far 5 [cos (@t+ wt + d) 
— cos (wt — (wt + ¢))]} 
ie. p= 4Vmlmlcos(—$) — cos(2at + $)] 
However, cos(—@) = cos @. 
Thus p = 1V mIm[cos ¢ — cos(2t + )] 
The instantaneous power p thus consists of 


(i) a sinusoidal term, — 5 Vinlm Cos(2mt + ¢), which has 
a mean value over a cycle of zero, and 
(ii) a constant term, 5Vindin cos ¢ (since ¢ is constant for 
a particular circuit). 
Thus the average value of power, P = 5Vinkn cos @. 
Since Vi, = /2 V and I, = /21, 


average power, P = 5(./2 V)(./21) cos 6 


Le. P=VI cos ¢ watts 


The waveforms of v, i and p, are shown in Figure 26.4 for 
an R-L circuit. The waveform of power is seen to pulsate at 
twice the supply frequency. The areas of the power curve 
(shown shaded) above the horizontal time axis represent 
power supplied to the load; the small areas below the axis 
represent power being returned to the supply from the 
inductance as the magnetic field collapses. 


t (seconds) 


Voltage, v 


Figure 26.4 Power in a.c. circuit containing 
resistance and inductive reactance. 


A similar shape of power curve is obtained for an 
R-C circuit, the small areas below the horizontal axis 
representing power being returned to the supply from the 
charged capacitor. The difference between the areas above 
and below the horizontal axis represents the heat loss due 
to the circuit resistance. Since power is dissipated only 
in a pure resistance, the alternative equations for power, 


P= IRR, may be used, where Jp is the rms current flowing 
through the resistance. 


Summarizing, the average power P in a circuit con- 
taining resistance and inductance and/or capacitance, 
whether in series or in parallel, is given by P = VI cos 
or P= 1? R (V,1 and Ip being rms values). 


26.3 Power triangle and power factor 


A phasor diagram in which the current J lags the applied 
voltage V by angle ¢ (i.e. an inductive circuit) is shown 
in Figure 26.5(a). The horizontal component of V is 
V cos @, and the vertical component of V is V sin @. If 
each of the voltage phasors of triangle Oab is multiplied by 
I, Figure 26.5(b) is produced and is known as the ‘power 
triangle’. Each side of the triangle represents a particular 
type of power: 


True or active power P = VI cos ¢ watts (W) 
Apparent power S = VI voltamperes (VA) 
Reactive power Q = VI sin ¢ vars (var) 


V sing 


0 Vcos¢ | 
(a) 
S=Vi 
Q=Vising 
¢ 
P-Vising 


(b) 


Figure 26.5 (a) Phasor diagram, (b) Power triangle 
for inductive circuit 


The power triangle is not a phasor diagram since quan- 
tities P, O and S are mean values and not rms values of 
sinusoidally varying quantities. 

Superimposing the power triangle on an Argand dia- 
gram produces a relationship between P, S and Q in 
complex form, i.e. 


S=P+jQ 
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Apparent power, S, is an important quantity since a.c. 
apparatus, such as generators, transformers and cables, 
is usually rated in voltamperes rather than in watts. The 
allowable output of such apparatus is usually limited not 
by mechanical stress but by temperature rise, and hence 
by the losses in the device. The losses are determined by 
the voltage and current and are almost independent of the 
power factor. Thus the amount of electrical equipment 
installed to supply a certain load is essentially determined 
by the voltamperes of the load rather than by the power 
alone. 

The rating of a machine is defined as the maximum 
apparent power that it is designed to carry continuously 
without overheating. 

The reactive power, Q, contributes nothing to the net 
energy transfer and yet it causes just as much loading of the 
equipment as if it did so. Reactive power is a term much 
used in power generation, distribution and utilization of 
electrical energy. 

Inductive reactive power, by convention, is defined as 
positive reactive power; capacitive reactive power, by 
convention, is defined as negative reactive power. The 
above relationships derived from the phasor diagram of an 
inductive circuit may be shown to be true for a capacitive 
circuit, the power triangle being as shown in Figure 26.6. 


P=Vicos¢ 


Ne, ia 


Q=Vising 
S=Vi ~ 


Figure 26.6 Power triangle for capacitive circuit 


Power factor is defined as: 


active power P 


power factor = ———_—_—___—__ 
apparent power S 


For sinusoidal voltages and currents, 


P VIcos¢ 
power factor = — = 
S VI 


R 
=cos d6= Z (from the impedance triangle) 


A circuit in which current lags voltage (i.e. an inductive 
circuit) is said to have a lagging power factor, and indicates 
a lagging reactive power Q. 
A circuit in which current leads voltage (i.e. a capacitive 
circuit) is said to have a leading power factor, and indicates 
a leading reactive power Q. 


26.4 Use of complex numbers for determination 
of power 


Let a circuit be supplied by an alternating voltage V2 a, 

where 

VZa = V(cosa+jsina) = Vcosa+jVsina =a-+jb 
(26.1) 


Let the current flowing in the circuit be 776, where 


IZB = I(cos 6+ jsin B) =I cos B+ jl sinB=c+ jd 
(26.2) 

From Sections 26.2 and 26.3, power P = VI cos ¢, where 

¢ is the angle between the voltage V and current J. If the 


voltage is VZa° and the current is 176°, then the angle 
between voltage and current is (@ — B)° 


Thus power, P = VI cos(a — B) 
From compound angle formulae, 


cos(a — B)= cosa cos B+ sina sin B. 


Hence power, P=Vl{cos a cos 6+sina@ sin B] 
Rearranging gives 

P=(V cosa) cos B)+(V sin a)(/ sin B), ie. 
P=(a)(c) + (b)(d) from equations (26.1) and (26.2) 


Summarizing, if V = (a+ jb) and J = (c +jd), then 


power, P = ac + bd (26.3) 


Thus power may be calculated from the sum of the prod- 
ucts of the real components and imaginary components of 
voltage and current. 


Reactive power, Q = VI sin(a — B) 

From compound angle formulae, 

sin(a — 8)=sina cos B—cosa sin p. 

Thus Q = V/[sin a cos 6B — cos a sin B] 

Rearranging gives 

Q=(V sina)U cos B) —(V cos a)(/ sin B) ie. 
Q=(b)(c) — (a)(d) from equations (26.1) and (26.2). 
Summarizing, if V = (a+ jb) and I= (c + jd), then 


reactive power, Q=bc — ad (26.4) 


Expressions (26.3) and (26.4) provide an alternative 
method of determining true power P and reactive power 
Q when the voltage and current are complex quantities. 
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From Section 26.3, apparent power S = P + jQ. However, 
merely multiplying V by J in complex form will not give 
this result, i.e. (from above) 


S = VI = (a+ jb)(c + jd) = (ac 


bd) + j(bc + ad) 


Here the real part is not the expression for power as 
given in equation (26.3) and the imaginary part is not the 
expression of reactive power given in equation (26.4). 

The correct expression may be derived by multiplying 
the voltage V by the conjugate of the current, i.e. (c — jd), 
denoted by /*. Thus 


apparent power S = VI* = (a+ jb)(c — jd) 
= (ac + bd) + j(bc — ad) 


Le.| S=P+ JQ | from equations (26.3) and (26.4). 


Thus the active and reactive powers may be determined 
if, and only if, the voltage V is multiplied by the conjugate 
of current /. As stated in Section 26.3, a positive value of Q 
indicates an inductive circuit, i.e. a circuit having a lagging 
power factor, whereas a negative value of Q indicates a 
capacitive circuit, i.e. a circuit having a leading power 
factor. 


Problem 1. A coil of resistance 5 Q and inductive 
reactance 12 Q is connected across a supply voltage 
of 5230° volts. Determine the active power in the 
circuit. 


The circuit diagram is shown in Figure 26.7. 


5230° V 


Figure 26.7 


Impedance Z = (5 + j12)Q or 13267.38° Q 
Voltage V =5230° V or (45.03 + j26.0) V 


V 52230° 
Current J = — = ——____ 
Z = 13267.38° 


=4/—37.38° A or (3.18 —j2.43) A 


There are three methods of calculating power. 


Method 1. Active power, P= VI cos ¢, where ¢ is the 
angle between voltage V and current J. Hence 


P= (52)(4) cos[30° — (—37.38°)] 
= (52)(4) cos 67.38° = 80 W 

Method 2. Active power, P = 12R = (4)?(5)=80W 
Method 3. Since V = (45.03 + j26.0) V and 

I= (3.18 —j2.43) A, then active power, 

P= (45.03)(3.18) + (26.0)(—2.43) 

from equation (26.3) 

ie. P=143.2 —63.2=80W 


Problem 2. Acurrent of (15 +/8)A flows in a circuit 
whose supply voltage is (120+ 200) V. Determine 
(a) the active power, and (b) the reactive power. 


(a) Method 1. Active power P = (120)(15) + (200)(8), 
from equation (26.3), i.e. 


P= 1800+ 1600 = 3400 W or 3.4kW 


Method 2. Current I = (15+ j8)A = 17228.07° A and 
Voltage V = (120 + j200) V = 233.24759.04° V 
Angle between voltage and current = 59.04° — 28.07° 
= 30.97° 
Hence power, P = VI cos ¢ = (233.24)(17) cos 30.97° 
=3.4kW 


(b) Method 1. Reactive power, Q = (200)(15) — (120)(8) 
from equation (26.4), i.e. 


OQ = 3000 — 960 = 2040 var or 2.04 kvar 
Method 2. Reactive power, 
Q = VIsin @ = (233.24)(17) sin 30.97° 

= 2.04 kvar 


Alternatively, parts (a) and (b) could have been obtained 
directly, using 
Apparent power, S = V/* = (120 + j200)(15 — 8) 
= (1800+ 1600)+ (3000 — 960) 
= 3400 + j2040 = P+ jQ 


from which, power P=3400W and reactive power, 
Q = 2040 var 


Problem 3. A series circuit possesses resistance R 
and capacitance C. The circuit dissipates a power 
of 1.732kW and has a power factor of 0.866 
leading. If the applied voltage is given by 
v= 141.4sin (1044 + (27/9)) volts, determine (a) the 
current flowing and its phase, (b) the value of resistance 
R, and (c) the value of capacitance C. 
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(a) 


(b) 


(c) 


Since v= 141.4 sin(10*t + (z7/9)) volts, then 141.4V 
represents the maximum value, from which the rms 
voltage, V = 141.4/,/2 = 100V, and the phase angle 
of the voltage = +77/9 rad or 20° leading. Hence as a 
phasor the voltage V is written as 100220° V. 


Power factor = 0.866 = cos ¢, from which 
= cos! 0.866 = 30°. 
Hence the angle between voltage and current is 30°. 


Power P = VI cos ¢. 


Hence 1732 = (100)/ cos 30° from which, 
1732 _ 
(100)(0.866) 


Since the power factor is leading, the current phasor 
leads the voltage — in this case by 30°. Since the 
voltage has a phase angle of 20°, 


current, J = 202(20° + 30°) A = 20250° A 


current, |/| = 


Impedance 
V 100220° 

Z=—= = 52—30° Q or (4.33 —j2.5) Q 
7 = 202508 5Z—30° Q or (4.33 —j2.5) 


Hence the resistance, R = 4.33 Q and the capacitive 
reactance, Xc =2.5Q. 
Alternatively, the resistance may be determined from 
active power, P=] 2R. Hence 1732= (20)°R, from 
which, 
resistance R = ae = 4.332 

(20) 
Since v=141.4sin(10*t+(7/9)) volts, angular 
velocity w = 10* rad/s. 
Capacitive reactance, Xc = 2.5 Q, thus 


1 1 
23:5 >= SS 
2mfC wl 
1 1 
fi hich, it C= a F 
rom which, capacitance, 250 7 (2.5\(104) 
=40pF 


Problem 4. For the circuit shown in Figure 26.8, 
determine the active power developed between points 
(a) A and B, (b) C and D, (c) E and F. 


Figure 26.8 


10020° V Dt 


Circuit impedance, 


jA)(—j1 40 —j 
z=54 CTI as (40 120) 
(3 +j4 —/10) (3 —j6) 
502Z—36.87° 
= = 7.45226.56° 
3 6.71Z—63.43° Sd oeeOe 


=5+4 6.66 + j3.33 = (11.66 +j3.33) Q or 
12.13215.94° Q 


V 10020° 

Z = 12.13 215.94° 

(a) Active power developed between points A and 
B=PR=(8.24)?(5) = 339.5W 

(b) Active power developed between points C and D is 
zero, since no power is developed in a pure capacitor. 


Z 
(c) Current, 1) =J (2) 
Zcp + ZEF 


—j10 
= 8.247—15.94° ( ~— 
(; ns) 
102—90° 
6.71Z—63.43° 


Current J = = 8.247—-15.94° A 


= 8.247 —15.94° ( 


= 12.282—42.51°A 


Hence the active power developed between points E 
and F =17R = (12.28)?(3) = 452.4 W 

[Check: Total active power developed = 339.5 + 
452.4 = 791.9 W or 792 W, correct to three significant 
figures. 

Total active power, P= P?Rr = (8.24)?(11.66) = 
792W (since 11.66 Q is the total circuit equivalent 
resistance) 

or P= VI cos ¢ = (100)(8.24) cos 15.94° = 792 W] 


Problem 5. The circuit shown in Figure 26.9 dis- 
sipates an active power of 400 W and has a power 
factor of 0.766 lagging. Determine (a) the apparent 
power, (b) the reactive power, (c) the value and phase 
of current J, and (d) the value of impedance Z. 


Figure 26.9 
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Since power factor =0.766 lagging, the circuit phase 
angle # = cos~!0.766, i.e. é = 40° lagging which means 
that the current J lags voltage V by 40°. 


(a) 


(b) 


(c 


Ym 


(d) 


Since power, P = VI cos ¢, the magnitude of apparent 
power, 
P 4 
S Baile 522.2 VA 
cos@ 0.766 
Reactive power, Q= VI sin @= (522.2)(sin 40°) = 


335.7 var lagging. (The reactive power is lagging 
since the circuit is inductive, which is indicated by the 
lagging power factor.) The power triangle is shown in 
Figure 26.10. 


S$ =522.2 VA 
Q = 335.7 var 
lagging 
40° 
P=400W 
Figure 26.10 
Since VI = 522.2 VA, 
‘ 522.2 522.2 
magnitude of current |J| = ——— = —— 
V 100 
=5.222A 


Since the voltage is at a phase angle of 30° (see Fig- 
ure 26.9) and current lags voltage by 40°, the phase 
angle of current is 30° — 40° = — 10°. Hence current 
T=5,.2222-10°A. 


Total circuit impedance 
View 100230° 
I 5.2227—10° 
= 19.15 240° Q or (14.67 + 712.31) Q 


Zr = 


Hence impedance 
Z=Zr —4= (14.67 +j12.31) —4 
= (10.67 + j12.31) Q or 16.2949.08° Q 


Now try the following exercise. 


il, 


Exercise 100 Further problems on power in a.c. 
circuits 


When the voltage applied to a circuit is given by 
(2+ 75)V, the current flowing is given by (8 + j4) A. 
Determine the power dissipated in the circuit. 

[36 W] 


2. A current of (12+ /5)A flows in a circuit when 
the supply voltage is (150+ j220)V. Determine 
(a) the active power, (b) the reactive power, and 
(c) the apparent power. Draw the power triangle. 

[(a) 2.90 kW (b) 1.89 kvar lagging (c) 3.46 kVA] 


3. Acapacitor of capacitive reactance 40 Q and a resis- 
tance of 30 Q are connected in series to a supply 
voltage of 20060° V. Determine the active power 
in the circuit. [480 W] 


4. The circuit shown in Figure 26.11 takes 81 VA at a 
power factor of 0.8 lagging. Determine the value of 
impedance Z. [(4 + /3)] Q or 5236.87° Q] 


1=320°A 


3.20 


Figure 26.11 


5. A series circuit possesses inductance L and 
resistance R. The circuit dissipates a power 
of 2.898kW and has a power factor of 0.966 
lagging. If the applied voltage is given by 
v= 169.7 sin(100t — (1/4)) volts, determine (a) the 
current flowing and its phase, (b) the value of 
resistance R, and (c) the value of inductance L. 

[(a) 252—60° A (b) 4.64 Q (c) 12.4 mH] 


6. The p.d. across and the current in a certain cir- 
cuit are represented by (190 + j40) V and (9 —j4)A 
respectively. Determine the active power and the 
reactive power, stating whether the latter is leading 
or lagging. [1550 W; 1120 var lagging] 


7. Two impedances, Z, =62Z40° Q and 
Zy =10230° Q are connected in series and 
have a total reactive power of 1650 var lagging. 
Determine (a) the average power, (b) the apparent 
power, and (c) the power factor. 

[(a) 2469 W (b) 2970 VA (c) 0.83 lagging] 


8. A current i=7.5 sin(@t —(7/4)) A flows in a 
circuit which has an _ applied voltage 
v = 180 sin(@t + (7/12))V. Determine (a) the 


PART 


334 Electrical Circuit Theory and Technology 


circuit impedance, (b) the active power, (c) the 

reactive power, and (d) the apparent power. Draw 
the power triangle. 

[(a) 2460° Q (b) 337.5 W 

(c) 584.6 var lagging (d) 675 VA] 


9. The circuit shown in Figure 26.12 has a power of 
480 W and a power factor of 0.8 leading. Deter- 
mine (a) the apparent power, (b) the reactive 
power, and (c) the value of impedance Z. 

[(a) 600 VA (b) 360 var leading 
(c) GB — 3.6) Q or 4.697—50.19° Q] 


Z 


1.80 


On aaall 


Figure 26.12 


10. For the network shown in Figure 26.13, determine 
(a) the values of currents J; and Jy, (b) the total 
active power, (c) the reactive power, and (d) the 
apparent power. 

[(a) 1 = 6.20229.74° A, 
In =19.862—8.92° A (b) 981 W 
(c) 153.9 var leading (d) 992.8 VA] 


1=25A 


5 
20 


Figure 26.13 


11. A circuit consists of an impedance 57—45° Q in 
parallel with a resistance of 10 &2. The supply cur- 
rent is 4A. Determine for the circuit (a) the active 
power, (b) the reactive power, and (c) the power 
factor. 

[(a) 49.34 W (b) 28.90 var leading 
(c) 0.863 leading] 


12. For the network shown in Figure 26.14, determine 
the active power developed between points (a) A 
and B, (b) C and D, (c) E and F. 

[(a) 254.1 W (b) 0 (c) 65.92 W] 


10020° V 


Figure 26.14 


26.5 Power factor improvement 


For a particular power supplied, a high power factor 
reduces the current flowing in a supply system, which con- 
sequently lowers losses (i.e. I7R losses) and hence results 
in cheaper running costs (as stated in Section 16.7, page 
195). Supply authorities use tariffs which encourage con- 
sumers to operate at a reasonably high power factor. One 
method of improving the power factor of an inductive load 
is to connect a bank of capacitors in parallel with the load. 
Capacitors are rated in reactive voltamperes and the effect 
of the capacitors is to reduce the reactive power of the sys- 
tem without changing the active power. Most residential 
and industrial loads on a power system are inductive, i.e. 
they operate at a lagging power factor. 

A simplified circuit diagram is shown in Figure 26. 15(a) 
where a capacitor C is connected across an inductive load. 
Before the capacitor is connected the circuit current is JR 
and is shown lagging voltage V by angle ¢; in the phasor 
diagram of Figure 26.15(b). When the capacitor C is con- 
nected it takes a current Jc which is shown in the phasor 
diagram leading voltage V by 90°. The supply current / in 
Figure 26.15(a) is now the phasor sum of currents J7r and 
Ic as shown in Figure 26.15(b). The circuit phase angle, 
i.e. the angle between V and /, has been reduced from ¢ 
to @2 and the power factor has been improved from cos ¢ 
to cos ¢2. 

Figure 26.16(a) shows the power triangle for an induct- 
ive circuit with a lagging power factor of cos ¢ . In Figure 
26.16(b), the angle ¢; has been reduced to @2, i.e. the 
power factor has been improved from cos ¢1 to cos $2 
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Inductive 
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I 


Figure 26.15 (a) Circuit diagram (b) Phasor diagram 


Q (lagging) 
#y 
P 
(a) 
Ss a 
b 


Figure 26.16 Effect of connecting capacitance in 
parallel with the inductive load 


by introducing leading reactive voltamperes (shown as 
length ab) which is achieved by connecting capacitance 
in parallel with the inductive load. The power factor has 
been improved by reducing the reactive voltamperes; the 
active power P has remained unaffected. 


Power factor correction results in the apparent power S 
decreasing (from Oa to 0b in Figure 26.16(b)) and thus the 
current decreasing, so that the power distribution system 
is used more efficiently. 

Another method of power factor improvement, besides 
the use of static capacitors, is by using synchronous 
motors; such machines can be made to operate at leading 
power factors. 


Problem6. A300kVA transformer is at full load with 
an overall power factor of 0.70 lagging. The power 
factor is improved by adding capacitors in parallel with 
the transformer until the overall power factor becomes 
0.90 lagging. Determine the rating (in kilovars) of the 
capacitors required. 


At full load, active power, P = VI cos ¢ = (300)(0.70) 
=210kW. 
Circuit phase angle ¢ = cos~!0.70 = 45.57° 
Reactive power, Q = VI sin @ = (300Xsin 45.57°) 
= 214.2 kvar lagging. 

The power triangle is shown as triangle Oab in Fig- 
ure 26.17. When the power factor is 0.90, the circuit 
phase angle ¢=cos~!0.90 = 25.84°. The capacitor rat- 
ing needed to improve the power factor to 0.90 is given 
by length bd in Figure 26.17. 


_ b 
POO AVA | @=214.2 kvar 
: lagging 
| 
! 
td 
45.57° 
PART 
Cla 3 
9 P=210 kW 
Figure 26.17 


Tan 25.84° = ad/210, from which, ad = 210 tan 25.84° 
= 101.7 kvar. Hence the capacitor rating, 1.e. 
bd =ab — ad = 214.2 — 101.7= 112.5 kvar leading. 


Problem 7. A_ circuit has an impedance 
Z=(3+4+j4)Q and a source p.d. of 50230°V at 
a frequency of 1.5kHz. Determine (a) the supply 
current, (b) the active, apparent and reactive power, 
(c) the rating of a capacitor to be connected in parallel 
with impedance Z to improve the power factor of 
the circuit to 0.966 lagging, and (d) the value of 
capacitance needed to improve the power factor to 
0.966 lagging. 
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V _ 50230° — 50230° 
Z (34+ j4) 5253.13° 
= 102—23.13° A 
(b) Apparent power, S = VI* = (50230°)(10223.13°) 
= 500453.13° VA 
= (300 + 7400) VA=P+jQ 
Hence active power, P = 300 W 


(a) Supply current, J = 


apparent power, S = 500 VA and 
reactive power, Q = 400 var lagging. 


The power triangle is shown in Figure 26.18. 


S=500 VA 


Q = 400 var 
lagging 


Figure 26.18 


(c) A power factor of 0.966 means that cos ¢ = 0.966. 
Hence angle ¢ = cos! 0.966 = 15° 


To improve the power factor from cos 53.13°, i.e. 0.60, 
to 0.966, the power triangle will need to change from 
Ocb (see Figure 26.19) to Oab, the length ca repre- 
senting the rating of a capacitor connected in parallel 
with the circuit. From Figure 26.19, tan 15° = ab/300, 
from which, ab = 300 tan 15° = 80.38 var. 


$=500 VA gf 


—_—------ 


Figure 26.19 


Hence the rating of the capacitor, 
ca=cb — ab 

= 400 — 80.38 

= 319.6 var leading. 


: : Q 319.6 
d) C t tor, lc = = = —— =6.39A 
(d) Current in capacitor, Ic V 50 
V 50 
Cc iti ti Xe=— =e =H 7.822 
apacitive reactance, Xc Te = 639 


Thus 7.82 = 1/(22 fC), from which, 
1 


required capacitance C = 2mr(1500)(7.82) F 


=13.57F 


Problem 8. A 30 {2 non-reactive resistor is connected 
in series with a coil of inductance 100 mH and negligi- 
ble resistance. The combined circuit is connected to a 
300 V, 50 Hz supply. Calculate (a) the reactance of the 
coil, (b) the impedance of the circuit, (c) the current in 
the circuit, (d) the power factor of the circuit, (e) the 
power absorbed by the circuit, and (f) the value of the 
power factor correction capacitor to produce a power 
factor of 0.85. 


(a) Inductive reactance, 
X, =2nfL = 2n(50)(100 x 1073) = 31.42 2 
(b) Impedance, Z = R + jX, = (30+ j31.42) 
= 43.44746.32° Q 
300 
Z  43.44746.32° 
= 6.906 7—46.32° A 


(d) Power factor = cos ¢ = cos 46.32° = 0.691 
(e) Power, P = 1*R = (6.906)?(30) = 1431 W 


or P= VI cos ¢ = (300)(6.906) cos 46.32° = 1431 W 


(f) To improve the power factor, a capacitor C is con- 
nected in parallel with the R-L circuit as shown in 
Figure 26.20. In the phasor diagram of Figure 26.21, 
current Ir is shown as 6.906A at 46.32° lagging. 


(c) Current, / = 


ha 302 100 mH 
> r | (YVYN 


300V, 50 Hz 


Figure 26.20 


If power factor is to be improved to 0.85, then 
cos @ = 0.85 and ¢ = cos~!0.85 = 31.79° 
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°y 
oO 
Fy c 


Figure 26.21 


Oa 
6.906 
Oa = 6.906 cos 46.32° = 4.769 A 


cos 46.32° = 


from which, 


To improve the power factor to 0.85, a capacitor 
is connected in parallel with the R—-L circuit such 
that the capacitor takes a current of Jc which is 
given by the length bc in the phasor diagram. Length 
bc =ac — ab 


b 
tan 31.79° = . from which, 
4.769 
ab = 4.769 tan 31.79° =2.956A 
tan 46,32° = —~— from which, 
4.769 


ac = 4.769 tan 46.32° = 4.994A 


Hence, length bc = ac — ab = 4.994 — 2.956 
=2.038A 


Thus, capacitor current, Ic = 2.038 A 


Now Ic = an A =2nfCV 
ow lc = Xo = = rf 
21 fC 
Ic 2.038 
fi hich, it C= = 
rom which, capacitance, Om fV ~ 2ar(50)(300) 
= 21.62 »F 


[In the phasor diagram, current / is the phasor sum of 
Tyr and Ic. Thus, an alternative method of determining 
Ic is as follows: 


cos 31.79° = mu = a from which, 
Ob 
4.769 
= ———__ =5.6l1A, 
cos 31.79° 28 


ie. 2=5.6112—31.79°A 


Now [=Izr+Ic ie. Ic =I —Izr and in complex 
number form: 


I¢ =5.6112—31.79° — 6.9062—46.32° 


= (0+ j2.038) A or 2.038290° A, the magnitude of 
which is the same as that obtained above] 


Now try the following exercise. 


Exercise 101 Further problems on power factor 
improvement 


1. A600 kVA transformer is at full load with an overall 
power factor of 0.64 lagging. The power factor is 
improved by adding capacitors in parallel with the 
transformer until the overall power factor becomes 
0.95 lagging. Determine the rating (in kvars) of the 
capacitors needed. (334.8 kvar leading] 


2. A source p.d. of 130240° V at 2 kHz is applied to a 
circuit having an impedance of (5 +712) Q. Deter- 
mine (a) the supply current, (b) the active, apparent 
and reactive powers, (c) the rating of the capaci- 
tor to be connected in parallel with the impedance 
to improve the power factor of the circuit to 0.940 
lagging, and (d) the value of the capacitance of the 
capacitor required. 

[(a) 102—27.38° A (b) 500 W, 1300 VA, 
1200 var lagging (c) 1018.5 var leading 
(d) 4.797 LF] 


3. The network shown in Figure 26.22 has a total 
active power of 2253 W. Determine (a) the total 
impedance, (b) the supply current, (c) the appar- 
ent power, (d) the reactive power, (e) the circuit 
power factor, (f) the capacitance of the capacitor 
to be connected in parallel with the network to 
improve the power factor to 0.90 lagging, if the 
supply frequency is 50 Hz. 

[(a) 3.51 2 58.40° Q (b) 35.0 A (c) 4300 VA 
(d) 3662 var lagging (e) 0.524 lagging 
(f) 542.3 WF] 


172 


Figure 26.22 
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4. The power factor of a certain load is improved to 


D; 


0.92 lagging with the addition of a 30 kvar bank of 

capacitors. If the resulting supply apparent power 

is 200 kVA, determine (a) the active power, (b) the 

reactive power before power factor correction, and 
(c) the power factor before correction. 

[(a) 184 kW (b) 108.4 kvar lagging 

(c) 0.862 lagging] 


A 15Q non-reactive resistor is connected in 
series with a coil of inductance 75 mH and negligi- 
ble resistance. The combined circuit is connected to 
a 200 V, 50 Hz supply. Calculate (a) the reactance 
of the coil, (b) the impedance of the circuit, (c) the 
current in the circuit, (d) the power factor of the 
circuit, (e) the power absorbed by the circuit, and 
(f) the value of the power factor correction capacitor 
to produce a power factor of 0.92. 
[(a) 23.56 Q (b) 27.93257.52° Q 
(c) 7.162—57.52° A (d) 0.537 
(e) 769 W (f) 70 LF] 


Revision test 8 


This revision test covers the material contained in 
chapters 23 to 26. 


The marks for each question are shown in brackets at 
the end of each question. 


1. The total impedance Zr of an electrical circuit is 


given by: 
2 x 23 


Zrp=Z+ 
J ; Z) + 23 


Determine Zr in polar form, correct to 3 significant 


figures, when 


Z, =5.52Z-21° Q, Z2 = 2.6230° Q and 


Za =4.8271° Q (8) 


2. For the network shown in Figure RT8.1, determine 


(a) the equivalent impedance of the parallel branches 


(b) the total circuit equivalent impedance 
(c) current [ 

(d) the circuit phase angle 

(e) currents J; and Ip 

(f) the p.d. across points A and B 

(g) the p.d. across points B and C 


(h) the active power developed in the inductive branch 
(i) the active power developed across the —j10 Q 


capacitor 


(j) the active power developed between points B 


and C 


Figure RT8.1 


(k) the total active power developed in the network 
(1) the total apparent power developed in the network 
(m) the total reactive power developed in the network 
(27) 


. Aninductive load takes a current of 60 A at a power fac- 


tor of 0.643 lagging when connected to a 240 V, 50 Hz 
supply. It is required to improve the power factor to 
0.80 lagging by connecting a capacitor in parallel with 
the load. Calculate (a) the new supply current, (b) the 
capacitor current, and (c) the value of the power factor 
correction capacitor. Draw the circuit phasor diagram. 

(15) 
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27 A.c. bridges 


At the end of this chapter you should be able to: 


e derive the balance equations of any a.c. bridge circuit 
e state types of a.c. bridge circuit 


e calculate unknown components when using an a.c. 
bridge circuit 


27.1 Introduction 


A.C. bridges are electrical networks, based upon an exten- 
sion of the Wheatstone bridge principle, used for the 
determination of an unknown impedance by comparison 
with known impedances and for the determination of fre- 
quency. In general, they contain four impedance arms, an 
a.c. power supply and a balance detector which is sensitive 
to alternating currents. It is more difficult to achieve bal- 
ance in an a.c. bridge than in a d.c. bridge because both the 
magnitude and the phase angle of impedances are related 
to the balance condition. Balance equations are derived 
by using complex numbers. A.C. bridges provide precise 
methods of measurement of inductance and capacitance, 
as well as resistance. 


27.2 Balance conditions for an a.c. bridge 


The majority of well known a.c. bridges are classified as 
four-arm bridges and consist of an arrangement of four 
impedances (in complex form, Z = R+jX) as shown in 
Figure 27.1. As with the d.c. Wheatstone bridge circuit, 
an a.c. bridge is said to be ‘balanced’ when the current 
through the detector is zero (i.e. when no current flows 
between B and D of Figure 27.1). If the current through the 
detector is zero, then the current J; flowing in impedance 
Z, must also flow in impedance Z. Also, at balance, 


Figure 27.1. Four-arm bridge 


the current J4 flowing in impedance Z4, must also flow 
through Z3. 


At balance: 
(i) the volt drop between A and B is equal to the volt drop 
between A and D, 
ie. Vap = Vap 
ie. ,Z, = I4Z,4 (both in magnitude and in phase) 
(27.1) 


(ii) the volt drop between B and C is equal to the volt drop 
between D and C, 


1.e. Vec = Voc 


ie. 1,Z = I4Z3 (both in magnitude and in phase) 


(27.2) 
Dividing equation (27.1) by equation (27.2) gives 
NZ; _ [4Z4 
NZ, 14Z3 
Z. 
from which <) = 
LZ, £3 
or Z1Z3 =Z2Z4 (27.3) 


Equation (27.3) shows that at balance the products of the 
impedances of opposite arms of the bridge are equal. 

If in polar form, Z;=|Z||Za1, Z2=|Zp|Za2, 
Z3=|Z3|Za3, and Z4=|Z4|Za4, then from equa- 
tion (27.3), (|Z1|Za1)(|Z3|2a3) = (|Z2|Za2)(|Z4| 204), 
which shows that there are two conditions to be satisfied 
simultaneously for balance in an a.c. bridge, i.e. 


|Z;| |Z3| = |Z2||Z4| and ay +a3 = a2 +04 


When deriving balance equations of a.c. bridges, where 
at least two of the impedances are in complex form, it 
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is important to appreciate that for a complex equation 
a+jb=c-+jd the real parts are equal, i.e. a=c, and the 
imaginary parts are equal, i.e. b=d. 

Usually one arm of an a.c. bridge circuit contains the 
unknown impedance while the other arms contain known 
fixed or variable components. Normally only two compo- 
nents of the bridge are variable. When balancing a bridge 
circuit, the current in the detector is gradually reduced 
to zero by successive adjustments of the two variable 
components. At balance, the unknown impedance can be 
expressed in terms of the fixed and variable components. 


Procedure for determining the balance equations 
of any a.c. bridge circuit 


(i) Determine for the bridge circuit the impedance in 
each arm in complex form and write down the balance 
equation as in equation (27.3). Equations are usually 
easier to manipulate if L and C are initially expressed 
as X;, and Xc, rather than wh or 1/(@C). 

(ii) Isolate the unknown terms on the left-hand side of 
the equation in the form a+ jb. 

(iii) Manipulate the terms on the right-hand side of the 
equation into the form c + jd. 

(iv) Equate the real parts of the equation, i.e. a=c, and 
equate the imaginary parts of the equation, i.e. b=d. 

(v) Substitute wL for Xz, and 1/(@C) for X, where appro- 
priate and express the final equations in their simplest 
form. 


Types of detector used with a.c. bridges vary with the type 
of bridge and with the frequency at which it is operated. 
Common detectors used include: 


(i) an oscilloscope, which is suitable for use with a very 
wide range of frequencies; 

(ii) earphones (or telephone headsets), which are suitable 
for frequencies up to about 10 kHz and are used often 
at about 1 kHz, in which region the human ear is very 
sensitive; 

(iii) various electronic detectors, which use tuned circuits 
to detect current at the correct frequency; and 

(iv) vibration galvanometers, which are usually used for 
mains-operated bridges. This type of detector con- 
sists basically of a narrow moving coil which is 
suspended on a fine phosphor bronze wire between 
the poles of a magnet. When a current of the cor- 
rect frequency flows through the coil, it is set into 
vibration. This is because the mechanical resonant 
frequency of the suspension is purposely made equal 
to the electrical frequency of the coil current. A mirror 
attached to the coil reflects a spot of light on to a scale, 
and when the coil is vibrating the spot appears as an 
extended beam of light. When the band reduces to a 
spot the bridge is balanced. Vibration galvanometers 
are available in the frequency range 10 Hz to 300 Hz. 


27.3 Types of a.c. bridge circuit 


A large number of bridge circuits have been developed, 
each of which has some particular advantage under cer- 
tain conditions. Some of the most important a.c. bridges 
include the Maxwell, Hay, Owen and Maxwell-Wien 
bridges for measuring inductance, the De Sauty and Scher- 
ing bridges for measuring capacitance, and the Wien 
bridge for measuring frequency. Obviously a large number 
of combinations of components in bridges is possible. 

In many bridges it is found that two of the balancing 
impedances will be of the same nature, and often consist 
of standard non-inductive resistors. 

For a bridge to balance quickly the requirement is 
either: 


(i) the adjacent arms are both pure components (i.e. 
either both resistors, or both pure capacitors, or one 
of each) — this type of bridge being called a ratio- 
arm bridge (see, for example, paras (a), (c), (e) and 
(g) below); or 

(ii) a pair of opposite arms are pure components — this 
type of bridge being called a product-arm bridge 
(see, for example, paras (b), (d) and (f) below). 


A ratio-arm bridge can only be used to measure 
reactive quantities of the same type. When using a 
product-arm bridge the reactive component of the balanc- 
ing impedance must be of opposite sign to the unknown 
reactive component. 

A commercial or universal bridge is available and can 
be used to measure resistance, inductance or capacitance. 


(a) The simple Maxwell bridge 


This bridge is used to measure the resistance and 
inductance of a coil having a high Q-factor (where 
Q-factor = wL/R, see Chapters 15 and 28). 

A coil having unknown resistance R, and inductance 
L, is shown in the circuit diagram of a simple Maxwell 
bridge in Figure 27.2. R4 and L, represent a standard coil 
having known variable values. At balance, expressions for 
R, and L, may be derived in terms of known components 
Ro, R3, R4 and 4. 


Figure 27.2 Simple Maxwell bridge 
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The procedure for determining the balance equations 
given in Section 27.2 may be followed. 


(i) From Figure 27.2, Z, =R, +jX1,, Z2 =R2, 243 =R3 
and Z4 = R4 +jXL4. 
At balance, 


(Z,)(Z3) = (Z2)(Z4), from equation(27.3), 
Le. (Rr + JX, )(R3) = (R2)(R4 + jX_,) 


(ii) Isolating the unknown impedance on the left-hand, 
side of the equation gives 


: Ro ; 
(Ry +jX1,) = Reo + jX1,) 


(iii) Manipulating the right-hand side of the equation into 


(a+ jb) form gives 
. RoR4 ROX, 
R Xp.) = —— +j—— 
(Ry + JX) Ry 1) Rs 
‘ Z ‘ RyRy 
(iv) Equating the real parts gives R, = Rp 
3 
Eauati tas bh ; RoX1y 
quating the imaginary parts gives X;, = R 
3 


(v) Since X, = wL, then 
Rola 


Ro(ol, 
= 2(@L4) from which L, = —— 
R3 R3 


‘X 


Thus at balance the unknown components in the simple 
Maxwell bridge are given by 


Rae ae gt 
= — an 
x R3 Xx R3 


Roly 


These are known as the ‘balance equations’ for the 
bridge. 


(b) The Hay bridge 


This bridge is used to measure the resistance and induct- 
ance of a coil having a very high Q-factor. A coil having 
unknown resistance R, and inductance L, is shown in the 
circuit diagram of a Hay bridge in Figure 27.3. 


Figure 27.3. Hay bridge 


Following the procedure of Section 27.2 gives: 


(i) From Figure 27.3, Zy =R,+jXz,, Z2 =R2, 
Z3 =R3 —JXc;; and Z4 =R4 
At balance (Z,.)(Z3) = (Z2)(Z4), from equation (27.3), 
i.e. (Ry + jX7, (R3 —jXc3) = (Ro)(Ra) 
Gi) +X) =— 
“ R3 — jXc; 
(iii) Rationalizing the right-hand side gives 


R2Ra4(R3 + jXc3) 
(R3 — jXc,)(R3 + jXc;) 
_ RoRa(R3 + jXc;) 


(Rx + JXL,) = 


2 2 
R3 + Xo, 
‘ . RoR3R4, RoR4Xc 
ie. (Ry +JXL,) = ah ao 7 
R3 + Xo, R3 + Xo, 
. : : RoR3R4 
(iv) Equating the real parts gives Ry = 5=——- 
R3 + Xe, 
: : : ‘ RoR4Xc, 
Equating the imaginary parts gives X;, = ae 
© RZ + Xe, 
v) Since Xc, = —— 
( ) C3 re 
RoR3R4 
RF + (1/(w2C3)) 


R>R3R4 
~ (w2CZR3 + 1)/(w?C3) 


: wC3RoR3R4 
Le. = —-___ 

“1+ @2C3R3 
Since X;, = oL,, 


R2R4(1/(@C3)) 


oL, = 
* (@2C3R3 + 1)/(@2C2) 
_ @°CZRyR4 
~ wC3(1 + @2C3R3) 
C3R2R 
le. Ly oe by cancelling. 


~ (L+@?C3R2) 


Thus at balance the unknown components in the Hay 
bridge are given by 


C3R2R4 


w?C3R2R3R4 
~ (1+ @?C2R2) 


= ——-—.—__ and L 
(1 + w2C2R2) ‘ 


x 


Since w(=2zf) appears in the balance equations, the 
bridge is frequency-dependent. 
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(c) The Owen bridge 


This bridge is used to measure the resistance and induct- 
ance of coils possessing a large value of inductance. A coil 
having unknown resistance R, and inductance L, is shown 
in the circuit diagram of an Owen bridge in Figure 27.4, 
from which Z, = R, +jX1,, 22 =R2 —jXC, 23 = —JXc; 
and Z4 = R4 


Figure 27.4 Owen bridge 


At balance (Z,)(Z3) = (Z2)(Z4), from equation (27.3), i.e. 


(Rx + JX, )(—JXc3) = (Ro — jXcp)(Ra) 


Ry — jXc,)R 
Rearranging gives R, + jX1, = (Ra = Jaca Ra 
: —jXc, 
By rationalizing and equating real and imaginary parts 
it may be shown that at balance the unknown components 
in the Owen bridge are given by 


R4C. 
R, = pia bes and Ly = RoR4C3 
C2 


(d) The Maxwell-Wien bridge 


This bridge is used to measure the resistance and induct- 
ance of a coil having a low Q-factor. A coil having 
unknown resistance R, and inductance L, is shown in the 
circuit diagram of a Maxwell-Wien bridge in Figure 27.5, 
from which Z; = Ry + jX1,, Zz = Ro and Z4 = Ry 

Arm 3 consists of two parallel-connected components. 
The equivalent impedance Z3, is given either 


_ (R3)(—JXc;3) 
3 = or 
(R3 —jXc;) 


. roduct 
(i) by? 


Figure 27.5 Maxwell-Wien bridge 


(ii) by using the reciprocal impedance expression, 


Le. ee : 1 
Zz; R3  —Xc, 
1 
from which Z3 = - 
(1/R3) + A/(—jXe3)) 
7 1 
~ (1/R3) + (i/Xc;) 
Z ince X : 
or a since Xc, = —— 
1 3 
— + joC3 O63 
R3 


Whenever an arm of an a.c. bridge consists of two 
branches in parallel, either method of obtaining the 
equivalent impedance may be used. 


For the Maxwell-Wien bridge of Figure 27.5, at 
balance 


(Z,)(Z3) = (Z2)(Z4), from equation (27.3) 
(R3)(—jXc3) 


ie. (Ry +jXz,) - =RoRq 
eee Rs = XG) 
using method (i) for Z3. Hence 
(R3 — jXc,) 


Ry, +/jXz..) = RoR - 
ce eer Oe 


By rationalizing and equating real and imaginary 
parts it may be shown that at balance the unknown 
components in the Maxwell-Wien bridge are given by 


R2R4 
R, = — and Ly =C3R2R4 
R3 


(e) The de Sauty bridge 


This bridge provides a very simple method of measur- 
ing a capacitance by comparison with another known 
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capacitance. In the de Sauty bridge shown in Figure 27.6, 
Cy, is an unknown capacitance and C4 is a standard 
capacitor. 


Figure 27.6 De Sauty bridge 


(Zx)(Z3) = (Za)(Za) 
Le. (—jXc, )R3 = (Ro)(—JXcy) 
(Xc, )(R3) = (R2)(Xcy) 


1 1 
(<=) joe (<a) 


R R R3C 
from which — = — or C, = aod 
Cy C4 R> 


At balance 


Hence 


This simple bridge is usually inadequate in most practi- 
cal cases. The power factor of the capacitor under test is 
significant because of internal dielectric losses — these 
losses being the dissipation within a dielectric material 
when an alternating voltage is applied to a capacitor. 


(f) The Schering bridge 


This bridge is used to measure the capacitance and equiv- 
alent series resistance of a capacitor. From the measured 
values the power factor of insulating materials and dielec- 
tric losses may be determined. In the circuit diagram of a 
Schering bridge shown in Figure 27.7, C, is the unknown 
capacitance and R, its equivalent series resistance. 


Figure 27.7 Schering bridge 
From Figure 27.7, Z, = Ry —jXc,, Z2 = —jXc 


__ (R3)(-iXcy) 


3 = - and Z4 = R4 
(R3 — jXc;) 


At balance, (Z,)(Z3) = (Z2)(Z4) from equation (27.3), 


(R3)(—jXc;) 
R3 — jXc; 


ie. (Ry —jXc,) = (-jXc,)(R4) 


(—jXc,R4)(R3 — jXc;) 


from which (Ry — jXc,) = 


—jXc,R3 
XoRa : 
= (R3 — JXc;) 
Xc,R3 ‘ 
Equating the real parts gives 
R XoR4 (1/@C2)R4 — C3Ry 
“Xe, (I/@Cs) C2 
Equating the imaginary parts gives 
—Xc,R 
—Xc, — C22 
; R3 
; 1 (1/@C2)R4 R4 
Le. = 
oC, R3 @C2R3 
C2R 
from which C= ani 
R4 


Thus at balance the unknown components in the Schering 
bridge are given by 


The loss in a dielectric may be represented by either (a) a 
resistance in parallel with a capacitor, or (b) a lossless 
capacitor in series with a resistor. 

If the dielectric is represented by an R-C circuit, as 
shown by R,; and C, in Figure 27.7, the phasor diagram 
for the unknown arm is as shown in Figure 27.8. Angle 
is given by 


Vi LX 
d= tan7! ee tan! 2 Gs 
R, [Ry 
: -1 
1.e. = tan 
? (=) 


The power factor of the unknown arm is given by cos @. 

The angle 5 (= 90° — ¢) is called the loss angle and is 

given by 

1 Vy 
Cy 


CoR C3R. 
$=tan! o( a ( aut from above 
R4 C2 


= tan7!(@R3C3) 


6=tan~ = tan~!@C,Ry and 


(See also Chapter 39, page 502) 


A.c. bridges 345 


(=k Xe,) 


Figure 27.8 Phasor diagram for the unknown arm in 
the Schering bridge 


(g) The Wien bridge 


This bridge is used to measure frequency in terms of 
known components (or, alternatively, to measure capaci- 
tance if the frequency is known). It may also be used as a 
frequency-stabilizing network. 

A typical circuit diagram of a Wien bridge is shown in 
Figure 27.9, from which 


Figure 27.9 Wien bridge 


1 


A= hi, 22 = 353 
(1/R2) + joC2 


(see (ii), para (d), 
page 343), 
Z3 = R; — jXc; and Z4 = R4. 


At balance, (Z)(Z3) = (Z2)(Z4) from equation (27.3), i.e. 


. = 1 
(Ri )(R3 — jXc;) = (see) (R4) 


Rearranging gives 


a 7 Geen) Ba eee 
) = — 
Re a iy ee Re 


Equating real parts gives 


R Cc R 
ak eke es (27.4) 
R2 C3 R, 
Equating imaginary parts gives 
Z + wC2R3 = 0 
GOR 
Le. C2R3 = 
pictus eS 
1 
from which = 
C2C3R2R3 
Si 2nf,| frequency, f ae ae 
ince w = 2zf, u = 
pete 21/(C2C3R2R3) 
(27.5) 


Note that if Cp = C3 = C and Rp = R3 = R, 
7 1 dl 
~ Qn J(C2R2) — 20CR 


frequency, f 


27.4 Worked problems on a.c. bridges 


Problem 1. The a.c. bridge shown in Figure 27.10 
is used to measure the capacitance C, and resistance 
R,. (a) Derive the balance equations of the bridge. 
(b) Given R3 = Ry, Cz = 0.2 WF, Ro = 2.5kQ and the 
frequency of the supply is 1 kHz, determine the values 
of R, and C, at balance. 


Figure 27.10 


(a) Since Cy and R, are the unknown values and 
are connected in parallel, it is easier to use 
the reciprocal impedance form for this branch 


product 
rather than 


sum 


1.e. = + = : 


PART 


346 Electrical Circuit Theory and Technology 


(b) 


1 
(1/Rx) + joCy 


From Figure 27.10, Z2=R2—jXc,, Z3=R3 and 
Z4=R4 


from which Z, = 


At balance, (Zx)(Z3) = (Z2)(Za) 
sa | (R3) = (Ro — JX, )(R4) 
am ae) : 
R3 Ii 2 
hence : = — +joC, 
Ra(R2 —jXc,) Rx 
R3(R iX 1 
Rationalizing gives 3( mae c 2) + j@Cy 
RA(R3-+X2,) Re 
eee ee cane 
ence — +jaC, = ———__.—- 
Re RARE + (1/02C3) 
JR3(1/@C2) 
R3(R5 + (1/@2C3)) 


Equating the real parts gives 


iy: R3R> 
Ry R4(R5 + (1/@2C3) 


Ry, [R20?C2 +1 
le. R= z 20 = 
R2R3 w*C5 
R4(1 + w” C?2R?2 
did Ree Ee ee) 


R2R3@*C3 


Equating the imaginary parts gives 


R3(1/@C2) 
* R4(R5 + (1/w?C3)) 
R3 
~ @C2R4((R3@2C3 + 1)/@2C3) 
R3a@7C3 
ie. 0Cy= ae 
o@C2R4(1 + w?C5R5) 
R3C 
and C, cate 


~ R4(1 + @? C3R3) 
Substituting the given values gives 


Pee + w°C3R5) 
© Row?C3 
1 + (271000)2(0.2 x 10~%)2(2.5 x 103)” 


since R3 = R4 


C ince R3 = R 
Y= > Ss Since R3 = 
(1 + @?C3R5) ewtes 
(0.2 x 10~®) 
= ———__ F = 0.01840 pF or 18.40 nF 
1 +9.8696 We arnt 


Hence at balance R, = 2.75 kQ and C, = 18.40 nF 


Problem 2. For the Wien bridge shown in 
Figure 27.9, Ro=R3=30kQ, Rg=1kQ = and 
Cz = C3 =1nF. Determine, when the bridge is bal- 
anced, (a) the value of resistance R,, and (b) the 
frequency of the bridge. 


(a) From equation (27.4) 


R3 Co _ R4 
Ry C3 R 
ie. 1+1=1000/R), since Ro=R3 and C2 =C3, 
from which 


1000 
resistance Rj = gis 500 


(b) From equation (27.5), 


1 
~ 2m4/(C2C3R2R3) 
1 
~ In/[(10-9)2(30 x 103)2] 
1 
~ Ix(10-9)(30 x 103) 


frequency, f 


= 5.305 kHz 


Problem 3. A Schering bridge network is as shown 
in Figure 27.7, page 344. Given C2=0.2 WF 
R4= 200 Q, R3 = 600 2, C3 = 4000 pF and the sup- 
ply frequency is 1.5 kHz, determine, when the bridge 
is balanced, (a) the value of resistance R,, (b) the value 
of capacitance C,, (c) the phase angle of the unknown 
arm, (d) the power factor of the unknown arm and 
(e) its loss angle. 


(2.5 x 103)(271000)2(0.2 x 10-®)2 
1+ 9.8696 


= = 2.75 k2 
3.9478 x 10-3 


From para (f), the equations for R, and C, at balance are 
given by 


R4C CoR 
a “and C= atte 
2, R4 


Xx 


R4C3 _ (200)(4000 x 107"7) __ 


(a) Resistance, Ry = — =4Q 
Co 0.2 x 10-6 
CoR 0.2 x 10-°)(600 
(b) Capacitance, C, = ae _‘ a Dp 
= 0.6 pF 
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(c) The phasor diagram for R, and C, in series is shown 
in Figure 27.11. 


Vp (= IF) I 


Vo, 
(= KXe,) 


Figure 27.11 


Vi 
Phase angle, ¢ = tan~! Ve 


R, [Ry 
at 
= tan 
wC,R, 
1 
i.e. g= tan~! 
(27r1500)(0.6 x 10~°)(4) 


= tan '44.21 = 88.7° lead 
(d) Power factor of capacitor = cos = cos 88.7° 


= 0.0227 


(e) Loss angle, shown as 6 in Figure 27.11, is given by 

5 = 90° — 88.7° = 1.3° 
Alternatively, loss angle 6= tan~'!wC,R, (see para 
(f), page 344) 


1 
= tan~! { —— } from 
44.21 
(c) above, 


Le. 6 = 1.3° 


Now try the following exercise. 


Exercise 102 Further problems on a.c. bridges 


1. A Maxwell-Wien bridge circuit ABCD has the fol- 
lowing arm impedances: AB, 250 Q resistance; BC, 
2\1F capacitor in parallel with a 10kQ resistor; 
CD, 400 & resistor; DA, unknown inductor having 
inductance L in series with resistance R. Determine 
the values of L and R if the bridge is balanced. 

[L =0.20H, R= 10 Q] 


2. Ina four-arm de Sauty a.c. bridge, arm | contains a 


2kQ non-inductive resistor, arm 3 contains a loss- 
free 2.4 \1F capacitor, and arm 4 contains a 5kQ 
non-inductive resistor. When the bridge is balanced, 
determine the value of the capacitor contained in 
arm 2. [6 WF] 


3. A four-arm bridge ABCD consists of: AB — fixed 


resistor R; ; BC — variable resistor R2 in series with 
a variable capacitor C2; CD — fixed resistor R3; 
DA — coil of unknown resistance R and inductance 
L. Determine the values of R and L if, at balance, 
Ry =1kQ, Rp =2.5kQ, C2 = 4000 pF, R3 = 1kQ 
and the supply frequency is 1.6 kHz. 

[R = 4.00 Q, L=3.96 mH] 


. The bridge shown in Figure 27.12 is used to mea- 


sure capacitance C, and resistance R,. Derive the 
balance equations of the bridge and determine the 
values of C, and R, when Rj = Ry, C2 =0.1 pF 
Ry =2kQ and the supply frequency is 1 kHz. 

[Cy = 38.77 nF, Ry = 3.27 kQ] 


Figure 27.12 


. Ina Schering bridge network ABCD, the arms are 


made up as follows: AB — a standard capacitor C}; 
BC — acapacitor C2 in parallel with a resistor R2; 
CD — aresistor R3; DA — the capacitor under test, 
represented by a capacitor C, in series with a resis- 
tor R,. The detector is connected between B and D 
and the a.c. supply is connected between A and C. 
Derive the equations for R, and C, when the bridge 
is balanced. Evaluate R, and C, if, at balance, 
Ci —all nF, Ro = 100 Q, R3 = 1kQ and C2 = 10nF. 

[Ry = 10kQ, Cy = 100 pF] 


6. The a.c. bridge shown in Figure 27.13 is balanced 


when the values of the components are as shown. 
Determine at balance, the values of R, and L,. 
[Ry =2kQ, Ly =0.2 H] 
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Figure 27.13 


. An a.c. bridge has, in arm AB, a pure capacitor of 
0.4 WF; in arm BC, a pure resistor of 500 Q; in arm 
CD, a coil of 50 Q resistance and 0.1 H inductance; 
in arm DA, an unknown impedance comprising 
resistance R, and capacitance C, in series. If the fre- 
quency of the bridge at balance is 800 Hz, determine 
the values of R, and C,. 

[Ry = 500 Q, Cy = 4 WF] 


. When the Wien bridge shown in Figure 27.9 is bal- 
anced, the components have the following values: 
Ro = R3 = 20kQ, R4=500 2, Cz = C3 = 800 pF. 
Determine for the balance condition (a) the value 
of resistance R; and (b) the frequency of the bridge 
supply. [(a) 250 Q (b) 9.95 kHz] 


. The conditions at balance of a Schering bridge 
ABCD used to measure the capacitance and loss 
angle of a paper capacitor are as follows: AB — a 
pure capacitance of 0.2 wF; BC — a pure capaci- 
tance of 3000 pF in parallel with a 400 Q resistance; 
CD — apure resistance of 200 Q; DA — the capaci- 
tance under test which may be considered as a 
capacitance C;, in series with a resistance Ry. If the 
supply frequency is 1 kHz determine (a) the value 
of Ry, (b) the value of Cy, (c) the power factor of 
the capacitor, and (d) its loss angle. 

[(a) 3 Q (b) 0.4 LF (c) 0.0075 (d) 0.432°] 


10. At balance, an a.c. bridge PQRS used to mea- 


sure the inductance and resistance of an inductor 
has the following values: PQ — a non-inductive 
400 Q resistor; QR — the inductor with unknown 
inductance L, in series with resistance R,; RS — 
a 3\F capacitor in series with a non-inductive 
250 Q resistor; SP —a 15 j.F capacitor. A detector 
is connected between Q and S and the a.c. supply 
is connected between P and R. Derive the balance 
equations for Ry and L, and determine their values. 

[R, =2kQ, L, = 1.5 H] 


11. Al kHza.c. bridge ABCD has the following com- 


ponents in its four arms: AB — a pure capacitor of 
0.2 wF; BC — a pure resistance of 500 Q; CD — 
an unknown impedance; DA — a 400 & resistor 
in parallel with a 0.1 iF capacitor. If the bridge 
is balanced, determine the series components 
comprising the impedance in arm CD. 

[R=59.41 Q, L=37.6 mH] 


12. An a.c. bridge ABCD has in arm AB a standard 


lossless capacitor of 200 pF; arm BC, an unknown 
impedance, represented by a loss-less capacitor Cy 
in series with a resistor R,; arm CD, a pure 5kQ 
resistor; arm DA, a 6kQ resistor in parallel with 
a variable capacitor set at 250 pF. The frequency 
of the bridge supply is 1500Hz. Determine for 
the condition when the bridge is balanced (a) the 
values of R, and Cy, and (b) the loss angle. 

[(a) Ry = 6.25kQ, C, = 240 pF; (b) 0.81°] 


13. An a.c. bridge ABCD has the following com- 


ponents: AB — a 1k resistance in parallel 
with a 0.2 \1F capacitor; BC — a 1.2kQ resis- 
tance; CD — a 750 Q resistance; DA — a 0.8 WF 
capacitor in series with an unknown resistance. 
Determine (a) the frequency for which the bridge 
is in balance, and (b) the value of the unknown 
resistance in arm DA to produce balance. 

[(a) 649.7 Hz (b) 375 Q] 


28 Series resonance and Q-factor 


At the end of this chapter you should be able to: 

e state the conditions for resonance in an a.c. series 
circuit 

e calculate the resonant frequency in an a.c. series 
circuit, 


Sr 


1 
~ InJ(LC) 


x V Vi 
e define Q-factor as — and as ee pp 
R V Vv 


28.1 Introduction 


When the voltage V applied to an electrical network 
containing resistance, inductance and capacitance is in 
phase with the resulting current /, the circuit is said to 
be resonant. The phenomenon of resonance is of great 
value in all branches of radio, television and communi- 
cations engineering, since it enables small portions of the 
communications frequency spectrum to be selected for 
amplification independently of the remainder. 

At resonance, the equivalent network impedance Z is 
purely resistive since the supply voltage and current are 
in phase. The power factor of a resonant network is unity 
(i.e. power factor = cos ¢=cos 0= 1). 

In electrical work there are two types of resonance — 
one associated with series circuits (which was introduced 
in Chapter 15), when the input impedance is a mini- 
mum (which is discussed further in this chapter), and the 
other associated with simple parallel networks, when the 
input impedance is a maximum (which was discussed in 
Chapter 16 and is further discussed in Chapter 29). 


28.2 Series resonance 


Figure 28.1 shows a circuit comprising a coil of inductance 
L and resistance R connected in series with a capacitor C. 
The R-L-C series circuit has a total impedance Z given 
by Z=R+j(X, — Xc) ohms, or Z=R+j(@WL — 1/w@C) 
ohms where w= 2zf. The circuit is at resonance when 
(X, — Xc)=0, ie. when X, = Xc or wL = 1/(wC). The 
phasor diagram for this condition is shown in Figure 28.2, 
where |Vz| = |Vc]. 


e determine the maximum value of Vc and Vceory and 
the frequency at which this occurs 

e determine the overall Q-factor for two components in 
series 

e define bandwidth and selectivity 

e calculate Q-factor and bandwidth in an a.c. series 
circuit 

e determine the current and impendance when the 
frequency deviates from the resonant frequency 


Figure 28.1 R-L-C series circuit 


Vv, (=jX,) 


Vo (=-jIXe) 


Figure 28.2 Phasor diagram |V;| =|Vc| 


Since at resonance 


1 


o,L= 
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Thus resonant frequency, At frequencies less than f,, X_ <Xc and the circuit is 
capacitive; at frequencies greater than f,, X, > Xc and the 
circuit is inductive. 

Current ]=V/Z. Since impedance Z is a minimum 
hertz, | since w, = 2s, value at resonance, the current J has a maximum value. 
At resonance, current J = V/R. A graph of current against 
frequency is shown in Figure 28.4. 


1 
i= 2a. (LC) 


Figure 28.3 shows how inductive reactance X, and 
capacitive reactance Xc vary with the frequency. At 


the resonant frequency f,, |Xz_| =|Xc|. Since impedance Problem 1. A coil having a resistance of 10 Q and 
Z=R+j(X, —Xc) and, at resonance, (X;, —Xc)=0, an inductance of 75 mH is connected in series with a 


40 F capacitor across a 200 V a.c. supply. Determine 
at what frequency resonance occurs, and (b) the current 
flowing at resonance. 


then impedance Z = R at resonance. This is the mini- 
mum value possible for the impedance as shown in the 
graph of the modulus of impedance, |Z|, against frequency 


in Figure 28.4. 
(a) Resonant frequency, 
[X, 1 
r= 2nJ(LC) 
1 
ab Fo----- ~ In,/[(75 x 1073)(40 x 10-6)] 


ie. ff, =91.9 Hz i 


V 
(b) Current at resonance, J = — = —=20A 
Frequency R 10 


Problem 2. An R-L-C series circuit is comprised 
of a coil of inductance 10mH and resistance 8 Q 
and a variable capacitor C. The supply frequency is 
1 kHz. Determine the value of capacitor C for series 
resonance. 


At resonance, w,;L = 1/(w,C), from which, capacitance, 
Figure 28.3 Variation of X,, and Xc with frequency C=1 (we L) 


1 
(271000)2(10 x 10~3) 
= 2.53 uF 


Hence capacitance C = 


Impedance, Z 


Current, / Problem 3. A coil having inductance L is connected 


in series with a variable capacitor C. The circuit pos- 
sesses stray capacitance Cs which is assumed to be 
constant and effectively in parallel with the variable 
capacitor C. When the capacitor is set to 1000 pF the 
resonant frequency of the circuit is 92.5 kHz, and when 
the capacitor is set to 500 pF the resonant frequency 

a Frequency is 127.8kHz. Determine the values of (a) the stray 
ser" K rc capacitance Cs, and (b) the coil inductance L. 


For a series R-L-C circuit the resonant frequency f, is 
given by: 


1 
Figure 28.4 |Z| and I plotted against frequency fr= 21./(LC) 
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The total capacitance of C in parallel with Cs is given by 
(C+ Cs) 


At 92.5 kHz, C = 1000 pF. Hence 


1 
92.5x 10° = 1 
é 2m /{L(1000 + Cs)10—2] 
At 127.8kHz, C = 500 pF. Hence 
4 1 
127.8 x 10° = (2) 


~ 27 J{LG00 + Cs)10-!?] 


(a) Dividing equation (2) by equation (1) gives: 


(b 


YS 


1 
127.8 x 10° 2/[L(500 + Cs)10~!?] 
9253103 — 1 


27 /{L(1000 + Cs)10~!7] 


127.8 ./[L(1000 + Cs)107!} 
92.5 J{L(500 + Cs)10-!2] 


= | (Bore 
~ V \'500+ Cs 


where Cs is in picofarads, from which, 


i 100+ Cs 


92.5)  500+Cs 
1000+ Cs 
e ios 
oe 500-4 Cs 


Hence 1.909(500 + Cs) = 1000 + Cs 
954.5 + 1.909Cs = 1000 + Cs 
1.909Cs — Cs = 1000 — 954.5 
0.909Cs = 45.5 


Thus stray capacitance Cs = 45.5/0.909 = 50 pF 
Substituting Cs = 50 pF in equation (1) gives: 


1 


2.5x 10° = 
72.9 x 10" = 57 /ILG050 x 10-2)] 


1 
H 25 103 x 27)? = ———_____ 
ence (92.5 x 10° x 27) L050 x 10-1) 


from which, inductance 


1 
L= 
(1050 x 10-!2)(92.5 x 103 x 27)? 


H=2.82 mH 


Now try the following exercise. 


Exercise 103 Further problems on series 
resonance 


1. Acoil having an inductance of 50 mH and resistance 
8.0 &2 is connected in series with a 25 \.F capacitor 
across a 100V a.c. supply. Determine (a) the res- 
onant frequency of the circuit, and (b) the current 
flowing at resonance. 

[(a) 142.4 Hz (b) 12.5 A] 


2. The current at resonance in a series R-L-C circuit 
is 0.12 mA. The circuit has an inductance of 0.05 H 
and the supply voltage is 24 mV at a frequency of 
40 kHz. Determine (a) the circuit resistance, and (b) 
the circuit capacitance. 

[(a) 200 Q (b) 316.6 pF] 


3. A coil of inductance 2.0 mH and resistance 4.0 Q 
is connected in series with a 0.3 F capacitor. The 
circuit is connected to a 5.0V, variable frequency 
supply. Calculate (a) the frequency at which reso- 
nance occurs, (b) the voltage across the capacitance 
at resonance, and (c) the voltage across the coil at 
resonance. 

[(a) 6.50 kHz (b) 102.1 V (c) 102.2 V] 


4. A series R-L-C circuit having an inductance of 
0.40 H has an instantaneous voltage, 
v= 60 sin(4000t — (7/6)) volts and an instanta- 
neous current, i=2.0sin4000t amperes. Deter- 
mine (a) the values of the circuit resistance and 
capacitance, and (b) the frequency at which the 
circuit will be resonant. 
[(a) 26 Q; 154.8 nF (b) 639.6 Hz] 


5. A variable capacitor C is connected in series with PART 
a coil having inductance L. The circuit possesses 3 
stray capacitance Cs which is assumed to be con- 
stant and effectively in parallel with the variable 
capacitor C. When the capacitor is set to 2.0nF 
the resonant frequency of the circuit is 86.85 kHz, 
and when the capacitor is set to 1.0 nF the resonant 
frequency is 120kHz. Determine the values of (a) 
the stray circuit capacitance Cs, and (b) the coil 
inductance L. [(a) 100 pF (b) 1.60 mH] 


28.3 Q-factor 


Q-factor is a figure of merit for a resonant device such as 
an L-C-R circuit. 

Such a circuit resonates by cyclic interchange of stored 
energy, accompanied by energy dissipation due to the 
resistance. 
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By definition, at resonance 


Q=20( 


maximum energy stored 
energy loss per cycle 


Since the energy loss per cycle is equal to (the average 
power dissipated) x (periodic time), 


Q=2n( 


maximum energy stored 
average power dissipated x periodic time 


ae maximum energy stored 
7 average power dissipated x (1/f,) 


since the periodic time T = 1/f,. 


Thus Q=2rzf, ( 


maximum energy stored 
average power dissipated 


ie. Q=0, ( 


maximum energy stored 
average power dissipated 


where w, is the angular frequency at resonance. 

In an L—-C-R circuit both of the reactive elements store 
energy during a quarter cycle of the alternating supply 
input and return it to the circuit source during the follow- 
ing quarter cycle. An inductor stores energy in its magnetic 
field, then transfers it to the electric field of the capacitor 
and then back to the magnetic field, and so on. Thus the 
inductive and capacitive elements transfer energy from 
one to the other successively with the source of supply 
ideally providing no additional energy at all. Practical 
reactors both store and dissipate energy. 

Q-factor is an abbreviation for quality factor and refers 
to the ‘goodness’ of a reactive component. 


: maximum energy stored 
For an inductor, Q=a, 


average power dissipated 


=a i) _ 0, (JUB) 


PR} Um/J/2)?R 
eh 28.1 
ae (28.1) 
. @,($CV2) rs CUmXc)* 
For a capacitor, Q= Gn //D2R = (in //22R 
= wx CI? (1/@-C)P 
Um //2)2R 
1 
ie. Q= wo, CR (28.2) 


From expressions (28.1) and (28.2) it can be deduced that 


Xi XE 
Q=—= 


R R resistance 


reactance 


In fact, Q-factor can also be defined as 


reactance power Q 


Q-factor = - = 
resistance P 


where Q is the reactive power which is also the peak rate 
of energy storage, and P is the average energy dissipation 
rate. Hence 


Q PXz(orl’Xc) Xz Xc 
Q-factor = = = = or 

P P?R R R 
es _ reactance 
a ~ resistance 


In an R-L-C series circuit the amount of energy stored at 
resonance is constant. 

When the capacitor voltage is a maximum, the inductor 
current is zero, and vice versa, i.e. 5 LP = 5c ye 


Thus the Q-factor at resonance, Q, is given by 


0, = = (28.3) 


However, at resonance w, = 1/,/(LC) 


a Be | () 
SBOE: OS er Tae UR 


is 0,= oy (z) 


It should be noted that when Q-factor is referred to, 
it is nearly always assumed to mean ‘the Q-factor at 
resonance’. 

With reference to Figures 28.1 and 28.2, at resonance, 
Vi=Vc 


Vi = 1X, 


V L 
lorL = ork (= )v=ov 


R 
d Vo=IX viR ( : V=0,V 
an = 
NET eel tye NBR . 
Hence, at resonance, V; = Vc = Q,V 
Vv V 
e 6,2 L + Cc) 


The voltages Vz and Vc at resonance may be much greater 
than that of the supply voltage V. For this reason Q is often 
called the circuit magnification factor. It represents a 
measure of the number of times Vy, or Vc is greater than 
the supply voltage. 
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The Q-factor at resonance can have a value of several 
hundreds. Resonance is usually of interest only in circuits 
of Q-factor greater than about 10; circuits having Q con- 
siderably below this value are effectively merely operating 
at unity power factor. 


Problem 4. A series circuit comprises a 10 Q resis- 
tance, a 5 F capacitor and a variable inductance L. 
The supply voltage is 200° volts at a frequency of 
318.3 Hz. The inductance is adjusted until the p.d. 
across the 10 Q resistance is a maximum. Determine 
for this condition (a) the value of inductance L, (b) the 
p.d. across each component and (c) the Q-factor. 


(a) The maximum voltage across the resistance occurs 
at resonance when the current is a maximum. At 
resonance, w,L = 1/(@,C), from which 


1 
induct: L= = 
MECIANEE = 2C — (2318.35 x 10-%) 
= 0.050 H or 50 mH 
V.2020° 
b t at == = 2.020°A 
(b) Current at resonance J, R 10Z0° 020 
p.d. across resistance, Vr = [-R=(2.0Z0°)(10) 
=2020° V 


p.d. across inductance, Vz, = IX, 

Xr = 27(318.3)(0.050) = 100 Q 
Hence Vz =(2.020°)(100290°) = 200290° V 
p.d. across capacitor, Vc = 1Xc 


= (2.020°)(1002—90°) 


= 2002—90° V 
(c) Q-factor at resonance, QO, = Vesorve) — eau =10 
V 20 
altematively, 0, = ile = ae =10 
R 10 
1 
= r= ,0R 
1 
~ 2n(318.3)(5 x 10-6)(10) 
= 10 


1 k 
=a Ne aaa 
10V \5 x 10-6 


28.4 Voltage magnification 


For a circuit with a high value of Q (say, exceeding 100), 
the maximum volt-drop across the coil, Vcor, and the 
maximum volt-drop across the capacitor, Vc, coincide 
with the maximum circuit current at the resonant fre- 
quency f; , as shown in Figure 28.5(a). However, if a 
circuit of low Q (say, less than 10) is used, it may be 
shown experimentally that the maximum value of Vc 
occurs at a frequency less than f, while the maximum 
value of Vcom occurs at a frequency higher than f,, as 
shown in Figure 28.5(b). The maximum current, however, 


f, Frequency 


Figure 28.5 (a) High Q-factor (b) Low Q-factor 


still occurs at the resonant frequency with low Q. This is 
analysed below. 


Vi 
Since Q; = oF then Vc = VO, 


7 1 
However Vc = IXc = 1 ( cs ee I ( : and since 
oC JoC 
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V 
thus Vco= i 
(j@C) [R +] (ot — oc) 
oC 
=, V 
~ Cc 
joCR + Porch — p27 
aC 
V V 


~ jwCR—w2LC +1 (1—a@*LC)+jwCR 
VIC — w*LC) — jaCR] 


~ [0 — w2LC) + joCRI[( — @2LC) — joCR] 


_ VIC. = @° LC) — jwCR] 
~ [(1 — @LC)2 + (wCR)?] 


The magnitude of Vc, 


V/[0 — @ LC) + (@CR)*] 
[1 — w2LC)2 + (wCR)] 


[Vol = 


from the Argand diagram 
V 
~ J/[( — @2LC)? + (@CR)?] 


(28.4) 


To find the maximum value of Vc, equation (28.4) is dif- 
ferentiated with respect to w, equated to zero and then 
solved — this being the normal procedure for maximum/ 
minimum problems. Thus, using the quotient and function 
of a function rules: 


JV[d — @?LC) + (@CR)][0] 
—[V]510 — LC)? + (@cRY|-'/? 
dVo _ x[2(1 — w?LC)(—2@LC) + 2@C?R?] 
dw {/[C. — @2LC)? + (oCR)?]}? 


0- $[0 — @ LC? + cry}! 
x[2(1 — w*LC)(—2wLC) + 20C?R?] 
(1 — w*LC)? + (oCR)? 


—¥[21 — wLC)?(—2@LC) + 2wC?R*] 7 
[1 — w*LC)? + (wCR)?]}3/2 i 


for a maximum value. 


5 
Hence — >[2() wLC)(—2w@LC) + 20C*R?] = 0 


and VIC — &*LC)(—2@LC) + wC?R?] = 0 


and (1 — w*LC)(—2@LC) + wC?R? = 0 


from which, wC?R? = (1 — w*LC)(2@LC) 


ie. C?R? = 2LC(1 — wLC) 


C?R? CR 
=2-20*LC and 202LC =2- ae 


LC 
CR? ; 
2 i ie 1 1/R 
Hence wo = L_ 
2LC. 2LC  —OLLC 2X L 
1 
Th ee 5 Opa TE hich, 
e ot requency, @, Jao) rom whic 
2 — —— 
TG 
1 (R\’ 
Thus w”? =a; — = (— (28.5) 
Ae & , 
o,L _. xR (on R\? wo 
Q= from which — = and = 
R L QO L eZ 
fi ion (2 2_ 2 lor 
Hence, from equation (28.5) w* = w. — 302 
ie pay eee (28.6) 
1 
or ) =o,/ (1 _ a) 
1 
OF f=fr 1- 202 (28.7) 


Hence the maximum p.d. across the capacitor does not 
occur at the resonant frequency, but at a frequency slightly 
less than f, as shown in Figure 28.5(b). If Q is large, then 
f ©f, as shown in Figure 28.5(a). 


Vv 


From equation (28.4), |Vc| = Jid — oC? + CRY 


1 
and substituting w= w (1 — a) from equation (28.6) 
gives maximum value of V;, 


V. V 
Ca = 1 2 
/ (: al - sq) !¢) 
1 
+w? (1 — =a) ce] 
2 1 
w* = — hence 
LC 
V 
Vo, = 
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= V 
‘| 1 1 : : + & 1 : 
202 L 202 
V 
= 28.8 
/ 1 CR? CR? (1 on 
4G" OL L \202 
o,L 1 
— — hence 
R w,CR 
9 @rL 1 L 
Q = 
R @,CR CR? 
: CR? 1 
from which, — =~ 
L OQ? 
Substituting in equation (28.8), 
7 4 
or / De ol ce al 
40* @ 2@Q+ 
4 


i(@ aoe oe) 


ie. Ves = (28.9) 


From equation (28.9), when Q is large, Vc, ~ OV 
If a similar exercise is undertaken for the voltage across 
the inductor it is found that the maximum value is given by: 


“Y-@] 


i.e. the same equation as for Vc,,, and frequency, 


(c) 


showing that the maximum p.d. across the coil does not 
occur at the resonant frequency but at a value slightly 
greater than f,, as shown in Figure 28.5(b). 


f= 


Problem5. Aseries L—R—C circuit has a sinusoidal 
input voltage of maximum value 12 V. If inductance, 
L=20mH, resistance, R=80Q, and capacitance, 
C=400nF, determine (a) the resonant frequency, 
(b) the value of the p.d. across the capacitor at the 
resonant frequency, (c) the frequency at which the p.d. 
across the capacitor is a maximum, and (d) the value 
of the maximum voltage across the capacitor. 


(a) The resonant frequency, 


1 1 


fr= nJ(LC) — 2,/[(20 x 10-3)(400 x 10-9)] 
= 1779.4 Hz 
pap canes tat nO 1 (ee 8 
WUE Oe aN aOR RY G 
21 1779.4)(20 x 1073 
Hence pa iat a ) 9 80 


80 
Thus Vo =QV =(2.80)(12) = 33.60 V 


(c) From equation (28.7), the frequency f at which Vc is 
a maximum value, 


1 1 
f =f] (1 = so) ai779.4)| (1 = saat) 


= 1721.7 Hz 


(d) From equation (28.9), the maximum value of the p.d. 
across the capacitor is given by: 


OV (2.80)(12) 


““T-@] I-Gn) 


= 34.15 V 


28.5 Q-factors in series 


If the losses of a capacitor are not considered as negligi- 
ble, the overall Q-factor of the circuit will depend on the 
Q-factor of the individual components. Let the Q-factor 
of the inductor be Qy and that of the capacitor be Oc 


1 /L 
The overall Q-factor, O7 = — , — from Section 28.3, 
RrV C 


where Rr = Rp + Rc 


: Or @,L : 
Since Q; = then R; = —— and since 
L L 
Q : then R : 
= en — 
© @,CRe ES OeuC 
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Hence Q7 = 


1 jE- 1 iE 
Rr +Rc © (S24 1 ) Cc 


V(LC) I 
On ( 1 ) C 
ATEO) 
since : 
oO, = —— 
JV(LC) 


_ 1 L 
7 L LI2CI2 VC 


O,L'/2C1/2 OcC 


1 L 
1 LI? 1 L2VC 
OL c!/2 Oc c!/2 


1 L 
1 Ly 1 zz 
ave ae 
1 L 
Eee" 
C\Q@r Qc 


1 2 1 
Ie ee. ~ Bers 


OQ. Qc O1Qc 


i.e. the overall Q-factor, 


_ 919c 
oe Qr+ Qc 


Problem 6. An inductor of Q-factor 60 is connected 
in series with a capacitor having a Q-factor of 390. 
Determine the overall Q-factor of the circuit. 


From above, overall Q-factor, 


Q1Oc_ _ (60)(390) _ 23400 
Qr = - = a5? 
Q,+Qc 60+390 450 


Now try the following exercise. 


Exercise 104 Further problems on Q-factor 


1. A series R-L-C circuit comprises a 5 wF capacitor, 
a4 Q resistor and a variable inductance L. The sup- 
ply voltage is 100° V at a frequency of 159.1 Hz. 
The inductance is adjusted until the p.d. across the 
4 Q resistance is a maximum. Determine for this 
condition (a) the value of inductance, (b) the p.d. 
across each component, and (c) the Q-factor of the 
circuit. 

[(a) 200 mH (b) Vr = 1020° V; 
Vi = 500290° V; Vc =5002—90° V (c) 50] 


2. A series L—R-C circuit has a supply input of 
5 volts. Given that inductance, L =5 mH, resis- 
tance, R= 75 Q and capacitance, C = 0.2 EF, deter- 
mine (a) the resonant frequency, (b) the value of 
voltage across the capacitor at the resonant fre- 
quency, (c) the frequency at which the p.d. across 
the capacitance is a maximum, and (d) the value of 
the maximum voltage across the capacitor. 

[(a) 5033 Hz (b) 10.54 V 
(c) 4741 Hz (d) 10.85 V] 


3. A capacitor having a Q-factor of 250 is connected 
in series with a coil which has a Q-factor of 80. 
Calculate the overall Q-factor of the circuit. 

[60.61] 


4. An R-L-C series circuit has a maximum current of 
2mA flowing in it when the frequency of the 0.1 V 
supply is 4kHz. The Q-factor of the circuit under 
these conditions is 90. Determine (a) the voltage 
across the capacitor, and (b) the values of the circuit 
resistance, inductance and capacitance. 

[(a) 9V (b) 50 Q; 0.179 H; 8.84 nF] 


5. Calculate the inductance of a coil which must be 

connected in series with a 4000 pF capacitor to give 

a resonant frequency of 200 kHz. If the coil has a 
resistance of 12 (2, determine the circuit Q-factor. 
[158.3 iH; 16.58] 


28.6 Bandwidth 


Figure 28.6 shows how current J varies with frequency f 
in an R-L-C series circuit. At the resonant frequency /f,, 
current is a maximum value, shown as J,. Also shown 
are the points A and B where the current is 0.707 of the 
maximum value at frequencies f; and f2. The power deliv- 
ered to the circuit is J2R. At [=0.707],, the power is 
(0.7071,)?R = 0.5 PR, i.e. half the power that occurs at 


Series resonance and Q-factor 357 


I 
| 
\ 
| 
I 
0.707 1, K--- ------f---- oes 
| 
| 
I 
| 
\ 
\ 


t 

| 

| 

| 

| 

| 

Band width | 
i ] 
! 

i] 

| 

| 

! 


fh f fy Frequency 


Figure 28.6 Bandwidth and half-power points f\ and fr 


frequency f,. The points corresponding to f; and fo are 
called the half-power points. The distance between these 
points, i.e. (f2 —/\), is called the bandwidth. 

When the ratio of two powers P; and P2 is expressed 
in decibel units, the number of decibels X is given by: 


P 
X= 10lg (#) dB (see Section 10.16, page 96) 
1 


Let the power at the half-power points be (0.707/,)7R = 
(I7R)/2 and let the peak power be /7R, then the ratio of 
the power in decibels is given by: 


PR/2 
IR 


1 
io1g| |= tos; = -3a8 


It is for this reason that the half-power points are often 
referred to as ‘the —3 dB points’. 

At the half-power frequencies, J=0.707/,, thus 
impedance 


4 4 


=F O01. 


1.414 (5) = f2Z, = f2R 


(since at resonance Z, = R) 


Since Z=./2R, an isosceles triangle is formed by the 
impedance triangles, as shown in Figure 28.7, where 
ab=bc. From the impedance triangles it can be seen 
that the equivalent circuit reactance is equal to the circuit 
resistance at the half-power points. 


At fi, the lower half-power frequency |Xc| > |Xz| (see 
Figure 28.4) 


1 
nf, C 


Thus 


= 27f,L =R 


from which, | — 4?f?LC = 2fiCR 


i.e. (4x°LC)f? + (20CR)fi —1=0 


oO 


A 
{a) 
a et 
» (4, - ot) 
c 


Figure 28.7 (a) Inductive impedance triangle 
(b) Capacitive impedance triangle 


This is a quadratic equation in f;. Using the quadratic 
formula gives: 


—(20CR) + /[(20CR)Y* — 4(4n?LC)(—1)] 
= 2(42LC) 
—(2nCR) + /[4n*C?R? + 1627LC] 
872LC 
—(20CR) + /[4n?C?(R? + (4L/C))] 
822LC 
—(2nCR) + 20C /[R? + (4L/C)] 
872LC 
—R+./[R* + (4L/C)] 
4rL 
—R +./[R? + (4L/C)] 
= 4nL 
(since ./ [R? + (4L/C)] > R and f; cannot be negative). 


At fo, the upper half-power frequency |Xz| > |Xc| (see 
Figure 28.4) 


fi 


Hence fj = 


Thus 27f2L —- —_~=R 
us 27f> Imp 


from which, 4r°f7LC — 1 = R(2mf2C) 
i.e. (47° LC)f? — (20CR)fp — 1=0 


This is a quadratic equation in /2 and may be solved using 
the quadratic formula as for f|, giving: 


R+./[R? + (4L/C)] 
— 4nL 


rp) 
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Bandwidth = (fo — fi) 


{4 + ./[R? + (4L/C)] | 
= 4rL 


| —R+/[R? + (4L/C)] | 


4rL 
2R R 1 
 4nL 2nL 2nL/R 
fr tr 


~ Onf,L/R Or 


from equation (28.3). Hence for a series R-L-C circuit 


(28.10) 


Problem 7. A filter in the form of a series L—-R-C 
circuit is designed to operate at a resonant frequency 
of 20 kHz. Included within the filter is a 20 mH induc- 
tance and 8 Q resistance. Determine the bandwidth of 
the filter. 


Q-factor at resonance is given by 


w,-L  (2%20000)(10 x 1073) 


a = 157. 
0 * ; 57.08 
Since QO, =f-/(f2 —fi): 
fr 20000 
h = ae = 1273H 
bandwidth, ( f2 —f1) O, = 157.08 3 Hz 


An alternative equation involving f, 


1 
At the lower half-power frequency f1: ao ai1L=R 
@) 


1 
At the higher half-power frequency f2: w2L — cia R 
2 


1 
Equating gives: 
@C 


o,L=a2L TG 
2 


Multiplying throughout by C gives: 


1 
@LC =a2LC 
| @2 


However, for series resonance, wr =1/(LC) 


@O, 1 
Hence FES 
QO, Of we a 
“ 1 1 @2 QO; @|+a@2 
i.e. = — 


Therefore O20! = Ba 


@102 we 
from which, @?=@1@2 or @,=,/(@1@2) 
Hence 2xf, = /[(2mf\)(2mf2)] and | fp = /(fif2) 


(28.11) 


Selectivity is the ability of a circuit to respond more read- 
ily to signals of a particular frequency to which it is tuned 
than to signals of other frequencies. The response becomes 
progressively weaker as the frequency departs from the 
resonant frequency. Discrimination against other signals 
becomes more pronounced as circuit losses are reduced, 
i.e. as the Q-factor is increased. Thus QO, =f,/(f2 —fi) 
is a measure of the circuit selectivity in terms of the 
points on each side of resonance where the circuit cur- 
rent has fallen to 0.707 of its maximum value reached at 
resonance. The higher the Q-factor, the narrower the band- 
width and the more selective is the circuit. Circuits having 
high Q-factors (say, in the order 300) are therefore use- 
ful in communications engineering. A high Q-factor in a 
series power circuit has disadvantages in that it can lead to 
dangerously high voltages across the insulation and may 
result in electrical breakdown. 

For example, suppose that the working voltage of a 
capacitor is stated as 1 kV and is used in a circuit having 
a supply voltage of 240V. The maximum value of the 
supply will be ,/2(240), i.e. 340 V. The working voltage 
of the capacitor would appear to be ample. However, if 
the Q-factor is, say, 10, the voltage across the capacitor 
will reach 2.4 kV. Since the capacitor is rated only at 1 kV, 
dielectric breakdown is more than likely to occur. 

Low Q-factors, say, in the order of 5 to 25, may be 
found in power transformers using laminated iron cores. 

A capacitor-start induction motor, as used in domes- 
tic appliances such as washing machines and vacuum- 
cleaners, having a Q-factor as low as 1.5 at starting would 
result in a voltage across the capacitor 1.5 times that of 
the supply voltage; hence the cable joining the capacitor 
to the motor would require extra insulation. 


Problem 8. An R-L-C series circuit has a resonant 
frequency of 1.2kHz and a Q-factor at resonance of 
30. If the impedance of the circuit at resonance is 50 Q 
determine the values of (a) the inductance, and (b) the 
capacitance. Find also (c) the bandwidth, (d) the lower 
and upper half-power frequencies and (e) the value of 
the circuit impedance at the half-power frequencies. 


(a) At resonance the circuit impedance, Z=R, i.e. 
R=502Q. 
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Q-factor at resonance, Q; =w,L/R 
Q-R _ (30)(50) 
wr (271200) 


Hence inductance, L = 


= 0.199 H or 199 mH 
(b) At resonance w,L = 1/(@;C) 
1 1 
H it ‘C= a 
ence capacitance OL ~ Ox 1200)2(0.199) 
= 0.088 wF or 88 nF 
(c) Q-factor at resonance is also given by Q, =f-/(f2 —fi), 
from which, 
? Ir 1200 
bandwidth, —fi)= — = — =40H 
andwidth, (f2 — fi) 0, > 30 Z 


(d) From equation (28.11), resonant frequency, 

f= JS(fif2), ie. 1200= /(fifr) 

from which, _f f2 = (1200)? = 1.44 x 10° (28.12) 
fh —-fi=40 (28.13) 
From equation (28.12), fy = (1.44 x 10°) /f 
Substituting in equation (28.13) gives: 
1.44 x 10? _ 

D = 
Multiplying throughout by f> gives: 
fF —144x 10°=40f 


From part(c), 


= 40 


ie. f7 —40f: — 1.44 x 10°=0 


This is a quadratic equation in fy. Using the quadratic 
formula gives: 


40 + ,/[(40)? — 4(1.44 x 10%] 40+ 2400 
2 > 2 


h= 


_ 40 + 2400 
- 2 


Hence the upper half-power frequency, 
f2= 1220 Hz. 

From equation (28.12), the lower half-power 
frequency, 


fi=h, — 40 = 1220 — 40 = 1180 Hz 


Note that the upper and lower half-power frequency 
values are symmetrically placed about the resonance 
frequency. This is usually the case when the Q-factor 
has a high value (say, > 10). 


(since f2 cannot be negative) 


(e) At the half-power frequencies, current J = 0.707 I, 


Hence impedance, 


V V 


T° 07077 


V 
=1.414 (5) = /2Zr = ./2R 


Thus impedance at the half-power frequencies, 
Z= f/2R=./2(50) = 70.71 Q 


Problem9. A series R—L—C circuit is connected toa 
0.2 V supply and the current is at its maximum value of 
4mA when the supply frequency is adjusted to 3 kHz. 
The Q-factor of the circuit under these conditions is 
100. Determine the value of (a) the circuit resistance, 
(b) the circuit inductance, (c) the circuit capacitance, 
and (d) the voltage across the capacitor. 


Since the current is at its maximum, the circuit is at 
resonance and the resonant frequency is 3 kHz. 


V 
(a) At resonance, impedance, Z = R= 7 
os 0.2 

~ 4x 10-3 


Hence the circuit resistance in 50 Q 


=502 


(b) Q-factor at resonance is given by Q; = w,L/R, from 
which, 
Q,R_—_(100)(50) 
@;, 273000 
= 0.265 H or 265 mH 


inductance, L = 


(c) Q-factor at resonance is also given by Q, = 1/(w;CR), 
from which, 


1 1 
w,-RO, — (23113000)(50)(100) 
= 0.0106 wF or 10.6 nF 


capacitance, C = 


(d) Q-factor at resonance in a series circuit represents the 
voltage magnification, i.e. Q; = Vc/V, from which, 
Vc =Q,V = (100)(0.2) = 20V. 


Hence the voltage across the capacitor is 20 V 


I 
(Alternatively, Vc = 1Xc = 
@,C 
_ 4x 10-3 
~~ (273000)(0.0106 x 10~°) 


=20V) 


Problem 10. A coil of inductance 351.8mH and 


resistance 8.84 Q is connected in series with a 20 wF 
capacitor. Determine (a) the resonant frequency, 
(b) the Q-factor at resonance, (c) the bandwidth, and 
(d) the lower and upper —3 dB frequencies. 
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Li 


R t fi = 
(a) Resonant frequency, f, on MLO) 


1 


~ 2n/[(0.3518)(20 x 10-5)] 
= 60.0 Hz 


(b) Q-factor at resonance, 


6 aE = 1 1 0.3518 15 
RVC 8.84 20 x 10-6 
orL _ 27(60.0)(0.3518) 


R 8.84 


ol 
~~ @,CR 


alternatively, QO; = 15 


or Q; 


1 
~~ (2760.0)(20 x 10-°)(8.84) 


- 


: r 60.0 
(c) Bandwidth, (f, — fi) = “ ae 


=4Hz 


(d) With a Q-factor of 15 it may be assumed that the lower 
and upper —3 dB frequencies, f, and f2 are symmetri- 
cally placed about the resonant frequency of 60.0 Hz. 
Hence the lower —3 dB frequency, f; = 58 Hz, and 
the upper —3 dB frequency, f2 = 62 Hz. 


[This may be checked by using (f2 — fi)=4 and 
fr=Vfif2)] 


28.7 Small deviations from the resonant 
frequency 


Let w; be a frequency below the resonant frequency w, in 
an L—R-C series circuit, and w2 be a frequency above w, 
by the same amount as @, is below, i.e. @, — W1 =w2 — w, 


Let the fractional deviation from the resonant frequency 
be 6 where 
Or — @| 


6= = 


(oe (on 


@2 — Wr 


Hence wd =a, —@, and w,d=a2 — a, 


from which, @} =@,;—@,;6 and w2=a@;+a,6 
(28.14) 
(28.15) 


le. @,=a@,(1 —5) 


and w2=o,(1+6) 


: V 
At resonance, J, = — and at other frequencies, J = Z 


where Z is the circuit impedance. 


I V/Z R R 
Hence ; = VR a i 
R+j (w- =) 
wC 
From equation (28.15), at frequency w2 
I = R 
an R+j|o-( + dL 
ai ate 1 ee 
alee @,(1 + 6)C 
7 R/R 
ere pciee, 
ROMER w,RC( +8) 
At resonance, —— = w,L hence 
Or 
I = 1 
= L L 
I, 14j @r ames Or 
R RU +8) 
- 1 
~ OrL 1 
14+ (1 + 6) 
R (1 +6) 
Si a Qth 
ince —— = en 
R 
= 1 
I 1+8)=1 
ee -0|{ ale 
(1+) 
1 
> Pie 6464 =1 
1+jQ 
(1+) 
1 1 
_ 284+ 627] — 245 
j 1+ j6O | —— 
1+i0| =F] i30| 35 | 


If the deviation from the resonant frequency 6 is very small 
such that d< 1 


I 1 


then ~ = - (28.16) 
I, 14+jsQ0[7] 14/250 
V/Z ie 1 
and = == ; 
IT, V/Z, Z 14+ )26Q@ 
; Z : 
from which, z= 1+ j25Q (28.17) 
r 
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I 1 
It may be shown that at frequency #1, — = d 


—— _ an 
I. 1—j280 


Z 
= =1-j28 
Z J25Q 


r 


Problem 11. In an L—R-C series network, the induc- 
tance, L = 8 mH, the capacitance, C = 0.3 EF, and the 
resistance, R= 15 Q. Determine the current flowing 
in the circuit when the input voltages 7.520° V and 
the frequency is (a) the resonant frequency, (b) a fre- 
quency 3% above the resonant frequency. Find also 
(c) the impedance of the circuit when the frequency is 
3% above the resonant frequency. 


(a) At resonance, Z, = R=15Q 

Vo 7.5Z0° 
Current at resonance, I, = — = ———— 
Z; 15Z0° 


(b) If the frequency is 3% above the resonant frequency, 
then 6 = 0.03 


=0.520°A 


I 1 
From equation (28.16), L. = T+ j200 
1/L 1 8 x 1073 
g aE ace x 7 Oe? 
1 
Hence = - 
0.52Z0° 1 + j2(0.03)(10.89) 
_ 1 
~ 1+ 70.6534 
= 1 
~ 1,1945233.16° 
0.520° 
and 


~ 7,1945233.16° 
= 0.4186 /—33.16°A 


Z 
(c) From equation (28.17), ws 1+ j26Q 
if 


hence Z = Z,(1 + j28Q) = R( +j26Q) 
= 15(1 +j2(0.03)(10.89)) 
= 15(1 + j0.6534) 
= 15(1.1945233.16°) 
= 17.92.233.16° & 
Vv 7.520° 
1 0.41862—33.16° 
= 17.9233.16° & 


Alternatively, Z = 


Now try the following exercise. 


Exercise 105 Further problems on bandwidth 


1. Acoil of resistance 10.05 Q and inductance 400 mH 
is connected in series with a 0.396 WF capacitor. 
Determine (a) the resonant frequency, (b) the reso- 
nant Q-factor, (c) the bandwidth, and (d) the lower 
and upper half-power frequencies. 

[(a) 400 Hz (b) 100 (c) 4 Hz 
(d) 398 Hz and 402 Hz] 


2. An R-L-C series circuit has a resonant frequency 
of 2kHz and a Q-factor at resonance of 40. If 
the impedance of the circuit at resonance is 30 (2 
determine the values of (a) the inductance and 
(b) the capacitance. Find also (c) the bandwidth, 
(d) the lower and upper —3 dB frequencies, and (e) 
the impedance at the —3 dB frequencies. 

[(a) 95.5 mH (b) 66.3 nF (c) 50 Hz 
(d) 1975 Hz and 2025 Hz (e) 42.43 Q] 


3. A filter in the form of a series L—C-R circuit is 
designed to operate at a resonant frequency of 
20 kHz and incorporates a 20 mH inductor and 30 Q 
resistance. Determine the bandwidth of the filter. 

[238.7 Hz] 


4. A circuit consists of a coil of inductance 200 tH 
and resistance 8.0 Q in series with a lossless 500 pF 
capacitor. Determine (a) the resonant Q-factor, and 
(b) the bandwidth of the circuit. 

[(a) 79.06 (b) 6366 Hz] 


5. Acoil of inductance 200 1H and resistance 50.27 Q 
and a variable capacitor are connected in series 
to a SmV supply of frequency 2 MHz. Determine 
(a) the value of capacitance to tune the circuit to 
resonance, (b) the supply current at resonance, 
(c) the p.d. across the capacitor at resonance, (d) 
the bandwidth, and (e) the half-power frequencies. 

[(a) 31.66 pF (b) 99.46 LA (c) 250 mV 
(d) 40 kHz (e) 2.02 MHz; 1.98 MHz] 


6. A supply voltage of 3V is applied to a series 

R-L-C circuit whose resistance is 12 (2, inductance 

is 7.5 mH and capacitance is 0.5 LF. Determine (a) 

the current flowing at resonance, (b) the current 

flowing at a frequency 2.5% below the resonant 

frequency, and (c) the impedance of the circuit 

when the frequency is 1% lower than the resonant 
frequency. 

[(a) 0.25 A (b) 0.223227.04° A 

(c) 12.252—11.54°Q] 
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29 Parallel resonance and Q-factor 


At the end of this chapter you should be able to: 

e state the condition for resonance in an a.c. parallel 
network 

e calculate the resonant frequency in a.c. parallel 
networks 


‘ F L, 
e calculate dynamic resistance Rp = CR in an a.c. 


arallel network 


29.1 Introduction 


A parallel network containing resistance R, pure induct- 
ance L and pure capacitance C connected in parallel is 
shown in Figure 29.1. Since the inductance and capaci- 
tance are considered as pure components, this circuit is 
something of an ‘ideal’ circuit. However, it may be used 
to highlight some important points regarding resonance 
which are applicable to any parallel circuit. 

From Figure 29.1, 


Figure 29.1 Parallel R-L-C circuit 


1 
the admittance of the resistive branch, G= R 


the admittance of the inductive branch, By, = a = a 
JX_ oL 
the admittance of the capacitive branch, 
iS ae 
-jXc l/c 
Total circuit admittance, Y= G+ j(Bc — Bz) 
ie. y=pti(ec-—) 
R oL 


The circuit is at resonance when the imaginary 
part is zero, i. when wC—(1/wL)=0. Hence at 
resonance w,C = 1/(@,L) and ow = 1/(LC), from which 


e calculate Q-factor and bandwidth in an a.c. parallel 
network 

e determine the overall Q-factor for capacitors con- 
nected in parallel 

e determine the impedance when the frequency deviates 
from the resonant frequency 


wr = 1/,/(LC) and the resonant frequency 


hertz 


1 
f= 2n,/(LC) 


the same expression as for a series R-L—C circuit. 

Figure 29.2 shows typical graphs of Bc, BL, G and Y 
against frequency f for the circuit shown in Figure 29.1. 
At resonance, Bc = By and admittance Y = G = 1/R. This 
represents the condition of minimum admittance for the 
circuit and thus maximum impedance. 


Admittance’ 


Admittance,y Pe oC ¢ 


A 
@L 


re 
{B= 
! 
! 


Figure 29.2 |Y| plotted against frequency 


Since current / = V/Z = VY, the current is ata minimum 
value at resonance in a parallel network. 

From the ideal circuit of Figure 29.1 we have therefore 
established the following facts which apply to any parallel 
circuit. At resonance: 


(i) admittance Y is a minimum 
(ii) impedance Z is a maximum 
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(iii) current J is a minimum 

(iv) an expression for the resonant frequency f- may 
be obtained by making the ‘imaginary’ part of the 
complex expression for admittance equal to zero. 


29.2 The LR-C parallel network 


A more practical network, containing a coil of inductance 
L and resistance R in parallel with a pure capacitance C, 
is shown in Figure 29.3. 


R 
-[X¢ 
[XL 
Figure 29.3 
1 R—jx. 
Admittance of coil, Ycor = —= J Z 
R+jX, R2+ RG 
R joL 
— R+07L?— R24 0°L? 
Admittance of capacitor, Yc = ——— = a =joC 
—jXc Xe 
Total circuit admittance, Y = Ycomn, + Yc 
R joL 
R407? R2+0°L? 
+j@C (29.1) 


At resonance, the total circuit admittance Y is real 
(Y =RI(R?2+7L7)), ice. the imaginary part is zero. 
Hence, at resonance: 


—o,L ; 
4+ Le T a,C =0 
Fs 
o,L L 9 272 
Therefore B+ ol? =a,C and Cc =R+oarL 


L 
Thus OL? == — R 


and oO. = (29.2) 


1 R 
Hence w,; = ie B 


1 1 R 
and| resonant frequency, f, = — 


20 LC. 12 


(29.3) 


Note that when R?/L? < 1/(LC) then f, = 1/27 /(LC), 
as for the series R-L—C circuit. Equation (29.3) is the 
same as obtained in Chapter 16, page 192; however, the 
above method may be applied to any parallel network as 
demonstrated in Section 29.4 below. 


29.3. Dynamic resistance 


Since the current at resonance is in phase with the volt- 
age, the impedance of the network acts as a resistance. 
This resistance is known as the dynamic resistance, Rp. 
Impedance at resonance, Rp = V/I,, where [is the current 
at resonance. 


R 
te sot (x Sa) 


from equation (29.1) with the j terms equal to zero. 


V R? +21? 
Hence Rp = — = — 
I, VR/(R? + w2L?) R 
_ R?+17°(1/LC) — (R*/L’) 
= R 
from equation (29.2) 
_R+@/C)-R  L/C_ L 
- R ~  R CR 
ee: L 
Hence dynamic resistance, Rp = CR (29.4) 


29.4 The LR-CR parallel network 


A more general network comprising a coil of inductance 
L and resistance Ry in parallel with a capacitance C and 
resistance Rc in series is shown in Figure 29.4. 
Admittance of inductive branch, 


1 Ry — JXL Ri JX 
Ru+jXp RE+XP REA XP ORE +X? 


YL 
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Figure 29.4 


Admittance of capacitive branch, 


1 Rc + jXc Rc JIXc 
NCS ReSGRe Ree RASS RE 
c — JAC ct Ac ct Ac ctXe 
Total network admittance, 
R iX, R 
Y=¥+¥o=a— f+ 
Re+X, Rp + Xz Ro+Xe 
Xe 
+o x2 
c+ AC 


At resonance the admittance is a minimum, i.e. when the 
imaginary part of Y is zero. Hence, at resonance, 


-X, , Xe 
2 2° p2 2 
RE EK? RE Ke 

ork _— I/(@rC) 


1.e. 


(29.5) 


R7 + @2L? R24 1/@2C? 


Rearranging gives: 


1 1 
2 2 272 
o-L (x + cx) = mort + o,L*) 


L R2 a, 
LR2 = L r 
ca COL Way mR a 


Multiplying throughout by w,C? gives: 
ow, C?LRe + L= RC + a7 LC 
w2(C7LRe — L?C)=R7C — L 
we CL(CRZ — L)= RFC — L 


2 (CR* — L) 
"— LC(CR2 — L) 


a hte 1 / (#22 
SO MEC)Y \ R23 -(E/0) 


Hence w 


Hence 


resonant frequency, f. = 


1 / R? — (L/C) 
2n/(LC) V \R2, -— (L/C) 


(29.6) 


It is clear from equation (29.5) that parallel resonance may 
be achieved in such a circuit in several ways — by varying 
either the frequency f, the inductance L, the capacitance 
C, the resistance R,; or the resistance Rc. 


29.5 Q-factor in a parallel network 


The Q-factor in the series R-L—C circuit is a measure 
of the voltage magnification. In a parallel circuit, currents 
higher than the supply current can circulate within the par- 
allel branches of a parallel resonant network, the current 
leaving the capacitor and establishing the magnetic field 
of the inductance, this then collapsing and recharging the 
capacitor, and so on. The Q-factor of a parallel resonant 
circuit is the ratio of the current circulating in the paral- 
lel branches of the circuit to the supply current, i.e. in 
a parallel circuit, Q-factor is a measure of the current 
magnification. 

Circulating currents may be several hundreds of times 
greater than the supply current at resonance. For the par- 
allel network of Figure 29.5, the Q-factor at resonance is 
given by: 


Figure 29.5 


circulating current capacitor current 


current at resonance current at resonance 
Ic 
= lL 


r 


Current in capacitor, Ic = V/Xc = Va,C 


Parallel resonance and Q-factor 365 


V V VCR 
Rp L/CR L 


Current at resonance, J; = 


I Vo;C L 
Hence Q, = - — (ee Le. mB lt 
r 


the same expression as for series resonance. 

The difference between the resonant frequency of a 
series circuit and that of a parallel circuit can be quite 
small. The resonant frequency of a coil in parallel with a 
capacitor is shown in Equation (29.3); however, around 
the closed loop comprising the coil and capacitor the 
energy would naturally resonate at a frequency given by 
that for a series R-L—C circuit, as shown in Chapter 28. 
This latter frequency is termed the natural frequency, 
fn, and the frequency of resonance seen at the terminals 
of Figure 29.5 is often called the forced resonant fre- 
quency, f;. (For a series circuit, the forced and natural 
frequencies coincide.) 


From the coil- itor | f Fi 29.5, fr = =—— 
rom the coil-capacitor loop of Figure Th Im [LO) 


1 1 R 
dthe forced tf ee 
an e forced resonan requency. Si x (; 4) 


( r) i r) 
On LC. [2 LC [2 
Thus tr = 20 za L Ic L 


i ~ I 
22 J(LC) VEO) 


=| 1 R oA (4 LCR? 
- (e-B)v a (= ~) 


1 L 
From Chapter 28, Q = R / (=) from which 


o? Lf or RL 1 
“OR? AC joe 


Hence — = 1 = 1 

Sn L Q? 
; 1 
1.€. S- =fuy (1- =) 


Thus it is seen that even with small values of Q the dif- 
ference between f, and f, tends to be very small. A high 
value of Q makes the parallel resonant frequency tend to 
the same value as that of the series resonant frequency. 


The expressions already obtained in Chapter 28 for 
bandwidth and resonant frequency, also apply to parallel 
circuits, 


ie. Q, =fMh -f) (29.7) 


and fe = Mi fr) (29.8) 


The overall Q-factor Q; of two parallel components 
having different Q-factors is given by: 


Oe Q,9c 


= 29.9 
0,+Qc ee 


as for the series circuit. 

By similar reasoning to that of the series R-L—C cir- 
cuit it may be shown that at the half-power frequencies the 
admittance is ./2 times its minimum value at resonance 
and, since Z=1/Y, the value of impedance at the half- 
power frequencies is 1/,/2 or 0.707 times its maximum 
value at resonance. 

By similar analysis to that given in Chapter 28, it may 
be shown that for a parallel network: 


(29.10) 


Rp 
— = — = 14725 
Z +j26Q 


where Y is the circuit admittance, Y, is the admittance 
at resonance, Z is the network impedance and Rp is the 
dynamic resistance (i.e. the impedance at resonance) and 
6 is the fractional deviation from the resonant frequency. 


Problem 1. A coil of inductance 5 mH and resistance 
10 Q is connected in parallel with a 250 nF capacitor 
across a SOV variable-frequency supply. Determine 
(a) the resonant frequency, (b) the dynamic resistance, 
(c) the current at resonance, and (d) the circuit Q-factor 
at resonance. 


(a) Resonance frequency 


1 (ee : 
fr= ae Fe a2 from equation (29.3), 


1 / 1 102 

~ IV \5 x 10-3 x 250x 10-9 = (5 x 107-3)? 
1 1 

= — /(800 x 10° — 4 x 10°) = —./(796 x 10°) 
20 20 


= 4490 Hz 
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(b) From equation (29.4), dynamic resistance, 


yee eelee 2000 2 
PCR (250 x 10-°)(10) 
V 50 
(c) Current at resonance, J, = — = —— =25mA 
Rp 2000 
o,L 
(d) Q-factor at resonance, Q, = R 
(2m 4490)(5 x 1073) 
7 10 
=14.1 


Problem 2. In the parallel network of Figure 29.6, 
inductance, L = 100 mH and capacitance, C = 40 WF. 
Determine the resonant frequency for the network if 
(a) Rr, =0 and (b) Rp = 302 


Ri 
Cc 
L 
Figure 29.6 
Total circuit admittance, 
: 1. 1 Rei 
~ Re+jX_° —iXc RP +X? Xe 
eee! Ke 3d 
RE+Xp  RE+X7 Xe 


The network is at resonance when the admittance is at 
a minimum value, i.e. when the imaginary part is zero. 
Hence, at resonance, 


—X_, 1 o,L 


—5—j += =0 o ao ,C= = — (29.11) 
Ree XE "RE + wl? 
o,L 
(a) When R; = 0, w,C = oie 
: , 1 1 
from which, w, = and w; = 
LC J(LC) 
Hence resonant frequency, 
pe 1 = 1 
" In J(LC) 22./(100 x 10-3 x 40 x 10-6) 


= 79.6 Hz 


o,L 


r 
(b) When Rr = 30 Q, o,C= 302 + w2L2 


(29.11) above 


from equation 


L 
from which, 30° + wl? = a 
100 x 10-3 
: 2 —3)2 _ 
Le. @7(100 x 10°) = oto 900 


ie. @2(0.01) = 2500 — 900 = 1600 
Thus, @? = 1600/0.01 = 160000 and w, = /160 000 


= 400 rad/s 
400 
Hence resonant frequency, f; = ae 63.7 Hz 
ue 


[Alternatively, from equation (29.3), 
1 | ee sg 
te —_— 2 
20 LC OL 


1 1 
~ al (aa x 10-3)(40 x 10-6) 


- 302 
(100 x 10~3)2 
1 1 
= —./(250000 — 90000) = —./160 000 
20 20 
1 
= — (400) = 63.7 Hz] 
20 


Hence, as the resistance of a coil increases, the resonant 
frequency decreases in the circuit of Figure 29.6. 


Problem 3. A coil of inductance 120 mH and resis- 
tance 150 Q is connected in parallel with a variable 
capacitor across a 20 V, 4kHz supply. Determine for 
the condition when the supply current is a minimum, 
(a) the capacitance of the capacitor, (b) the dynamic 
resistance, (c) the supply current, (d) the Q-factor, 
(e) the bandwidth, (f) the upper and lower —3 dB fre- 
quencies, and (g) the value of the circuit impedance at 


the —3 dB frequencies. 


(a) The supply current is a minimum when the parallel 
network is at resonance. 


R t fi f : us fi 

esonant frequency, f= — —  —— } from 
BEE Te Fee NTC EP 

equation (29.3), 


from which, (27, y = . R 
: “LC L2 
1 R? 
TC = (2xf,)? + 72 and 


Hence 
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capacitance 


1 
C= Taf + (R/D>I 
1 


~ 120 x 1073[(274000)2+ 
(1507/(120 x 10~3)?)] 


1 
~ 0.12(631.65 x 10° + 1.5625 x 10°) 
= 0.01316 wF or 13.16 nF 


(b) Dynamic resistance, 

1s Ge 3 atl OD 

“CR (13.16 x 10-9)(150) 
= 60.79 kQ 


(c) Supply current at resonance, 


Rp 


V 20 


I — = 
"Rp 60.79 x 1073 


= 0.329 mA or 329 pA 


(d) Q-factor at resonance, 


w,L — (2%4000)(120 x 1073) 
Ro 150 
=20.11 


r= 


1 


[Note that the expressions Q, = fo) 
@,CR 


r 


used for the R — L — C series circuit may also be used 
in parallel circuits when the resistance of the coil is 
much smaller than the inductive reactance of the coil. 


In this case R= 150 Q 
and X;, = 27(4000)(120 x 1073) = 3016Q. 
Hence, alternatively, 


1 1 
2, = @,-CR  (2774000)(13.16 x 10-9)(150) 
= 20.16 
1 /(L 1 120 x 1073 
or = ry (2) = aay (Ga x =) 
= 20.13] 


(e) If the lower and upper —3 dB frequencies are f; and fo 
respectively then the bandwidth is (/2 — f1). Q-factor 
at resonance is given by QO, =f-/(f2 — f1), from which, 
bandwidth, 

Sr 4000 

QO, 20.11 


(2 —-fi) = = 199 Hz 


(f) Resonant frequency, f, = /(f1 f2), from which 


fifp =f? = (4000)” = 16 x 10° (29.12) 
Also, from part (e), fo — fi = 199 (29.13) 

; 16 x 10° 
From equation (29.12), f; = ———— 

2 
Substituting in equation (29.13) gives: 
16 x 10° 
— —— =199 
a i 

ie. fe — 16 x 10° = 199 fo from which, 


fF — 199 fp — 16 x 10°=0 
Solving this quadratic equation gives: 


199 + ,/[(199)? — 4(—16 x 10°)] 
a y) 


h 


_ 199 + 8002.5 
2 
ic. the upper 3dB frequency, f2=4100Hz 
(neglecting the negative answer). 
From equation (29.12), 
10 x 10° 
Ap 
16 x 10° 
~ 4100 
= 3900 Hz 
(Note that f,; and 2 are equally displaced about the 
resonant frequency, f,, as they always will be when 


Q is greater than about 10 — just as for a series 
circuit) 


the lower —3 dB frequency, f; = 


(g) The value of the circuit impedance, Z, at the —3 dB 
frequencies is given by 


where Z, is the impedance at resonance. 
The impedance at resonance Z,= Rp, the dynamic 
resistance. 
Hence impedance at the —3 dB frequencies 
1 
~ 2 
= 42.99 kQ 
Figure 29.7 shows impedance plotted against fre- 


quency for the circuit in the region of the resonant 
frequency. 


(60.79 x 103) 


PART 
3 


368 Electrical Circuit Theory and Technology 


Impedance 
Z 


Z, = Rp = 60.79 kQ 
—3 dB or Half-power 


Z | 42.99 ko ne 


12 


fA fh h 


Frequency 
Figure 29.7 


Now try the following exercise. 


Exercise 106 Further problems on parallel res- 
onance and Q-factor 


1. A coil of resistance 20 Q and inductance 100 mH is 
connected in parallel with a 50 \.F capacitor across 
a30V variable-frequency supply. Determine (a) the 
resonant frequency of the circuit, (b) the dynamic 
resistance, (c) the current at resonance, and (d) the 
circuit Q-factor at resonance. 

[(a) 63.66 Hz (b) 100 Q (c) 0.30A (d) 2] 


2. A 25V, 2.5 kHz supply is connected to a network 
comprising a variable capacitor in parallel with a 
coil of resistance 250 and inductance 80 mH. 
Determine for the condition when the supply 
current is a minimum (a) the capacitance of the 
capacitor, (b) the dynamic resistance, (c) the 
supply current, (d) the Q-factor, (e) the bandwidth, 
(f) the upper and lower half-power frequencies and 
(g) the value of the circuit impedance at the —3 dB 
frequencies. 

[(a) 48.73 nF (b) 6.57 kQ (c) 3.81 mA (d) 5.03 
(e) 497.3 Hz (f) 2761 Hz; 2264 Hz (g) 4.64kQ] 


3. A 0.1 \1F capacitor and a pure inductance of 0.02 H 
are connected in parallel across a 12V variable- 
frequency supply. Determine (a) the resonant fre- 
quency of the circuit, and (b) the current circulating 
in the capacitance and inductance at resonance. 

[(a) 3.56 kHz (b) 26.84 mA] 


4. A coil of resistance 300 Q and inductance 100 mH 
and a 4000 pF capacitor are connected (i) in series 
and (ii) in parallel. Find for each connection (a) 
the resonant frequency, (b) the Q-factor, and (c) 
the impedance at resonance. 

[G) (a) 7958 Hz (b) 16.67 (c) 300 ] 
[(i1) (a) 7943 Hz (b) 16.64 (c) 83.33 kQ] 


5. A network comprises a coil of resistance 100 Q and 
inductance 0.8H and a capacitor having capaci- 
tance 30 WF. Determine the resonant frequency of 


the network when the capacitor is connected (a) in 
series with, and (b) in parallel with the coil. 
[(a) 32.5 Hz (b) 25.7 Hz] 


6. Determine the value of capacitor C shown in 
Figure 29.8 for which the resonant frequency of 
the network is 1 kHz. {2.30 WF] 


200 


10 mH 


Figure 29.8 


7. In the parallel network shown in Figure 29.9, 
inductance L is 40 mH and capacitance C is 5 1F. 
Determine the resonant frequency of the circuit if 
(a) Rp =0 and (b) Rp = 40 Q. 

[(a) 355.9 Hz (b) 318.3 Hz] 


Figure 29.9 


29.6 Further worked problems on_ parallel 
resonance and Q-factor 


Problem 4. A two-branch parallel network is shown 
in Figure 29.10. Determine the resonant frequency of 
the network. 


25 uF $2 


380 
2mH 


Figure 29.10 
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From equation(29.6), 


_ 1 Ry — (L/C) 
resonant frequency, f, = In (LC) R2. —(L/C) 
Cc 


where Rp =5Q, Ro=3Q, L=2mH and C=25 uF. 
Thus 


Sr 


1 
~ 2n,/[(2 x 1073)(25 x 10-)] 


iG —((2 x 1077)/(25 x me) 
32 — (2 x 10-3)/(25 x 10-6) 


1 / 25 — 80 
~ In/(5 x 1078) 9 — 80 
104 = 
rl i a 626.5 Hz 
27/5 —71 


Problem 5. Determine for the parallel network 
shown in Figure 29.11 the values of inductance L for 
which the network is resonant at a frequency of | kHz. 


4QO 30 


=f10.Q 


Figure 29.11 


The total network admittance, Y, is given by 


. Do 2a 3-jX, , 4410 
~ 34jX, ° 4—-jl0 324x?2 © 424102 
3 IX, 4 710 


34+X7 116 * 116 


i 2 
3? + Xp 


ae ee ee 
~\324x7 " 116) 7 116” 324 x? 


Resonance occurs when the admittance is a minimum, i.e. 
when the imaginary part of Y is zero. Hence, at resonance, 


10 Xie ae ty MO 
116 324Xx? © 116 324 x? 
Therefore 10(9 +. X7) = 116X_, 


ie. 10X7 — 116X; + 90=0 
from which, X7 — 11.6X, +9=0 


Solving the quadratic equation gives: 
i 11.6+ /{(-11.6)? —49)] 11.6 + 9.93 
L = = 
2 2 


ie. Xz, = 10.765 Q or 0.835 Q. 
Hence 10.765 = 2 zf,L1, from which, 


10.7 
inductance L; = apriee = 1.71mH 
27(1000) 
and 0.835 = 2 zf,-L2 from which, 
0.835 
inductance, Ly = ————— = 0.13 mH 
27(1000) 


Thus the conditions for the circuit of Figure 29.11 to 
be resonant are that inductance L is either 1.71 mH or 
0.13 mH 


Problem 6. A capacitor having a Q-factor of 300 is 
connected in parallel with a coil having a Q-factor 
of 60. Determine the overall Q-factor of the parallel 
combination. 


From equation (29.9), the overall Q-factor is given by: 


0.0c _(60)(300) 18000 
~ Or+0c 60+300 360 


Or 50 


Problem 7. In an LR—C network, the capacitance 
is 10.61 nF, the bandwidth is 500 Hz and the resonant 
frequency is 150 kHz. Determine for the circuit (a) the 
Q-factor, (b) the dynamic resistance, and (c) the mag- 
nitude of the impedance when the supply frequency is 
0.4% greater than the tuned frequency. 


150 x 103 
(a) From equation (29.7), Q@= fr — S 
fa-fi 500 
= 300 
(b) From equation (29.4), dynamic resistance, Rp = CR 
. o,L : 
Also, in an LR—C network, QO = -s from which, 
= o,L 
a) 
L L L 
Hence, Rp = = = Q = Q 
CR C (=) Ca,L a,C 
Q 


300 
~~ (277150 x 103)(10.61 x 10-9) 


= 30k2 


R 
(c) From equation (29.10), FS = 1+ j26Q from which, 
R 
ga EO, 
1+ j26Q 
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5=0.4% = 0.004 hence 
de. 30 x 103 
1 + j2(0.004)(300) 
B00" 30x 10° 
1+j2.4 — 2.6267.38° 
= 11.542—-67.38° kQ 


Hence the magnitude of the impedance when the fre- 
quency is 0.4% greater than the tuned frequency is 
11.54kQ. 


Now try the following exercise. 


Exercise 107 Further problems on parallel reso- 
nance and Q-factor 


1. A capacitor of reactance 5 (2 is connected in series 
with a 10 Q resistor. The whole circuit is then con- 
nected in parallel with a coil of inductive reactance 
20 and a variable resistor. Determine the value 
of this resistance for which the parallel network is 
resonant. [10 Q] 


2. Determine, for the parallel network shown in 
Figure 29.12, the values of inductance L for which 
the circuit is resonant at a frequency of 600 Hz. 


[2.50 mH or 0.45 mH] 
L 5D 
4Q 
=/8.2 


Figure 29.12 


3. Find the resonant frequency of the two-branch 
parallel network shown in Figure 29.13. [667 Hz] 


5 mH 20 


BO 10 LF 


Figure 29.13 


4. Determine the value of the variable resistance R 
in Figure 29.14 for which the parallel network is 


resonant. [11.87 Q] 
j10Q A 
120 
-f152 
Figure 29.14 


5. For the parallel network shown in Figure 29.15, 
determine the resonant frequency. Find also the 
value of resistance to be connected in series with the 
10 F capacitor to change the resonant frequency 
to 1 kHz. [928 Hz; 5.27 Q] 


8 


10uF 


Figure 29.15 


6. Determine the overall Q-factor of a parallel arrange- 
ment consisting of a capacitor having a Q-factor of 
410 and an inductor having a Q-factor of 90. 

[73.8] 


7. The value of capacitance in an LR—C parallel net- 
work is 49.74 nF. If the resonant frequency of the 
circuit is 200kHz and the bandwidth is 800 Hz, 
determine for the network (a) the Q-factor, (b) the 
dynamic resistance, and (c) the magnitude of the 
impedance when the supply frequency is 0.5% 
smaller than the tuned frequency. 

[(a) 250 (b) 4kQ (c) 1.486 kQ] 


Revision test 9 


conditions is 75. Determine (a) the voltage across the 
capacitor, and (b) the values of the circuit resistance, 
inductance and capacitance. (8) 


This revision test covers the material contained in 
chapters 27 to 29. 


The marks for each part of the question are shown in 


brackets at the end of each question. 4. A coil of resistance 15 Q and inductance 150 mH is 


connected in parallel with a 4\1F capacitor across 
a 50V variable-frequency supply. Determine (a) the 
resonant frequency of the circuit, (b) the dynamic 


1. In a Schering bridge network PQRS, the arms are 


made up as follows: PQ—a standard capacitor C), 
QR—a capacitor C2 in parallel with a resistor Ro, 
RS—a resistor R3, SP—the capacitor under test, rep- 
resented by a capacitor C, in series with a resistor Ry. 
The detector is connected between Q and S and the 
a.c. supply is connected between P and R. 


resistance (c) the current at resonance, and (d) the 
circuit Q-factor at resonance. (10) 


. For the parallel network shown in Figure RT9.1, 


determine the value of C for which the resonant 
frequency is 2 kHz. (8) 


(a) Sketch the bridge and derive the equations for Ry 
and C, when the bridge is balanced. 

(b) Evaluate R, and Cy if, at balance C; =5nF, 
Ro = 300 Q, Cz = 30nF and R3=1.5kQ. (16) 


2. Acoil of inductance 25 mH and resistance 5 Q is con- 5Q 
nected in series with a variable capacitor C. If the 
supply frequency is | kHz and the current flowing is Cc 
2A, determine, for series resonance, (a) the value of 
capacitance C, (b) the supply p.d., and (c) the p.d. 2mH 
across the capacitor. (8) 


3. An L—-R-C series circuit has a peak current of 5mA 
flowing in it when the frequency of the 200 mV sup- 
ply is 5kHz. The Q-factor of the circuit under these Figure RT9.1 
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30 Introduction to network analysis 


At the end of this chapter you should be able to: 


@ appreciate available methods of analysing networks 
e solve simultaneous equations in two and _ three 
unknowns using determinants 


e analyse a.c. networks using Kirchhoff’s laws 


30.1 Introduction 


Voltage sources in series-parallel networks cause currents 
to flow in each branch of the circuit and corresponding 
volt-drops occur across the circuit components. A.c. cir- 
cuit (or network) analysis involves the determination of 
the currents in the branches and/or the voltages across 
components. 

The laws which determine the currents and voltage 
drops in a.c. networks are: 


(a) current, J = V/Z, where Z is the complex impedance 
and V the voltage across the impedance; 

(b) the laws for impedances in series and parallel, i.e. 
total impedance, 


Zr =Z,+2.+234+---+Z, fornimpedances con- 
nected in series, 
1 1 
and = + : ft... for n impe- 
Zr a bh wy Ze eee 


dances connected in parallel; and 
(c) Kirchhoff’s laws, which may be stated as: 


(i) ‘At any point in an electrical circuit the phasor 
sum of the currents flowing towards that junction 
is equal to the phasor sum of the currents flowing 
away from the junction.’ 

(ii) ‘In any closed loop in a network, the phasor sum 
of the voltage drops (i.e. the products of current 
and impedance) taken around the loop is equal to 
the phasor sum of the e.m.f.’s acting in that loop.’ 


In any circuit the currents and voltages at any point may 
be determined by applying Kirchhoff’s laws (as demon- 
strated in this chapter), or by extensions of Kirchhoff’s 
laws, called mesh-current analysis and nodal analysis (see 
Chapter 31). 

However, for more complicated circuits, a number of 
circuit theorems have been developed as alternatives to 
the use of Kirchhoff’s laws to solve problems involving 
both d.c. and a.c. electrical networks. These include: 


(a) the superposition theorem (see Chapter 32) 
(b) Thévenin’s theorem (see Chapter 33) 


(c) Norton’s theorem (see Chapter 33), 
(d) the maximum power transfer theorems (see 
Chapter 35). 


In addition to these theorems, and often used as a prelim- 
inary to using circuit theorems, star-delta (or T — zr) and 
delta-star (or 2 — T) transformations provide a method for 
simplifying certain circuits (see Chapter 34). 

In a.c. circuit analysis involving Kirchhoff’s laws 
or circuit theorems, the use of complex numbers is 
essential. 

The above laws and theorems apply to linear circuits, 
Le. circuits containing impedances whose values are inde- 
pendent of the direction and magnitude of the current 
flowing in them. 


30.2 Solution of simultaneous equations using 
determinants 


When Kirchhoff’s laws are applied to electrical circuits, 
simultaneous equations result which require solution. 
If two loops are involved, two simultaneous equations 
containing two unknowns need to be solved; if three 
loops are involved, three simultaneous equations con- 
taining three unknowns need to be solved and so on. 
The elimination and substitution methods of solving 
simultaneous equations may be used to solve such equa- 
tions. However a more convenient method is to use 
determinants. 


Two unknowns 


When solving linear simultaneous equations in two 
unknowns using determinants: 


(i) the equations are initially written in the form: 


ayx+byy+c,=0 


anx + boy +c2=0 
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(ii) the solution is given by: 


x i ee: 
D, Dy D 
‘ by cy 
where D, = py ces 


i.e. the determinant of the coefficients left when the 
x-column is ‘covered up’, 


a, Cl 


a2 © 


i.e. the determinant of the coefficients left when the 
y-column is ‘covered up’, 


and D= 


i.e. the determinant of the coefficients left when the 
constants-column is ‘covered up’. 


a 
A ‘2 x 2’ determinant is evaluated as ad — bc 


b 


Three unknowns 


When solving linear simultaneous equations in three 
unknowns using determinants: 


(i) 


ii) 


the equations are initially written in the form: 
ayx+biy+cjz+d,=0 
a2x + bry + c2z7+ dz =0 


a3x + b3y + 03z+d3=0 


the solution is given by: 


bo cd Qh 
where D,y=|b2 c2 ad 
b,5 033 3 


i.e. the determinant of the coefficients left when the 
x-column is ‘covered up’, 


aq cy ad 
Dy=|a2 c2 d2 
a3 ¢3. «CO 


i.e. the determinant of the coefficients left when the 
y-column is ‘covered up’, 


a by Qh 
D,= |a2 bz dz 
aa bz 3 


i.e. the determinant of the coefficients left when the 
z-column is ‘covered up’, 


aq by cy 
and D=la2 bo c2 
a3 b3 C3 


i.e. the determinant of the coefficients left when the 
constants-column is ‘covered up’. 


To evaluate a 3 x 3 determinant: 


(a) 


(b) 


(c) 


The minor of an element of a 3 by 3 matrix is the 
value of the 2 by 2 determinant obtained by covering 
up the row and column containing that element. 


1 2 3 
Thus for the matrix (: 5 ) the minor of element 
7 8 9 
: . 3 
4 is the determinant 8 9 
ie. (2x 9)—-(3 x 8) =18—24=-6. 
Similarly, the minor of element 3 is . ; 1.e. 


(4x 8)—(5 x 7) =32—-35=-—3 


The sign of the minor depends on its position within 


cee eae ole 
the matrix, the sign pattern being (- + ) . Thus 
ake 
the signed minor of element 4 in the above matrix is 
2 3 
8 9 


=—(-6)=6 


The signed-minor of an element is called the cofactor 
of the element. 


Thus the cofactor of element 2 is 


4 6 
vies) 


=~ (36 — 42) =6 


The value of a 3 by 3 determinant is the sum of 
the products of the elements and their cofactors of 
any row or any column of the corresponding 3 by 
3 matrix. 


abe 

Thus a3 by 3 determinant |d e | is evaluated as 
gh j 

i i —b é i +c i using the top row, 

or -p|? : tel) j —hls 7 using the 


second column. 


There are thus six ways of evaluating a 3 by 3 determinant. 


PART 


374 Electrical Circuit Theory and Technology 


Determinants are used to solve simultaneous equations 
in some of the following problems and in Chapter 31. 


30.3. Network analysis using Kirchhoff’s laws 


Kirchhoff’s laws may be applied to both d.c. and a.c. 
circuits. The laws are introduced in Chapter 13 for d.c. 
circuits. To demonstrate the method of analysis, consider 
the d.c. network shown in Figure 30.1. If the current flow- 
ing in each branch is required, the following three-step 
procedure may be used: 


Figure 30.1 


(i) Label branch currents and their directions on the cir- 
cuit diagram. The directions chosen are arbitrary but, 
as a starting-point, a useful guide is to assume that 
current flows from the positive terminals of the volt- 
age sources. This is shown in Figure 30.2 where the 
three branch currents are expressed in terms of [; 
and J» only, since the current through resistance R, 
by Kirchhoff’s current law, is (7) + J2) 


Figure 30.2 


(ii) Divide the circuit into loops — two in this ease (see 
Figure 30.2) and then apply Kirchhoff’s voltage law 
to each loop in turn. From loop ABEF, and moving 
in a clockwise direction (the choice of loop direction 
is arbitrary), Ey =r + (1) + /2)R (note that the two 
voltage drops are positive since the loop direction is 
the same as the current directions involved in the volt 


drops). Hence 
8=)4+5%4+h) 
or 64.4+5h=8 (1) 


From loop BCDE in Figure 30.2, and moving in an 
anticlockwise direction, (note that the direction does 
not have to be the same as that used for the first loop), 
Fy=hirn+h+h)R, 


ie. 3 =2h+5() +h) 
or §=5h4+7h=3 (2) 


(iii) Solve simultaneous equations (1) and (2) for J; and y 
Multiplying equation (1) by 7 gives: 
421; + 35h = 56 (3) 
Multiplying equation (2) by 5 gives: 
25h, + 35In = 15 (4) 
Equation (3) — equation (4) gives: 
17 = 41 


from which, current J; =41/17=2.412A=2.41A, 
correct to two decimal places. 


From equation (1): 6(2.412) + 5/2 = 8, from which, 


8 — 6(2.412) 


current [7 = =—1.294A 


= —1.29A, correct to two decimal places. 


The minus sign indicates that current J) flows in the 
opposite direction to that shown in Figure 30.2. 


The current flowing through resistance R is 
(1) + Io) = 2.412 + (—1.294) = 1.118A 


= 1.12A, correct to two decimal places. 


[A third loop may be selected in Figure 30.2, (just as 
a check), moving clockwise around the outside of the 
network. 

Then Ey = 1) =r, = hro ie. 8— 3=), _ 2h. Thus 
5 =2.412 — 2(—1.294) =5] 


An alternative method of solving equations (1) and (2) is 
shown below using determinants. Since 


6, +5h -8 =0 (1) 

5h +7h-3=0 (2) 
i = 1 
then 5 _g@-6 86 5 
pe gl lg a3). [5 
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. q —I 1 
1.€ — = 
—15+56 -—184+40 42-25 
I —I 1 
and Le SS oe aioe 
41 22, 17 


from which, 1) =41/17=2.41A and Iz =—22/17= 
—1.29A, as obtained previously. 

The above procedure is shown for a simple d.c. circuit 
having two unknown values of current. The procedure 
however applies equally well to a.c. networks and/or to 
circuits where three unknown currents are involved. This 
is illustrated in the following problems. 


Problem 1. Use Kirchhoff’s laws to find the cur- 
rent flowing in each branch of the network shown in 
Figure 30.3. 


Figure 30.3 


(i) The branch currents and their directions are labelled 
as shown in Figure 30.4 


Figure 30.4 
(11) Two loops are chosen. From loop ABEF, and moving 
clockwise, 
251, + 20( + 2) = 10020° 
ie. 45I, + 20 = 100 (1) 


From loop BCDE, and moving anticlockwise, 
10/ + 20) + 1b) = 50290° 
i.e. 20h, + 30/p = 50 (2) 


3 x equation (1) gives: 1357; + 60/2 = 300 (3) 
2 x equation (2) gives: 40/; + 60/2 = j100 (4) 


Equation (3) — equation (4) gives: 


951, = 300 — j100 
300 — j100 

95 
— 3.329/—18.43° A or 


(3.158 —j1.052)A 


from which, current J; = 


Substituting in equation (1) gives: 
45(3.158 — 71.052) + 20/) = 100, from which, 
b= 100 — 45(3.158 — 1.052) 


Z 20 
= (—2.106 + j2.367) A or 3.168131.66° A 


Thus 


+b =(3.158 — j1.052) + (—2.106 + j2.367) 
= (1.052 + 71.315) A or 1.684751.34° A 


Problem 2. Determine the current flowing in the 2 Q 
resistor of the circuit shown in Figure 30.5 using 
Kirchhoff’s laws. Find also the power dissipated in 
the 3 Q resistance. 


Figure 30.5 


(i) Currents and their directions are assigned as shown 
in Figure 30.6. 

(ii) Three loops are chosen since three unknown currents 
are required. The choice of loop directions is arbi- 
trary. From loop ABCDE, and moving anticlockwise, 


5, +6h +402 —h) =8 
1.e. 54+ 10h —44=8 (1) 
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(-l2+I3) 


Figure 30.6 


From loop EDGF, and moving clockwise, 
6ln + 2h — 10, — hb) =0 
i.e. —lh+7h+2h=0 (2) 


From loop DCHG, and moving anticlockwise, 


2h +3) —h+b)- 4b -b)=0 


ie. 3, — 7h +92 =0 


(ii) Thus 57) + 10 — 4/4, —8=0 
—+7h+2kh+0=0 
3, —7h +92 +0=0 


Hence, using determinants, 


vf - —h 
10 —4 —8 5 —4 —8 
7 2 =O -1 2 O 
7 9 0 3 9 O 
“15 10 —8 
-1 7 0 
3 7 0 
_ = 
“15 10 —4 
=f. (7 2 
3 7 9 
Thus 
A — “ho L 
7-29) =] “2 -1 7 
sl ff sf 
= 
= ileqe 9) =f 62 “17 
|Z rls 5-4] 


fT = —lh _ i 
—8(63 +14) —8(-9-—6) —8(7—21) 
1 
~ 5(63 + 14) — 10(—9 — 6) — 4(7 — 21) 
h  -h B&B -l 
—616 120 112 591 


616 


Hence /; = —— = 1.0424, 
591 
120 
bh = 501 = 0.203 A and 
ea” =H i50A 
ago 


Thus the current flowing in the 2 & resistance is 0.190 A 
in the opposite direction to that shown in Figure 30.6. 


Current in the 3 Q resistance = 1) -h+h 
= 1.042 — 0.203 + (—0.190) = 0.649 A 


Hence power dissipated in the 3 & resistance, 
P (3) =(0.649)?(3) = 1.26 W 


Problem 3. For the a.c. network shown in Figure 
30.7, determine the current flowing in each branch 
using Kirchhoff’s laws. 


Figure 30.7 


(i) Currents J; and /> with their directions are shown in 
Figure 30.8. 


3 4 Figure 30.8 
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(ii) Two loops are chosen with their directions both 
clockwise. 
From loop ABEF, 


(5+j0)=hG3+j4) +h — b)6+j8) 
Le. 5=(94+j12)h — (64+j8)b (1) 
From loop BCDE, 
(2+j4) =h2—Jj5)—(h — h)6 +58) 
Le. (2+j4)=—-(6+j8) 1 +(8+j3)h (2) 


(iii) Multiplying equation (1) by (8 + j3) gives: 


5(8 + 73) = (8 +j3)9 +j12h 
—(8 + j3)(6+j8)h2 (3) 


Multiplying equation (2) by (6 +/8) gives: 


(6 + j8)(2 + j4) = —(6 + j8)(6 + j8)h 
+(6+j8)(8+j3)h2 (4) 


Adding equations (3) and (4) gives: 


5(8 + j3) + (6+ j8)2 + j4) = [8 +j3)9 +12) 
—(6 + j8)(6 + j8)h 
Le. (20 + 55) = (64+ j27) 


20+j55  58.52270.02° 
64+)j27  69.46222.87° 


from which, I, = 


= 0.842 247.15° A 
= (0.573 + j0.617)A 
= (0.57 +j0.62) A, correct to two 
decimal places. 
From equation (1), 5 = (9 + j12)(0.573 + j0.617) 
—(6+j8)b 
5 = (—2.247 + j12.429) — (6+ j8)lo 


~2.247 + j12.429 — 5 
6+j8 
14.392120.25° 
~~ 10253.13° 
= 1.439/67.12° A = (0.559 + j1.326) A 


from which, Iz 


= (0.56 + 1.33) A, correct to two 


decimal places. 


The current in the (6 +78) Q impedance, 


Ty — 12 = (0.573 + j0.617) — (0.559 + 71.326) 
= (0.014 — 70.709) A or 0.7092 — 88.87°A 


An alternative method of solving equations (1) and (2) is 
shown below, using determinants. 


(9 +j12) —(6+j8)b —5=0 (1) 
—(6+ f8) + (8 +j3b — (2+ j4) =0 (2) 
Thus 
i 7 lh 
—(6 +8) —5 | |9+ 12) = 
(8 + j3) (2+j4) (6+j8) —2+ 4) 
2 1 
- E +f12) =(64-98) 
—(6+ 8) (8 +3) 
q —h 


(—20 + j40) + (40 +15) (30 — j60) — (30 + j40) 
1 


~ (36 + j123) — (—28 + j96) 
hoo = -h 1 
20+j55  —j100 644 j27 


20+ 755 — 58.52270.02° 
Hence [1 = a 
644 j27  69.46222.87° 
= 0.842247.15° A 
100290° 
and I2= = 1.440267.13° A 


69.46222.87° 
The current flowing in the (6 + j8) & impedance is given 
by: 
Ty — Iz = 0.842247.15° — 1.440267.13° A 
= (0.013 — j0.709) A or 0.7092 —88.95° A 


Problem 4. For the network shown in Figure 30.9, 
use Kirchhoff’s laws to determine the magnitude of 
the current in the (4+ j3) Q impedance. 


Figure 30.9 
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(i) Currents /,, /> and J3 with their directions are shown in 
Figure 30.10. The current in the (4 +3) & impedance 
is specified by one symbol only (i.e. /3), which means 
that the three equations formed need to be solved for 
only one unknown current. 


Figure 30.10 


(ii) Three loops are chosen. From loop ABGH, and 
moving clockwise, 


Al, —j5Iyb = 104 12 (1) 


From loop BCFG, and moving anticlockwise, 


joy — 8, — Ih — 15) = 154 12 (2) 


From loop CDEF, and moving clockwise, 


—8, — bh — 1) + 4+ 73)) = 15 (3) 
Hence 
4h, —j5h + 08 — 22=0 
8, + (8 —j5)lo + 84, — 27=0 
8, + 8b + 124+ 73) — 15=0 


Solving for /3 using determinants gives: 


i 7 at 
4 js 221° 14 —j5 0 
8-75) 227 8 (8—j5) 8 
eg Be Sag]! leg? ag ga) 
Thus 
b 
Gap) 01). ales. 07 a8 (875) 
4 g  —15/t1g —15/-22|-— ~ 8 
asf 


—8 


~ 18 —j5) 8 8 
4 8 eae A) 


Hence 
I - — = 7 from which, 
384+ 7700 308 —/304 
jac —(384 + j700) 
3 “(308 — 7304) 


798.417—118.75 
~ 432.762—44.63° 
= 1.857—74.12° A 


Hence the magnitude of the current flowing in the 
(4+ /3)Q impedance is 1.85A 


Now try the following exercise. 


Exercise 108 Further problems on network anal- 
ysis using Kirchhoff’s laws 


1. For the network shown in Figure 30.11, determine 
the current flowing in each branch. 


[50 V source discharges at 2.08 A, 
20 V source charges at 0.62 A, 
current through 20 Q resistor is 1.46 A] 


Figure 30.11 


2. Determine the value of currents 4, Ig and Ic for 
the network shown in Figure 30.12. 


U4 =5.38A, Ip =4.81A, Ic = 0.58 A] 


Figure 30.12 
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3. For the bridge shown in Figure 30.13, determine 
the current flowing in (a) the 5 Q resistance, (b) the 
22 Q resistance, and (c) the 2 Q resistance. 

[(a) 4A (b) 1A (c) 7A] 


a 
STL 


Figure 30.13 


4. For the circuit shown in Figure 30.14, determine 
(a) the current flowing in the 10 V source, (b) the 
p.d. across the 6 resistance, and (c) the active 
power dissipated in the 4 resistance. 

[(a) 1.59 A (b) 3.72 V (c) 3.79 W] 


32 


Figure 30.14 


5. Use Kirchhoff’s laws to determine the current 
flowing in each branch of the network shown in 
Figure 30.15. 

[40.290° V source discharges at 4.40274.48° A 
2020° V source discharges at 2.9453.13° A 
current in 10 Q resistance is 1.972107.35° A 

(downward)] 


Figure 30.15 


6. For the network shown in Figure 30.16, use Kirch- 
hoff’s laws to determine the current flowing in the 
capacitive branch. 


[1.58A] 


Figure 30.16 


7. Use Kirchhoff’s laws to determine, for the net- 
work shown in Figure 30.17, the current flowing 
in (a) the 20 Q resistance, and (b) the 4Q resis- 
tance. Determine also (c) the p.d. across the 8 Q 
resistance, and (d) the active power dissipated in 
the 10 Q resistance. 

[(a) 0.14 A (b) 10.1 A (c) 2.27 V (d) 1.81 W] 


Figure 30.17 


8. Determine the value of currents J4, Ig and Jc shown 
in the network of Figure 30.18, using Kirchhoff’s 
laws. 

[I4 = 2.807—59.59° A, Ip = 2.71Z—58.78°A, 
Ic = 0.097297.13° A] 


Figure 30.18 
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9. Use Kirchhoff’s laws to determine the cur- 
rents flowing in (a) the 3 Q resistance, (b) the 6 Q 
resistance and (c) the 4V source of the network 
shown in Figure 30.19. Determine also the active 
power dissipated in the 5 Q resistance. 

[(a) 0.27A (b) 0.70A (c) 0.29A discharging 
(d) 1.60 W] 


Figure 30.19 


10. Determine the magnitude of the p.d. across the 
(8 +6) Q impedance shown in Figure 30.20 by 
using Kirchhoff’s laws. 

[11.37 V] 


Figure 30.20 


31 Mesh-current and nodal analysis 


At the end of this chapter you should be able to: 


e solve d.c. and a.c. networks using mesh-current 
analysis 


e solve d.c. and a.c. networks using nodal analysis 


31.1 Mesh-current analysis 


Mesh-current analysis is merely an extension of the use 
of Kirchhoff’s laws, explained in Chapter 30. Figure 31.1 
shows a network whose circulating currents 1, J2 and J; 
have been assigned to closed loops in the circuit rather 
than to branches. Currents [,, /2 and J; are called mesh- 
currents or loop-currents. 


Figure 31.1 


In mesh-current analysis the loop-currents are all 
arranged to circulate in the same direction (in Figure 31.1, 
shown as clockwise direction). Kirchhoff’s second law is 
applied to each of the loops in turn, which in the circuit of 
Figure 31.1 produces three equations in three unknowns 
which may be solved for J, /2 and J3. The three equations 
produced from Figure 31.1 are: 


Iy(Zj + 22) -hh = 
Ih(Zy + Z3 + Z4) — Zp — Z4 =0 
13(Z4. + Z5) — InZy = —E2 


The branch currents are determined by taking the pha- 
sor sum of the mesh currents common to that branch. For 
example, the current flowing in impedance Z) of Fig- 
ure 31.1 is given by (J; — 12) phasorially. The method 
of mesh-current analysis, called Maxwell’s theorem, is 
demonstrated in the following problems. 


Problem 1. Use mesh-current analysis to determine 
the current flowing in (a) the 5 Q resistance, and (b) the 
1 Q resistance of the d.c. circuit shown in Figure 31.2. 


Figure 31.2 


The mesh currents J), /2 and J3 are shown in Figure 31.2. 
Using Kirchhoff’s voltage law: 


For loop 1, (3+5)) —h=4 (1) 
For loop2, 4+1+6+5)h—-—(5)h -(b=0 

(2) 

For loop 3, (1+ 8) — (A) = —-5 (3) 

Thus 

81, — 5h —-4=0 1’) 

—5h + 16h -h =0 (2') 

-h +9B+5=0 (3) 


Using determinants, 


q _ —lh - 1) 
-5 0 -4 8 O -44 |8 -5 —-4 
16 -1 0 -5 -1 0 -5 16 0 
-1 9 5 0 9 5 0 -1 5 

_ —1 

“18 -—5 0 
-5 16 -l 
0 -1 9 
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vA _ af 
-10 Gat) “So —5 —1 
-3|; s|-4|4 | a6 |-4]5 sy 
b 
—5 16 8:25 
-4/ H)+5]8 i 
Z =4 
re se —5 —1 
sr 3|t3]o. 9 
Fj 7 a 
—5(—5) — 4(143)  8(—5) — 4(—-45) 
~ —4(5) + 5(103) 
7 = 
~ 8(143) + 5(—45) 
7H —lh 7B} —l 


—547 140 495 919 


547 
Hence /; = —~ = 0.595 A, 


919 
h= sa = 0.152A, and 
919 
—495 
h= 10> —0.539A 
(a) Current in the 5 Q resistance = /; — [5 
= 0.595 — 0.152 
=0.44A 


(b) Current in the 1 Q resistance = J) — 
= 0.152 — (—0.539) 
= 0.69A 


Problem2. For the a.c. network shown in Figure 31.3 


determine, using mesh-current analysis, (a) the mesh 
currents J; and J» (b) the current flowing in the capaci- 
tor, and (c) the active power delivered by the 1000° V 
voltage source. 


Figure 31.3 


(a) For the first loop (5 —j4)h — (—j4hn) = 10020° (1) 
For the second loop 
(4+j3 —jMl2 — (—j4h) =0 (2) 
Rewriting equations (1) and (2) gives: 


(5 —j4h + j4hb — 100 = 0 (1’) 
J4h+(4-ph+0=0 (2’) 


Thus, using determinants, 


q _ —h 
j4 —100] = |(5 — j4) —100 
(4-j) 0 j4 0 
_ 1 
(5—j4) j4 
j4 (4-J) 
i a 1 


(400 —j100) j400 (32 —j21) 


(400 —j100) — 412.312—14.04° 


Hence [1 = - = 
(32 — j21) 38.282Z—33.27° 
= 10.77219.23° A = 10.82—19.2° A, 
correct to one 
decimal place 
pe GaSe eae 


~~ 38.287—33.27° 
= 10.5/—56.7° A, 


correct to one 
decimal place 


(b) Current flowing in capacitor 
= —-h 
= 10.77219.23° — 10.452—56.73° 
= 4.44 + 712.28 = 13.1270.12° A, 
i.e. the current in the capacitor is 13.1A 
(c) Source power P= VI cos @ 
= (100)(10.77) cos 19.23° 
= 1016.9 W = 1020W, 
correct to three significant figures. 
(Check: power in 5 Q resistor 
= I?(5) = (10.77)°(5) = 579.97 W 
and power in 4Q resistor 


= 5 (4) = (10.45)?(4) = 436.81 W 
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Thus total power dissipated 
= 579.97 + 436.81 
= 1016.8 W = 1020W, correct 


to three significant figures.) 


Problem 3. A balanced star-connected 3-phase load 
is shown in Figure 31.4. Determine the value of the line 
currents Ip, Jy and Jz using mesh-current analysis. 


'p 


415120°V 


(3 +/4)Q (3+/4)Q 


Figure 31.4 


Two mesh currents /; and J) are chosen as shown in 
Figure 31.4. 


From loop 1, 


h34+j4+hC3 + /4) 


h(3 + j4) = 4152120° 


Le. (6+ 78) — 3 4+jHb — 4152120° =0 (1) 
From loop 2, 
bhB+j4 —-hG+j4)+ bB + j4) = 41520° 
Le. —3 +j4i + (6 + j8)b — 41520° =0 (2) 
Solving equations (1) and (2) using determinants gives: 
q —h 
—(34+ j4) —4152120° ~ | (6+ 78) —4152120° 
(6 + j8) —41520° —(3+4+j4)  —41520° 
1 
7 | (+)8) —G+/4) 
-3+j4) (6+ 78) 
q 


2075253.13° + 41502173.13° 
—h 
~ —4150253.13° — 20752173.13° 
1 
1007106.26° — 257106.26° 
q lh 1 
3504/143.13°  3594/83.13°  757106.26° 


35942 143.13° 


H i= = 47.9236.87° A 
SEE SAI O68 gene 
4283.13° 
ded yee a oy oy eek 
75Z106.26° 


Thus line current Ip = 1; = 47.9236.87° A 
Ip = —Ih = —(47.9Z — 23.23° A) 
= 47.9/156.87° A 
and Ily=h qi = 47.9Z—23.13° 
—47.96236.87° 


= 47.92—83.13° A 


Now try the following exercise. 


Exercise 109 Further problems on mesh-current 
analysis 


1. Repeat problems | to 10 of Exercise 108, page 378 
using mesh-current analysis. 


2. For the network shown in Figure 31.5, use mesh- 
current analysis to determine the value of current I 
and the active power output of the voltage source. 

[6.962—49.94° A; 644 W] 


10020° V ab) 


Figure 31.5 


3. Use mesh-current analysis to determine currents 
I, J) and J; for the network shown in Figure 31.6. 
PA) Sh, VAN IN, My LOZ DS LN, 

Ig =3.05Z—48.67° A] 


Figure 31.6 


4. For the network shown in Figure 31.7, determine the 
current flowing in the (4+ /3)Q impedance. [0] 
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Figure 31.7 


5. For the network shown in Figure 31.8, use mesh- 
current analysis to determine (a) the current in the 
capacitor, Ic, (b) the current in the inductance, Jz, 
(c) the p.d. across the 4 Q resistance, and (d) the 
total active circuit power. 

[(a) 14.5 A (b) 11.5A (c) 71.8 V (d) 2499 W] 


3Q 4Q 5 


) 100.490° V 


Figure 31.8 


6. Determine the value of the currents Jr, Jy and Ig in 
the network shown in Figure 31.9 by using mesh- 
current analysis. 

[Tr =7.84271.19° A; Ty = 9.042—37.50° A; 
Ip =9.892Z—168.81° A] 


2002120° V 


Figure 31.9 


7. In the network of Figure 31.10, use mesh-current 
analysis to determine (a) the current in the capacitor, 
(b) the current in the 5 Q resistance, (c) the active 
power output of the 150° V source, and (d) the 
magnitude of the p.d. across the j2 Q inductance. 

[(a) 1.03 A (b) 1.48A (c) 16.28 W (d) 3.47 V] 


-f10Q j20 


V 


Figure 31.10 


8. A balanced 3-phase delta-connected load is shown 


in Figure 31.11. Use mesh-current analysis to deter- 

mine the values of mesh currents J), /> and J3 shown 
and hence find the line currents Ip, Jy and Jp. 

[, = 832173.13° A, In = 83253.13° A, 

Tz = 832Z—66.87° A, Ir = 143.82143.13° A, 

Ty = 143.8223.13° A, Ip = 143.82—96.87° A] 


415.2120° V 


ly 
oO 


jose Vv 


B 
—— 


Figure 31.11 


9. Use mesh-circuit analysis to determine the value of 
currents J, to Jz in the circuit shown in Figure 31.12. 


[4 =2.40252.52° A; Ip = 1.02246.19° A; 
I¢ = 1.39257.17° A; Ip = 0.67215.57° A; 
Tz = 0.996283.74° A] 


j22 


==> © 


ID 20230° V 


~j5Q 


Figure 31.12 
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31.2 Nodal analysis 


A node of a network is defined as a point where two or 
more branches are joined. If three or more branches join 
at a node, then that node is called a principal node or 
junction. In Figure 31.13, points 1, 2, 3, 4 and 5 are 
nodes, and points 1, 2 and 3 are principal nodes. 

A node voltage is the voltage of a particular node with 
respect to a node called the reference node. If in Fig- 
ure 31.13, for example, node 3 is chosen as the reference 
node then Vj3 is assumed to mean the voltage at node | 
with respect to node 3 (as distinct from V3). Similarly, 
V23 would be assumed to mean the voltage at node 2 with 
respect to node 3, and so on. However, since the node 
voltage is always determined with respect to a particular 
chosen reference node, the notation V; for V;3 and V2 for 
V23 would always be used in this instance. 

The object of nodal analysis is to determine the values of 
voltages at all the principal nodes with respect to the refer- 
ence node, e.g., to find voltages V; and V2 in Figure 31.13. 
When such voltages are determined, the currents flowing 
in each branch can be found. 

Kirchhoff’s current law is applied to nodes 1 and 2 in 
turn in Figure 31.13 and two equations in unknowns Vj 
and V2 are obtained which may be simultaneously solved 
using determinants. 


Figure 31.13 


Vx { Zp 


Figure 31.14 


The branches leading to node | are shown separately in 
Figure 31.14. Let us assume that all branch currents are 
leaving the node as shown. Since the sum of currents at a 
junction is zero, 


Vi-Vvy Vi | Vi- V2 
ZA Zp Zp 


0 (1) 


Similarly, for node 2, assuming all branch currents are 
leaving the node as shown in Figure 31.15, 


Vo=Vi Ve . Vo +V. 
2 as 2 2 Y 
Te Ze Ze 


=0 (2) 


Figure 31.15 


In equations (1) and (2), the currents are all assumed to be 
leaving the node. In fact, any selection in the direction of 
the branch currents may be made — the resulting equa- 
tions will be identical. (For example, if for node 1 the cur- 
rent flowing in Zg is considered as flowing towards node 
1 instead of away, then the equation for node | becomes 


Vi-Vv Vi v-V 
ZA Zp ZB 


which if rearranged is seen to be exactly the same as 
equation (1). 
Rearranging equations (1) and (2) gives: 


Stee alin Viale Wye = | VIO 
Pe Gg Ba Nee a 
: Vit : + : + : Vo + : Vy =0 
ZB A Zp Zc ZE 2 Zc 


(4) 


Equations (3) and (4) may be rewritten in terms of 
admittances (where admittance Y = 1/Z): 


(Ya + Yg t+ Yp)Vi — YeV2 — YaVx =0 (5) 
—YpVvi + (Yep + Yo+ Ye)V2 + YcVy =0 (6) 


Equations (5) and (6) may be solved for V; and V2 by 
using determinants. Thus 


Vi 
—Yp —Y4 
(Ye+Y¥cot+Ye) Yc 
—V> 
~ |Ya+¥e+Y¥p) —Ya 
—Yp Yc 
1 
~ | + ¥p + Yp) —Yp 
—Yp (Yp + Y¥cort+ Ye) 
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Current equations, and hence voltage equations, may 
be written at each principal node of a network with the 
exception of a reference node. The number of equations 
necessary to produce a solution for a circuit is, in fact, 
always one less than the number of principal nodes. 

Whether mesh-current analysis or nodal analysis is used 
to determine currents in circuits depends on the number of 
loops and nodes the circuit contains, Basically, the method 
that requires the least number of equations is used. The 
method of nodal analysis is demonstrated in the following 
problems. 


Problem 4. For the network shown in Figure 31.16, 
determine the voltage Vaz, by using nodal analysis. 


j3Q 40 


1=2020°A 


Figure 31.16 


Figure 31.16 contains two principal nodes (at 1 and B) and 
thus only one nodal equation is required. B is taken as the 
reference node and the equation for node | is obtained as 
follows. Applying Kirchhoff’s current law to node | gives: 


Iy+Ily=!I 
; V\ Vi 
e. od i Se E208 
= 16 | +33) 
Th Vio 20 
us =— —— ] = 
N16 473 
4—)3 
V; ( 0.0625 + ——— ) =20 
( es) 


Vi (0.0625 + 0.16 — j0.12) = 20 
VY, (0.2225 — j0.12) = 20 
20 20 


from which, V; = - = 
(0.2225 —j0.12)  0.25282—28.34° 


i.e. voltage V) = 79.1228.34° V 


The current through the (4 + j3)Q branch, Iy = V /(4 +3) 


Hence the voltage drop between points A and B, i.e. across 
the 4 Q resistance, is given by: 


Vi(4) _ 79.1228.34° 


Vaz = Uy)(4) = (4473) 5236.87° 


(4) 


= 63.32—8.53° V 


Problem 5. Determine the value of voltage Vyy 
shown in the circuit of Figure 31.17. 


52 {60 


Figure 31.17 


The circuit contains no principal nodes. However, if point 
Y is chosen as the reference node then an equation may 
be written for node X assuming that current leaves point 
X by both branches. 


Thus Vy — 820 
(5+ 4) 


V, = 8290° 
(3 +j6) 


; 1 1 8 j8 
from which, Vx (<4 = 
Bee ire, «(5 =) 6: 3476 
8 
a6 


é (; , ag J83 — j6) 
*\o" 3246 32 + 6 
48 + j24 
Vx(0.1778 — 0.1333) = 0.8889 4 z 


Vx (0.2222/—36.86°) = 1.9556 + j0.5333 
= 2.027215.25° 


Since point Y is the reference node, 


2.027215.25° 
0.22227—36.86° 
= 9.12/52.11° V 


voltage Vy = Vyy = 


Problem 6. Use nodal analysis to determine the 
current flowing in each branch of the network 
shown in Figure 31.18. 


Figure 31.18 


This is the same problem as Problem 1 of Chapter 30, 
page 375, which was solved using Kirchhoff’s laws. A 
comparison of methods can be made. 
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There are only two principal nodes in Figure 31.18 so 
only one nodal equation is required. Node 2 is taken as 
the reference node. 


The equation at node 1 is) ++h=0 


' V,; — 1002Z0° a Vi os V; — 50290° 
ie. — 
25 20 10 
: 1 ie 1 a 1 i 10020° = =50290° 0 
ie. = 
95." DOr TO 85 10 
0.19V; =4+4+j5 
re 
Thus the voltage at node 1, V; = ae 


= 33.70251.34° V 
or (21.05 + j26.32)V 


Hence the current in the 25 Q resistance, 


fe V, — 10020° _ 21.05 + j26.32 — 100 
25 25 
~78.95 + j26.32 
= 25 
= 3.332161.56° A flowing away 


from node 1 


(or 3.332(161.56° — 180°) A = 3.332—18.44° A flowing 


toward node 1) 


The current in the 20 Q resistance, 


Vi _ 33.70251.34° 
20 20 


h= = 1.69251.34°A 


flowing from node | to node 2 


The current in the 10 Q resistor, 


ies V; — 50290° 7 21.05 + j26.32 — j50 
10 10 
_ 21.05 — j23.68 
7 10 
= 3.17Z—48.36° A away from node 1 


(or 3.17Z(—48.36° — 180°) = 3.172—228.36° A 
= 3.17131.64° A toward 


node 1) 


Problem 7. In the network of Figure 31.19 use nodal 
analysis to determine (a) the voltage at nodes | and 2, 
(b) the current in the 74 Q inductance, (c) the current in 
the 5 Q resistance, and (d) the magnitude of the active 
power dissipated in the 2.5 Q resistance. 


20 1 5 Q 2 2.50 


fel 


2520°V 


Figure 31.19 


V; — 252Z0° Vi 


(a) At node 1, 


2 ey 5 


Rearranging gives: 


1 1 1 1 25Z0° 
(G+si+3)" (5) ¥ ge 


Le. (0.7 + j0.25)V; — 0.2V2 — 12.5 =0 


() 
Vo —25290° Vo Vo-Vj - 
2.5 j4 5 


Rearranging gives: 


I re 25290° 
ea a ed =0 
(5) i+ (53 j4 3) 7 95 


ie. —0.2V, + (0.6 — j0.25)V> — 10 = 0 


At node 2, 0) 


(2) 


Thus two simultaneous equations have been formed 
with two unknowns, V; and V2. Using determin- 
ants, if 


(0.7 + j0.25)V; — 0.2V2 — 12.5=0 (1) 
and —0.2V; + (0.6 — j0.25)V2 —j10=0 (2) 


then ua 
ay) 2185 
(0.6 — j0.25) —j10 
—V> 
~ 10.7 + 70.25) —12.5 
20 —j10 
1 
~ |(0.7 + j0.25) a 


=99 (0.6 — j0.25) 
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Le. (d) The active power dissipated in the 2.5 Q resistor is 
given by 
Vv —V2 : 
; _~j (4 = V2 — 25290° 
Gigs =o) (pels =25) Pos =(bs)°(2.5) = (CS) (2.5) 
1 
~ (0.42 — j0.175 + j0.15 + 0.0625 — 0.04) _ (0.89 +f15.77 ~j25Y _ (9.2732-95.51°)° 
2.5 2S 
_ .99Z—191.02° 
and ua = V2 = eee by de Moivre’s theorem 
7.5842—8.53° —72Z90° 2.5 
1 = 34.47169° W 
Osea Thus the magnitude of the active power dissipated in 
the 2.5 & resistance is 34.4 W 
This yoltaze, V 7.5842—8.53° 
uS Vi 1= ——_—— 
0.4432 —3.23° Problem 8. In the network shown in Figure 31.20 


= 17122—5.30°V determine the voltage Vxy using nodal analysis. 


= 17.12—5.3° V, correct to 
one decimal place, 


1=2520°A 
7Z90° 


d volt aa 
and voltage, V2 = 0 47437 —3.23° 


= 15.80.293.23° V 


f20.Q 
= 15.8293.2° V, correct to 
one decimal place Figure 31.20 
(b) The current in the 74 Q inductance is given by: 
Node 3 is taken as the reference node. 
V2 = 15.80.293.23° 
j4. = 4Z90° 
V = 
Atnode1, 2520? =_Y!_ + Ma 
= 3.95 23.23° A flowing away from node 2 4+ j3 5 
i i is gi : 4-j3 1 1 
(c) The current in the 5 Q resistance is given by: e J ae V1 V5295 =0 
25 5 5 
Vi — V2 
LS 5 or (0.379Z—18.43°)V, — 0.2V2 — 25=0 (1) 


17.122—5.30° — 15.80293.23° 


V2 V2 V2 —-Vi = 


At node 2, 0 
5 node jio + 720 5 
(17.05 — 1.58) — (—0.89 + j15.77) 
le. [5 = 5 1 1 1 
i.e. —0.2V; + ( ; t ) V2 =0 
_ 17.94 —j17.35 _ 24.962—44.04° dE ee 
2 2 of ~S0ay ed 76.08 HO S0 


= 4.99 /—44.04° A flowing from 
node | to node 2 ie. 0.2V, + (0.252—36.87°)V2 +0=0 (2) 
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Simultaneous equations (1) and (2) may be solved for 
VY and V2 by using determinants. Thus, 


Vy 
= —25 
0.252—36.87° 0 
~ |0.3797—18.43° —25 
0.2 0 
1 
~ |0.3797—18.43° =H 
=02 0.252—36.87° 


Vi —V> 


1.e. = 
6.25Z—36.87° —5 


1 
~ 0,094752—55.30° — 0.04 


1 
~ 0.079Z—79.85° 


6.25 2Z—36.87° 


H Mabe, Nate ea nase. 
Spe ert = Haag B58 
= 79.11242.98° V 


5 


die eS 
and voltage, V2 = > 9797 79 85° 
= 63.2979.85° V 


The current flowing in the (4+ j3)Q branch is 
V\/(4+ j3). Hence the voltage between point X and 


node 3 is: 
Vi (73) (79.11242.98°)(3.290°) 
4+ )3) 7 5236.87° 


= 47.47296.11° V 


Thus the voltage 


Vy = Vx — Vy = Vx — V2 = 47.47296.11° 


— 63.29279.85° 


= —16.21 — 715.10 = 22.152—137° V 


Problem 9. Use nodal analysis to determine the volt- 
ages at nodes 2 and 3 in Figure 31.21 and hence 
determine the current flowing in the 2 Q resistor and 
the power dissipated in the 3 Q resistor. 


8V 


50 <—_ 


Figure 31.21 


This is the same problem as Problem 2 of Chapter 30, page 
375, which was solved using Kirchhoff’s laws. 
In Figure 31.21, the reference node is shown at point A. 


Vi-V2 VW V, —8— V3 
At node 1, =0 
node i 6 + 5 
i.e. 1.367V; — V2 — 0.2V3 — 1.6=0 (1) 
V2 V2 -—-Vi V2 — V3 
At node 2, - = 
node 5 + i 3 0 
i.e. —V, + 1.833V2 — 0.333V3 +0=0 (2) 
V3 V3-Vo V34+8-V, 
At node 3, : =0 
node mi 3 + 5 
ie. —0.2V, — 0.333V2 + 0.783V3 + 1.6=0 (3) 


Equations (1) to (3) can be solved for V;, V2 and V3 by 
using determinants. Hence 


Vi —V2 
—1 —0.2 —1.6| |1.367 —0.2 —1.6 
1.833 —0.333 0 —1 —0.333 0 
—0.333 0.783 1.6 —0.2 0.783 1.6 
V3 —1 


1.367 —-1 —1.6 
—1 1.833 0 
—0.2 —0.333 1.6 


1.367 -1 -0.2 
—1 1.833 —0.333 
—0.2 —0.333 0.783 


Solving for V2 gives: 
—V> 
—1.6(—0.8496) + 1.6(—0.6552) 
—1 
~~ 1,367(1.3244) + 1(—0.8496) — 0.2(0.6996) 
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—V. —1 

hence a from which, 

0.31104 0.82093 

It V sees 0.3789 V 

e. = = 0. 
VOeBe? 2" 9.35003 
Thus the current in the 2 Q resistor 
Vo 0.3789 : 

= a = 5 = 0.19A, flowing from node 2 to node A. 


Solving for V3 gives: 
V3 —l 
—1.6(0.6996) + 1.6(1.5057) 0.82093 


V. = | 
hence Ps from which, 
1.2898 0.82093 
Itage, V eres 1.571V 
voltage = —_— =~. 
8 "3 = 9 37093 


Power in the 3 Q resistor 
V2 — V3 \* 
= (hy) = (7) (3) 


_ 0.3789 — (—1.571))? 
7 3 


=1.27W 


Now try the following exercise. 


Exercise 110 Further problems on nodal analysis 


1. Repeat problems 1, 2, 5, 8 and 10 of Exercise 108, 
page 378 using nodal analysis. 


2. Repeat problems 2, 3, 5 and 9 of Exercise 109, page 
383 using nodal analysis. 


3. Determine for the network shown in Figure 31.22 
the voltage at node 1| and the voltage V4z 
[V| =59.02—28.92° V; Vag =45.3210.89° V] 


1=1020°A 


-j/52 6 QO 


Figure 31.22 


4. Determine the voltage Vpg in the network shown 
in Figure 31.23. 
[Veg =55.87250.60° V] 


152 jaa 


-j6 Q 109 


Figure 31.23 


5. Use nodal analysis to determine the currents [4, Jp 
and Ic shown in the network of Figure 31.24. 

[4 = 1.212150.96° A; Ip = 1.062Z—56.32° A; 

I¢ =0.55232.01° A] 


Figure 31.24 


6. For the network shown in Figure 31.25 determine 
(a) the voltages at nodes 1 and 2, (b) the current in 
the 40 Q resistance, (c) the current in the 20 Q resis- 
tance, and (d) the magnitude of the active power 
dissipated in the 10 Q resistance 

[(a) Vi = 88.12233.86° V, 

V2 =58.72272.28° V 

(b) 2.20233.86° A, away from node 1, 
(c) 2.802118.65° A, away from node 1, 


(d) 226 W] 
20 , 759 » me 
[ |< 9 
10020 O =f (] 10090" v 


Figure 31.25 


7. Determine the voltage Vg in the network of 
Figure 31.26, using nodal analysis. 
[Vap = 54.232Z—102.52° V] 


—j62 


j10.a 


20 2 


Figure 31.26 


32 The superposition theorem 


At the end of this chapter you should be able to: 


e solve d.c. and a.c. networks using the superposition theorem 


32.1 Introduction 


The superposition theorem states: 


‘In any network made up of linear impedances and con- 
taining more than one source of e.m.f. the resultant current 
flowing in any branch is the phasor sum of the currents 
that would flow in that branch if each source were con- 
sidered separately, all other sources being replaced at that 
time by their respective internal impedances.’ 


32.2 Using the superposition theorem 


The superposition theorem, which was introduced in 
Chapter 13 for d.c. circuits, may be applied to both d.c. 
and a.c. networks. A d.c. network is shown in Figure 32.1 
and will serve to demonstrate the principle of application 
of the superposition theorem. 


e-ev()f 


nota] 


{D &)=3V 


R62 
| =20 


Figure 32.1 


To find the current flowing in each branch of the circuit, 
the following six-step procedure can be adopted: 


(i) Redraw the original network with one of the sources, 
say Ey, removed and replaced by r2 only, as shown 
in Figure 32.2. 

(ii) Label the current in each branch and its direction as 
shown in Figure 32.2, and then determine its value. 
The choice of current direction for 7; depends on 
the source polarity which, by convention, is taken as 
flowing from the positive terminal as shown. 


(iii) 


Figure 32.2 

R in parallel with rz gives an equivalent resistance of 
(5 x 2)/(5 +2) = 10/7 = 1.429 Q 

as shown in the equivalent network of Figure 32.3. 


From Figure 32.3, 
E\ 


current /; = — =3.294A 
(71 +1.429) 2.429 
E,=8V Dt 
1.429 Q 
h=1Q 
Figure 32.3 
From Figure 32.2, 
tl aT 2 _\ 3.294) 

current Jy = = {| —— . 

RBI Mo NSTACD 

=0.941A 


5 
d th= | ——~ ] G.294) = 2.353A 
and current J; (5) ) 


Redraw the original network with source E, removed 
and replaced by r; only, as shown in Figure 32.4. 
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(iv) 


(v) 


Figure 32.4 


Label the currents in each branch and their directions 
as shown in Figure 32.4, and determine their values. 


R and r; in parallel gives an equivalent resistance of 
(5 x 1D)/(5+ 1) =5/6 Q or 0.833 Q, 


as shown in the equivalent network of Figure 32.5. 


From Figure 32.5, 
E, 


th= = =1.059A 
Eee ot = pees. 28833 
ly 
Fo=3V 
0.833 Q 
y=20 
Figure 32.5 
From Figure 32.4, 


1 
current [5 = (5) (1.059) =0.177A 


5 
d t Ig = | —— ]} (1.059) =0.8825A 
and current J (43) ) 


Superimpose Figure 32.2 on Figure 32.4, as shown 
in Figure 32.6. 


Figure 32.6 


(vi) Determine the algebraic sum of the currents flowing 
in each branch. (Note that in an a.c. circuit it is the 
phasor sum of the currents that is required.) 


From Figure 32.6, the resultant current flowing 
through the 8 V source is given by 


I, — Ig = 3.294 — 0.8825 = 2.41 A (discharging, i.e. 
flowing from the positive terminal of the source). 


The resultant current flowing in the 3V source is 
given by 


Ik —I4=2.353 — 1.059 = 1.29 A (charging, i.e. flow- 
ing into the positive terminal of the source). 


The resultant current flowing in the 5 Q2 resistance is 
given by 


Int+I5=0.941+0.177=1.12A 


The values of current are the same as those obtained 
on page 374 by using Kirchhoff’s laws. 


The following problems demonstrate further the use of 
the superposition theorem in analysing a.c. as well as d.c. 
networks. The theorem is straightforward to apply, but is 
lengthy. Thévenin’s and Norton’s theorems (described in 
Chapter 33) produce results more quickly. 


Problem 1. A.c. sources of 100Z0°V and internal 
resistance 25 Q, and 50Z90°V and internal resistance 
10, are connected in parallel across a 20 Q load. 
Determine using the superposition theorem, the cur- 
rent in the 20 Q load and the current in each voltage 
source. 


(This is the same problem as problem | on page 375 and 
problem 6 on page 386 and a comparison of methods may 
be made.) 

The circuit diagram is shown in Figure 32.7. Following 
the above procedure: 


10040° V (|) th) 50.790° V 


25 0 10 Q 


Figure 32.7 


The superposition theorem 393 


(i) The network is redrawn with the 50290°V source (v) Figure 32.10 shows Figure 32.9 superimposed on 
removed as shown in Figure 32.8 Figure 32.8, giving the currents shown. 


(1, Ig) (14-13) 


Figure 32.8 Figure 32.10 
(ii) Currents I, 2 and J3 are labelled as shown in (yj) Currentinthe 20 @ load, Jy + Is = (1.053 +j1.316)A 
Figure 32.8. or 1.69251.33°A 
I 10020° 10020° Current in the 10020° V source, 
t= 95 4 (10 x 20)/(10 + 20) 25 + 6.667 I, — Ig = (3.158 — 1.052) A or 3.332— 18.42° A 
=3.5182Z0° A Current in the 50290° V source, 


Ig — 13 = (2.368 — 2.105) or 3.172131.64° A 


10 
10) = (oom) (3.158Z0°) — 1.05320° A 
a Problem 2. Use the superposition theorem to deter- 
mine the current in the 4Q resistor of the network 


20 rae 
bh = | —— ) (3.1580°) = 2.1050° A shown in Figure 32.11. 
? (coxa) ) : 


(iii) The network is redrawn with the 10020° V source 
removed as shown in Figure 32.9 


Figure 32.11 


25 0 


(i) Removing the 20 V source gives the network shown 
in Figure 32.12. 


h, 52 2.52 22 

Figure 32.9 ; 

2 

(iv) Currents I4, [5 and J¢ are labelled as shown in 
Figure 32.9. 12V { 42 62 
I 50290° 50290° 
4 10+ (25 x 20)/(25+ 20) 10+11.111 
Figure 32.12 


= 2.368290° A or j2.368 A 
(ii) Currents /; and Jz are shown labelled in Figure 32.12. 
: : It is unnecessary to determine the currents in all the 
2.368) = j1.316A y 
) ) yas branches since only the current in the 4 Q resistance 
is required. 


2 
20 + 25 


) (22.368) = j1.052A From Figure 32.12, 6 © in parallel with 2 Q gives 


2 
(= +25 (6 x 2)/(6+ 2) = 1.5 Q, as shown in Figure 32.13. 
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Figure 32.13 


2.5 Q in series with 1.5 Q gives 4Q, 4 Q in parallel 
with 4Q gives 2Q, and 2Q in series with 5 Q 
gives 7Q. 


12 
Thus current J; = 7 = 1.714A and 


4 
th= {| — ](1.714)=0.857A 
current [2 (a) ) 


(iii) Removing the 12 V source from the original network 
gives the network shown in Figure 32.14. 


50 252 20 
{ 


Figure 32.14 


(iv) Currents /3, I4 and J5 are shown labelled in Figure 
32.14. 
From Figure 32.14, 5 Q in parallel with 4Q gives 
(5 x 4)/(5 +4) = 20/9 = 2.222 Q, as shown in Fig- 
ure 32.15, 2.222 Q in series with 2.5 Q gives 4.722 Q, 
4.722 Q in parallel with 6 Q gives 
(4.722 x 6)/(4.722 + 6) = 2.642 Q, 2.642 Q in series 
with 2 Q gives 4.642 Q. 


2.50 20 


Figure 32.15 


Hence 3 = = 4.308A 


20 
4642 
= (<n) (4.308) = 2.411 A, 

6 + 4.722 
from Figure 32.15 


5 
Is =( — ) 2.411) = 1.339, 
: (45): ) 


from Figure 32.14 


(v) Superimposing Figure 32.14 on Figure 32.12 shows 
that the current flowing in the 4 Q resistor is given by 
Is — 1p 

(vi) Is — In = 1.339 — 0.857 = 0.48 A, flowing from B 
toward A (see Figure 32.11) 


Problem 3. Use the superposition theorem to obtain 
the current flowing in the (4+ 73) impedance of 
Figure 32.16. 


Vp = 
30.4-45° V 


Figure 32.16 


(i) The network is redrawn with V2 removed, as shown 
in Figure 32.17. 


L -(10 2 


Figure 32.17 


(ii) Current J; and J) are shown in Figure 32.17. From 
Figure 32.17, (4+ /3)Q in parallel with —j10 Q 
gives an equivalent impedance of 


(44+j3)(-j10) 30—j40  50Z—53.13° 
(4+j73-j10)  4—j7 ~——-8.062Z—60.26° 
= 6.202/7.13° or 

(6.154 +j0.770) Q 


Total impedance of Figure 32.17 is 


6.154 + j0.770 + 4 = (10.154 + j0.770) Q or 
10.18324.34°Q 


30245° 
10.18324.34° 
= 2.946240.66° A 


Hence current J; = 
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(iii) 


(iv) 


(v) 


—jl 
and current J) = (4) (2.946 240.66°) 


mn 
_ (10Z—90°)(2.946240.66°) 
~ 8.0622—60.26° 
= 3.654210.92° A or 


(3.588 +j0.692) A 


The original network is redrawn with V; removed, as 
shown in Figure 32.18. 


-f10 Q 


al Vy = 302-45° V 


Figure 32.18 


Currents /3 and J4 are shown in Figure 32.18. From 
Figure 32.18, 4 Q in parallel with (4 + j3) Q gives an 
equivalent impedance of 


4(44+j3) 16+j12 20236.87° 
4444j3 8473 8.544220.56° 


= 2.341216.31° Q or 
(2.247 + j0.657) Q 
Total impedance of Figure 32.18 is 


2.247 + j0.657 — j10 = (2.247 — 79.343) Q or 
9.6094—76.48° Q 
302Z—45° 
9.609 £—76.48° 
= 3.122731.48°A 


Hence current J; = 


and current 4 = ( ) (3.122731.48°) 


4 
8+ 73 
_ 420°)(3.122231.48°) 
= 8.544/20.56° 


= 1.462710.92° A or 
(1.436 +j0.277) A 


If the network of Figure 32.18 is superimposed on 
the network of Figure 32.17, it can be seen that 


(vi) h 


the current in the (4+/3) Q impedance is given by 


Ihn-I4 


Ig = (3.588 + j0.692) — (1.436 + j0.277) 
= (2.152 + j0.415)A or 2.192 710.92° A, 
flowing from A to B in Figure 32.16. 


Now try the following exercise. 


Exercise 111 Further problems on the superpos- 
ition theorem 


1. Repeat problems 1, 5, 8 and 9 of Exercise 108, page 
378 using the superposition theorem. 


2. Repeat problems 3 and 5 of Exercise 109, page 383 
using the superposition theorem. 


3. Repeat problem 5 of Exercise 110, page 390 using 
the superposition theorem. 


4. Two batteries each of e.m.f. 15 V are connected in 
parallel to supply a load of resistance 2.0 Q. The 
internal resistances of the batteries are 0.5 Q and 
0.3 2. Determine, using the superposition theorem, 
the current in the load and the current supplied by 
each battery. [6.86 A; 2.57 A; 4.29 A] 


5. Use the superposition theorem to determine the 
magnitude of the current flowing in the capacitive 
branch of the network shown in Figure 32.19. 

[2.584 A] 


{5Q 


Figure 32.19 


6. A.c. sources of 20290° V and internal resistance 
10 Q and 300° V and internal resistance 12 Q are 
connected in parallel across an 8 Q load. Use the 
superposition theorem to determine (a) the current 
in the 8 Q load, and (b) the current in each voltage 
source. [(a) 1.30238.68°A downwards 

(b) 20290° V source discharges at 
1.582120.98° A, 300° V source 
discharges at 1.907—16.49° A] 
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7. Use the superposition theorem to determine cur- 
rent J, flowing in the 5 Q resistance of the network 
shown in Figure 32.20. [0.52925.72° A] 


22 40 


(3+/2)V qb) 


Figure 32.20 


32.3 Further worked problems on the 
superposition theorem 


Problem 4. For the a.c. network shown in Figure 
32.21 determine, using the superposition theorem, 
(a) the current in each branch, (b) the magnitude of 
the voltage across the (6+ j8)Q impedance, and (c) 
the total active power delivered to the network. 


Figure 32.21 


(a) (i) The original network is redrawn with E2 removed, 
as shown in Figure 32.22. 


Figure 32.22 


(ii) Currents 1;, J. and J; are labelled as shown 
in Figure 32.22. From Figure 32.22, (6+/8)Q 
in parallel with (2—j5)Q gives an equivalent 
impedance of 


(6+j8)2 —J5) 
(6 + j8) + (2 —j5) 


= (5.123 — j3.671) Q 


(iii) 


(iv) 


From the equivalent network of Figure 32.23, 


k 


(3+/4)Q 


(5+j0)V Cf 


Figure 32.23 


(5.123 — /3.671)Q 


5 +0 
(3 + j4) + (5.123 — 73.671) 


current J; = 


= (0.614 — j0.025) A 


current 

n=[ (2 —j5) 
= : : 
(6+ 78) + (2 —j5) 


(0.614 — j0.025) 


= (—0.00731—j0.388) A 


and current 
n=| (6 + j8) 
> 16 +78) + 2 —J5) 


(0.614 — j0.025) 


= (0.622 + 0.363) A 


The original network is redrawn with E; removed, 
as shown in Figure 32.24. 


(3+/4)Q 


Figure 32.24 


Currents [4, [5 and J¢6 are shown labelled in 
Figure 32.24 with J4 flowing away from the 
positive terminal of the (2 + j4)V source. 


From Figure 32.24, (3+ j4)Q in parallel with 
(6+ 8) Q gives an equivalent impedance of 

(3 + j4)(6 +78) 
(3 + j4) + (6 +78) 


= (2.00 + j2.667) Q 
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(v) 


(vi) 


From the equivalent network of Figure 32.25, 


(2.00 + j2.667) Q 


Figure 32.25 
(2+ 4) 
(2.00 + j2.667) + (2 — j5) 
= (—0.062 + j0.964) A 


current [4 = 


From Figure 32.24, 
current 


B+J4) 


I — 
: E + j4) + (6 +]8) 
= (—0.0207 + j0.321) A 


|: 0.062 + j0.964) 


and current 
a | 6 +8 
6 | G+ )4) + 6+j8) 
= (—0.041 +. 0.643) A 


|: 0.062 + j0.964) 


If Figure 32.24 is superimposed on Figure 
32.22, the resultant currents are as shown in 
Figure 32.26. 


(4+ ‘) (5+) 


Figure 32.26 

Resultant current flowing from (5 + j0)V source 

is given by 

I, +16 = (0.614 — j0.025) + (—0.041 + j0.643) 
= (0.573 +j0.618) A or 0.843 247.16° A 

Resultant current flowing from (2 +j4)V source 

is given by 

1h +14 = (0.622 + j0.363) + (—0.062 + j0.964) 
= (0.560 +71.327) A or 1.440767.12° A 


Resultant current flowing through the (6 + j8)&Q 
impedance is given by 


In —I5 =(—0.00731 — j0.388) — (—0.0207 
+j0.321) 
= (0.0134 —j0.709)A or 0.7097 —88.92° A 
(b) Voltage across (6 + j8) & impedance is given by 
(Ip — I5)(6 +j8) 
= (0.709 Z—88.92° )(10453.13°) 
= 7.092—35.79° V 
ie. the magnitude of the voltage across the 
(6+ j8)Q impedance is 7.09 V 


Total active power P delivered to the network is 
given by 


(c 


Ym 


P=E\() +16) cos ¢; + E23 + I4) cos d2 


where ¢ is the phase angle between £; and 
(I, +16) and ¢2 is the phase angle between E> 
and (3 + J4), i.e. 


P = (5) (0.843) cos (47.16° — 0°) + 
(/(2? + 47))(1.440) cos(67.12° — tan~! 5) 
= 2.866 + 6.427 = 9.293 W 


= 9.3 W, correct to one dec. place. 


(This value may be checked since total active power 
dissipated is given by: 


P=(1) +16)°(3) + (bh —1s)°(6) + (3h +: 4)? (2) 
= (0.843)2(3) + (0.709)2(6) + (1.440)2(2) 
= 2.132 +3.016+ 4.147 =9.295 W 


= 9.3 W, correct to one dec. place.) 


Problem 5. Use the superposition theorem to deter- 
mine, for the network shown in Figure 32.27, (a) the 
magnitude of the current flowing in the capacitor, (b) 
the p.d. across the 5 Q resistance, (c) the active power 
dissipated in the 20 Q resistance and (d) the total active 
power taken from the supply. 


20 2 -(3.Q 82 


30.290° V 


Figure 32.27 
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(i) The network is redrawn with the 30290°V source 
removed, as shown in Figure 32.28. 


-(/3.Q 82 


ly 
| {| 


200 


Figure 32.28 


(ii) Currents [; to Js are shown labelled in Figure 32.28. 
From Figure 32.28, two 8 Q resistors in parallel give 
an equivalent resistance of 4 Q. 


50Z0° 


Hence l= 505 4 —]3)/G44—)3) 


= 2.22022.12° A 


(4 —j3) 
~ (5+4-j3) 


2 I, =1.1702—16.32° A 


5 
2 Ty =1.170220.55° A 
‘ (<<) ; 


8 
Ig= | — ] 8 =0.585220.55° A=I 
4 (ss) 3 5 


(iii) The original network is redrawn with the 5020°V 
source removed, as shown in Figure 32.29. 


20.2 J, 13 2 8Q fs 


Ko 50 82 f 


30/90° V 


Figure 32.29 


(iv) Currents J¢ to Jo are shown labelled in Figure 32.29. 
From Figure 32.29, 20 Q in parallel with 5 Q gives 
an equivalent resistance of (20 x 5)/(20+5)=4Q. 


30290° 
8 + (8(4 —j3)/(8 +4 —j3)) 


Hence [6 = 


= 2.715296.52° A 


(4 —j3) 
Jefe ey 00773 60K 
Cer aassy 
Ig= ( ——— ) k = 1.7562110.56°A 
: (gates) ° 


20 
Ips (Vp = 1.4057110.56°A 
2 (ss) _ 


5 
d lo= | ——= } 2g =0.3512110.56°A 
ar oo (= ;) : 
(a) The current flowing in the capacitor is given by 


(Ig — Ig) = 1.170.220.55° — 1.7562110.56° 


= (1.712 —j1.233) A or 
2.112—35.76°A 


i.e. the magnitude of the current in the capacitor 
is 2.11A 


(b) The p.d. across the 5 resistance is given by 
U2 + 19) (5) 


(Ip + Ig) = 1.1702—16.32° + 1.4052110.56° 


= (0.629 + j0.987) A or 1.17257.49° A 


Hence the magnitude of the pd. across the 5 Q 
resistance is (1.17) (5) =5.85 V 


(c) Active power dissipated in the 20 Q resistance is 
given by (I; — Ii9)*(20) 


(Ty — 119) = 2.22022.12° — 0.3512110.56° 
= (2.342 — j0.247) A or 2.3552—6.02° A 


Hence the active power dissipated in the 20 & 
resistance is (2.355)*(20) = 111 W 


(d) Active power developed by the 500° V source 
P, =V(1i — No) cos 61 
= (50)(2.355) cos(6.02° — 0°) = 117.1 W 
Active power developed by 30290 V source, 
Pz = 30(6 — Is) cos $2 
(Io — 15) = 2.7156296.52° — 0.585220.55° 
= (—0.856 + j2.492) A or 
2.635 2108.96°A 
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Hence P2 = (30)(2.635) cos(108.96° — 90°) 
= 74.8W 
Total power developed, P= P; + P2 = 117.1+ 74.8 
=191.9W 


(This value may be checked by summing the J*R 
powers dissipated in the four resistors.) 


Now try the following exercise. 


Exercise 112 Further problems on the superpos- 
ition theorem 


1. For the network shown in Figure 32.30, determine, 
using the superposition theorem, (a) the current 
flowing in the capacitor, (b) the current flowing 
in the 2 Q resistance, (c) the p.d. across the 5 Q 
resistance, and (d) the total active circuit power. 

[(a) 1.28 A (b) 0.74A (c) 3.01 V (d) 2.91 W] 


dE 


2L45° Vv t 5Q { 


29 
Figure 32.30 


2. (a) Use the superposition theorem to determine 
the current in the 12 Q resistance of the net- 
work shown in Figure 32.31. Determine also 
the p.d. across the 8 Q resistance and the power 
dissipated in the 20 Q resistance. 


4Q BO 20 2 


10 v' 120 69 t 37.5 V 


Figure 32.31 


(b) If the 37.5 V source in Figure 32.31 is reversed 
in direction, determine the current in the 12 Q 
resistance. 

[(a) 0.375 A, 8.0 V, 57.8 W (b) 0.625 A] 


3. For the network shown in Figure 32.32, use the 
superposition theorem to determine (a) the current 
in the capacitor, (b) the pd. across the 10 © resist- 
ance, (c) the active power dissipated in the 20 Q 
resistance, and (d) the total active circuit power. 

[(a) 3.97 A (b) 28.7 V (c) 36.4 W (d) 371.6 W] 


5Q ABQ 50 


600° Vv f 100 202 i 20290° Vv 


Figure 32.32 
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33. Thévenin’s and Norton’s theorems 


At the end of this chapter you should be able to: 


e understand and use Thévenin’s theorem to analyse 
a.c. and d.c. networks 

e understand and use Norton’s theorem to analyse a.c. 
and d.c. networks 


© appreciate and use the equivalence of Thévenin and 
Norton networks 


33.1 Introduction 


Many of the networks analysed in Chapters 30, 31 and 
32 using Kirchhoff’s laws, mesh-current and nodal analy- 
sis and the superposition theorem can be analysed more 
quickly and easily by using Thévenin’s or Norton’s the- 
orems. Each of these theorems involves replacing what 
may be a complicated network of sources and linear 
impedances with a simple equivalent circuit. A set proced- 
ure may be followed when using each theorem, the pro- 
cedures themselves requiring a knowledge of basic circuit 
theory. (It may be worth checking some general d.c. circuit 
theory in Section 13.4. page 140, before proceeding) 


33.2 Thévenin’s theorem 


Thévenin’s theorem states: 


‘The current which flows in any branch of a network 
is the same as that which would flow in the branch if 
it were connected across a source of electrical energy, 
the e.m.f. of which is equal to the potential difference 
which would appear across the branch if it were open- 
circuited, and the internal impedance of which is equal to 
the impedance which appears across the open-circuited 
branch terminals when all sources are replaced by their 
internal impedances.’ 


The theorem applies to any linear active network (‘linear’ 
meaning that the measured values of circuit components 
are independent of the direction and magnitude of the cur- 
rent flowing in them, and ‘active’ meaning that it contains 
a source, or sources, of e.m.f.). 

The above statement of Thévenin’s theorem simply 
means that a complicated network with output terminals 
AB, as shown in Figure 33. 1(a), can be replaced by a single 
voltage source F in series with an impedance z, as shown 
in Figure 33.1(b). E is the open-circuit voltage measured 
at terminals AB and z is the equivalent impedance of the 
network at the terminals AB when all internal sources of 


Network 
containing 
voltage 
sources and 
impedances 


(b) 


Figure 33.1 The Thévenin equivalent circuit 


e.m.f. are made zero. The polarity of voltage E is chosen so 
that the current flowing through an impedance connected 
between A and B will have the same direction as would 
result if the impedance had been connected between A and 
B of the original network. Figure 33.1(b) is known as the 
Thévenin equivalent circuit, and was initially introduced 
in Section 13.4, page 140 for d.c. networks. 

The following four-step procedure can be adopted 
when determining, by means of Thévenin’s theorem, the 
current flowing in a branch containing impedance Z;, of 
an active network: 


(i) remove the impedance Z;, from that branch; 
(ii) determine the open-circuit voltage E across the 
break; 

(iii) remove each source of e.m.f. and replace it by its 
internal impedance (if it has zero internal impedance 
then replace it by a short-circuit), and then determine 
the internal impedance, z, ‘looking in’ at the break; 
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(iv) determine the current from the Thévenin equivalent 
circuit shown in Figure 33.2, ie. 


current iy, = 


ZL+Z 


Thévenin 
equivalent circuit 


Figure 33.2 


A simple d.c. network (Figure 33.3) serves to demonstrate 
how the above procedure is applied to determine the cur- 
rent flowing in the 5 Q resistance by using Thévenin’s 
theorem. This is the same network as used in Chapter 30 
when it was solved using Kirchhoff’s laws (see page 349), 
and by means of the superposition theorem in Chapter 32 
(see page 391). A comparison of methods may be made. 


=20 


Figure 33.3 
Using the above procedure: 


(i) the 5Q resistor is removed, as shown in Fig- 
ure 33.4(a). 

(ii) The open-circuit voltage E across the break is now 
required. The network of Figure 33.4(a) is redrawn 


Figure 33.4 


for convenience as shown in Figure 33.4(b), where 


current, 

pee ~ 8-3 = 5 = ik 
ry +r2 14+2 3 3 

Hence the open-circuit voltage E is given by 

ive. E=8—(13)(I)=65V 


(Alternatively, E = Ey — (—I))r2 
= 3+ (13) (2) = 63 V) 
(iii) Removing each source of e.m.f. gives the network 


of Figure 33.5. The impedance, z, ‘looking in’ at the 
break AB is given by 


z= (1x 2)/(1+2)= §2 


Figure 33.5 


(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.6, where current iy, is given by 


E 65 
ZL +z ae 


=1.12 A, correct to two decimal places 


ip 


Thévenin 
equivalent circuit 
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To determine the currents flowing in the other two 
branches of the circuit of Figure 33.3, basic cir- 
cuit theory is used. Thus, from Figure 33.7, voltage 
V =(1.1177)(5) =5.5885 V 


la lg 
E,=8V t TA177A { F,=3V 


Vv 5Q 
h=12 5=20 


Figure 33.7 


Then V=E, —Ignr, i.e. 5.5885 = 8 — I4(1), 
from which 

current [4 = 8 — 5.5885 = 2.41A 
Similarly, V = E> — Igra, i.e. 5.5885 = 3 — Ip(2), 


from which 


current Ip = — =-1.29A 


(i.e. flowing in the direction opposite to that shown 
in Figure 33.7). 


The Thévenin theorem procedure used above may be 
applied to a.c. as well as d.c. networks, as shown below. 


An a.c. network is shown in Figure 33.8 where it 
is required to find the current flowing in the (6+ 8) Q 
impedance by using Thévenin’s theorem. 


Figure 33.9 


Using the above procedure 


(i) The (6+ 8) & impedance is removed, as shown in 
Figure 33.9(a). 

(ii) The open-circuit voltage across the break is now 
required. The network is redrawn for convenience 
as shown in Figure 33.9(b), where current 
p= HOTeH) _ C+) 

1= ; es : 
B+j)+2-f5) G-/ 
= 1.581241.05° A 
Hence open-circuit voltage across AB, 
E=E, —\(3+ fA), Le. 
E=(5 +j0) — (1.581241.05°)(5253.13°) 
from which E = 9.6572—54.73° V 

(iii) From Figure 33.10, the impedance z ‘looking in’ at 
terminals AB is given by 
= G+i2-J5) 

(3 +j4) + (2 —j5) 
= 5.2812—3.76° Q or (5.270 — j0.346) Q 
Figure 33.10 

(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.11, from which current 
. E 9.657 2Z—54.73° 
y= — 

EZ, +2. (6 +j8) + (5.270 — j0.346) 

Thus, current in (6 +/8) Q impedance, 
.657Z—54.73° 

ip, = OTE 47 0.71 2-88.91° A 
13.623234.18° 

(3+ /4)Q 
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E-9.6572- 54.73°V([)f 


z = (5.270 — j0.346)Q 


Figure 33.11 


The network of Figure 33.8 is analysed using Kirch- 
hoff’s laws in problem 3, page 376, and by the super- 
position theorem in problem 4, page 396. The above 
analysis using Thévenin’s theorem is seen to be much 
quicker. 


Problem 1. For the circuit shown in Figure 33.12, 
use Thévenin’s theorem to determine (a) the current 
flowing in the capacitor, and (b) the p.d. across the 
150 kQ resistor. 


20020° V 
-j120 ka 


20kQ 
5 kQ 150 kQ 


Figure 33.12 


(a) (i) Initially the (150 — 120) kQ impedance is removed 
from the circuit as shown in Figure 33.13. 


Figure 33.13 


Note that, to find the current in the capacitor, only 
the capacitor need have been initially removed 
from the circuit. However, removing each of the 
components from the branch through which the 
current is required will often result in a simpler 
solution. 


(ii) From Figure 33.13, 


20020° 


————— =8mA 
(5000 + 20 000) 


current 1; = 


The open-circuit e.m.f. E is equal to the p.d. across 
the 20 kQ resistor, 1.e. 


E = (8 x 1077)(20 x 10°) = 160V 


(iii) Removing the 2000° V source gives the network 
shown in Figure 33.14. 


Figure 33.14 


The impedance, z, ‘looking in’ at the open- 
circuited terminals is given by 


2 
gx 2520 oan 
5 +20 


(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.15, where current iy, is given by 


E 160 
l — = 
“7% +z. (150—j120) x 103 +4 x 103 
160 
~ 195.23 x 1037—37.93° 
= 0.8237.93° mA 


Thus the current flowing in the capacitor is 
0.82 mA. 


Thévenin 
equivalent circuit 


~ #120 kQ 


4kQ 


Yo 


SSS SSNs See Sey 
iT 
ron 
36 
< 


Figure 33.15 
(b) Pd. across the 150 kQ resistor, 


Vo = itR = (0.82 x 1077)(150 x 10°) = 123V 
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Problem2. Determine, for the network shown in Fig- 
ure 33.16, the value of current 7. Each of the voltage 
sources has a frequency of 2 kHz. 


Figure 33.16 


(i) The impedance through which current J is flowing 
is initially removed from the network, as shown in 
Figure 33.17. 


Figure 33.17 


(ii) From Figure 33.17, 


20-1 
current, J; = z : =2A 
2+3 


Hence the open circuit e.m_f. 
E =20-— (2) = 20 — 2(2) = 16V 


(Alternatively, E = 10+ 7,(3) = 10+ (2)(3) = 16V) 
(iii) When the sources of e.m.f. are removed from the 
circuit, the impedance, z, ‘looking in’ at the break is 
given by 
_ 2x3 
243 
(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.18, where inductive reactance, 


X_ = 2nfL = 22(2000)(235 x 107°) = 2.952 


Zz =1.22 


Hence current 

a 16 _ (16 
~ (1.24 1.5 + )2.95)  4.0247.53° 
= 4.02—47.53° A or (2.70 —j2.95) A 


1.50 


Zz = : 
ee 12.95 ©. 


Figure 33.18 


Problem 3. Use Thévenin’s theorem to determine the 
power dissipated in the 48 Q resistor of the network 
shown in Figure 33.19. 


- 400 2 


Figure 33.19 


The power dissipated by a current J flowing through a 
resistor R is given by J*R, hence initially the current 
flowing in the 48 Q resistor is required. 


(i) The (48+ 7144)Q impedance is initially removed 
from the network as shown in Figure 33.20. 


-j400 Q 


Figure 33.20 


(ii) From Figure 33.20, 
50Z0° 
(300 — j400) 

Hence the open-circuit voltage 
E =i(300) = (0.1253.13°)(300) = 30253.13° V 


(iii) When the 500° V source shown in Figure 33.20 is 
removed, the impedance, z, is given by 


current, i = = 0.1253.13° A 


__ (—j400)(300) _ (4002—90°)(300) 
“00 —j400)  5007—53.13° 
= 240/—36.87°Q or (192 — 144) @ 


Thévenin’s and Norton’s theorems 405 


(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.21 connected to the (48 + 144) Q load. 


| 


E=30453.13° V 


48.Q 
(192 - j144)Q 
144.9 
Figure 33.21 
30253.13° 
Current J = - - 
(192 — j144) + (48 + 144) 
30253.13° 
= —_—— = 0,1252453.13° A 
24020° agen 


Hence the power dissipated in the 48 Q resistor 


=I°R = (0.125)*(48) = 0.75 W 


Problem 4. For the network shown in Figure 33.22, 
use Thévenin’s theorem to determine the current flow- 
ing in the 80 & resistor. 


2,=(5+/5)Q 


(2.5—j5)Q 


Z,= (10+/0)2 


Figure 33.22 


One method of analysing a multi-branch network as shown 
in Figure 33.22 is to use Thévenin’s theorem on one part of 
the network at a time. For example, the part of the circuit 
to the left of AA may be reduced to a Thévenin equivalent 
circuit. 

From Figure 33.23, 


20 
E\= (= Fs :) 100 = 80V, by voltage division 


20 x 5 
=42 
20+ 5 


Thus the network of Figure 33.22 reduces to that of Fig- 
ure 33.24. The part of the network shown in Figure 33.24 


and z; = 


Figure 33.23 


Figure 33.24 


to the left of BB may be reduced to a Thévenin equivalent 
circuit, where 


50 
7 = 40V 
2 (sraeea) c 
50 x 50 
da= =950 
ee 50 AG 


Thus the original network reduces to that shown in 
Figure 33.25. 


Figure 33.25 


The part of the network shown in Figure 33.25 to the left 
of CC may be reduced to a Thévenin equivalent circuit, 
where 


60 
ne 40) = 24V 
; (accu) 
4 
nid p= OO = os 
(60 + 40) 
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162 
oavi 


240) 


Figure 33.26 


Thus the original network reduces to that of Fig- 
ure 33.26, from which the current in the 80 Q resistor is 
given by 


I= boa = 0.20A 
80+ 164 24 


Now try the following exercise. 


Exercise 113 Further problems on Thévenin’s 
theorem 


1. Use Thévenin’s theorem to determine the current 
flowing in the 10 resistor of the d.c. network 
shown in Figure 33.27. [0.85 A] 


Figure 33.27 


2. Determine, using Thévenin’s theorem, the values 
of currents /;, J) and J; of the network shown in 
Figure 33.28.  [J) =2.8A,b=4.8A, h =7.6A] 


Figure 33.28 


3. Determine the Thévenin equivalent circuit with 
respect to terminals AB of the network shown in 


Figure 33.29. Hence determine the magnitude of 
the current flowing in a (4 —j7) Q impedance con- 
nected across terminals AB and the power delivered 
to this impedance. [E = 15.37Z—38.66°V, 

Z= (3.20 + 4.00) Q; 1.97 A; 15.5 W] 


j4Q 


oer 


o B 


Figure 33.29 


4. For the network shown in Figure 33.30 use 
Thévenin’s theorem to determine the current flow- 


ing in the 3 Q resistance. [1.17 A] 
6O 40 
es, (Cereal 
25 7 8a 52 30 


Figure 33.30 


5. Derive for the network shown in Figure 33.31 the 
Thévenin equivalent circuit at terminals AB, and 
hence determine the current flowing in a 20 
resistance connected between A and B. 

[E=2.5V, r=5Q;0.10A] 


102 
‘ dy 
I 


§O 7.509 


aovl 52 


Figure 33.31 


33.3. Further worked problems on Thévenin’s 
theorem 


Problem 5. Determine the Thévenin equivalent cir- 
cuit with respect to terminals AB of the circuit shown 
in Figure 33.32. Hence determine (a) the magnitude 
of the current flowing in a (3.75 + j11) Q impedance 
connected across terminals AB, and (b) the magnitude 
of the p.d. across the (3.75 +11) Q impedance. 
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_j3.2 
: A 

42 

h 
2420° V f E 

j3a 

B 
Figure 33.32 


Current J; shown in Figure 33.32 is given by 


_ -24Z0° 24.20" 
~ (4+ j3—73) 420° 


1 = 620° A 


The Thévenin equivalent voltage, i.e. the open-circuit 
voltage across terminals AB, is given by 


E=1(44+ 73) =(620°)(5236.87°) = 30236.87° V 


When the 240° V source is removed, the impedance z 

‘looking in’ at AB is given by 

. (44+ 73)(-j3) 9-—j12 
~ (4473-73) 4 


= (2.25 — 73.0) Q 


Thus the Thévenin equivalent circuit is as shown in 
Figure 33.33. 


Thévenin equivalent circuit 


rc 


| E = 30236.87° 7 


t 
l 
Z =(2.25 -j3.0)Q 
| 
I 


Figure 33.33 


(a) Whena (3.75 + j11) Q impedance is connected across 
terminals AB, the current J flowing in the impedance 


is given by 
mas 30236.87° 2 30.236.87° 
(3.75 + j11) + (2.25 — 73.0) = 10253.13° 
= 32-16.26° A 


Hence the current flowing in the (3.75 + j11)Q 
impedance is 3 A. 


(b) P.d. across the (3.75 +711) Q impedance is given by 


V = (32Z—-16.26°)(3.75 +11) 
= (32—16.26°)(11.62271.18°) 
= 34.86254.92° V 


Hence the magnitude of the p.d. across the 
impedance is 34.9 V 


Problem 6. Use Thévenin’s theorem to determine the 
current flowing in the capacitor of the network shown 
in Figure 33.34. 


Figure 33.34 


(i) The capacitor is removed from branch AB, as shown 
in Figure 33.35. 


j, j62 30 


5) 
j22 0], 


(ii) The open-circuit voltage, F, shown in Figure 33.35, 
is given by (J2)(5). I2 may be determined by cur- 
rent division if J; is known. (Alternatively, E may be 
determined by the method used in problem 4.) 


Current 1; =V/Z, where Z is the total circuit 
impedance and V = 16.552—22.62° V. 


16.55/-22.62°V(] ) 


Figure 33.35 


(j2)(8 + j6) 

j2+8+/6 

12 +j16 
S458 

= 4,596222.38° Q 


Impedance, Z = 4 


16.552—22.62° 
4.596222.38° 
= 3.602—45° A 


Hence 1; = 
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2 
and b=(so5as)n 
j24+34+j6+5 


(2290°)(3.602—45°) 
~ -:11,314245° 
= 0.63620° A 
(An alternative method of finding J» is to use Kirch- 


hoff’s laws or mesh-current or nodal analysis on 
Figure 33.35.) 


Hence E=(lp)(5)=(0.63620°)(5) = 3.1820° V 
(iii) If the 16.55 7—22.62° V source is removed from Fig- 
ure 33.35, the impedance, z, ‘looking in’ at AB is 
given by 
ss SUA x j2)/(4 +j2)) + B +j6)1 
5+ [(4 x j2)/(4 + j2)) + 3 + j6] 
5(3.8 + j7.6) 
~ 8.8 +/7.6 
ie. 7=3.654222.61° Q or (3.373 + 1.405) Q 


(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.36, where the current flowing in the capacitor, 
T, is given by 
3.1820° 3.1820° 
~ (3.373 + 71.405) —j8 — 7.408Z—62.91° 


= 0.43262.91° A in the direction from A to B 


Thévenin equivalent circuit 


e-3.1szorvi 


Z = (3.373 +/1.405)Q 


Figure 33.36 


Problem 7. For the network shown in Figure 33.37, 
derive the Thévenin equivalent circuit with respect 
to terminals PQ, and hence determine the power 
dissipated by a 2 Q resistor connected across PQ. 


BQ 


—_— 
V, = 5245° V 


49 


j32 


Figure 33.37 


Current J; shown in Figure 33.37 is given by 


1020° 


= ———— = 1.0542-18.43° A 
(5+4+4+ 3) 


1 


Hence the voltage drop across the 5 Q resistor is given 
by Vx = (11 )(5) = 5.27Z—18.43° V, and is in the direction 
shown in Figure 33.37, i.e. the direction opposite to that 
in which J; is flowing. 

The open-circuit voltage E across PQ is the phasor sum 
of Vj, Vy and V2, as shown in Figure 33.38. 


P 
V,=5245° V | 
Vy = 5.272-18.43° V | E 
Vp =10.20° V | 
Q 
Figure 33.38 
Thus E=1020° —5245° — 5.272—18.43° 


= (1.465 — 71.869) V or 2.3752—51.91° V 


The impedance, z, ‘looking in’ at terminals PQ with the 
voltage sources removed is given by 


5(4 +73) 
= gy 2C TI) _ 9 9635718.44° 
a (5+4 +73) 


= (10.50 +j0.833) & 


The Thévenin equivalent circuit is shown in Figure 33.39 
with the 2 Q resistance connected across terminals PQ. 


Figure 33.39 


The current flowing in the 2 Q resistance is given by 


2.319Z—51:91° 


— = 0.18962—55.72° A 
(10.50 + j0.833) + 2 
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The power P dissipated in the 2 Q resistor is given by 


P=I’R = (0.1896)*(2) = 0.0719 W = 72 mW, 


correct to two significant figures. 


Problem 8. For the a.c. bridge network shown in 
Figure 33.40, determine the current flowing in the 
capacitor, and its direction, by using Thévenin’s the- 
orem. Assume the 300° V source to have negligible 
internal impedance. 


v=3020°v (]) 


Figure 33.40 


(i) The —j25 Q capacitor is initially removed from the 
network, as shown in Figure 33.41. 


V=3020° VC) 


Figure 33.41 
(ii) P.d. between A and C, 


V, (4 v=( 2 (300°) 
MONT ED NIB ESE PS 


= 21.832—14.04° V 


s 
P.d. between B and C, 


Z 40 
Vise ee ae N00" 
BS (25) (arn) ) 


= 18.972—18.43° V 


Assuming that point A is at a higher potential than 
point B, then the p.d. between A and B is 


21.832—14.04° — 18.972—18.43° 
= (3.181 + j0.701)V or 3.257212.43° V, 


i.e. the open-circuit voltage across AB is given by 
E = 3.257212.43° V 


Point C is at a potential of 300° V. Between C andA 
is a volt drop of 21.83 Z— 14.04° V. Hence the voltage 
at point A is 


3020° — 21.832—14.04° = 10.29230.98° V 


Between points C and B is a voltage drop of 
18.972—18.43° V. Hence the voltage at point B is 
30Z0° — 18.972—18.43° = 13.42226.55° V. 


Since the magnitude of the voltage at B is higher than 
at A, current must flow in the direction B to A. 


(iii) Replacing the 300° V source with a short-circuit 
(i.e. zero internal impedance) gives the network 
shown in Figure 33.42(a). The network is shown 
redrawn in Figure 33.42(b) and simplified in Fig- 
ure 33.42(c). Hence the impedance, z, ‘looking in’ at 
terminals AB is given by 


(40)(20 + j20) 
(40 + 20 + j20) 


pe (15)(5 +j5) 
~ (15+54+)5) 


= 5.145230.96° + 17.889226.57° 


ie. z=(20.41+/10.65)Q 


Cc 
40.0 
A B 
(5 + j5)Q (20+ j20)Q 
D 
(a) 
152g 402 
{| [| 
RE See 
(5 +j5)Q (20 + j20)2 
(b) 
150 40.2 
a pe 
: C 
D 
[3 Ld 
(5+ j5)Q (20+ j20)Q 


Figure 33.42 
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(iv) The Thévenin equivalent circuit is shown in Fig- 
ure 33.43, where current J is given by 


oy =< SBOaTZInas B57 12-43 
~ (20.41 + j10.65) —j25  24.95Z—35.11° 
= 0.131247.54° A 


E=3.257212.43°V 


(20.41 + (10.65) -j/259 


Figure 33.43 


Thus a current of 131 mA flows in the capacitor 
in a direction from B to A. 


Now try the following exercise. 


Exercise 114 Further problems on Thévenin’s 
theorem 


1. Determine for the network shown in Figure 33.44 
the Thévenin equivalent circuit with respect to ter- 
minals AB, and hence determine the current flowing 
in the (5+ /6)Q impedance connected between 
A and B. 

[E = 14.3276.38°V, z = (3.99 + j0.55) Q; 1.29 A] 


590 22 732 
Ss Sea 


25230° vi 


Figure 33.44 


2. For the network shown in Figure 33.45, derive 
the Thévenin equivalent circuit with respect to ter- 
minals AB, and hence determine the magnitude 
of the current flowing in a (2 +713) & impedance 
connected between A and B. [1.157A] 


20230° V 
-j8.Q 


52 


Figure 33.45 


3. Use Thévenin’s theorem to determine the power dis- 
sipated in the 4 Q resistance of the network shown 


in Figure 33.46. {0.24 W] 
10 2 200 19 20 

60 vf 102 52 40 
1509 


Figure 33.46 


4. For the bridge network shown in Figure 33.47 use 
Thévenin’s theorem to determine the current flow- 
ing in the (4+ 73) & impedance and its direction. 
Assume that the 2020° V source has negligible 
internal impedance. [0.12 A from Q to P] 


B = Q 
6Q S -j/15 2 
-j6 Q 15 2 


Figure 33.47 


5. Repeat problems | to 10 of Exercise 108, page 378 
using Thévenin’s theorem. 


6. Repeat problems 2 and 3 of Exercise 109, page 383 
using Thévenin’s theorem. 


7. Repeat problems 3 to 7 of Exercise 110, page 390 
using Thévenin’s theorem. 


8. Repeat problems 4 to 7 of Exercise 111, page 395 
using Thévenin’s theorem. 


9. Repeat problems 1 to 3 of Exercise 112, page 398 
using Thévenin’s theorem. 


33.4 Norton’s theorem 


A source of electrical energy can be represented by a 
source of e.m.f. in series with an impedance. In Sec- 
tion 33.2, the Thévenin constant-voltage source consisted 
of a constant e.m.f. E, which may be alternating or direct, 
in series with an internal impedance, z. However, this is 
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not the only form of representation. A source of electri- 
cal energy can also be represented by a constant-current 
source, which may be alternating or direct, in parallel 
with an impedance. It is shown in Section 33.5 that the 
two forms are in fact equivalent. 


Norton’s theorem states: 


‘The current that flows in any branch of a network is the 
same as that which would flow in the branch if it were 
connected across a source of electrical energy, the short- 
circuit current of which is equal to the current that would 
flow in a short-circuit across the branch, and the internal 
impedance of which is equal to the impedance which 
appears across the open-circuited branch terminals.’ 


The above statement simply means that any linear 
active network with output terminals AB, as shown in 
Figure 33.48(a), can be replaced by a current source in 
parallel with an impedance z as shown in Figure 33.48(b). 
The equivalent current source [sc (note the symbol in Fig- 
ure 33.48(b) as per BS 3939:1985) is the current through a 
short-circuit applied to the terminals of the network. The 
impedance z is the equivalent impedance of the network 
at the terminals AB when all internal sources of e.m.f. are 
made zero. Figure 33.48(b) is known as the Norton equiv- 
alent circuit, and was initially introduced in Section 13.7, 
page 146 for d.c. networks. 


Network 
containing 
voltage 
sources and 
impedances 


Figure 33.48 The Norton equivalent circuit 


The following four-step procedure may be adopted 
when determining the current flowing in an impedance 
Zz of a branch AB of an active network, using Norton’s 
theorem: 


(i) short-circuit branch AB; 
(ii) determine the short-circuit current Isc; 
(iii) remove each source of e.m.f. and replace it by its 
internal impedance (or, if a current source exists, 
replace with an open circuit), then determine the 


impedance, z, ‘looking in’ at a break made between 
A andB; 

(iv) determine the value of the current iz, flowing in 
impedance Z; from the Norton equivalent network 
shown in Figure 33.49, i.e. 


in= ( yr 
or ZL+Zz ae 


Norton equivalent circuit 


pocccc 


Figure 33.49 


A simple d.c. network (Figure 33.50) serves to demon- 
strate how the above procedure is applied to determine 
the current flowing in the 5 Q resistance by using Norton’s 
theorem: 


avi fav 


10 20 
Figure 33.50 
(i) The 5Q branch is short-circuited, as shown in PART 
Figure 33.51. 3 


Figure 33.51 


(ii) From Figure 33.51, Isc =I) +h=%8+3=9.5A 


(iii) If each source of e.m.f. is removed the impedance 
‘looking in’ at a break made between A and B is 


given by z=(1 x 2)/(+2)= 3 Q. 
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(iv) From the Norton equivalent network shown in Fig- 
ure 33.52, the current in the 5 Q resistance is given 
by I, = (3/(5 + 3)) 9.5 =1.12A, as obtained pre- 
viously using Kirchhoff’s laws, the superposition 
theorem and by Thévenin’s theorem. 


Figure 33.52 


As with Thévenin’s theorem, Norton’s theorem may be 
used with a.c. as well as d.c. networks, as shown below. 


An a.c. network is shown in Figure 33.53 where it 
is required to find the current flowing in the (6+ 8) Q 
impedance by using Norton’s theorem. 

Using the above procedure: 


Figure 33.53 


(i) Initially the (6 +78) Q impedance is short-circuited, 
as shown in Figure 33.54. 


Figure 33.54 


(ii) From Figure 33.54, 


(5+j0)  (-(2+j4) 
Isc =I h= t 
SSN TE Bip jay = 95) 
4.472 763.43° 
= 12—53.13° — Bie 


5.385 2Z—68.20° 
= (1.152 —j1.421)A_ or 1.82927—50.97°A 


(iii) If each source of e.m.f. is removed, the impedance, 
z, ‘looking in’ at a break made between A and B is 
given by 


= G+i42-J9) 
(3 +j4) + (2 —j5) 


= 5.282-3.76° Q or (5.269 —j0.346) 


(iv) From the Norton equivalent network shown in Fig- 
ure 33.55, the current is given by 


= 


_ ( 5.282—3.76° 
~ \(6 +78) + (5.269 — 70.346) 


) 1.8292~50.97° 


i.e. current in (6 +/8) Q impedance, 
i, =0.712 —88.91° A 


Isc 2 


Z, = (6+ /8)O 


Figure 33.55 


Problem 9. Use Norton’s theorem to determine the 
value of current J in the circuit shown in Figure 33.56. 


-{3.Q 


29 


sv 


3 2.82 


Figure 33.56 


(i) The branch containing the 2.8 Q resistor is short- 
circuited, as shown in Figure 33.57. 

(ii) The 3 Q resistor in parallel with a short-circuit is the 
same as 3 Q in parallel with 0 giving an equivalent 
impedance of (3 x 0)/(3+0)=0. Hence the net- 
work reduces to that shown in Figure 33.58, where 
Isc =5/2=2.5A 
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A 
Isc 
B 


Figure 33.57 


svi 
2 


D 
QQ 
Isc 
5 vi 


Giii) If the 5V source is removed from the network the 
input impedance, z, ‘looking-in’ at a break made in 
AB of Figure 33.57 gives z= (2 x 3)/(2+3)=1.22 
(see Figure 33.59). 


(tp = 
Zz 


Figure 33.59 


Figure 33.58 


(iv) The Norton equivalent network is shown in Fig- 
ure 33.60, where current J is given by 


j ( 1.2 Jes 3 
~ A 1.2 + (2.8 — 73) C= 73 


= 0.60236.87° A 
/ 
Isc =2.5A 3.0 
Z=1.20 
2.809 


Figure 33.60 


Problem 10. For the circuit shown in Figure 33.61 
determine the current flowing in the inductive branch 
by using Norton’s theorem. 


Figure 33.61 


(i) The inductive branch is initially short-circuited, as 
shown in Figure 33.62. 


Figure 33.62 


(ii) From Figure 33.62, 


I +l a eae 
SES ee a 3 


=13.3A 


(iii) If the voltage sources are removed, the impedance, 
z, ‘looking in’ at a break made in AB is given by 
zZ=(2x 3)/24+3)=122. 

(iv) The Norton equivalent network is shown in Fig- 
ure 33.63, where current J is given by 


ip : 16 
rr ie 
1.2+ 1.5 +j2.95 2.7 + j2.95 
= 4.0/—47.53°A or (2.7 —j2.95)A 


[2.95 


Figure 33.63 
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Problem 11. Use Norton’s theorem to determine the 
magnitude of the p.d. across the 1 Q resistance of the 
network shown in Figure 33.64. 


Figure 33.64 


(i) The branch containing the | Q resistance is initially 
short-circuited, as shown in Figure 33.65. 


49 
4Q Isc 


-j22 
ov 


Figure 33.65 


Gi) 4 Q in parallel with —j2 Q in parallel with 0 Q (i.e. the 
short-circuit) is equivalent to 0, giving the equivalent 
circuit of Figure 33.66. Hence Isc = 10/4=2.5A. 


+a | 


v(t 


Isc 


Figure 33.66 


(iii) The 10V source is removed from the network of 
Figure 33.64, as shown in Figure 33.67, and the 


Figure 33.67 


impedance z, ‘looking in’ at a break made in AB is 
given by 


~j-j+2 2-72 
z 4 4 -/2 —j4 4 


from which 


da. > Se TI) 8S 


8 
- = =(1-j)@ 
= ae eo. g ~a-s) 


(iv) The Norton equivalent network is shown in Fig- 
ure 33.68, from which current J is given by 


P= (4) (2.5) = 1.582-18.43° A 
d—jl)+1 


Figure 33.68 


Hence the magnitude of the p.d. across the 1&2 
resistor is given by 


IR = (1.58)(1) = 1.58V. 


Problem 12. For the network shown in Figure 33.69, 
obtain the Norton equivalent network at terminals AB. 
Hence determine the power dissipated in a 5 Q resistor 
connected between A and B. 


29 


Li 
-j3.Q 


2020° V 


Figure 33.69 
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(i) Terminals AB are initially short-circuited, as shown 
in Figure 33.70. 


/ 2Q -j(3.0 


4Q 
2020° V Isc 


{3.Q 


Figure 33.70 


(ii) The circuit impedance Z presented to the 2020° V 
source is given by 
_ 4+ 3)(-J3) _ gayle 
(44+ )3)+ (73) 4 


= (4.25 —j3)Q or 5.2022—35.22° Q 
Thus current J in Figure 33.70 is given by 


20Z0° 
= ——_____ = 3,845 735.22° A 
5.2022—35.22° ees 
Hence 
( (4 +3) 
Isc = Por 
(4+ 73) —j3 


= 4,806272.09° A 


) (3.845.235.22°) 


(iii) Removing the 200° V source of Figure 33.69 gives 
the network of Figure 33.71. 


20 j 
/3Q , 
42 
Zz 
(32 
0, 
Figure 33.71 


Impedance, z, ‘looking in’ at terminals AB is given by 
2(4 + j3) 

24+44)3 

= (1.467 — j2.733)Q or 3.1022—61.77° Q 


z=—j34 j3 + 1.491210.3° 


(iv) The Norton equivalent network is shown in Fig- 
ure 33.72. 


Norton equivalent circuit 


i 

1 
Igc = 4.806272.09° A 
| 


ae 
(1.467 - 2.733)Q 


B 
ec sae ht os eS ee le a 
Figure 33.72 
Current I ( eee (4.806.272.09°) 
urren = S 3 
© \1.467 — j2.733 +5 


= 2.123 233.23°A 
Hence the power dissipated in the 5&2 resistor is 


IPR = (2.123)°(5) = 22.5W 


Problem 13. Derive the Norton equivalent network 
with respect to terminals PQ for the network shown in 
Figure 33.73 and hence determine the magnitude of the 
current flowing in a 2 Q resistor connected across PQ. 


Figure 33.73 


This is the same problem as problem 7 on page 408 which 
was solved by Thévenin’s theorem. 
A comparison of methods may thus be made. 


(i) Terminals PQ are initially short-circuited, as shown 
in Figure 33.74. 
(4+ fy) 


Dh 


A P 
4Q 
j30 
B C Q 
Figure 33.74 
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Gi) Currents J; and J) are shown labelled. Kirch- P 
hoff’s laws are used. For loop ABCD, and moving Isc = 0.2252-56.47° A 
anticlockwise, ae 20 
10.50 + j0.833)2 
1020° = 54+ (44+ j3) + bh) - 
ie. (94+j34+(44+j3)h —10=0 (1) Figure 33.75 
For loop DPQC, and moving clockwise, 
10.20° — 5245° = 5k; — 8h Now try the following exercise. 
ie. 52) — 8lp + (5245° — 10) = 0 (2) 
Exercise 115 Further problems on Norton’s 
Solving Equations (1) and (2) by using determinants theorem 
gives 
1. Repeat problems 1 to 4 of Exercise 113, page 406 
qi —h using Norton’s theorem. 
(4 + j3) —10 (Or J3) —10 2. Repeat problems 1 to 3 of Exercise 114, page 410 
—8 (5245° — 10) 5 (5245° — 10) using Norton’s theorem. 
= I 3. Determine the current flowing in the 10 Q resis- 
(9 + j3) (4+j3) tance of the network shown in Figure 33.76 by using 
5 —8 Norton’s theorem. [3.13 A] 
from which 
_|O+)3) —10 
F 5 (5245° — 10) 
T0473) 4473) 
3 —8 
_ [9 + j3)(5245° — 10) + 50] Figure 33.76 
~ [=72 — j24 — 20 — 715] 
o 4. For the network shown in Figure 33.77, use 
ae [22.522146.50°] Norton’s theorem to determine the current flowing 
[99.925 Z—157.03°] in the 10 Q resistance. [1.08 A] 
= —0.225303.53° or —0.2252—56.47° 50 
Hence the short-circuit current 
Isc = 0.225 2—56.47° A flowing from P to Q. 
(iii) The impedance, z, ‘looking in’ at a break made 
between P and Q is given by 
z = (10.50 + j0.833) Q (see problem 7, page 408). 
(iv) The Norton equivalent circuit is shown in Fig- 


ure 33.75, where current J is given by 


( 10.50 + j0.833 
~ \ 10.50 +70.833 + 2 
=0.192—55.74° A 


) (0.225 2—56.47°) 


Hence the magnitude of the current flowing in the 
2 Q resistor is 0.19A 


Figure 33.77 


5. Determine for the network shown in Figure 33.78 
the Norton equivalent network at terminals AB. 
Hence determine the current flowing in a (2 + j4) Q 
impedance connected between A and B. 

Usc = 2.1852—43.96° A, 
Z= (2.40 + 1.47) Q; 0.88 A] 
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{ 1020° V 


-73.2 
49 
Bo (eee) 


Figure 33.78 


6. Repeat problems | to 10 of Exercise 108, page 378 
using Norton’s theorem. 


7. Repeat problem 2 and 3 of Exercise 109, page 383 
using Norton’s theorem. 


8. Repeat problem 3 to 6 of Exercise 110, page 390 


using Norton’s theorem. 


33.5 Thévenin and Norton equivalent networks 


It is seen in Sections 33.2 and 33.4 that when Thévenin’s 
and Norton’s theorems are applied to the same circuit, 
identical results are obtained. Thus the Thévenin and Nor- 
ton networks shown in Figure 33.79 are equivalent to each 
other. The impedance ‘looking in’ at terminals AB is the 
same in each of the networks, i.e. z. 


A 


A 
E Isc 


N 


(a) (b) 
Figure 33.79 Equivalent Thévenin and Norton circuits 


If terminals AB in Figure 33.79(a) are short-circuited, 
the short-circuit current is given by E/z. 

If terminals AB in Figure 33.79(b) are short-circuited, 
the short-circuit current is Isc. 


Thus Isc = E/z 


Figure 33.80 shows a source of e.m.f. E in series 
with an impedance z feeding a load impedance Z,. From 
Figure 33.80, 


rae BO) Se =( z )s 
e r4Z,. (+ZD/2 \z+Z.) z 


A 
I 
E 
2, 
Zz 
B 


z 
ie. Ip = Isc, from above. 
- (=) oe 


Figure 33.80 


From Figure 33.81 it can be seen that, when viewed 
from the load, the source appears as a source of current Isc 
which is divided between z and Z;, connected in parallel. 


Isc I 
te : 


Thus it is shown that the two representations shown in 
Figure 33.79 are equivalent. 


Figure 33.81 


Problem 14. (a) Convert the circuit shown in 
Figure 33.82(a) to an equivalent Norton network. 
(b) Convert the network shown in Figure 33.82(b) to 
an equivalent Thévenin circuit. 


A 
20 ul 
4Q 
B 
(a) 
A 
3A 
> De 
B 
(b) 


Figure 33.82 
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(a) If the terminals AB of Figure 33.82(a) are short cir- 
cuited, the short-circuit current, Isc =20/4=5A. 
The impedance ‘looking in’ at terminals AB is 4Q. 
Hence the equivalent Norton network is as shown in 
Figure 33.83(a). 


Iso =B A 


Figure 33.83 


(b) The open-circuit voltage E across terminals AB in Fig- 
ure 33.82(b) is given by E = (Isc)(z) = (3)(2) = 6 V. 
The impedance ‘looking in’ at terminals AB is 2 Q. 


Hence the equivalent Thévenin circuit is as shown in 
Figure 33.83(b). 


Problem 15. (a) Convert the circuit to the left of ter- 
minals AB in Figure 33.84 to an equivalent Thévenin 
circuit by initially converting to a Norton equiv- 
alent circuit. (b) Determine the magnitude of the 
current flowing in the (1.8+ 74) Q impedance con- 
nected between terminals A and B of Figure 33.84. 


Figure 33.84 


(a) For the branch containing the 12V source, con- 
version to a Norton equivalent network gives 
Isc, = 12/3=4A and z}=3Q. For the branch 


(b) 


containing the 24V source, conversion to a Nor- 
ton equivalent circuit gives Isc, = 24/2=12A and 
2=2Q. 


Figure 33.85 


Thus Figure 33.85 shows a network equivalent to Fig- 
ure 33.84. From Figure 33.85, the total short-circuit 
current is 4+ 12=16A, and the total impedance is 
given by (3 x 2)/(3 + 2) = 1.2 Q. Thus Figure 33.85 
simplifies to Figure 33.86. 


16A 


Figure 33.86 


The open-circuit voltage across AB of Figure 33.86, 
E=(16)(1.2)= 19.2 V, and the impedance ‘looking 
in’ at AB, z= 1.2 Q. Hence the Thévenin equivalent 
circuit is as shown in Figure 33.87. 


19.2 vl 


Figure 33.87 


When the (1.8 + j4) Q impedance is connected to ter- 
minals AB of Figure 33.87, the current J flowing is 
given by 


19.2 


ee By a 
(1.2+ 1.8 4/4) 


Hence the current flowing in the (1.8+/4)Q 
impedance is 3.84A 
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Problem 16. Determine, by successive conversions 
between Thévenin’s and Norton’s equivalent networks, 
a Thévenin equivalent circuit for terminals AB of 
Figure 33.88. Hence determine the magnitude of the 
current flowing in the capacitive branch connected to 
terminals AB. 


Figure 33.88 


For the branch containing the 5 V source, converting to 
a Norton equivalent network gives Isc =5/1000=5 mA 
and z= 1k. For the branch containing the 10 V source, 
converting to a Norton equivalent network gives 
Isc = 10/4000 = 2.5mA and z=4kQ. Thus the circuit 
of Figure 33.88 converts to that of Figure 33.89. 


Figure 33.89 


The two Norton equivalent networks shown in Fig- 
ure 33.89 may be combined, since the total short-circuit 
current is (5+ 2.5)=7.5 mA and the total impedance z 
is given by (1 x 4)/(1 +4) =0.8kQ. This results in the 
network of Figure 33.90. 


7.5 mA 


Figure 33.90 


Both of the Norton equivalent networks shown in 
Figure 33.90 may be converted to Thévenin equivalent 


circuits. Open-circuit voltage across CD is 
(7.5 x 1073)(0.8 x 10?) = 6V 


and the impedance ‘looking in’ at CD is 0.8kQ. Open- 
circuit voltage across EF is (1 x 10-3)(2 x 107) =2V 
and the impedance ‘looking in’ at EF is 2kQ. Thus 
Figure 33.90 converts to Figure 33.91. 


2Vv 


= —* 


2 kQ 
ov 


0.8 kQ 


Figure 33.91 


Combining the two Thévenin circuits gives e.mf. 
E=6—2=4V, and impedance z= (0.84 2)=2.8kQ. 
Thus the Thévenin equivalent circuit for terminals AB of 
Figure 33.88 is as shown in Figure 33.92. 


A 
av 


2.8 kQ 


Figure 33.92 


If an impedance (200 — j4000)Q is connected across 
terminals AB, then the current J flowing is given by 
4 4 


T= = 
2800 + (200 — j4000) 50002—53.13° 
= 0.80253.13° mA 
i.e. the current in the capacitive branch is 0.80 mA 


Problem 17. (a) Determine an equivalent Thévenin 
circuit for terminals AB of the network shown in Fig- 
ure 33.93. (b) Calculate the power dissipated in a 
(600 — j800)&2 impedance connected between A and 
B of Figure 33.93. 


OA 


2kQ 


o8 


Figure 33.93 
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(a) Converting the Thévenin circuit to a Norton network 


gives 
I 2 5 mA 5Z—90° mA and 
= =-jsmA or —90° mA an 
se 000 
z=jlkQ 


Thus Figure 33.93 converts to that shown in Fig- 
ure 33.94. The two Norton equivalent networks may 
be combined, giving 
Isc = 4+ 52Z—90° 

= (4 — j5) mA or 6.4032Z—51.34° mA 

_ OGD 


= (0.44 70.8)kQ or 


iO) 


0.894.763.43° kQ 


OA 


5Z-90°mA 


(ax 


Figure 33.94 


This results in the equivalent network shown in Fig- 
ure 33.95. Converting to an equivalent Thévenin 
circuit gives open circuit e.m.f. across AB, 


E — 
(6.403 x 1077 2—51.34°)(0.894 x 10°263.43°) 
= 5.724/12.09° V 
A 
(4 —/5) mA 
(0.4+j0.8) kQ 
B 
Figure 33.95 
and 


impedance z = 0.894763.43° kQ or (400 + 7800)& 


Thus the Thévenin equivalent circuit is as shown in 
Figure 33.96. 


When a (600 — j800)2 impedance is connected across 
AB, the current J flowing is given by 


oo 5.724Z12.09° 
~ (400 + 7800) + (600 — 7800) 
= 5.724212.09° mA 


(b 


wm 


5.724212.09° V 


(0.4 + j0.8) kQ 


Figure 33.96 


Hence the power P dissipated in the (600 — 7800) Q 
impedance is given by 


P=I°R= (5.724 x 1077)?(600) = 19.7mW 


Now try the following exercise. 


Exercise 116 Further problems on Thévenin and 
Norton equivalent networks 


1. Convert the circuits shown in Figure 33.97 to 
Norton equivalent networks. 
[(a) Isc =2.5A, 2=2 Q (b) Isc =2230°, z=5 Q] 


5V | f 1020" Vv 
20 59 
{a) (b) 
Figure 33.97 


2. Convert the networks shown in Figure 33.98 to 
Thévenin equivalent circuits. 
[(a) E = 20V, z=4Q; (b) E=12250°V, 


a—| 
Isc=5A 
40 
{a) 
Isc = 4Z50°A 

30 

(b) 

Figure 33.98 
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3. (a) Convert the network to the left of terminals 
AB in Figure 33.99 to an equivalent Thévenin 
circuit by initially converting to a Norton equiv- 
alent network. 


A 
rev | for Vv 280 
209 3.0 
{3.2 
B 
Figure 33.99 


(b) Determine the current flowing in the 
(2.8 —j3) Q impedance connected between A 
and B in Figure 33.99. 

[(a) E = 18 V, z=1.2 Q (b) 3.6A] 


4. Determine, by successive conversions between 
Thévenin and Norton equivalent networks, a 
Thévenin equivalent circuit for terminals AB of Fig- 
ure 33.100. Hence determine the current flowing in 
a(2 +j4) Q impedance connected between A and B. 

[E = 93 V, z=1Q; 1.872—53.13° A] 


2A 


aS oA 


49 
Fi fisy frov 


2Q 30 29 


——o B 


Figure 33.100 


5. Derive an equivalent Thévenin circuit for terminals 
AB of the network shown in Figure 33.101. Hence 
determine the p.d. across AB when a (3 + j4) kQ 
impedance is connected between these terminals. 

[E =4.822—41.63° V, z= (0.8 + j0.4) kQ; 
4.15 V] 


Figure 33.101 


6. For the network shown in Figure 33.102, derive 
(a) the Thévenin equivalent circuit, and (b) the 
Norton equivalent network. (c) A 6 Q resistance is 
connected between A and B. Determine the cur- 
rent flowing in the 6 Q resistance by using both the 
Thévenin and Norton equivalent circuits. 

[(a) E =6.712—26.57° V, z= (4.50 + j3.75) Q 
(b) Isc = 1.152—66.38°, z = (4.50 +j3.75) Q 
(c) 0.60 A] 


22 {5Q 
A 


Figure 33.102 
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Revision test 10 


This revision test covers the material contained in 
chapters 30 to 33. 


The marks for each question are shown in brackets at 


the end of each question. 


For the network shown in Figure RT10.1, determine the 
current flowing in each branch using: 


(a) Kirchhoff’s laws (10) 
(b) Mesh-current analysis (12) 
(c) Nodal analysis (12) 
(d) the superposition theorem (22) 
(e) Thévenin’s theorem (14) 


(f) Norton’s theorem (10) 


Demonstrate that each method gives the same value for 
each of the branch currents. 


1020° V 
j (3+ 4) Q 


52 


| C) Jeoco Vv 


Figure RT10.1 


(3—/4) Q 


34 Delta-star and star-delta transformations 


At the end of this chapter you should be able to: 


e recognize delta (or z) and star (or T) 
connections 


34.1 Introduction 


By using Kirchhoff’s laws, mesh-current analysis, nodal 
analysis or the superposition theorem, currents and volt- 
ages in many networks can be determined as shown in 
Chapters 30 to 32. Thévenin’s and Norton’s theorems, 
introduced in Chapter 33, provide an alternative method 
of solving networks and often with considerably reduced 
numerical calculations. Also, these latter theorems are 
especially useful when only the current in a particular 
branch of a complicated network is required. Delta-star 
and star-delta transformations may be applied in certain 
types of circuit to simplify them before application of 
circuit theorems. 


34.2 Delta and star connections 


The network shown in Figure 34.1(a) consisting of three 
impedances Za, Zp and Zc is said to be a-connected. 
This network can be redrawn as shown in Figure 34.1(b), 
where the arrangement is referred to as delta-connected 
or mesh-connected. 

The network shown in Figure 34.2(a), consisting 
of three impedances, Z;, Zz and Z3, is said to be 
T-connected. This network can be redrawn as shown in 
Figure 34.2(b), where the arrangement is referred to as 
star-connected. 


34.3. Delta-star transformation 


It is possible to replace the delta connection shown in Fig- 
ure 34.3(a) by an equivalent star connection as shown in 
Figure 34.3(b) such that the impedance measured between 
any pair of terminals (1—2, 2—3 or 3-1) is the same in star 
as in delta. The equivalent star network will consume the 
same power and operate at the same power factor as the 
original delta network. A delta-star transformation may 
alternatively be termed ‘z to T transformation’. 


e apply the delta-star and star-delta transformations 
in appropriate a.c. and d.c. networks 


3 2 


Figure 34.1 (a) z-connected network, (b) Delta- 
connected network 


F Z, 2 : 
PART 
2 
23 
3 
(a) 
1 
Z 
23 Zo 
3 2 
(b) 


Figure 34.2 (a) T-connected network, (b) Star- 
connected network 
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Za 2p 


Figure 34.3 


Considering terminals 1 and 2 of Figure 34.3(a), the 
equivalent impedance is given by the impedance Zz in 
parallel with the series combination of Z4 and Zc, 


Zp(Za + Zc) 
Zp+Za+Zc 


In Figure 34.3(b), the equivalent impedance between 
terminals 1 and 2 is Z, and Zp» in series, i.e. Z; + Zp 
Thus, 


Delta Star 
ZB(Z, Z 
Vanes 23Za + Zc) SF 4% (34.1) 
Zp+Za+Zc 


By similar reasoning, 


ZC(Za + Z 

23 = aan) =h+Z (34.2) 
Zc +Za+Zp 

and 
ZA(Zp + Z 

Fi IM 2 7 (34.3) 
Za +Zp+Zc 


Hence we have three simultaneous equations to be solved 
for Z,, Z2 and Z3. 

Equation (34.1) — equation (34.2) gives: 

ZaZp — ZaZc 
Zat+Zp+Zo 


Z| —Z3 (34.4) 


Equation (34.3) + equation (34.4) gives: 


2Z4ZB 


————— =27, 
Za +Zp+Zce 


ZaZp 


from which Z, = ——————— 
ZA + Zp + Ze 
Similarly, equation (34.2) — equation (34.3) gives: 


AWE 
Za+Zp+Zo 


Zn — Zi (34.5) 


Equation (34.1) + equation (34.5) gives: 


2ZBZC 


S97, 
Za +Zp+Ze 


Vary ee 


from which Z) = ————_— 
Za + Zp+ Ze 


Finally, equation (34.3) — equation (34.1) gives: 


VAT PAVE 
ee ear ea Zs (34.6) 
Za +Zp+Zce 


Equation (34.2) + equation (34.6) gives: 


2ZAZi 
a a IGS O74 
Za +Zp+Zce 
LAZ 
from which Z3 = eT 
Za +Zp+Zc 


Summarizing, the star section shown in Figure 34.3(b) 


is equivalent to the delta section shown in 
Figure 34.3(a) when 
ZAZ 
eo = (34.7) 
ZA+Zp+Ze 
ZpZ, 
Gi = ERG 2 (34.8) 
Zat+Zp+Zc 
ZAZ 
and yn (34.9) 
ZA+Zp+Ze 


It is noted that impedance Z, is given by the prod- 
uct of the two impedances in delta joined to terminal 
1 (ie. Za and Zg), divided by the sum of the three 
impedances; impedance Z2 is given by the product of 
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the two impedances in delta joined to terminal 2 (i.e. Zz 
and Zc), divided by the sum of the three impedances; 
and impedance Z3 is given by the product of the two 
impedances in delta joined to terminal 3 (i.e. Z4 and Zc), 


divided by the sum of the three impedances. 


Thus, for example, the star equivalent of the resistive 
delta network shown in Figure 34.4 is given by 


— GB) 
~ 24345 
— BG) 
~ 24345 


1 


2 


(2)G) 
23S 


and Z3= 


= 0.62 


=152 


=102 


Zo=5 2 


Figure 34.4 


Z4=20 Q 


Problem 1. Replace the delta-connected network 
shown in Figure 34.5 by an equivalent star connection. 


100 2g 


j10a 


Figure 34.5 


1F 


Ze=-/20 2 


Let the equivalent star network be as shown in Fig- 
ure 34.6. Then, from equation (34.7), 


7 ZZ 
~ Za+Zpt+Zc 


(20)(10 + j10) 


Z| 


~ 20-4 10 + j10 — j20 


_ (20)(10 + j10) 
~ (30 — 10) 
__ (20)(1.414.245°) 
~~ 31.627—18.43° 


= 8.944 63.43° Q or 


23 


Figure 34.6 


From equation (34.8), 
= ZpZc 
~~ Za+Zp+ Zc 


(10 + j10)(—j20) 
~~ 31.622 — 18.43° 


Zy 


(1.414245°)(202 — 90°) 


31.622 — 18.43° 
= 8.9447—26.57°2 or (8—j4)Q 


From equation (34.9), 

u ZZc 

~ Za +Zp+Ze 
(20)(—j20) 

~~ 31.622 — 18.43° 
(4002—90°) 

~ 31.622 — 18.43° 


Z3 


= 12.6502—71.57°2 or (4—j12)Q2 
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Problem 2. For the network shown in Figure 34.7, 
determine (a) the equivalent circuit impedance across 
terminals AB, (b) supply current J and (c) the power 
dissipated in the 10 Q resistor. 


Figure 34.7 


(a) The network of Figure 34.7 is redrawn, as in Figure 
34.8, showing more clearly the part of the network 
1, 2, 3 forming a delta connection. This may be 
transformed into a star connection as shown in 
Figure 34.9. 


Ag 
J8Q 


40L0°V 


Zo=j252 


40L0° v 


Figure 34.9 
From equation (34.7), 
a= ZAZB —— (j10)(715) 
NP Tp ete: OB Gls yoo 
_ (f10)(f15) 


oh 39 
(507 


(b) 


(c) 


From equation (34.8), 


ZpZc_—_ (j15))(j25) 


a= = - =j75Q 
Za +Zp+Ze j50 
From equation (34.9), 
ZAZc (j10)(j25) _ 
3= oa =j52 
Za +Zp+ Ze j50 


The equivalent network is shown in Figure 34.10 and 
is further simplified in Figure 34.11. 


Ao 


40L0° V 1002 


8 j750 ¥e) 


Figure 34.10 


Ao 


402.0° V (104/5) @ 


{75 


Figure 34.11 


(10 + j5)Q in parallel with —j5 Q gives an equivalent 
impedance of 

(10 + j5)(—/5) _ 
(10 + j5 —j5) 


(2.5 —j5)Q 


Hence the total circuit equivalent impedance across 
terminals AB is given by 
ZaB = (2.5 —j5) + j7.5 = (2.5 +j2.5)2 

or 3.54245°Q 


Supply current J = ee = meee 
ZAB 3.54245° 
=11.32-45°A 
Power P dissipated in the 10 Q resistance of Figure 


34.7 is given by (1,)7(10), where / (see Figure 34.11) 
is given by: 


(11.32—45°) 
j 


= 5.652—135°A 


Hence power P = (5.65)2(10) = 319 W 
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8)(40 
Problem3. Determine, for the bridge network shown A= aL =5Q (from equation (34.9)) 


in Figure 34.12, (a) the value of the single equivalent 8+ 16+ 40 
resistance that replaces the network between terminals The network of Figure 34.12 may thus be redrawn 


A and B, (b) the current supplied by the 52'V source, as shown in Figure 34.14. The 4 Q and 2 Q resis- 


and (c) the current flowing in the 8 & resistance. tances are in series with each other, as are the 1 Q 


and 5 resistors. Hence the equivalent network 
is as shown in Figure 34.15. The total equivalent 
resistance across terminals A and B is given by 


_ 66) 
(6) + (6) 


Figure 34.12 


(a) In Figure 34.12, no resistances are directly in par- 
allel or directly in series with each other. However, 
ACD and BCD are both delta connections and either 
may be converted into an equivalent star connec- 
tion. The delta network BCD is redrawn in Figure 
34.13(a) and is transformed into an equivalent star 
connection as shown in Figure 34.13(b), where 


Figure 34.14 


PART 
D é 3 
Zs Z, 
29 
B Figure 34.15 
(b) : : 
(b) Current supplied by the 52 V source, i.e. current J 
Figure 34.13 in Figure 34.15, is given by 
V 52 
Z| = 16540 22 (from equation (34.7)) ‘AB 


(c) From Figure 34.15, 
= 2 TIOEO) = 102 (from equation (34.8)) current I) = [6/(6 + 6)\() =2A, and 
8+ 16+ 40 current Jy = 2 A also. 
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From Figure 34.14, p.d. across AC, Vac = (1 )(4) = 
8 V and p.d. across AD, Vap = (/2)(1) = 2 V. Hence 
p.d. between C and D (ie. p.d. across the 8 Q 
resistance of Figure 34.12) is given by (8 — 2) = 6V. 


Thus the current in the 8 resistance is given by 
Vcp/8 = 6/8 =0.75A 


Problem 4. Figure 34.16 shows an Anderson bridge 
used to measure, with high accuracy, inductance Ly 
and series resistance Rx 


Figure 34.16 


(a) Transform the delta ABD into its equivalent 
star connection and hence determine the balance 
equations for Rx and Ly 


(b) If Ro =R3=1kQ, Rg =500 Q, R5 = 200 Q and 
C =2\F, determine the values of Rx and Ly at 
balance. 


(a) The delta ABD is redrawn separately in Figure 
34.17, together with its equivalent star connection 
comprising impedances Z), Zz and Z3. 

From equation (34.7), 


ims (Rs\JXc) —JR5Xc 
Rs —jXc+kR3  (R3 + Rs) —jXc 


From equation (34.8), 


ne (—jXc)(R3) = —jR3Xc 
Rs —jXc+R3  (R3 + Rs) —jXc 


From equation (34.9), 


R5R3 
2 = 
(R3 + Rs) — jXc 


The network of Figure 34.16 is redrawn with the 
star replacing the delta as shown in Figure 34.18, 
and further simplified in Figure 34.19. (Note that 


Za=Fes 


23 Z, 


2p 


Figure 34.17 


Figure 34.18 


Figure 34.19 


impedance Z; does not affect the balance of the 
bridge since it is in series with the detector.) 


At balance, 


(Rx + JXLy )(Z2) = (Ra)(Ra + Z3) 
from Chapter 27, 
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from which, Problem 5. For the network shown in Figure 34.20, 
determine (a) the current flowing in the (0+/j10)Q 
(Ry +jX1y) = Ror, +Z3)= RoRq 4 RoZ3 impedance, and (b) the power dissipated in the 
Z Zy LZ (20 +j0)& impedance. 
RoR, (2.5-/5)Q p (154/10) Q O 
—JR3Xc/(R3 + Rs) — jXc) 
R2(R5R3/((R3 + Rs) — jXc)) 
—JR3Xc/((R3 + 5) — jXc) 
. 1204.0" vl (20+0)Q 
_ RoR4a((R3 + Rs) — jXc) | RoRs3 
—jR3Xc —jR3Xc 
_ JR2R4(R3 + Rs) — jXc) , JR2Rs 
R3Xc ' Xe 
Figure 34.20 
; ; RoR4(R3 + Rs)  RoR4Xc 
ie. (Ry +jXL,) =2 


RsXc RaXc (a) The network may initially be simplified by trans- 
JR2Rs forming the delta PQR to its equivalent star con- 
+ Xc nection as represented by impedances Z;, Z and 


. : Z3 in Figure 34.21. From equation (34.7), 
Equating the real parts gives: 


(15 + j10)(25 — j5) 


A= 
Ry = RRs (15 +10) + (25 — j5) + (20 — j30) 
R3 (15 +j10)(25 — j5) 
Equating the imaginary parts gives: (60 — j25) 
18.03 233.69°)(25.507—11.31° 
ig = =‘ 652 = 62° 
Ly R3Xc T Xe LL; 
=7.072Z45°Q or (5+ j5)Q 
2 Ro R4R3 RoR4R5 RoR5 
ie. oly - 


~ R3(1/@C) | R30 /@C) | (1/@C) 


@CR2R4Rs5 
= wWCR2R4 + a + wCR2R5 
3 


(15+/10)Q 


R4R 
Hence Ly =R2C (a+ 2 2 +Rs) 
3 


(b) When Ro =R3 = 1kQ, R4 = 500 Q, Rs = 200 Q 
and C = 2 pF, then, at balance 


R2R4 ~—_(1000)(500) 


Ra= = = 5002 
R3 (1000) c z, Ze 
and 
RRs 
Lx = RoC | Ra + —— +Rs 
R3 
23 
3 (500)(200) 
= (1000)(2 x 107°) | 500 + —————_ + 200 
(1000)(2 x | apna) 
= 1.60H y 


Figure 34.21 


PART 


430 Electrical Circuit Theory and Technology 


From equation (34.8), 
(15 + j10)(20 — 730) 
(652 — 22.62°) 


_ (18.03233.69°)(36.062—56.31°) 
~ 652—22.62° 


=10.020° or (10+ j0)Q 


From equation (34.9), 
gm (25 — j5)(20 — 730) 
GSE = 22629) 


(25.502 — 11.31°)(36.062—56.31°) 
~ 65Z — 22.62° 


= 14.152 —45°Q or CO—j10)Q 


The network is shown redrawn in Figure 34.22 and 
further simplified in Figure 34.23, from which, 


(2.5-j5)o Z,=(5t/5)2 Zo~ (10+/0)Q 
<—{ =F = ° 
P Q 
Zy=(10-j10)Q 
> e] 
=i f : 
gi & 
(0+/10)Q 
$ 
Figure 34.22 
hy 7.50 ly 
ey ane 


12020° vt 100 30.2 


Figure 34.23 
12020° 
current 1; = 
7.5 + ((10)(30)/(10 + 30)) 
12 i 
ee 020 8A 
15 
tlh = | ——— ](8)=2A 
current [> (aaa) ® 
tl; = | ——— ](8)=6A 
current 13 (aaa) ® 


The current flowing in the (0+ j10) impedance 
of Figure 34.20 is the current /3 shown in Figure 
34.23, i.e. 6A 


(b) The power P dissipated in the (20+ j0)Q 
impedance of Figure 34.20 is given by 


P =13(20) = (2)?(20) =80W 


Now try the following exercise. 


Exercise 117 Further problems on delta-star 
transformations 


1. Transform the delta connected networks shown 
in Figure 34.24 to their equivalent star-connected 
networks. 

[(a) Z; = 0.4 Q, Zo =2 Q, Z3 =0.5 Q 
(b) Z;=—j100 Q, Z =j100 Q, Z3 = 100 Q] 


j100 © 


(b) 


Figure 34.24 


2. Transform the z network shown in Figure 34.25 to 
its equivalent star-connected network. 

[Z; =5.12278.35° Q, Zp = 6.822—26.65° Q, 

Z3 = 10.23Z—11.65° Q]) 


OES: 


Figure 34.25 


3. For the network shown in Figure 34.26 determine 
(a) current J, and (b) the power dissipated in the 
10 Q resistance. 

[(a) 7.32 Z 24.06° A (b) 668 W] 
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100L.0° Vv 10 


Figure 34.26 


4. A delta-connected network contains three 
242760°Q impedances. Determine the impedances 
of the equivalent star-connected network. 

[Each impedance = 860° Q] 


. For the a.c. bridge network shown in Figure 34.27, 
transform the delta-connected network ABC into 
an equivalent star, and hence determine the current 
flowing in the capacitor. [131 mA] 


Figure 34.27 


. For the network shown in Figure 34.28 transform 
the delta-connected network ABC to an equivalent 
star-connected network, convert the 35 A, 2 Q Nor- 
ton circuit to an equivalent Thévenin circuit and 
hence determine the p.d. across the 12.5 Q resistor. 

[31.25 V] 


Figure 34.28 


7. Transform the delta-connected network ABC 
shown in Figure 34.29 and hence determine the 
magnitude of the current flowing in the 20 


resistance. [4.47 A] 
ae (9) if Q jlo Q 
900° 73 ml - 20 & 
-}30 Q -/30 
@ 
Figure 34.29 


8. For the network shown in Figure 34.30 determine 
(a) the current supplied by the 80 2 0°V source, and 
(b) the power dissipated in the (2.00 —j0.916)Q 
impedance. [(a) 9.73 A (b) 98.6 W] 


(2.10-j0.40)Q (5+/2)0 


Figure 34.30 


34.4 Star-delta transformation 


It is possible to replace the star section shown in Figure 
34.31(a) by an equivalent delta section as shown in Fig- 
ure 34.31(b). Such a transformation is also known as a ‘T 
to z transformation’. 

From equations (34.7), (34.8) and (34.9), 


ZaZpZo + ZaZpZe + ZiZpZc 
(Za +Zp+Zcy 


ZAZpZc(Zp + Zc + Za) 
(Za +Zp+ Zcy* 


ZAZBZc 


Z\Zq + 2223 + 23Z, = 


pape Se 8 (34.10) 
(Za + Zp + Zc) 
Ley, BAe et Bz =F ZpZc 
1.€. = a 
142 243 34] ‘A ae ee a 


= Z,(Z2) 


from equation (34.8) 
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4 


Za Zp 


wo 
i) 


Figure 34.31 


Z\Z2 + ZoZ3 + Z3Z 


Hence Z,4 = Z, 
2 


From equation (34.10), 


LaZc 
Za + Zp+ Ze 
from equation (34.9) 


ZZ. + Z2)Z3 + Z3Z, = Zp ( ) = Zp(Z3) 


Z122 + 1223 + Z3Z1 
Z3 


Hence Zp= 


Also from equation (34.10), 


ZAZB 
Za +Zp+Zce 
from equation (34.7) 


ZZ. + 2Z3 + Z3Z; = Zo ( ) = Zc(Z1) 


Z\Zz + ZoZ3 + Z3Z\ 


Hence Zc= Z 
1 


Summarizing, the delta section shown in Figure 34.31(b) 
is equivalent to the star section shown in Figure 34.31 (a) 
when 


ZZ. + Z2Z3 4+ 23Z 
i= 142 +4223 + £341 (34.11) 
Z2 
ZZ. + Z2Z3 4+ 2Z3Z 
Tee 142 + 2243 + 2341 (34.12) 
Z3 
Z1Z2 + Z2Z3 4+ 2Z3Z 
and | Zo= eee (34.13) 
1 


It is noted that the numerator in each expression is the 
sum of the products of the star impedances taken in pairs. 
The denominator of the expression for Z4, which is con- 
nected between terminals 1 and 3 of Figure 34.31(b), is 
Z2, which is connected to terminal 2 of Figure 34.31(a). 
Similarly, the denominator of the expression for Zz 
which is connected between terminals | and 2 of Fig- 
ure 34.31(b), is Z3, which is connected to terminal 3 of 
Figure 34.31(a). Also the denominator of the expression 
for Z. which is connected between terminals 2 and 3 of 
Figure 34.31(b), is Z1, which is connected to terminal | of 
Figure 34.31(a). 

Thus, for example, the delta equivalent of the resistive 
star circuit shown in Figure 34.32 is given by: 


Zz (0.6)(1.5) + (1.5)(1.0) + (1.0)(0.6) 3.0 
bie _ = 


= =29, 
15 15 


Figure 34.32 
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Problem 6. Determine the delta-connected equiva- 
lent network for the star-connected impedances shown 
in Figure 34.33 


10 QD 200 


{52 


Figure 34.33 


Figure 34.34(a) shows the network of Figure 34.33 
redrawn and Figure 34.34(b) shows the equivalent delta 
connection containing impedances Z,4, Zg and Z,. 

From equation (34.11), 


z= Z|Z2 + Z)Z3 + 232, 


A D 
__ (10)(20) + (20)(j5) + (j5)C10) 
~ 20 
Ue ee (10 + 7.5) 


20 
From equation (34.12), 


7, _ 200 +150) _ (200 + j150) 
B= = 5 


Z3 p 
—}5(200 + 150 
— POOF IS) _ 39 — 740) 9 
25 
Z5=/5 Q 
Zz Zs 
(b) 
Figure 34.34 


From equation (34.13), 


(200+ j150) _ (200 +150) 


Z 
e Fi 10 


= (204/15) 2 


Problem 7. Three impedances, Z; = 10020°Q, 


Zp = 63.25218.43° Q and Z3 = 100Z—90°Q are con- 
nected in star. Convert the star to an equivalent delta 
connection. 


The star-connected network and the equivalent delta net- 
work comprising impedances Z,, Zg and Zc are shown in 
Figure 34.35. From equation (34.11), 
ZZy + ZhZ3 + Z3Z, 
2 
(10020°)(63.25218.43°) + (63.25218.43°)(1002—90°) 
+(1002—90°)(10020°) 
63.25218.43° 
63252 18.43° + 63252—71.57° + 100002—90° 
= 63.25218.43° 
6000 + 72000 + 2000 — 76000 — 710000 
- 63.252 18.43° 
8000 — 714000 16 124.52—60.26° 
~ 63.25218.43° ~~ 63.25.218.43° 
= 254.932—78.69°2 or (50 —j250)Q2 


LZ, = 


Z,=100L0° 2 


Z3=100L-90° Q Z,= 63.25418.43° QO 


ZA 2B 


Figure 34.35 
From equation (34.12), 


212. + 2223 + 232, 
= Zz 
16 124.57—60.26° 
~~ 1002—90° 
= 161.25229.74° 2 or (140+/j80)2 


ZB 
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From equation (34.13), 


ZZ, 4+ 2,234 2Z3Z, _ 16124.52—60.26° 
~— Zi 10020° 
= 161.252—60.26° 2 or (80 —j140)2 


Zc 


Now try the following exercise. 


Exercise 118 Further problems on star-delta 
transformations 


1. Determine the delta-connected equivalent net- 
works for the star-connected impedances shown in 
Figure 34.36 

[(a) Z\2 =18 Q, 203 =9 Q, 231 = 13-3122 
(b) Zj2 =(10 + j0) 2, Zo3 = (5 +5) Q, 
Z31 = (0 —j10)22] 


4Q 30 


Figure 34.36 


2. Change the T-connected network shown in Figure 
34.37 to its equivalent delta-connected network. 

[Z12 = 35.93 240.50° Q, 

Zo3 = 53.89Z—19.50° Q, 

Z31 = 26.952—49.50° Q] 


10L.0°0 20230°Q 


152-600 


Figure 34.37 


3. Three impedances, each of (2+ j3)Q, are con- 
nected in star. Determine the impedances of the 
equivalent delta-connected network. 

[Each impedance = (6 + j9)Q2] 


4. (a) Derive the star-connected network of three 
impedances equivalent to the network shown 


in Figure 34.38. 
(b) Obtain the delta-connected equivalent network 
for Figure 34.33. 
[(a) 5 Q, 6 Q, 3 Q (b) 21 Q, 12.6 Q, 10.5 Q] 
3.2 0 30 9.25 O 
5Q 
Figure 34.38 


35 Maximum power transfer theorems and 
impedance matching 


At the end of this chapter you should be able to: 


@ appreciate typical applications of the maximum 
power transfer theorem 

@ appreciate the conditions for maximum power trans- 
fer in a.c. networks 

e apply the maximum power transfer theorems to a.c. 
networks 


@ appreciate applications and advantages of impedance 
matching in a.c. networks 

e perform calculations involving matching transform- 
ers for impedance matching in a.c. networks 


35.1 Maximum power transfer theorems 


As mentioned in Section 13.9 on page 152, the maximum 
power transfer theorem has applications in stereo amplifier 
design, where it is necessary to maximise power delivered 
to speakers, and in electric vehicle design, where it is 
necessary to maximise power delivered to drive a motor. 

A network that contains linear impedances and one 
or more voltage or current sources can be reduced to a 
Thévenin equivalent circuit as shown in Chapter 33. When 
a load is connected to the terminals of this equivalent 
circuit, power is transferred from the source to the load. 

A Thévenin equivalent circuit is shown in Figure 35.1 
with source internal impedance, z= (r + jx)Q and com- 
plex load Z = (R+jX)Q. 


Figure 35.1 


The maximum power transferred from the source to the 
load depends on the following four conditions. 


Condition 1. Let the load consist of a pure variable resis- 
tance R (i.e. let X =0). Then current J in the load is 
given by: 


tes E 
~ (r+ R)+ jx 


E 
Vir + RY] +37] 
The active power P delivered to load R is given by 


and the magnitude of current, |J| = 


E°R 


P=(|I’?R= —_. 
Hl (r +R) + x2 


To determine the value of R for maximum power trans- 
ferred to the load, P is differentiated with respect to R 
and then equated to zero (this being the normal procedure 
for finding maximum or minimum values using calculus). 
Using the quotient rule of differentiation, 


Lgeres haan RY +27 ](1) — (RYQ)M(r + R) 
dR [7 +RP +227 


= 0 for a maximum (or minimum) value. 


For < to be zero, the numerator of the fraction must 
be zero. 

Hence (r +R) +x? —2R(r +R)=0 

ie. 9 7? +2rR+R? +x? —2Rr—2R?=0 


from which, r* + x? = R? (35.1) 


or R= Jr +x’) =(z| 


Thus, with a variable purely resistive load, the maximum 
power is delivered to the load if the load resistance R is 
made equal to the magnitude of the source impedance. 


Condition 2. Let both the load and the source impedance 
be purely resistive (i.e. let x=X=0). From equation 
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(35.1) it may be seen that the maximum power is trans- 


ferred when} R=r_ | (this is, in fact, the d.c. condition 


explained in Chapter 13, page 152) 


Condition 3. Let the load Z have both variable resistance 
R and variable reactance X. From Figure 35.1, 
E 
—________——- and 
(r+R)+ja~4+X) 
E 
VI + RP + +x)7] 


current J = 


II| 


The active power P delivered to the load is given by 
P =|I|?R (since power can only be dissipated in a resist- 
ance) i.e. 
EPR 
P — 
GRP + @ Faye 


If X is adjusted such that X = —x then the value of power 
is a maximum. 


2 
If X = —x then P= ee 
(r +R) 

dP e (r + R)2(1) — (R)(2)(r + R) 
dR (r+ R)* 

= 0 for a maximum value 
Hence (r +R) — 2R(r + R)=0 
ie. r? +2rR + R2 — 2Rr —2R? =0 
from which, r? —R*=Oand R=r 


Thus with the load impedance Z consisting of variable 
resistance R and variable reactance X, maximum power 


is delivered to the load when] X=—x and R=r | i.e. 


when R+jX =r —jx. Hence maximum power is deliv- 
ered to the load when the load impedance is the complex 
conjugate of the source impedance. 


Condition 4. Let the load impedance Z have variable 
resistance R and fixed reactance X. From Figure 35.1, 
the magnitude of current, 


E 


il Vir $RY2 404+ X)] 


and the power dissipated in the load, 
ER 
P= 
(r +R? +(e +X 
AP _ 2 [Ur RY + OFX) — MACHR 
dR [7+ RP + 4+XPP 


=0 fora maximum value 


Hence (r+ RY +(x +X) — 2R(r + R)=0 
r? + 2rR + R? + (x +X)? — 2Rr — 2R? =0 


from which, R? = r? + (x +X)? and 


R= Jr? +(x +X))] 


Summary 


With reference to Figure 35.1: 


1. When the load is purely resistive (i.e. X=0) and 
adjustable, maximum power transfer is achieved when 


R=(2|=J(r +x”) 


2. When both the load and the source impedance are 
purely resistive (ie. X=x=0), maximum power 


transfer is achieved when} R=r 


3. When the load resistance R and reactance X are both 
independently adjustable, maximum power transfer is 
achieved when 


X=-xandR=r 


4. When the load resistance R is adjustable with reactance 
X fixed, maximum power transfer is achieved when 


R= Jr? +(«+X)’] 


The maximum power transfer theorems are primarily 
important where a small source of power is involved — 
such as, for example, the output from a telephone system 
(see Section 35.2) 


Problem 1. For the circuit shown in Figure 35.2 
the load impedance Z is a pure resistance. Deter- 
mine (a) the value of R for maximum power to 
be transferred from the source to the load, and (b) 
the value of the maximum power delivered to R. 


E = 12040° vi 


Z = (15 + f/20)Q 


Figure 35.2 
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(a) From condition 1, maximum power transfer occurs 
when R = |z|, i.e. when 


R= |15 +j20| = /(15* + 207) = 252 


(b) Current J flowing in the load is given by 
I =E/Zr, where the total circuit impedance 
Zp =z+R=154+j204 25 
= (40 + j20) Q or 44.72 226.57°Q 


12020° 


—_—____. = 2.683 2-26.57° A 
44.72226.57° a 


Hence [= 


Thus maximum power delivered, P= / 2R 
= (2.683)*(25) 


= 180W 


Problem 2. Ifthe load impedance Z in Figure 35.2 of 
Problem 1 consists of variable resistance R and variable 
reactance X, determine (a) the value of Z that results 
in maximum power transfer, and (b) the value of the 
maximum power. 


(a) From condition 3, maximum power transfer occurs 
when X = —x and R=r. 
Thus if z=r+jx=(15+4+ j20) Q then 
Z=(15—j20)2 or 252—53.13°2 


(b) Total circuit impedance at maximum power transfer 
condition, Z7 =z+Z, ie. 


Zp = (15 + j20) + (15 — j20) = 302 


E 1202Z0° 
Hence current in load, J = — = ued 


=4Z0°A 
Zr 30 


and maximum power transfer in the load, 


P=R=(4) (15)=240W 


Problem 3. For the network shown in Figure 35.3, 
determine (a) the value of the load resistance 
R_ required for maximum power transfer, and 
(b) the value of the maximum power transferred. 


Figure 35.3 


(a) This problem is an example of condition 1, where 
maximum power transfer is achieved when R = |z|. 
Source impedance z is composed of a 100 Q resistance 
in parallel with a | \F capacitor. 


Capacitive reactance, Xc = 


2nfC 
1 
~~ 27(1000)(1 x 10-6) 
= 159.15Q 
Hence source impedance, 
(100)(—j159.15) 159.152—90° 


“(100 — 159.15) 187.962 — 57.86° 
= 84.672—32.14°Q or (71.69 — j45.04)Q 


Thus the value of load resistance for maximum power 
transfer is 84.67 & (i.e. |z|) 

(b) With z = (71.69 — j45.04)Q and R = 84.67 Q for max- 
imum power transfer, the total circuit impedance, 


Zr = 71.69 + 84.67 — j45.04 
= (156.36 — j45.04)2 or 162.727—16.07° Q 


Current flowing in the load, 7 = — 
T 
200Z0° 
~~ 162.722 — 16.07° 


= 1.23216.07° A 


Thus the maximum power transferred, 


P=I/?R=(1.23)?(84.67) =128W 


Problem 4. In the network shown in Figure 35.4 the 
load consists of a fixed capacitive reactance of 7 Q 
and a variable resistance R. Determine (a) the value 
of R for which the power transferred to the load is a 
maximum, and (b) the value of the maximum power. 


I 


6040° v{ 
R 
42 
-j70 
j109 : 
Figure 35.4 


PART 


438 Electrical Circuit Theory and Technology 


(a) From condition (4), maximum power transfer is 
achieved when 


R= J[r?+@4+XY]= J[4 + (10-7)7] 
= /(47 +3) =52 


6020° 6020° 
(b) Current J = - — = - 
(4+/710)+(5-—j7) (9+ 3) 
60Z0° 
= ——__— = 6,324/-18.43°A 
9.487 218.43° aS ao 


Thus the maximum power transferred, 


P=I°R=(6.324)"(5) = 200 W 


15 
= =2A 
R+r 3.75 +3.75 


Current J = 


Figure 35.7 


Thus the maximum power dissipated in the load, 


P=PR= (2)°(3.75) = 15 W 


Problem 5. Determine the value of the load resis- 
tance R shown in Figure 35.5 that gives maximum 
power dissipation and calculate the value of this power. 


Figure 35.5 


Using the procedure of Thévenin’s theorem (see 
page 400): 


(i) R is removed from the network as shown in 


Figure 35.6 
A 
20V 
15Q |E 
5Q 
B 
Figure 35.6 


(ii) P.d. across AB, E = (15/(15 + 5))(20) = 15V 
(iii) Impedance ‘looking-in’ at terminals AB with the 20 V 
source removed is given by r=(5 x 15)/(5+ 15) 
= 3.752 
(iv) The equivalent Thévenin circuit supplying terminals 
AB is shown in Figure 35.7. From condition (2), for 
maximum power transfer, R=r, i.e. R= 3.75 Q 


Problem 6. Determine, for the network shown in 
Figure 35.8, (a) the values of R and X that will result 
in maximum power being transferred across termin- 
als AB, and (b) the value of the maximum power. 


Figure 35.8 


(a) Using the procedure for Thévenin’s theorem: 


(i) Resistance R and reactance X are removed from 
the network as shown in Figure 35.9 


Figure 35.9 


(ii) P.d. across AB, 


_ ( 5+f10 

a (; +j10+5 
(11.18263.43°)(100.230°) 

= 14.14245° 

= 79.07248.43° V 


) (100230°) 
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(iii) With the 100230° V_ source removed the 
impedance, z, ‘looking in’ at terminals AB is 
given by: 

_ (5)(5 +10) 2 (5)(11.18263.43°) 
°"G454j10) (4.142459) 
= 3.953418.43°Q or (3.75 + /1.25)Q 


(iv) The equivalent Thévenin circuit is shown in 
Figure 35.10. From condition 3, maximum 
power transfer is achieved when X = —x and 
R=r, Le. in this case when X = —1.25 Q and 
R=3.75Q2 


F =79.07248.43 V @ f 


Z= (3.75 +f1.25)0 


Figure 35.10 


79.07 248.43° 
(b) Current / = 


E 
Z+Z (3.75 + j1.25) + (3.75 — 1.25) 
79.07 248.43° 
mi as 
= 10.543248.43°A 
Thus the maximum power transferred, 


P=lPR=(10.543)°(3.75) = 417 W 


Now try the following exercise. 


Exercise 119 Further problems on maximum 
power transfer theorems 


1. For the circuit shown in Figure 35.11 determine 
the value of the source resistance r if the max- 
imum power is to be dissipated in the 15 Q load. 
Determine the value of this maximum power. 

[r=9 Q, P= 208.4 W] 


E=10020°V 
1 kHz 


Figure 35.11 


2. In the circuit shown in Figure 35.12 the load 
impedance Zy is a pure resistance R. Determine 
(a) the value of R for maximum power to be trans- 
ferred from the source to the load, and (b) the value 
of the maximum power delivered to R. 

[(a) 11.18 Q (b) 151.1 W] 


E=8020° vt 


Z, 
Z=(10 -i9e 


Figure 35.12 


3. Ifthe load impedance Z,, in Figure 35.12 of problem 
2 consists of a variable resistance R and variable 
reactance X, determine (a) the value of Z, which 
results in maximum power transfer, and (b) the 
value of the maximum power. 

[(a) (10 +5) 2 (b) 160 W] 


4. For the network shown in Figure 35.13 determine 
(a) the value of the load resistance Ry, required for 
maximum power transfer, and (b) the value of the 
maximum power. [(a) 26.83 Q (b) 35.4 W] 


E=6020°V Di 
500 Hz 


15.92 WF 
4.77 mH 


Figure 35.13 


5. Find the value of the load resistance Ry, shown in 
Figure 35.14 that gives maximum power dissipa- 
tion, and calculate the value of this power. 

[Rr =2.1Q, P=23.3 W] 


Figure 35.14 
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6. For the circuit shown in Figure 35.15 determine 
(a) the value of load resistance Ry which results in 
maximum power transfer, and (b) the value of the 
maximum power. [(a) 16 Q (b) 48 W] 


Figure 35.15 


7. Determine, for the network shown in Figure 35.16, 
(a) the values of R and X which result in maximum 
power being transferred across terminals AB, and 
(b) the value of the maximum power. 

[(a) R= 1.706 Q, X =0.177 Q (b) 269 W] 


A 
Oo 
50240° V! f 
8Q R 
29 

eee 

O 

B 

Figure 35.16 


8. A source of 12020° V and impedance (5 + j3)Q 
supplies a load consisting of a variable resistor R 
in series with a fixed capacitive reactance of 8 Q. 
Determine (a) the value of R to give maximum 
power transfer, and (b) the value of the maximum 
power. [(a) 7.07 Q (b) 596.5 W] 


9. If the load Z, between terminals A and B of 
Figure 35.17 is variable in both resistance and reac- 
tance determine the value of Zz such that it will 
receive maximum power. Calculate the value of the 
maximum power. 

[R = 3.47 Q, X = —0.93 Q, 13.6 W] 


A 


(Df 
8040" VI e 
eal | fl. 
== 20) 


is a3 (Dsoz20! Vv 


——— SSS 
B 


Figure 35.17 


10. For the circuit of Figure 35.18, determine the value 

of load impedance Z, for maximum load power if 

(a) Z_ comprises a variable resistance R and vari- 

able reactance X, and (b) Z; is a pure resistance R. 
Determine the values of load power in each case 

[(a) R= 0.80 Q, X = —1.40 Q, P=225W 

(b) R= 1.61 Q, P= 149.2 W] 


=/2@) (32 


3040 V f 4Q A, 


Figure 35.18 


35.2 Impedance matching 


It is seen from Section 35.1 that when it is nec- 
essary to obtain the maximum possible amount of 
power from a source, it is advantageous if the cir- 
cuit components can be adjusted to give equality of 
impedances. This adjustment is called ‘impedance 
matching’ and is an important consideration in electronic 
and communications devices which normally involve 
small amounts of power. Examples where matching 
is important include coupling an aerial to a trans- 
mitter or receiver, or coupling a loudspeaker to an 
amplifier. Also, the importance of matching a load to a 
source for maximum power transfer is extremely impor- 
tant in microwaves, as well as all manner of lower 
frequency applications such as electrical generating plants 
and solar cells. 

The mains power supply is considered as infinitely 
large compared with the demand upon it, and under such 
conditions it is unnecessary to consider the conditions 
for maximum power transfer. With transmission lines 
(see Chapter 44), the lines are ‘matched’, ideally, i.e. 
terminated in their characteristic impedance. 

With d.c. generators, motors or secondary cells, the 
internal impedance is usually very small and in such cases, 
if an attempt is made to make the load impedance as 
small as the source internal impedance, overloading of 
the source results. 

A method of achieving maximum power transfer 
between a source and a load is to adjust the value of the 
load impedance to match the source impedance, which 
can be done using a ‘matching-transformer’. 

A transformer is represented in Figure 35.19 supplying 
a load impedance Z;. 

Small transformers used in low power networks are 
usually regarded as ideal (i.e. losses are negligible), such 
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Primary fy 


Figure 35.19 Matching impedance by means of a 
transformer 


that 
“uM hb 
V2 No 
From Figure 35.19, the primary input impedance |z| is 


given by 


Iz] = 


Vi _ (N1/Na)V2 _ (My V2 
q (N2/Ni)l2 Ny} Ih 


Since the load impedance |Zz,| = V2/Iz 


N 2 
Iz] = (=) VA (35.2) 


If the input impedance of Figure 35.19 is purely resistive 
(say, r) and the load impedance is purely resistive (say, 
Ry, ) then equation (35.2) becomes 


2 
r= (=) R, (35.3) 


(This is the case introduced in Section 20.10, page 249). 
Thus by varying the value of the transformer turns ratio, 
the equivalent input impedance of the transformer can 
be ‘matched’ to the impedance of a source to achieve 
maximum power transfer. 


Problem 7. Determine the optimum value of load 
resistance for maximum power transfer if the load is 
connected to an amplifier of output resistance 448 Q 
through a transformer with a turns ratio of 8:1 


The equivalent input resistance r of the transformer must 
be 448 Q for maximum power transfer. From equation 
(35.3), r=(N,/N2)?R, , from which, load resistance 
Rr =r(No/N1)* = 4481/8" =72 


Problem 8. A generator has an output impedance of 
(450 + j60)&. Determine the turns ratio of an ideal 
transformer necessary to match the generator to a load 
of (40 + j19)Q for maximum transfer of power. 


Let the output impedance of the generator be z, 
where z= (450+ j60)Q or 453.9877.59° Q, and the 
load impedance be Z,, where Z,=(40+ j19)Q or 
44.28225.41° Q. From Figure 35.19 and equation (35.2), 
z= (N\/N2)*Zz. Hence 


~ (Mm | Zz i 453.98 
transformer turns ratio _ = 
No ZL 44.28 


= ./(10.25) = 3.20 


Problem 9. A single-phase, 240V/1920V_ ideal 
transformer is supplied from a 240V source through 
a cable of resistance 5 Q. If the load across the sec- 
ondary winding is 1.60 kQ determine (a) the primary 
current flowing, and (b) the power dissipated in the 
load resistance. 


The network is shown in Figure 35.20. 


j, Ar = 82 


Load 
AR, = 1.60 kQ 


Figure 35.20 


Ny Vi 240 1 
Nz V2 1920 8 
Equivalent input resistance of the transformer, 


=(7 a =(; “GeO =088 
any ee ~ 


Total input resistance, Rijn = Ri t+r=5+25=30Q. 
Hence the primary current, 
Ty = V, /Rin = 240/30 =8A 


(a) Turns ratio, 


: Yuh 
(b) For an ideal transformer, — = — 
YM Nh 
f Heh bane SS La ge 
rom which, J) = —)= —)= 
2 ONY, 1920 


Power dissipated in the load resistance, 


P=[5R, = (1)°(1600) = 1.6 kW 
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Problem 10. An a.c. source of 3020° V and internal 
resistance 20 kQ is matched to a load by a 20:1 ideal 
transformer. Determine for maximum power transfer 
(a) the value of the load resistance, and (b) the power 
dissipated in the load. 


The network diagram is shown in Figure 35.21. 


A.C. source 


Figure 35.21 


(a) 


(b) 


For maximum power transfer, 7; must be equal to 


20 kQ2. From equation (35.3), 71) = (Nj /N2yY°Ri from 


which, 


2; 
draco = (20 000) i 
Oadresistance ny =r} M = 0 


=502 
The total input resistance when the source is con- 
nected to the matching transformer is (r+), Le. 
20kQ + 20kQ = 40kQ. Primary current, 


I, = V/40 000 = 30/40 000 = 0.75 mA 
N Ni 


L 
Sha front which, h =I | — 
Ny | N2 


20 
= (0.75 x 1073) (7) 
=15mA 


Power dissipated in load resistance Ry is given by 
P = I2R, = (15 x 1077)*(50) 
= 0.01125 W or 11.25 mW 


2 


Now try the following exercise. 


Exercise 120 Further problems on impedance 
matching 


1. The output stage of an amplifier has an output resist- 
ance of 144 Q. Determine the optimum turns ratio 
of a transformer that would match a load resistance 
of 9 Q to the output resistance of the amplifier for 
maximum power transfer. [4:1] 


2. Find the optimum value of load resistance for max- 
imum power transfer if a load is connected to 
an amplifier of output resistance 252 Q through a 
transformer with a turns ratio of 6:1 [7 Q] 


3. A generator has an output impedance of 
(300 + j45)Q. Determine the turns ratio of an 
ideal transformer necessary to match the generator 
to a load of (87+ 19)Q for maximum power 
transfer. [2.70] 


4. A single-phase, 240 V/2880 V ideal transformer is 
supplied from a 240V source through a cable of 
resistance 3.5 Q. If the load across the secondary 
winding is 1.8k&2, determine (a) the primary cur- 
rent flowing, and (b) the power dissipated in the 
load resistance. [(a) 15 A (b) 2.81 kW] 


5. An a.c. source of 200° V and internal resistance 
10.24 kQ is matched to a load for maximum power 
transfer by a 16:1 ideal transformer. Determine 
(a) the value of the load resistance, and (b) the power 
dissipated in the load. 

[(a) 40 Q (b) 9.77 mW] 


Revision test 11 


This revision test covers the material in chapters 
34 and 35. 


The marks for each question are shown in brackets at 
the end of each question. 
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1. Determine the delta-connected equivalent network 
for the star-connected impedances shown in Fig- 
ure RT11.1 (9) 


Figure RT11.3 


3. If the load impedance Z in Figure RT11.4 consists of 
variable resistance and variable reactance, find (a) the 
value of Z that results in maximum power transfer, and 


(b) the value of the maximum power. (6) 
10020° vf @ 
Z 
(44/3) 2 | 
Figure RT11.1 
2. Transform the delta-connection in Figure RT11.2 to Figure RT11.4 
it’s equivalent star connection. Hence determine for PART 
the network shown in Figure RT11.3 4. Determine the value of the load resistance R in Fig- 
(a) the total circuit impedance ure RT11.5 that gives maximum power dissipation and 3 
(b) the current I calculate the value of power. (9) 
(c) the current in the 20 Q resistor “ 
(d) the power dissipated in the 20 Q resistor. (17) 
50 vf @ 
402 R 
| ' f40Q 102 
| | 
e 
Figure RT11.5 
—j200 0 ; 
—~j200 5. Ana.c. source of 100° V and internal resistance 5 kQ 


is matched to a load for maximum power transfer by 
a 5:1 ideal transformer. Determine (a) the value of the 


load resistance, and (b) the power dissipated in the 
Figure RT11.2 load. (9) 


36 Complex waveforms 


At the end of this chapter you should be able to: 


e define a complex wave 

@ recognize periodic functions 

e recognize the general equation of a complex 
waveform 

e use harmonic synthesis to build up a complex wave 

e recognize characteristics of waveforms containing 
odd, even or odd and even harmonics, with or 
without phase change 

e determine Fourier series for simple functions 


e calculate rm.s. and mean values, and form factor of 
a complex wave 

e calculate power associated with complex waves 

e perform calculations on single-phase circuits con- 
taining harmonics 

e define and perform calculations on harmonic 
resonance 

e list and explain some sources of harmonics 


36.1 Introduction 


In preceding chapters a.c. supplies have been assumed to 
be sinusoidal, this being a form of alternating quantity 
commonly encountered in electrical engineering. How- 
ever, many supply waveforms are not sinusoidal. For 
example, sawtooth generators produce ramp waveforms, 
and rectangular waveforms may be produced by multi- 
vibrators. A waveform that is not sinusoidal is called a 
complex wave. Such a waveform may be shown to be 
composed of the sum of a series of sinusoidal waves 
having various interrelated periodic times. 

A function f(f) is said to be periodic if f(t + T)=f(t) 
for all values of t, where T is the interval between two suc- 
cessive repetitions and is called the period of the function 
f(t). A sine wave having a period of 277/w is a familiar 
example of a periodic function. 

A typical complex periodic-voltage waveform, shown 
in Figure 36.1, has period T seconds and frequency f hertz. 
A complex wave such as this can be resolved into the sum 
of a number of sinusoidal waveforms, and each of the 
sine waves can have a different frequency, amplitude and 
phase. 

The initial, major sine wave component has a frequency 
f equal to the frequency of the complex wave and this fre- 
quency is called the fundamental frequency. The other 
sine wave components are known as harmonics, these 
having frequencies which are integer multiples of fre- 
quency f. Hence the second harmonic has a frequency 
of 2f, the third harmonic has a frequency of 3, and so 
on. Thus if the fundamental (i.e. supply) frequency of a 
complex wave is 50 Hz, then the third harmonic frequency 
is 150 Hz, the fourth harmonic frequency is 200 Hz, and 
so on. 


ideal 
vv) 


Periodic time, T =F 


Figure 36.1 Typical complex periodic voltage waveform 


36.2 The general equation for a complex 
waveform 


The instantaneous value of a complex voltage wave v act- 
ing in a linear circuit may be represented by the general 
equation 


v = Vy sin(@t + Vy) + Vom sin2ot + V2) 
+--+ + Vim sin(n ot + V,,)volts (36.1) 


Here Vj, sin(wt + VY) represents the fundamental com- 
ponent of which Vj,, is the maximum or peak value, 
frequency, f = w/27 and W; is the phase angle with respect 
to time, t= 0. 

Similarly, V2, sin(Qwt+ 2) represents the second 
harmonic component, and Vnm sin(nwt + V,) represents 
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the nth harmonic component, of which V,,, is the peak 
value, frequency =nw/27(=nf) and YW, is the phase 
angle. 

In the same way, the instantaneous value of a complex 
current i may be represented by the general equation 


i= sin(@t + 61) + Lom sinZet + 62) 
+--+ +]nm sin(n ot + 0,)amperes (36.2) 


Where equations (36.1) and (36.2) refer to the voltage 
across and the current flowing through a given linear cir- 
cuit, the phase angle between the fundamental voltage and 
current is ¢; = (W, — 61), the phase angle between the sec- 
ond harmonic voltage and current is @2 = (Wz — 62), and 
so on. 

It often occurs that not all harmonic components are 
present in a complex waveform. Sometimes only the fun- 
damental and odd harmonics are present, and in others 
only the fundamental and even harmonics are present. 

The following worked problems help introduce com- 
plex waveform equations and revise a.c. values from 
chapter 14. 


Problem 1. A complex voltage wave is given by: 
v= 200 sin 100zt + 80 sin 300zt + 40 sin S00zt volts 


Determine (a) which harmonics are present, (b) the 
r.m.s. value of the fundamental, (c) the frequency of the 
fundamental, (d) the periodic time of the fundamental, 
(e) the frequencies of the harmonics. 


(a) The first term, or fundamental, 200 sin 100z?, has 
@, = 100z rad/s and maximum value 200 V. The sec- 
ond term, 80sin300zt, has an angular velocity of 
300z rad/s, which is three times that for the funda- 
mental. 


Hence, 80 sin 300zt is the third harmonic term. 
Similarly, 40 sin 500z¢ is the fifth harmonic term. 
(b) R.m.s. value of the fundamental = 0.707 x 200 


= 141.4V 
100 

(c) Frequency of fundamental, f| = 2h a = s0nz 
20 20 


1 1 
(d) Periodic time of fundamental, T= — = — =0.02s 


fi 50 
or 20 ms 
(e) Frequency of third harmonic=3 x 50=150Hz 
300 
(or = ae 150 Hz) 


IU 
Frequency of fifth harmonic = 5 x 50 = 250 Hz 


Problem 2. A complex current wave is repre- 
sented by: 


i= 60 sin 240m + 24 sin (480z1 = 4) 


+15 sin (72070 + =) mA 
Determine (a) the frequency of the fundamental, (b) the 
percentage second harmonic, (c) the percentage third 
harmonic, (d) the r.m.s. value of the second harmonic, 
(e) the phase angles of the harmonic components, and 
(f) mean value of the third harmonic. 


Since 480 is twice 240, and 720 is three times 240, the 
harmonics present in the given wave are the second and 
third. 


240. 
(a) Frequency of fundamental, f) = = = 120 Hz 
1 


(b) Percentage second harmonic means expressing the 
maximum value of the second harmonic as a percent- 
age of the maximum value of the fundamental, 


24 
Le. percentage second harmonic = 60 x 100% 
as 40% 
(c) Percentage third harmonic = 60 x 100% = 25% 


(d) R.m.s value of second harmonic = 0.707 x 24 
= 16.97mA 


(e) The second harmonic has a phase angle of : rad 
lagging (or 45° lagging) 
The third harmonic has a phase angle of _ rad 


leading (or 60° leading) 
(f) Mean or average value of third harmonic 
= 0.637 x 15=9.56mA 


Now try the following exercise. 


Exercise 121 Further problems on the equation 
of a complex waveform 


1. A complex voltage wave is given by: 
v= 150 sin 200zt + 60 sin 400zt 
+30 sin 800zt volts 


Determine (a) which harmonics are present, (b) the 
rm.s. value of the fundamental, (c) the frequency 
of the fundamental, (d) the periodic time of the fun- 
damental, and (e) the frequencies of the harmonics. 
[(a) 2nd and 4th (b) 106.1 V (c) 100 Hz 

(d) 10 ms (e) 200 Hz, 400 Hz] 
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2. A complex current wave is represented by: 


0 sin60n7 en (48072 a =) 
r ms 
+2 sin (80071 — = A 


Determine (a) the frequency of the fundamental, 
(b) the percentage third harmonic, (c) the percent- 
age fifth harmonic, (d) the r.m.s. value of the third 
harmonic, (e) the phase angles of the harmonic 
components, and (f) the mean value of the fifth 
harmonic. [(a) 80 Hz (b) 40% OMe (d) 5.656A 


(e) 3rd harmonic leading by 5 rad (i.e. leading 
by 90°), 5th harmonic lagging by : rad 
(i.e. lagging by 36°) (f) 1.274A] 


3. A complex waveform comprises a fundamental 
voltage with a peak value of 30 V and a frequency of 
400 Hz together with a 3rd harmonic having a peak 
value of 12 V leading by 60°. Write down an expres- 
sion for the instantaneous value of the complex 
voltage. [30 sin 800zt + 12 sin(2400zt + 27/3)] 


36.3 Harmonic synthesis 


Harmonic analysis is the process of resolving a complex 
periodic waveform into a series of sinusoidal components 
of ascending order of frequency. Many of the wave- 
forms met in practice can be represented by mathematical 
expressions similar to those of equations (36.1) and (36.2), 
and the magnitude of their harmonic components together 
with their phase may be calculated using Fourier series 
(see Sections 36.4 and 36.5). Numerical methods are 
used to analyse waveforms for which simple mathemati- 
cal expressions cannot be obtained. A numerical method 
of harmonic analysis is explained in Chapter 37. In a 
laboratory, waveform analysis may be performed using 
a waveform analyser which produces a direct readout of 
the component waves present in a complex wave. 

By adding the instantaneous values of the fundamental 
and progressive harmonics of a complex wave for given 
instants in time, the shape of a complex waveform can 
be gradually built up. This graphical procedure is known 
as harmonic synthesis (synthesis meaning ‘the putting 
together of parts or elements so as to make up a complex 
whole’). 

A number of examples of harmonic synthesis will now 
be considered. 


Example 1 


Consider the complex voltage expression given by 


vq = 100 sin wt + 30 sin 3wt volts 


100 LUE HH Ht 
Ya = 1008in wt + 30 sin 3 et 
Voltage ae 
v(V) 100 sin wt 
50 Ht 
30sin 30 ||| 
30 ttt TT TTT TT I 
il Ts 
or 7 17 | 7 3T Time t (s} 
12 4 2 iT | ral 
-30 PPT 
—so HH te 


-100 
TTT 


Figure 36.2 


The waveform is made up of a fundamental wave of 
maximum value 100V and frequency, f = «/2z7 hertz 
and a third harmonic component of maximum value 30 V 
and frequency = 3a/27( = 3f), the fundamental and third 
harmonics being initially in phase with each other. Since 
the maximum value of the third harmonic is 30V and 
that of the fundamental is 100 V, the resultant waveform 
Uq is said to contain 30/100, i.e. ‘30% third harmonic’. 
In Figure 36.2, the fundamental waveform is shown by the 
broken line plotted over one cycle, the periodic time being 
2x/w seconds. On the same axis is plotted 30 sin 3wt, 
shown by the dotted line, having a maximum value of 
30V and for which three cycles are completed in time 
T seconds. At zero time, 30sin3wt is in phase with 
100 sin wt. 

The fundamental and third harmonic are combined by 
adding ordinates at intervals to produce the waveform for 
Vg as shown. For example, at time T/12 seconds, the fun- 
damental has a value of 50V and the third harmonic a 
value of 30V. Adding gives a value of 80V for wave- 
form vg, at time 7/12 seconds. Similarly, at time 7/4 
seconds, the fundamental has a value of 100 V and the 
third harmonic a value of —30 V. After addition, the resul- 
tant waveform vu, is 70V at time 7/4. The procedure is 
continued between t = 0 and t = T to produce the complex 
waveform for vg. The negative half cycle of waveform v,g 
is seen to be identical in shape to the positive half cycle. 


Example 2 


Consider the addition of a fifth harmonic component to 
the complex waveform of Figure 36.2, giving a resultant 
waveform expression 


vp = 100 sin wt + 30 sin 3@t + 20 sin 5wt volts 


Figure 36.3 shows the effect of adding (100 sin wt + 
30 sin 3wt) obtained from Figure 36.2 to 20 sin Swt. The 
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shapes of the negative and positive half cycles are still 
identical. If further odd harmonics of the appropriate 
amplitude and phase were added to vp, a good approx- 
imation to a square wave would result. 


Example 3 


Consider the complex voltage expression given by 
Ye = 100sin of + 30sin (3r + 5) volts 


This expression is similar to voltage vg in that the peak 
value of the fundamental and third harmonic are the same. 
However the third harmonic has a phase displacement of 
m/2 radian leading (i.e. leading 30 sin 3wt by 2/2 radian). 
Note that, since the periodic time of the fundamental is 
T seconds, the periodic time of the third harmonic is T/3 
seconds, and a phase displacement of 7/2 radian or i 
cycle of the third harmonic represents a time interval of 
(T/3) = 4, i.e. T/12 seconds. 

Figure 36.4 shows graphs of 100sinwt and 
30 sin(3wt + (7/2)) over the time for one cycle of the fun- 
damental. When ordinates of the two graphs are added at 
intervals, the resultant waveform v; is as shown. The shape 
of the waveform v, is quite different from that of wave- 
form vg shown in Figure 36.2, even though the percentage 
third harmonic is the same. If the negative half cycle in 
Figure 36.4 is reversed it can be seen that the shape of the 
positive and negative half cycles are identical. 


Example 4 
Consider the complex voltage expression given by 
v4 = 100 sin of + 30 sin (301 — 5) volts 


The fundamental, 100 sin wt, and the third harmonic com- 
ponent, 30 sin(3wt — (7/2)), are plotted in Figure 36.5, the 
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latter lagging 30 sin 3wt by 2/2 radian or T/12 seconds. 
Adding ordinates at intervals gives the resultant waveform 
vq as shown. The negative half cycle of vg is identical in 
shape to the positive half cycle. 


Example 5 


Consider the complex voltage expression given by 
Ve = 100 sin wt + 30 sin(3@t + 7) volts 


The fundamental, 100sinwf, and the third harmonic 
component, 30sin(3@t+z), are plotted as shown in 
Figure 36.6, the latter leading 30 sin 3wt by z radian or 
T/6 seconds. Adding ordinates at intervals gives the resul- 
tant waveform v, as shown. The negative half cycle of vu. 
is identical in shape to the positive half cycle. 
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Example 6 


Consider the complex voltage expression given by 
a 
ve = 100 sin wt — 30 sin (Bot + 5) volts 


The phasor representing 30 sin(3@t + (z/2)) is shown in 
Figure 36.7(a) at time t=0. The phasor representing 
—30 sin(3wt + (27/2)) is shown in Figure 36.7(b) where 
it is seen to be in the opposite direction to that shown in 
Figure 36.7(a). 
—30 sin(3et + (2/2)) is the same as 30 sin(3@t — (71/2)). 


Thus 


. . cra 
vf = 100 sin wt — 30 sin (Ber + =) 


= 100sinwt + 30sin (3er = =) 


jg=10sinet + 4 sin2 wt 
ve maul 
10 TT ae Tt 
Ps 10 sin wf 
Current theaty 
H(A) Pett at iM 
N t 4 sin2 wet hy 
NY 14 +44 +44 4+ 
ati trrb| F 
cM iki HT 1 
rH HST 
a. Hyatt r 
uy Time t 
tI rr ime t (s} 
I 2 
-4 + Joie) 
LY N 
Pett tt 1 p++ 
Lt ai 
au aa a 
NAM TT i TENS if 
Figure 36.8 


The waveform representing this expression has already 
been plotted in Figure 36.5. 


General conclusions on examples 1 to 6 


Whenever odd harmonics are added to a fundamental 
waveform, whether initially in phase with each other or 
not, the positive and negative half-cycles of the resultant 
complex wave are identical in shape (i.e. in Figures 36.2 
to 36.6, the values of voltage in the third quadrant — 
between 7/2 seconds and 37/4 seconds — are identical 
to the voltage values in the first quadrant — between 0 
and T/4 seconds, except that they are negative, and the 
values of voltage in the second and fourth quadrants are 
identical, except for the sign change). This is a feature 
of waveforms containing a fundamental and odd harmon- 
ics and is true whether harmonics are added or subtracted 
from the fundamental. 

From Figures 36.2 to 36.6, it is seen that a waveform 
can change its shape considerably as a result of changes 
in both phase and magnitude of the harmonics. 


Example 7 


Consider the complex current expression given by 


ig = 10sin wt + 4sin 2@t amperes 


Current i, consists of a fundamental component, 10 sin wr, 
and a second harmonic component, 4 sin 2wt, the compo- 
nents being initially in phase with each other. Current i, 
contains 40% second harmonic. The fundamental and sec- 
ond harmonic are shown plotted separately in Figure 36.8. 
By adding ordinates at intervals, the complex waveform 
representing i, is produced as shown. It is noted that if 
all the values in the negative half-cycle were reversed 
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then this half-cycle would appear as a mirror image of 
the positive half-cycle about a vertical line drawn through 
time t= T/2. 


Example 8 


Consider the complex current expression given by 
ip = 10sin wt + 4sin 2@t + 3 sin 4@¢ amperes 


The waveforms representing (10 sin wf + 4 sin 2wf) and 
the fourth harmonic component, 3 sin 4wt, are each shown 
separately in Figure 36.9, the former waveform having 
been produced in Figure 36.8. By adding ordinates at inter- 
vals, the complex waveform for i, is produced as shown 
in Figure 36.9. If the half-cycle between times 7/2 and 
T is reversed then it is seen to be a mirror image of the 
half-cycle lying between 0 and T/2 about a vertical line 
drawn through the time t = T/2. 


Example 9 


Consider the complex current expressions given by 
. . . 4 
ic = 10sin wt + 4sin (2000 + 5) amperes 


The fundamental component, 10 sin wt, and the second 
harmonic component, having an amplitude of 4A and 
a phase displacement of 2/2 radian leading (i.e. lead- 
ing 4sin2wt by z/2 radian or T/8 seconds), are shown 
plotted separately in Figure 36.10. By adding ordinates 
at intervals, the complex waveform for i, is produced 
as shown. The positive and negative half-cycles of the 
resultant waveform i, are seen to be quite dissimilar. 
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Example 10 
Consider the complex current expression given by 
ig = 10sin wt + 4sin(2@t + 1) amperes 


The fundamental, 10sin@t, and the second harmonic 
component which leads 4 sin 2wt by z rad are shown sep- 
arately in Figure 36.11. By adding ordinates at intervals, 
the resultant waveform ig is produced as shown. If the neg- 
ative half cycle is reversed, it is seen to be a mirror image 
of the positive half cycle about a line drawn vertically 
through time t= T/2. 


General conclusions on examples 7 to 10 


Whenever even harmonics are added to a fundamental 
component: 


(a) if the harmonics are initially in phase or if there is 
a phase shift of a rad, the negative half cycle, when 
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reversed, is a mirror image of the positive half-cycle 
about a vertical line drawn through time t = T/2; 

(b) if the harmonics are initially out of phase with each 
other (i.e. other than z rad), the positive and negative 
half-cycles are dissimilar. 


These are features of waveforms containing the funda- 
mental and even harmonics. 


Example 11 


Consider the complex voltage expression given by 
Vg = 50 sin wt + 25 sin 2wt + 15 sin 3et volts 


The fundamental and the second and third harmonics are 
each shown separately in Figure 36.12. By adding ordi- 
nates at intervals, the resultant waveform vg is produced 
as shown. If the negative half-cycle is reversed, it appears 
as a mirror image of the positive half-cycle about a vertical 
line drawn through time = 7/2. 


Example 12 
Consider the complex voltage expression given by 
vy, = 50 sin wt + 25 sin(2et — 2) 


+ 15sin (30 + 5) volts 


The fundamental, the second harmonic lagging by z 
radian and the third harmonic leading by 7/2 radian are ini- 
tially plotted separately, as shown in Figure 36.13. Adding 
ordinates at intervals gives the resultant waveform vj, as 
shown. The positive and negative half-cycles are seen to 
be quite dissimilar. 
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General conclusions on examples 11 and 12 


Whenever a waveform contains both odd and even 
harmonics: 


(a) if the harmonics are initially in phase with each other, 
the negative cycle, when reversed, is a mirror image 
of the positive half-cycle about a vertical line drawn 
through time t = T/2; 

(b) if the harmonics are initially out of phase with each 
other, the positive and negative half-cycles are dissim- 
ilar. 


Example 13 
Consider the complex current expression given by 
i = 32+ 50sin of + 20sin (2ot — >) mA 


The current i comprises three components — a 32 mA d.c. 
component, a fundamental of amplitude 50 mA and a sec- 
ond harmonic of amplitude 20 mA, lagging by 27/2 radian. 
The fundamental and second harmonic are shown sepa- 
rately in Figure 36.14. Adding ordinates at intervals gives 
the complex waveform 50 sin wt + 20 sin(2wt — (7/2)). 

This waveform is then added to the 32 mA d.c. compo- 
nent to produce the waveform i as shown. The effect of 
the d.c. component is seen to be to shift the whole wave 
32 mA upward. The waveform approaches that expected 
from a half-wave rectifier (see Section 36.11). 


Problem 3. A complex waveform v comprises a fun- 
damental voltage of 240 V r.m.s and frequency 50 Hz, 
together with a 20% third harmonic which has a phase 
angle lagging by 37/4 rad at time = 0. (a) Write down 
an expression to represent voltage v. (b) Use harmonic 
synthesis to sketch the complex waveform repre- 
senting voltage v over one cycle of the fundamental 
component. 
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(a) A fundamental voltage having an r.m.s value of 240 V 
has amaximum value, or amplitude of (,/2)(240), i.e. 
339.4V. 

If the fundamental frequency is 50Hz then 
angular velocity, w= 2f =27(50)= 100z rad/s. 
Hence the fundamental voltage is represented by 
339.4 sin 100zt volts. Since the fundamental fre- 
quency is 50Hz, the time for one cycle of the 
fundamental is given by T = 1/f = 1/50s or 20 ms. 

The third harmonic has an amplitude equal to 
20% of 339.4V, i.e. 67.9V. The frequency of the 
third harmonic component is 3 x 50 = 150 Hz, thus 
the angular velocity is 27 (150), i.e. 300z rad/s. 
Hence the third harmonic voltage is represented by 
67.9 sin(300zt — (327/4)) volts. Thus 


voltage, v = 339.4 sin 10021 


: 3x 
+ 67.9sin ( 300xt — re volts 


(b) One cycle of the fundamental, 339.4 sin 100zt, 
is shown sketched in Figure 36.15, together 
with three cycles of the third harmonic compo- 
nent, 67.9 sin(300zt — (3z/4)) initially lagging by 
3/4 rad. By adding ordinates at intervals, the com- 
plex waveform representing voltage is produced as 
shown. If the negative half cycle is reversed, it is 
seen to be identical to the positive half cycle, which 
is a feature of waveforms containing the fundamental 
and odd harmonics. 
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Problem 4. For each of the periodic complex wave- 
forms shown in Figure 36.16, suggest whether odd or 
even harmonics (or both) are likely to be present. 
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(a) If in Figure 36.16(a) the negative half cycle is 
reversed, it is seen to be identical to the positive half 
cycle. This feature indicates that the complex current 
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waveform is composed of a fundamental and odd 

harmonics only (see examples | to 6). 

(b) In Figure 36.16(b) the negative half-cycle is quite 
dissimilar to the positive half-cycle. 

This indicates that the complex voltage waveform 

comprises either 

(i) a fundamental and even harmonics, initially out 
of phase with each other (see example 9), or 

(ii) a fundamental and odd and even harmonics, one 
or more of the harmonics being initially out of 
phase (see example 12). 

(c) If in Figure 36.16(c) the negative half cycle is 
reversed, it is seen to be a mirror image of the positive 
half cycle about a vertical line drawn through time 
T/2. This feature indicates that the complex e.mf. 
waveform comprises either: 

(i) a fundamental and even harmonics initially in 
phase with each other (see examples 7 and 8), 
or 

(ii) a fundamental and odd and even harmonics, each 
initially in phase with each other (see exam- 
ple 11). 


Now try the following exercise. 


Exercise 122 Further problems on harmonic 
synthesis 


1. A complex current waveform i comprises a fun- 
damental current of 5OA rm.s and frequency 
100 Hz, together with a 24% third harmonic, both 
being in phase with each other at zero time. 
(a) Write down an expression to represent current, 
i. (b) Sketch the complex waveform of current 
using harmonic synthesis over one cycle of the 
fundamental. 

[(a) i= (70.71 sin 628.3t + 16.97 sin 1885r)A] 


2. A complex voltage waveform v is comprised of a 
212.1 V r.m.s fundamental voltage at a frequency of 
50 Hz, a 30% second harmonic component lagging 
by z/2 rad, and a 10% fourth harmonic component 
leading by 27/3 rad. (a) Write down an expression to 
represent voltage v (b) Sketch the complex voltage 
waveform using harmonic synthesis over one cycle 

of the fundamental waveform. 
[(a) v= 300 sin 314.2t + 90 sin(628.3t — (a7/2)) + 
30 sin(1256.6¢ + (z7/3)) volts] 


3. A voltage waveform is represented by 
v = 20+ 50sin wt + 20 sin(2wt — 1/2) volts 


Draw the complex waveform over one cycle of the 
fundamental by using harmonic synthesis. 


4. Write down an expression representing a current 


having a fundamental component of amplitude 16A 
and frequency 1 kHz, together with its third and 
fifth harmonics being respectively one-fifth and 
one-tenth the amplitude of the fundamental, all 
components being in phase at zero time. Sketch 
the complex current waveform for one cycle of the 
fundamental using harmonic SS 
[i = (16 sin 27 10°t + 3.2 sin 6m 1034 
+1.6 sin 710*t)A] 


. For each of the waveforms shown in Figure 36.17, 


state which harmonics are likely to be present. 
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{(a) Fundamental and even harmonics, or all 
harmonics present, initially in phase with each 
other. (b) Fundamental and odd harmonics only. 
(c) Fundamental and even harmonics, initially out 
of phase with each other (or all harmonics present), 
some being initially out of phase with each other. ] 


6. A voltage waveform is described by 


v = 200 sin 377t + 80 sin(1131t + (27/4)) 
+ 20 sin(1885t — (z1/3)) volts 


Determine (a) the fundamental and harmonic fre- 
quencies of the waveform, (b) the percentage third 
harmonic and (c) the percentage fifth harmonic. 
Sketch the voltage waveform using harmonic syn- 
thesis over one cycle of the fundamental. 

[(a) 60 Hz, 180 Hz, 300 Hz (b) 40% (c) 10%] 
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36.4 Fourier series of periodic and 
non-periodic functions 


Fourier series provides a method of analysing periodic 
functions into their constituent components. Alternating 
currents and voltages, displacement, velocity and accel- 
eration of slider-crank mechanisms and acoustic waves 
are typical practical examples in engineering and science 
where periodic functions are involved and often requiring 
analysis. (The main topics of Fourier series are covered 
here, but for more, see ‘Higher Engineering Mathematics 
5th Edition’). 


Periodic functions 


As stated earlier in this chapter, a function f(x) is said to 
be periodic if f(x +7) =f/(x) for all values of x, where 
T is some positive number. T is the interval between 
two successive repetitions and is called the period of the 
functions f(x). 

For example, y= sinx is periodic in x with period 
2m since sin x = sin(x + 271) = sin(x + 47), and so on. In 
general, if y= sin wt then the period of the waveform is 
22/w. The function shown in Figure 36.18 is also periodic 
of period 27 and is defined by: 


—l, when —z <x <0 
fo) ={ 1, when O<x<zZ 
-2T Xx 
Figure 36.18 


If a graph of a function has no sudden jumps or breaks it is 
called a continuous function, examples being the graphs 
of sine and cosine functions. However, other graphs make 
finite jumps at a point or points in the interval. The square 
wave shown in Figure 36.18 has finite discontinuities at 
x=a, 27, 3m, and so on. A great advantage of Fourier 
series over other series is that it can be applied to func- 
tions which are discontinuous as well as those which are 
continuous. 

The basis of a Fourier series is that all functions of 
practical significance which are defined in the interval 
—m <x<z can be expressed in terms of a convergent 


trigonometric series of the form: 
f(@) = a9 + a1 cos x + a2 cos 2x + a3.cos3x+--- 
+ b, sinx + bz sin 2x + b3 sin3x+--- 


when ao, a1, a2,...b1, b2,... are real constants, 


foe) 
16; f(x) =aot+ > (ay cosnx + by, sinnx), (36.3) 


n=1 


where for the range—z to zr: 
1 nu 
a= — f S(x)dx (36.4) 
2n Jn 
1 4 
ayn = — f(x) cosnxdx (n=1,2,3,...) (36.5) 
NU dJ—n 


1 nu 
and by, = f f(x) sinnx dx (n=1,2,3,...) (36.7) 
—- 


do, Gy and by are called the Fourier coefficients of the 
series and if these can be determined, the series of equa- 
tion (36.3) is called the Fourier series corresponding 
to f(x). 


For the series of equation (36.3): 


the term (a; cosx +b, sinx) or cj sin(x+ aj) 1s called 
the first harmonic or the fundamental, the term 
(a2 cos2x-+ bz sin2x) or co sin(2x+az2) is called the 
second harmonic, and so on. 

For an exact representation of a complex wave, an infi- 
nite number of terms are, in general, required. In many 
practical cases, however, it is sufficient to take the first 
few terms only. Obtaining a Fourier series for a periodic 
function of period 27 is demonstrated in the following 
worked problems. 


Problem 5. Obtain a Fourier series for the periodic 
function f(x) defined as: 


_ J-k, when -—7 <x <0 
fa) = +k, when O<x<7 


The function is periodic outside of this range with 
period 27 


The square wave function defined is shown in Fig- 
ure 36.19. Since f(x) is given by two different expressions 
in the two halves of the range the integration is performed 
in two parts, one from —z to 0 and the other from 0 to z. 


From equation (36.4): 


= jp-eae + [kx]5} =0 
~ On ms on 
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Figure 36.19 


[ap is in fact the mean value of the waveform over a 
complete period of 27 and this value could have been 
deduced on sight from Figure 36.19] 


From equation (36.5): 


1 
an = — 


1 0 
f(x) cosnx dx = — {| —k cos nx dx 
cd 


I. 


1 [=] ny 
a n = n 0 


Hence a1, a2, a3, ...areall zero (since sin0 = sin(—nz) = 
sin nz = 0), and therefore no cosine terms will appear in 
the Fourier series. 


From equation (36.6): 


1 7 1 0 
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T 3 5 
When 7 is even: 
k 
by = —{U - 1]+[-1-(C-)D]}} =0 
7m 


Hence, from equation (36.3), the Fourier series for the 
function shown in Figure 36.19 is given by: 


oe) 
f(x) =ao+ (dy cos nx + by sin nx) 


n=1 


CO 
=0+ 5° +m sinnx) 


n=1 


: : 4k 4k 
ie. f(x) = — sinx + — sin3x+ —sin5x+------ ; 
a4 37 5x 


4k /. 1. I 
ie. f(x) = — (sinx + = sin3x + ~sin5x+------ 
u 3 5 


Problem 6. For the Fourier series of Problem 5, let 
k =a. Show by plotting the first three partial sums of 
this Fourier series that, as the series is added together 
term by term, the result approximates more and more 
closely to the function it represents. 


If k= zz in the above Fourier series, then 
1 1 
Foxy=4 (sins + 5 sin3x-+ 5 sin Se + tees ) 


4 sin x is termed the first partial sum of the Fourier series 


of f(x), 
; 4. 
4sinx + 3 sin 3x } is termed the second partial sum of 
the Fourier series, and 
i 4. 
4sinx + 3 sin 3x + 5 sin 5x } is termed the third partial 
sum, and so on. 
; 4. 
Let P} =4sinx, Po = { 4sinx + 3 sin 3x ) and 
: 4. A 
P3= | 4sinx+ 3 sin 3x + 5 sin 5x }. 


Graphs of P), P2 and P3, obtained by drawing up 
tables of values, and adding waveforms, are shown in 
Figures 36.20(a) to (c) and they show that the series 
is convergent, i.e. continually approximating towards a 
definite limit as more and more partial sums are taken, 
and in the limit will have the sum f(x) =z. 

Even with just three partial sums, the waveform is start- 
ing to approach the rectangular wave the Fourier series 
is representing. 


Expansion of non-periodic functions 


If a function (x) is not periodic then it cannot be expanded 
in a Fourier series for all values of x. However, it is 
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possible to determine a Fourier series to represent the 
function over any range of width 27. 

Given a non-periodic function, a new function may 
be constructed by taking the values of f(x) in the given 
range and then repeating them outside of the given range 
at intervals of 277. Since this new function is, by construc- 
tion, periodic with period 27, it may then be expanded 
in a Fourier series for all values of x. For example, the 
function f(x) =x is not a periodic function. However, if 
a Fourier series for f(x) =x is required then the func- 
tion is constructed outside of this range so that it is 


f(x) ‘ 
2m = 
1 A 4 
7 7 || * 
7 | 7 | ¢ | , 
lv | [of WL 
iv | LZ Zz 
—2n 0 2n 4n x 


Figure 36.21 


Figure 36.22 


periodic with period 27 as shown by the broken lines in 
Figure 36.21. 

For non-periodic functions, such as f(x) =x, the sum 
of the Fourier series is equal to f(x) at all points in the 
given range but it is not equal to f(x) at points outside of 
the range. 

For determining a Fourier series of a non-periodic 
function over a range 27, exactly the same formulae 
for the Fourier coefficients are used as previously, i.e. 
equations (36.4) to (36.6). 


Problem 7. Determine the Fourier series to represent 
the function f(x) = 2x in the range —z to +7 


The function f(x) = 2x is not periodic. The function is 
shown in the range —z to 7 in Figure 36.22 and is then 
constructed outside of that range so that it is periodic of 
period 27 (see broken lines) with the resulting saw-tooth 
waveform. 

For a Fourier series: 


[e.@) 
f(x) = ao + be (An cos nx + by sin nx) 


n=1 


From equation (36.4), 


i. 7* i of* 2a) 
= de=— | 2xdxv= |e 
oe sz | feo x | ee =(F|. 


= 0 (i.e. the mean value) 
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From equation (36.5), 


1 a 


1 
f(x) cos nx dx = al 2x cos nx dx 
1 


Te 


ayn = — 
- 


2 [xsinnx sinnx  |7 
= dx 
1 n n aa 


by integration by parts 


cos nx |* 


2 [ xsinnx 
+ 


2 COS nt cosn(— 7) 
== |(0+ n2 ) (0+ n2 )|=° 


since cos nz = cos (—nz) 


From equation (36.6), 


a a 


1 
ff) sinnx dx = -{ 2x sin nx dx 
ua 


—T —T 


2 j=" /(=) | 
= dx 
Xv n n a 


2 j=" me] 
—. T 


1 
by = — 
1s 


by parts 


| 
2, 
n n = 


2 —mcosnx  sinnz 
cra n n 


( —(—71) cos n(—7) : sinn =) 
n n 


Jt COS a 


IU 


2 | —2 cosnz 
n n 


—4 : 
= —cosnr_ sincecos(—nz) = cosnz 
n 


4 4 4 
When n is odd, b, = —. Thus, b} = 4, b3 = 3? bs = 3° and 
so on. . 


4 4 
When n is even, b, = —. Thus bp =—~=, bg =-—-— 
n 2 4 


4 
bo=—=, and so on. 


4 4 4 
Thus, f(x) = 2x =4 sin x — 5 sin 2x + = sin 3x — a sin 4x 


3 
4 4 
eae 5 next hast tases 


1 1 1 
1.e. 2x = 4 (sina — 5 sin de 4 5 sine — 5 sin x 
rs in 5. ae 6x + 
_ n —_ — n eee 
5 x Ps 


for values of f(x) between —z and z. 


For values of f(x) outside the range —z to +7 the sum 
of the series is not equal to f(x). 


Problem 8. Obtain a Fourier series for the function 
defined by: 


x, when0 <x <az 
0, when 2 < x < 27 


fo) ={ 


The defined function is shown in Figure 36.23 between 0 
and 27. The function is constructed outside of this range 
so that it is periodic of period 277, as shown by the broken 
line in Figure 36.23. 


Figure 36.23 


For a Fourier series: 


[e.@) 
f(x) = ao + »: (An cos nx + by sin nx) 


n=1 


It is more convenient in this case to take the limits from 0 
to 27 instead of from —z to +77. The value of the Fourier 
coefficients are unaltered by this change of limits. Hence, 


1 2 1 U 2n 
a= — f@dx = — / xdr+ | Odx 
20 0 20 0 1 
1 [x?]" 1 (x? a 
Ie 2ihe tee 7 4 
f(x) cos nx dx 


0 
1 1 20 
--|f eosmeds + | oas| 
a 0 nu 


Pa 


(from Problem 7, by parts) 


1 2a 


1 = sinnx cos “] 


n n2 


1 Wsinnz  cosnz cos 0 
= t O+ 
W n n2 n2 


1 
= —> (cosnz — 1) 
mn 


When 7 is even, a, = 0 
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—2 —2 —2 
When n is odd, a, = —~. Hence, aj = —, aa= =, 
‘ mn 327 
= — and so on 

03 = Sa 

1 20 
by =— F(x) sin nx dx 

a JO 


1 cra 20 
--|f sinned — | oa 
mw LJO ca 


a 


1 | —xcosnx sin "| 


2 
a n n 0 


(from Problem 7, by parts) 


1 —mcosnz  sinnz sin 0 
= | 04 
cra n n2 n2 


1 | —z cosnz — cos ni 
on n = n 
Hence b} = —cos17=1, bo 5753 37 and so on 


Thus the Fourier series is: 


CO 
fx) = ao + > (dyn cos nx +b, sin nx) 


n=1 


2 


2 
Le. fa)= > oe 32x cos 3x Sn cos 5x 


1 
- + sinx sin 2x + = sin 3x 
2 3 


. 2 cos3x cos 5x 
Le. EO a cs a ea a 


1 1 
+ (sinx - 3 sin 2x + singe — ++) 


Now try the following exercise. 


Exercise 123 Further problems on Fourier series 
of periodic and non-periodic functions 


1. Determine the Fourier series for the periodic 
—2, when —z <x <0 
+2,when O<x<az 
periodic outside this range of period 27. 


1 1 
[ro e (sin 3 sin 3x + 5 sin5x+--- ] 


A 


function: f(x) = | which is 


2. Find the term representing the third harmonic for 
the periodic function of period 27 given by: 
0, when —2 <x <0 a. 
poy = |" when O<x<az |= sinas| 


3. Determine the Fourier series for the periodic func- 
tion of period 27 defined by: 


0, when —z <t<0O 


cr 

Ove 1, when Dee 
N 

—1l, when eae 


The function has a period of 27. 


2) 1 1 
f(t) = — (cost — =cos3t+ —cos5t—---. 
3 5 


1 1 
+ sin 2t + Bae UG les ] 


4. Show that the Fourier series for the function 
J (x) =x over the range x = 0 to x = 277 is given by: 


1 1 
(OSv=2 (sins oP 5 sin 2x + 3 sin 3x 
ar ae 4x + 
_— sin ag ey 
Z x 
5. Determine the Fourier series up to and including 


the third harmonic for the function defined by: 


ifs when 0<x<a7 
2a —x, when m<x< 27 


joa 


Sketch a graph of the function within and outside 
of the given range, assuming the period is 27. 


ap cos3x  cos5x 
IO ea COS Ete rca Pedal 


6. Find the Fourier series for the function f(x) =x +7 
within the range —7 <x <7 


1 1 
[ro = 1 +2(sinx— aoe sinax—---) 


36.5 Even and odd functions and Fourier series 
over any range 


Even functions 


A function y = f(x) is said to be even if f(—x) = f(x) for all 
values of x. Graphs of even functions are always symmet- 
rical about the y-axis (i.e. is a mirror image). y= cosx 
is a typical example. 
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Fourier cosine series 


The Fourier series of an even periodic function f(x) hav- 
ing period 27 contains cosine terms only (i.e. contains 
no sine terms) and may contain a constant term. 


CO 
Hence, f(x)=ag+ > an cos nx (36.7) 
n=1 
1 f” I” f* 
where ay = — : f@dx = — iy Sf(x)dx = (36.8) 
2 — WU JO 
(due to symmetry) 
1 as 
and an = — i F(x) cos nx dx 
T J—x 


== / f(x)cos nx dx (36.9) 
HX J0 


Problem 9. Determine the Fourier series for the 
periodic function of period 27 defined by: 


—2, when —n<x<— 
_ a N cr 
f@mM= , when eas 
nu 
—2, when Sree 


The square wave shown in Figure 36.24 is an even 
function since it is symmetrical about the f(x) axis. 
Hence from equation (36.7), the Fourier series is given by: 


CO 
f@)=aot+ Yo an cos nx 


n=1 


(i.e. the series contains no sine terms) 


—3n/2 —n —n/2| 0 WW/2 Tt 3n/2 20 x 


Figure 36.24 


From equation (36.8), 


1 1 1 m/2 1 
= -{ f(xjdx = — {[ 2dx +f 24x} 
8 us 0 n/2 


m/2 


= = (2x Jo + [-2x] nos 


= +t) + [(-2m) — (—m)]}} = 
1 
(i.e. the mean value) 


From equation (36.9), 


2: os 
= =f f(x) cos nx dx 
mT JO 


2 m/2 1 
== ra -2osne dr} 
m/2 


“ALS 
aver 
(7 


4 
_ 
-: men) = 8 (sin wa) 


When 7 is even, a, = 0 


8 
When n is odd, a, = — forn=1,5,9,... 
7m 


—8 
and a, = — forn = 3,7,11,... 
Jn 
—8 
Hence, a 53 , a5 , and so on 
4 30 51 


Hence, the Fourier series for the waveform of Figure 36.24 
is given by: 


8 1 1 1 
f(x) = —(cosx — = cos3x + = cos 5x — = cos7x+:-- 
a 3 5 7 


Odd functions 


A function y=f(x) is said to be odd if f(—x) = —f() 
for all values of x. Graphs of odd functions are always 
symmetrical about the origin. y= sinx is a typical 
example. 


Many functions are neither even nor odd. 
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Fourier sine series 


The Fourier series of an odd periodic function f(x) having 
period 27 contains sine terms only (i.e. contains no 
constant term and no cosine terms). 


fo 0) 
Hence, f(x) = by sin nx (36.10) 
n=1 
where by, = — f(x) sin nx dx 
2 NU 
= =f f(x) sin nx dx (36.11) 
Hr J0 


Problem 10. Obtain the Fourier series for the square 
wave shown in Figure 36.25. 


Figure 36.25 


The square wave shown in Figure 36.25 is an odd function 
since it is symmetrical about the origin. 

Hence, from equation (36.10), the Fourier series is 
given by: 


f@mM= es by sin nx 
n=1 


The function is defined by: 


_ J-2, when—-2z <x <0 
f@M= 2, when O<x<az7 


From equation (36.11), 


2 7 2 [* 
m= = | f(@) sinnx dx = a 2 sin nx dx 
HT JO 0 


a 
4 [| 
1 n 4 


When 7 is even, b, = 0. 


4 8 
When n is odd, b, = —[1 — (-1)]= 
an 7M 


8 
H ,b ,b ,b 
ce IT 2 30 2 5 


Hence the Fourier series is: 


, and so on 


8 1 1 1 
J (x) = — | sinx + = sin 3x + = sin5x + = sin7x+--- 
a 3 5 7 


Expansion of a periodic function of period L 


It may be shown that if f (x) is a periodic function of period 
L, then the Fourier series is given by: 


= 2 2 
Fix) = 00+ 9 [an cos( we) + by sin ( a 


(36.12) 
hi in th =F + 
where, in the range —~ to+—: 
aie ane 
L/2 
a= FS (x) dx, (36.13) 
LJ-1/2 
2 fLP 2nnx 
=— — })d. 36.14 
an =F frees ( L ) as ( ) 
2 fle _ {2nnx 
and by, = = f(x) sin ( —— )dx (36.15) 
LJ-1/2 L 


The limits of integration may be replaced by any interval 
of length L, such as from 0 to L. 


Problem 11. The voltage from a square wave gener- 
ator is of the form: 


0,-4<t<0 
v(t) = | and has a period of 8 ms. 
10, O0<t<4 


Find the Fourier series for this periodic function. 


The square wave is shown in Figure 36.26. 
From equation (36.12), the Fourier series is of the form: 


oe) 
v(t) = ag + > Ayn COS gall + by sin mili 
0 n OS L ns L 


n=1 
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—_—_—> 
Period L=8ms 


Figure 36.26 


From equation (36.13) 


1 el 17 
a=r i u(t)dt = — i: v(t)dt 
LJ-1p 8 J_4 


i 7" 3 Do assih 
=— / Odt +f 10 dt} = —[10¢]5 =5 
8 | J-4 0 8 


From equation (36.14), 


2 fr 2nnt 
a= > u(t) cos | —— ] dt 

L -L/2 L 

2 f+ 2nnt 

== / u(t) cos | —— } dt 

8 J_4 8 
: fie lau a+ [10 a 
— cos | — cos | — 
4 | J_4 4 0 4 


= = [ sin zn — sinO] = 0 
mn 


forn = 1,2,3,.. 


From equation (36.15), 
a ase 2 
m=z f usin ( =") dt 
Aa ied _ (2nnt 
=| v(t) sin | —— ] dt 
8 J_4 8 
0 4 
: / Osin ( 7 a+ [ 10sin (= ) at 
4 |J_4 4 0 4 
10 mnt 4 
Pas: . 20 


= = [ cos zn — cos O] 
7m 


‘1 G) 


When 7 is even, b, =0 


0 


. —10 20 
When 7 is odd, bj = (-1-lN=—, 
~10 30 2 7 
b= (-1-l= ,b5= , and so on 
32 32 Sa 


Thus the Fourier series for the function v(t) is given by: 


wast [sin (+) + sin (=) 
1X 4 3 4 
1. /(5at 
+ Zsin (5%) te] 


Problem 12. Obtain the Fourier series for the func- 
tion defined by: 


0, when —2<x<-l 
f(@)= 45, when -l<x<1 
0, when 1<x<2 


The function is periodic outside of this range of 
period 4. 


The function f(x) is shown in Figure 36.27 where period, 
L=4. Since the function is symmetrical about the f(x) 
axis it is an even function and the Fourier series contains 
no sine terms (i.e. b, = 0) 


Figure 36.27 


Thus, from equation (36.12), 


f@=ao+ x Ayn COS (=) 


n=1 


From equation (36.13), 


1 L/2 1 2 
a=r f@dx = i/ Sf (x)dx 
oi -1,/2 4 Joo 
1 -1 1 2 
=i{f od +f sdx+ f oax| 
4 | J-2 =] 1 


oan ol 105 
= {bali = GIG) (—5)] = = 
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From equation (36.14), 


2 pele 


fee) 2mnx d 
= cos 
an ae x 7 Xx 


2 y) 
=F [F005 mm) ay 
1 i (7) a +fs (me) a 
== cos ( —— cos ( —— 
Den pe uaa er re hae 
2 JINX 
+f Ocos (“) ax| 


2 | 


When 7 is even, a, = 0 


: 5 10 
When 7 is odd, aj = —(1 1l=—, 
IW cr 
= 5 (-1 psa" _ 5 (1 1) 10 
08 Sar 39 O Sx 53° 


and so on 


Hence the Fourier series for the function f(x) is given by: 
fw) 5 . 10 (=) 1 3mx af 
= = S 
oo eer a cos 5 3 co 5) 


Pict 51x es 7X 4 
5 2 7 2 


Now try the following exercise. 


Exercise 124 Further problems on even and odd 
functions and Fourier series over any range 


1. Determine the Fourier series for the function 
defined by: 


Sian ee 
2} 
4 W 
f@m= 1, xe an 
2 2 


if 
== <a <a 
2) 
which is periodic outside of this range of period 27 


4 1 1 
[ro — (cos my cos 3x + Boose 


5 
: TBE Se 
—_cos ae 
7 x 


2. Obtain the Fourier series of the function defined by: 


jo=| 


which is periodic of period 27. Sketch the given 
function. 


1 1 
Lr =) (sin t+ 5 sin 2t + 3 sin 3t 


1 
SICA fee 
rae + )] 


3. Determine the Fourier series defined by 


t+am,—-m <t<0O 
t-a, O<t<az 


l—-x,-m <x <0 
CO lie O<x<az 


which is periodic of period 27. 


= AP COs COS 
Xx OS X 5 X 


1 
+ zoossr+)| 


4. The voltage from a square wave generator is of the 
form: 


0,-10<t <0 
w= B 0<tr<10 


and is periodic of period 20. 
Show that the Fourier series for the function is 
given by: 


Hey 5) ME 10 sin (=) a 1 ae (=) 
DB ag 10 3 10 
lf sail 
+ sain) a] 


5. Find the Fourier series for f(x)= x in the range 
x=Otox=5 


SS) |). yeas 1. (40x 

[roo = 5 > |sin( 5 ) + 5 sin ( 5 ) 
1. (67x 

+390()+~]] 


6. A periodic function of period 277 is defined by: 


=3,—-2<% <0 
oe O<x<2 


Sketch the function and obtain the Fourier series for 
the function. 


WO (ae / Ta il ff Baas 
[ro = = (sin(%) + 5 sin 5 ) 
il. (Saas 
ape <e ane 
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36.6 Rms value, mean value and the form factor 
of a complex wave 


Rms value 


Let the instantaneous value of a complex current, i, be 
given by 


i=I1\m sin(wt + 61) + ly sinQat + 62) 
+-+++Inm sin(nwt + 6,) amperes 


The effective or rms value of this current is given by 


I = ./(mean value of i”) 
i? = [Im sin(ot + 41) + tom sin(2at + 62) 


+++++Inm sin(not + On) 


ie. i? =J7, sin? (ot + 01) +6, sin’ (ot + 62) 
+--+: +977, sin? (not + On) 


+ 2M, mlom sin(wt + 61) sin(2wt + 62) +--- 
(36.16) 


Without writing down all terms involved when squaring 
current i, it can be seen that two types of term result, these 
being: 


(i) terms such as Te, sin? (wt + 61), ae sin? (2wt + 62), 
and so on, and 

(ii) terms such as 2/)mJ2m sin(wt + 91) sin(2@t + 62), 1.e. 
products of different harmonics. 


The mean value of i? is the sum of the mean values of each 
term in equation (36.16). 

Taking an example of the first type, say I is sin? (wt +61), 
the mean value over one cycle of the fundamental is deter- 
mined using integral calculus: 

Mean eee of Ee sin? (wt + 6) 
1 JT 
=—]| F,,sin’*(ot + 41) d(ot) 

20 0 

(since the mean value of y= f(x) between x =a andx=b 


1 
is given by 5 vd y dx) 


Tee f° | 1 — cos 2(wt + 61) 
0 


~ On 2 | HO): 


(since cos2x = 1 —2 sin? x, from which 


sin? x = (1 — cos 2x)/2), 


_ des: [x sin 2(@t + ig 


4a 2 0 


re ( sin 2(27 + 6, ’) ( sin 2(0 + oy 
= 21 0 
4a 2 2 


_ ea on — N22 +41), sin 261) _ cm (on) 
4a 2 2 4a 
2 

— fim 
2 


Hence it follows that the mean value of [, bh sin? (not + Oy) 
is given by I?,,/2 


nm 


Taking an example of the second type, say, 
21 mlom sin(wt + 01) sin(2wt + 62) 


the mean value over one cycle of the fundamental is also 
determined using integration: 


Mean value of 21} ;,Jom sin(@t + 61) sin(2wt + 62) 


20 
= on 21 mlom sin(wt + 61) sin(2wt + 62)d(wt) 
JO 
Liml | 
anmen i; {cos (wt + 62 — 61) 
IT 0 2 


— cos (3wt + 62 + 6;)}d(at) 


(since sin A sin B= 5[ cos (A—B)— cos(A+ B)], 
and taking A = (2wt + 62) and B = (wt + 61)) 


Limlom inet + 62 + 61) 1°" 
So A opps OE Ay) 
20 3 0 
Limlom Tf. 6) +6 
eatin sin(2m + 62 — 01) ata a 
20 3 
: sin(@2 + 0 
= (since 61) ( 5 )| 
I mL m 
= 10) -0 (36.17) 
IT 


Hence it follows that all such products of different 
harmonics will have a mean value of zero. Thus 


2 2 2 
dieantvatuest eas im aie 2 cpl 
2 2 2 


Hence the rms value of current, 


(36.18) 


2 2 
a - | (tee 
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For a sine wave, rms value =(1/,/2) maximum value, 
i.e. maximum value = ,/2 rms value. Hence, for example, 
Tim=/2I,, where I, is the rms value of the fundamen- 
tal component, and (J im = Cori” = ae. Thus, from 
equation (36.18), rms current 


y= | (EE) 
2 


ie. T= J/G+h+---4+2P) 


(36.19) 


where /,/o,.. 
harmonics. 
By similar reasoning, for a complex voltage waveform 
represented by 

v= Vim sin(@t + Vy) + Vom sin(2wt + V2) 


+.-+-+ Vam sin(nwt + V,) volts 


., J, are the rms values of the respective 


the rms value of voltage, V, is given by 


Vin + Von tess +V2 
V= | ( ie 5 ae (36.20) 

a 2 2 2 
or V=J(Vi + V3 +---+ Vz) (36.21) 
where Vj, V2, ..., V, are the rms values of the respective 


harmonics. 

From equations (36.18) to (36.21) it is seen that the rms 
value of acomplex wave is unaffected by the relative phase 
angles of the harmonic components. For a d.c. current or 
voltage, the instantaneous value, the mean value and the 
maximum value are equal. Thus, if a complex waveform 
should contain a d.c. component Jp, then the rms current 
T is given by 


2 2 2 
r= | (ge tiat tte) 


or T= JUj +i +i +---+8) 


(36.22) 


Mean value 


The mean or average value of a complex quantity whose 
negative half-cycle is similar to its positive half-cycle is 


given, for current, by 
1 8 
Iq = -{ id(@t) 
LI0 


1 u 
Vay = -{ vd(wt) 
USO 


each waveform being taken over half a cycle. 


(36.23) 


and for voltage by (36.24) 


Unlike rms values, mean values are affected by the 
relative phase angles of the harmonic components. 


Form factor 


The form factor of a complex waveform whose negative 
half-cycle is similar in shape to its positive half-cycle is 
defined as: 


rms value of the waveform 
form factor = 


(36.25) 
mean value 


where the mean value is taken over half a cycle. 

Changes in the phase displacement of the harmon- 
ics may appreciably alter the form factor of a complex 
waveform. 


Problem 13. Determine the rms value of the current 
waveform represented by 


i= 100sin wt + 20 sinGewt + 2/6) 
+ 10 sin (Set + 277/3)mA 


From equation (36.18), the rms value of current is given 
by 


p= f(s) - (ee 
= 2 7 2 


=72.46mA 


Problem 14. A complex voltage is represented by 
v = (10sin wt + 3 sin 3@t + 2 sin 5wt) volts 


Determine for the voltage, (a) the rms value, (b) the 
mean value and (c) the form factor. 


(a) From equation (36.20), the rms value of voltage is 
given by 


10? + 32 + 22 11 
v-/(S )=/( =) =782V 


(b) From equation (36.24), the mean value of voltage is 
given by 


1 os 
Vay = — / (10 sin wt + 3 sin 3@t + 2 sin Swt)d(ot) 
T JO 


3 By) 


1 3cos3wt 2cosS5at |” 
= —|-—10cosat 
a 


0 


= LI | (—19e082 — cos 3m — = cos) 


IW 
2 
(-t0c0s0 cos 0 = 050) 
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= mi = 7.26V 
1 


(c) From equation (36.25), form factor is given by 


rms value of the waveform 


form factor = 
mean value 


ee aia 
7.26 * 


component is 32.36 sin 1000f volts. Hence an expres- 

sion representing the complex voltage waveform is 

given by 

v = (323.6 sin 200¢ + 97.07 sin 600¢ 
+32.36 sin 10002)volts 


Now try the following exercise. 


Problem 15. Acomplex voltage waveform which has 
anrms value of 240 V contains 30% third harmonic and 
10% fifth harmonic, both of the harmonics being ini- 
tially in phase with each other. (a) Determine the rms 
value of the fundamental and each harmonic. (b) Write 
down an expression to represent the complex volt- 
age waveform if the frequency of the fundamental is 
31.83 Hz. 


(a) From equation (36.21), rms voltage 
V = f(y + V3 + V2) 
Since V3=0.30V1,V5 = 0.10 V; and 
V = 240V, then 
240 = /[V? + (0.30V1)* + (0.10 V1)"] 
ie. 240= /(1.10V7) = 1.049 V, 


from which the rms value of the fundamental, 
Vi = 240/1.049 = 228.8 V 
Rms value of the third harmonic, 
V3 = 0.30 Vj = (0.30)(228.8) = 68.64 V 
and the rms value of the fifth harmonic, 
V5 = 0.10 V; = (0.10)(228.8) = 22.88 V 
(b) Maximum value of the fundamental, 
Vim = J/2V, = /2(228.8) = 323.6V 
Maximum value of the third harmonic, 
V3m = /2V3 = /2(68.64) = 97.07 V 
Maximum value of the fifth harmonic, 


Von = J 2V5 = /2(22.88) = 32.36V 


Since the fundamental frequency is 31.83 Hz, 
the fundamental voltage may be written as 


323.6 sin 277(31.83)t, i.e. 323.6 sin 200f volts 


The third harmonic component is 97.07 sin 600f volts 


and the fifth harmonic 


Exercise 125 Further problems on r.m.s. values, 
mean values and form factor of complex waves 


1. Determine the rms value of a complex current wave 
represented by 


i=3.5sinot + 0.8sin (Ber = 2 
+ 0.2 sin (Ser aF 5) A 


[2.54A] 


2. Derive an expression for the rms value of a complex 
voltage waveform represented by 


v= Vo + Vim sin(wt + ¢1) 
+V3m sin(3@t + $3) volts 


Calculate the rms value of a voltage waveform 
given by 


P= ean mr ts0 sin (2ot i = 


+ 20 sin (4or — =| volts 


[191.4 V] 


3. A complex voltage waveform is given by 
» =150 sin 3141 + 40 sin (942r — =) 


+ 30 sin(1570¢ + 22) volts 


Determine for the voltage (a) the third harmonic 
frequency, (b) its rms value, (c) its mean value and 
(d) the form factor. 

[(a) 150 Hz (b) 111.8 V (c) 91.7 V (d) 1.22] 


4. A complex voltage waveform has an rms value of 
220V and it contains 25% third harmonic and 15% 
fifth harmonic. (a) Determine the rms value of the 
fundamental and each harmonic. (b) Write down an 
expression to represent the complex voltage wave- 
form if the frequency of the fundamental is 60 Hz. 

[(a) 211.2 V, 52.8 V, 31.7V; 
(b) v= 298.7 sin 377t + 74.7 sin 1131 
+ 44.8 sin 18857V] 
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5. Define the term ‘form factor’ when applied to a 
symmetrical complex waveform. Calculate the 
form factor of an alternating voltage which is 
represented by 


v = (50 sin 314t + 15 sin 942t + 6 sin 1570f) volts 


[1.038] 


36.7 Power associated with complex waves 


Let a complex voltage wave be represented by 
v= Vim sin wt + Vom sin 2@t + V3 sin3@t+ ---, 


and when this is applied to a circuit let the resulting current 
be represented by 


i=lm sin(wt i $1) + lom sin(2@t = $2) 
+ Ibm sinBat — 63)+ ++: 


(Since the phase angles are lagging, the circuit in this case 
is inductive.) At any instant in time the power p supplied 
to the circuit is given by p= vi, i.e. 


D=(Vim sin wt + Vam sin 2@t +--+ )Uim sin(wt — $1) 
+ om SinQwt — $2) +--+) 
= Vimlim sin wt sin(wt — ¢1) 
+Vimlom sin ot sin(wt — ¢2) +--+: 
(36.26) 


The average or active power supplied over one cycle is 
given by the sum of the average values of each individ- 
ual product term taken over one cycle. It is seen from 
equation (36.17) that the average value of product terms 
involving harmonics of different frequencies is always 
zero. This means therefore that only products of volt- 
age and current harmonics of the same frequency need 
be considered in equation (36.26). 

Taking the first term, for example, the average power P 
over one cycle of the fundamental is given by 


1 20 
Vimlim Sin wt sin(wt — ¢1)d(at) 


2n 
- Vimlim i 5 {cos ¢1 — cos (2wt — ¢1)}d(at) 
0 


1 
since sinA sinB = 7 cos (A — B) —cos(A+ B)}, 


= Vimlim 


sin(2ot — oy" 
4a 


on cos dg] — 5 


0 


= Vimlim | (2" cos 61 = sin(47 = *) 


An 2 
sin( — $1) 
—(o- 
Vinlim Vimlim 
ee [22 cos ¢}] = und cos dj 
An 2 


Vim = J2V, and Tim =./2I, where V; and J; are rms 
values, hence 


2. 
ie. P, = Vj, cos dy watts 


Py= SP1 


Similarly, the average power supplied over one cycle of 
the fundamental for the second harmonic is V2/ cos ®2, 
and so on. Hence the total power supplied by complex 
voltages and currents is the sum of the powers supplied 
by each harmonic component acting on its own. The aver- 
age power P supplied for one cycle of the fundamental is 
given by 


P = VI cos ¢1 + V2Iz cos 2 + +++ + Vuln COS bn 


(36.27) 


If the voltage waveform contains a d.c. component Vo 
which causes a direct current component Jo, then the aver- 
age power supplied by the d.c. component is Vo/p and the 
total average power P supplied is given by 


P=Volot+ Vi, cos dy + V2ty cos G2 ++ ++ + Vinln COS Oy 


(36.28) 


Alternatively, if R is the equivalent series resistance of a 
circuit then the total power is given by 


P=RR+ERR+BRLER ++ 


ive. P=PR 


(36.29) 


where / is the rms value of current i. 


Power factor 


When harmonics are present in a waveform the overall 
circuit power factor is defined as 


overall power factor 
total power supplied 


total rms voltage x total rms current 


total power 
volt amperes 
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_ Vili cos $1 + Vala cos b2 + ++: 
c VI 


ie. | pf. 


(36.30) 


Problem 16. Determine the average power in a 20 Q 
resistance if the current i flowing through it is of the 
form 


i=(12sin wt +5 sin 3@t + 2 sin 5wt) amperes 


From equation (36.18), rms current, 


122 2, 9? 
= i (AS) =930A 


From equation (36.29), average power, 


P=[°R=(9.30)7(20) = 1730 W or 1.73 kW 


Problem 17. A complex voltage v given by 


; . I 
v= 60sin wt + 15 sin (301 + ) 
+10 sin (Ser — =) volts 


is applied to a circuit and the resulting current i is 
given by 


i=2sin (wt = =) + 0.3 sin (Ber = >) 


+ 0.1 sin (sor = >) amperes 


Determine (a) the total active power supplied to the 
circuit, and (b) the overall power factor. 


(a) From equation (36.27), total power supplied, 


P=V\I, cos ¢; + V3k3 cos @3 + Vs5I5 cos 5 


=(5) (Ja) es(0- 3) 
(45) (23) --»(§ - (-3)) 
a) pes) 


= 51.96 + 1.125 + 0.171 = 53.26 W 


(b) From equation (36.18), rms current, 


2? + 0.37 + 0.1? 
r= ( au )=143a 


2 


and from equation (36.20), rms voltage, 


2 152 102 
v=/(* ee ) = 4430 


2 
From equation (36.30), 
2 
overall power factor = Pala = 0.841 
(44.30)(1.43) 
(With a sinusoidal waveform, 
power VI cos @ 
power factor = = =cos @ 
volt-amperes VI 


Thus power factor depends upon the value of phase angle 
@, and is lagging for an inductive circuit and leading for 
a capacitive circuit. However, with a complex waveform, 
power factor is not given by cos ¢. In the expression for 
power in equation (36.27), there are n phase-angle terms, 
1, $2,--+» On, all of which may be different. It is for this 
reason that it is not possible to state whether the overall 
power factor is lagging or leading when harmonics are 
present.) 


Now try the following exercise. 


Exercise 126 Further problems on power associ- 
ated with complex waves 


1. Determine the average power in a 50 Q resistor if 
the current 7 flowing through it is represented by 


i= (140sin wt + 40 sin 3@t + 20 sin 5wt) mA 
[0.54 W] 


2. A voltage waveform represented by 
v= 100 sin wt + 22 sin (3er = =) 


+8sin (Ser _ a) volts 


is applied to a circuit and the resulting current 7 is 
given by 
j=Ssin (wr+ =) + 1.91 sin 30x 

+0.76 sin(Sw@t — 0.452) amperes 
Calculate (a) the total active power supplied to the 


circuit, and (b) the overall power factor. 
[(a) 146.1 W (b) 0.526] 
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3. Determine the rms voltage, rms current and average 
power supplied to a network if the applied voltage 
is given by 


v =100 +50 sin(400r = =) 
+40 sin(12007 = 2) volts 


and the resulting current is given by 


i= 0.928 sin(400t + 0.424) 
+ 2.14 sin(1200¢ +-0.756) amperes 
[109.8 V, 1.65A, 14.60 W] 


4. A voltage v = 40 + 20sin 300¢ + 8 sin 900r + 
3 sin 1500f volts is applied to the terminals of a 
circuit and the resulting current is given by 


i=4-+ 1.715 sin@00r — 0.540) 
+ 0.389 sin (900t — 1.064) 
+ 0.095 sin(1500¢ — 1.249)A 
Determine (a) the rms voltage, (b) the rms current 


and (c) the average power. 
[(a) 42.85 V (b) 4.189A (c) 175.5 W] 


36.8 Harmonics in single-phase circuits 


When a complex alternating voltage wave, i.e. one con- 
taining harmonics, is applied to a single-phase circuit 
containing resistance, inductance and/or capacitance (i.e. 
linear circuit elements), then the resulting current will also 
be complex and contain harmonics. 

Let a complex voltage v be represented by 


v = Vim Sin wt + V2 sin 2wt + V37 sin 3@t + --- 


(a) Pure resistance 


The impedance of a pure resistance R is independent of 
frequency and the current and voltage are in phase for 
each harmonic. Thus the general expression for current i 
is given by 


V. 
i= ses = 1” sin wt + V2m in oot 
R R R 
Vv (36.31) 
+ sin 3of +--+ 


The percentage harmonic content in the current wave is 
the same as that in the voltage wave. For example, the per- 
centage second harmonic content from equation (36.31) is 
Vom / R Vom 


x 100%, i.e. — x 100% 
Vim/R Vim 


the same as for the voltage wave. The current and voltage 
waveforms will therefore be identical in shape. 


(b) Pure inductance 


The impedance of a pure inductance L, i.e. inductive reac- 
tance X7(=2zfL), varies with the harmonic frequency 
when voltage v is applied to it. Also, for every harmonic 
term, the current will lag the voltage by 90° or 2/2 rad. 
The current i is given by 


i= — = — sin (o - a) + —_— 28 sin(2or ~ 5 


+ — =* sin (30 - ) +- 


(36.32) 


since for the nth harmonic the reactance is nwL. 
Equation (36.32) shows that for, say, the nth harmonic, 
the percentage harmonic content in the current waveform 
is only 1/n of the corresponding harmonic content in the 
voltage waveform. 
If a complex current contains a d.c. component then the 
direct voltage drop across a pure inductance is zero. 


(c) Pure capacitance 


The impedance of a pure capacitance C, i.e. capacitive 
reactance Xc(= 1/(27fC)), varies with the harmonic fre- 
quency when voltage v is applied to it. Also, for each 
harmonic term the current will lead the voltage by 90° or 
m/2 rad. The current i is given by 


s v Vim. 8 Vom 7 IU 
— = sin(wr ! ) : sin(2wr + =) 
Xc 1/@C 2 1/2a@C 2 


V3 
T8aC 


sin(3or + =) fore, 


since for the nth harmonic the reactance is 1/(nwC). 
Hence current, 


i =Vim(@C) sin (ct rf 5) + Vom(2@C) sin( 20 rs 5) 


+ V3n(3@C) sin(3or + 5) fees 


(36.33) 


Equation (36.33) shows that the percentage harmonic con- 
tent of the current waveform is 7 times larger for the nth 
harmonic than that of the corresponding harmonic voltage. 

If a complex current contains a d.c. component then 
none of this direct current will flow through a pure capac- 
itor, although the alternating components of the supply 
still operate. 
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Problem 18. A complex voltage waveform repre- 
sented by 


. d aa 
v = 100 sin wt + 30 sin(3wr + =) 
+10 sin(Swr _ =) volts 


is applied across (a) a pure 40 Q resistance, (b) a pure 
7.96 mH inductance, and (c) a pure 25 wF capacitor. 
Determine for each case an expression for the current 
flowing if the fundamental frequency is 1 kHz. 


(a) From equation (36.31), 


ae v 100 . 1+ 2 sin(3 er) 
curren = — => — Sin — sin exe 
oR Ae Agr a8 


+ i sin(Swr _ =) 


. . . . us 
ie. i= 2.5sin@t + 0.75 sin(30r + a) 
+ 0.25 sin (500 - =) amperes 


(b) At the fundamental frequency, 


wL = 271000) (7.96 x 10-3) = 50Q. 
From equation (36.19), 


. 100. 4 
current i = —— sin (cr - =) 
50 2 


i.e. 


current i = 2sin (or - 5) + 0.20 sin(30r - =) 
: 20 
+ 0.04sin[ Set — 3 amperes 


(c) At the fundamental frequency, 
wC = 2n(1000) (25 x 10~°) = 0.157. 
From equation (36.33), 


current i = 100(0.157) sin(or + 5) 


ie ve 
. 30(3 x 0.157) sin(3wr +i+ *) 


+ 10(5 x 0.157) sin(Swr = = oe =) 


: : : 1 i 5 
ie. £1=15.70 sin(ot + 5) + 14.13 sin(3or + =) 


+ 7.85 sin (50 + 4) amperes 


Problem 19. A supply voltage v given by 
v = (240 sin 314¢ + 40 sin 942t + 30 sin 15701) volts 


is applied to a circuit comprising a resistance of 12 Q 
connected in series with a coil of inductance 9.55 mH. 
Determine (a) an expression to represent the instanta- 
neous value of the current, (b) the rms voltage, (c) the 
rms current, (d) the power dissipated, and (e) the 
overall power factor. 


(a) The supply voltage comprises a fundamental, 
240 sin 314¢, a third harmonic, 40 sin 942 (third har- 
monic since 942 is 3 x 314) and a fifth harmonic, 
30 sin 1570¢. 


Fundamental 


Since the fundamental frequency, w; =314 rad/s, 
inductive reactance, 


X11 = @L = (314)(9.55 x 1077) = 3.02 
Hence impedance at the fundamental frequency, 
Z, = (12+ 3.0) Q = 12.37214.04° Q 
Maximum current at fundamental frequency 


Vim _  24020° 
Z,  12.37214.04° 


= 19.407—14.04° A 


Tim = 


14.04° = 14.04 x (7/180) rad = 0.245 rad, thus 
Tim = 19.40Z—0.245 A 


Hence the fundamental current 
iy = 19.40 sin(314t — 0.245)A 


(Note that with an expression of the form 
Rsin(@t+a), wt is an angle measured in radi- 
ans, thus the phase displacement, a, should also be 
expressed in radians.) 


Third harmonic 


Since the third harmonic frequency, w3 = 942 rad/s, 
inductive reactance, 


X13 = 3X1 = 9.02 


Complex waveforms 469 


Hence impedance at the third harmonic frequency, 
Z3 = (12 + j9.0)Q = 15236.87°Q 
Maximum current at the third harmonic frequency, 


V3m _ 400° 
Z3  15236.87° 
= 2.672Z—36.87° A 


= 2.67Z—0.644A 


Ian = 


Hence the third harmonic current, 
i3 = 2.67 sin(942t — 0.644)A 


Fifth harmonic 

Inductive reactance, X75 =5X;) = 15Q 

Impedance Z5 = (12 + j15)Q = 19.21 251.34° Q 
Vam _ 3020° 

Zs ——-:19.21.251.34° 

= 1.562—51.34° A = 1.56Z—0.896 A 


Current, [5,, = 


Hence the fifth harmonic current, 

is = 1.56 sin(1570t — 0.896)A 

Thus an expression to represent the instantaneous 

current, 7, is given by i=ij +13 +75 1.e. 

i=19.40 sin(314t — 0.245) + 2.67sin(942t — 0.644) 
+ 1.56 sin(1570¢ — 0.896) amperes 


(b) From equation (36.20), rms voltage, 


/ Ee + 40? + 302 


= 173.35 V 
) 


(c) From equation (36.18), rms current, 


he (7 $267 F156 
* 2 


) = 13.89A 


(d) From equation (36.29), power dissipated, 


P =I°R = (13.89)?(12) = 2315 W or 2.315kW 


(Alternatively, equation (36.27) may be used to 
determine power.) 
(e) From equation (36.30), 


2315 


——_.—— = 0.961 
(173.35)(13.89) 


overall power factor = 


Problem 20. An e.m.f. is represented by 


IU 
e=50-+200sin ot +40sin (201 2 =) 


+5 sin (4o + ) volts, 


the fundamental frequency being 50 Hz. The e.m.f. is 
applied across a circuit comprising a 100 wF capacitor 
connected in series with a 50Q resistor. Obtain an 
expression for the current flowing and hence determine 


the rms value of current. 


D.c. component 


In a d.c. circuit no current will flow through a capacitor. 
The current waveform will not possess a d.c. compo- 
nent even though the e.m.f. waveform has a 50V d.c. 
component. Hence ig = 0. 


Fundamental 
Capacitive reactance, 


1 1 
~ InfC — 2n(50)(100 x 10-6) 


Xc1 = 31.83 Q 


Impedance Z; = (50 — j31.83) Q =59.27Z—32.48° Q 


Vim 20020° 


— = 3.374232.48° A 
Zi 59.27Z—32.48° oe 


Tim = 
= 3.37420.567A 


Hence the fundamental current, 
iy =3.374 sin(wt + 0.567)A 


Second harmonic 
Capacitive reactance, 


1 31.83 
~ 2(2nfC) 2 


Xc2 = 15.922 


Impedance Z2 = (50 — j15.92)Q = 52.47Z—17.66° Q 


Vom _ ——« 40Z—n/2 
Z  52.47Z—17.66° 


lon = 
IU 
= 0.7622 (-5 = (—17.66°)) = 0.762/—72.34° A 


Hence the second harmonic current, 
ig = 0.762 sin(2wt — 72.34°)A 
= 0.762 sin(2mt — 1.263)A 


PART 


470. Electrical Circuit Theory and Technology 


Fourth harmonic 


at 1 31.83 
Capacitive reactance, Xc4 qx 1 a 7.958 Q 
Impedance, Z4 = (50 — j7.958)Q = 50.632—9.04° Q 


Vie. 5Zn/4 
Zs 50.632 —9.04° 
= 0.099A(2/4 — (—9.04°)) 
= 0.09954.04° A 


T4m = 


Hence the fourth harmonic current, 
i4 = 0.099 sin(4at + 54.04°)A 
= 0.099 sin(4wt + 0.943)A 

An expression for current flowing is therefore given by 
i=ig tip tintig 

ie. 

i = 3.374 sin(wt + 0.567) + 0.762 sin(2@t — 1.263) 

+ 0.099 sin(4@t + 0.943) amperes 


From equation (36.18), rms current, 


= / es + 0.762? + 0.099 


) =2.45A 
2 


Now try the following exercise. 


Exercise 127 Further problems on harmonics in 
single-phase circuits 


1. A complex voltage waveform represented by 


v= 240 sin wt + 60 sin(3wr 2 ) 
+ 30 sin (Ser + ) volts 


is applied across (a) a pure 50 Q resistance, (b) a 
pure 4.974 wF capacitor, and (c) a pure 15.92 mH 
inductance. Determine for each case an expression 
for the current flowing if the fundamental frequency 
is 400 Hz. 


[(a) i= 4.8sinet + 1.2sin(3or - 2) 
+0.6sin(Swt a =) A 
(b) i = 3 sin(wr + =) + 2.25 sin(300r + *) 
+ 1.875 sin( sor + =) A 


: : a : 37 
@)i= 6sin(wr = 5) + 0.5 sin( 301 _ 7) 


40.15 sin(Swr = = Al 


2. A complex current given by 
2 
i= Ssin (or + =| + 8sin (sor + =) mA 


flows through a pure 2000 pF capacitor. If the fre- 

quency of the fundamental component is 4 kHz, 

determine (a) the rms value of current, (b) an 

expression for the p.d. across the capacitor, and 
(c) the rms value of voltage. 

{(a) 6.671 mA (b) v= 99.47 sin(wt — (71/6)) 

+ 53.05 sin(3@t + (21/6))V (c) 79.71 V] 


3. A complex voltage, v, given by 
v = 200 sin wt + 42 sin 3a@t + 25 sin Swt volts 


is applied to a circuit comprising a 6 Q resistance 

in series with a coil of inductance 5mH. Deter- 

mine, for a fundamental frequency of 50 Hz, (a) an 

expression to represent the instantaneous value of 

the current flowing, (b) the rms voltage, (c) the rms 

current, (d) the power dissipated, and (e) the overall 
power factor. 

[(a) i= 32.25 sin(314t — 0.256) + 

5.50 sin(942t — 0.666) 

+ 2.53 sin(1570t — 0.918)A 

(b) 145.6 V (c) 23.20A (d) 3.23 kW (e) 0.956] 


4. Ane.m.f. e is given by 
e= 40 + 150 sinwt + 30sin (2er zs *) 
+10 sin (4exr _ =| volts 


the fundamental frequency being 50 Hz. The e.m.f. 
is applied across a circuit comprising a 100 Q resist- 
ance in series with a 15 \1F capacitor. Determine 
(i) the rms value of voltage, (ii) an expression for 
the current flowing and (iii) the rms value of current. 
[G) 115.5 V Gi) i= 0.639 sin(wt + 1.130) + 

0.206 sin(2wt + 0.030) 

+ 0.088 sin(4a@t — 0.559)A (iii) 0.479 A] 


5. Acircuit comprises a 100 Q resistance in series with 
a 1 mH inductance. The supply voltage is given by 


v= 40+ 200sin wt + 50 sin(3or 4 “) 
+15 sin(Sot + =) volts 


where w= 10° rad/s. Determine for the circuit 

(a) an expression to represent the current flowing, 

(b) the rms value of current and (c) the power 
dissipated. 

[(a) i=0.40 + 1.414 sin (wt — (21/4)) + 

0.158 sin (3@t — 0.464) 

+ 0.029 sin(Swt — 0.850) (b) 1.08 A (c) 117 W] 
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36.9 Further worked problems on harmonics in 
single phase circuits 


Problem 21. A complex voltage v is represented by: 
v= 25 + 100sin ot + 40sin(3er + =) 
1 
+ 20 sin (Ser + a) volts 


where w = 10* rad/s. The voltage is applied to a series 
circuit comprising a 5.0Q resistance and a 500 WH 
inductance. 

Determine (a) an expression to represent the current 
flowing in the circuit, (b) the rms value of current, cor- 
rect to two decimal places, and (c) the power dissipated 
in the circuit, correct to three significant figures. 


(a) d. c. component 


Inductance has no effect on a steady current. Hence 
the d.c. component of the current, ip, is given by 


“ vO 25 

=—= —=5.0A 
SR 50 
Fundamental 


Inductive reactance, 

X11 = wL = (10*)(500 x 10-®) =5Q 

Impedance, Z; = (5 + j5)Q = 7.071245° Q 

Vim 10020° 

Zi 7.07Z45° 
= 14.147—7/4A or 14.147—0.785 A 


Tin = = 14.147—45°A 


Hence fundamental current, 
iy = 14.14 sin(wt — 0.785)A 


Third harmonic 

Inductive reactance at third harmonic frequency, 
X13 = 3Xz = 15 

Impedance, Z3 = (5 + j15) Q = 15.81271.57°Q 


V3m _  40.Zx1/6 
Z3;  15.81271.57° 


= 2.532Z—41.57°A 
= 2.532—0.726A 


Ian = 


Hence the third harmonic current, 


iz = 2.53 sin(et — 41.57°)A 
= 2.53 sinet — 0.726)A 


Fifth harmonic 


Inductive reactance at fifth harmonic frequency, 
Xps = 5X1 =25Q 


Impedance, Z5 = (5 +j25)Q = 25.495 778.69° Q 


Vim _ 202/12 
Zs -25.49578.69° 


Is = = 0.7842—63.69°A 


= 0.7844-1.112A 


Hence the fifth harmonic current, 


is = 0.784 sin (Swt — 63.69°)A 
= 0.784 sin(St — 1.112)A 


Thus current, i= ig +7; +13 +15, Le. 


i=5+ 14.14 sin(wt — 0.785) 
+ 2.43 sinGet — 0.726) 
+ 0.784 sin(S@t — 1.112)A 


(b) From equation (36.22), rms current, 


ae ’ (s o? 4 Lala? 42.53? + ea 


2 
= 11.3348 A = 11.33A, 


correct to two decimal places. 


(c) From equation (36.29), power dissipated, 
P=I°R=(11.3348)2(5.0) = 642.4 W 
= 642W, correct to three significant figures 
(Alternatively, from equation (36.28), 


Ae ee ie 
power P = (25)(5.0) + Wp) ve cos 


+ (=) (=) cos 71.57° 


+ (>) (“S) cos 78.69° 


= 125 + 499.92 + 16.00 + 1.54 
= 642.46 W or 642 W, 


(correct to three significant figures, 


as above.) 


Problem 22. The voltage applied to a particular 
circuit comprising two components connected in 
series is given by 
v = (30 + 40 sin 10°¢ + 25 sin2 x 10°¢ 

+15sin4 x 10°1) volts 
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and the resulting current is given by Problem 23. In the circuit shown in Figure 36.28 
the supply voltage is given by v=300sin314t+ 

i= 0.743 sin(10°r + 1.190) 120 sin (942t + 0.698) volts. Determine (a) an expres- 
+0.781 sin(2 x 1031 + 0.896) sion for the supply current, i, (b) the percentage 

; F harmonic content of the supply current, (c) the total 

+ 0.636 sin(4 x 10°t + 0.559) A power dissipated, (d) an expression for the p.d. shown 


as v1, and (e) an expression for current i¢. 
Determine (a) the average power supplied, (b) the 
type of components present, and (c) the values of the 
components. 


(a) From equation (36.28), the average power P is 
given by 


P = (30)(0) 4 (=) (25>) eos 1.190 
25 \ (0.781 
e—— ) | 0.896 
(=) ( J/2 ) os Figure 36.28 


+ (S) (“S) cos 0.559 


A= 2000 2 


(a) Capacitive reactance of the 2.123 wF capacitor at the 


ie. P=0+4+5.523+ 6.099 + 4.044 = 15.67 W fundamental frequency is given by 
(b) The expression for the voltage contains a d.c. com- 1 
ponent of 30 V. However there is no corresponding Xa = = 1500 Q 


—6 
term in the expression for current. This indicates that E123 105%) 


one of the components is a capacitor (since in a d.c. 
circuit a capacitor offers an infinite impedance to a At the fundamental frequency the total circuit 
direct current). Since power is delivered to the circuit impedance, Z), is given by 
the other component is a resistor. ; 
(2000)(—j1500) 


(c) From equation (36.8), rms current, Z| = 560 (2000 — j1500) 


3 x 10°7—90° 
25002—36.87° 


‘yee / (oe + 0.781? + 0.6367 


5 ) = 0.885A = 560 


Average power P= I?R, from which, = 560 + 12002—53.13° = 560 + 720 — j960 


P 15. = pee = a ° 
resistance R= — = 5.67 —209 (1280 — j960)Q = 16002—36.87° Q 
I? (0.885)2 


= 16002—0.644 Q 
At the fundamental frequency, w = 10° rad/s 


Since for the nth harmonic the capacitive reactance 
Vim 40 


impedance |Z1| = —— = ——~ = 53.842 is 1/(nwC), the capacitive reactance of the third har- 

Tim 0.743 monic is 3Xc1 = 5 (1500) = 5002. Hence at the 

Impedance |Z, | = ./(R? + X2,), from which third harmonic frequency the total circuit impedance, 
-- cil” 


Z3, 1s given by 
Xo = /(Z? — R*) = (53.84 — 207) =50Q 
(2000)(—j500) 
Hence 1/wC = 50, from which Z| = 560 T= ssi; 


1 1 
it. C eS 20 F 6 x 
capacitance (50) 103 (50) Wa = 10°7—90 
2061.552Z—14.04° 
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= 560 + 485.072—75.96° 

= 560 + 117.68 — 7470.58 
= (677.68 — j470.58)Q = 8252—34.78°Q 
= 8252—0.607 Q 


The fundamental current 


v’I 30020 
Z,1  16007—0.644 


y= = 0.18820.644 A 


The third harmonic current 


v3 12020.698 
Z3  8252Z—0.607 


B= = 0.14571.305A 


Thus, supply current, 
i = 0.188 sin (314¢ + 0.644) 
+ 0.145 sin (9422 + 1.305)A 


(b) Percentage harmonic content of the supply current is 
given by 
0.145 


0.188 x 100% = 77% 


(c) From equation (36.27), total active power 


P= (=) (S) cos 0.644 
+ (=) (<>) cos 0.607 


ie. P=22.55+7.15 =29.70W 
(d) Voltage vj =iR = 560[0.188 sin(314t + 0.644) 
+ 0.145 sin (942t + 1.305)] 
ie. v1 = 105.3 sin (314¢ + 0.644) 


+ 81.2 sin (942¢ + 1.305) volts 


( ) : ; ( ; ) ( ; ) 
e) Current, i. =1, - + 13 ; 
i R—jXc1 R—jXc3 


by current division 


2000 
2000 — j1500 


2000 
2000 — j500 


= (0.18820.644) ( 


+ (0.14521.305) ( 


2000 
= (0.18820.644) ( ) 


25004—0.644 
2000 ) 


2061.55 2—0.245 
= 0.15021.288 + 0.14121.550 


+ (0.145 21.305) ( 


Hence i, = 0.150 sin (314¢ + 1.288) 
+ 0.141 sin(942t + 1.550)A 


Now try the following exercise. 


Exercise 128 Further problems on harmonics in 
single-phase circuits 


1. The e.m.f. applied to a circuit comprising two 
components connected in series is given by 


v=50+ 150sin(2 x 10°4) + 40 sin(4 x 10°) 
+20 sin(8 x 10° t) volts 


and the resulting current is given by 
i= 1.011 sin(2 x 10° + 1.001) 
+ 0.394 sin(4 x 10°1 + 0.663) 
+ 0.233 sin(8 x 10° + 0.372)A 
Determine for the circuit (a) the average power 
supplied, and (b) the value of the two circuit 


components. 
[(a) 49.3 W (b) R= 80 2, C=4 uF] 


2. A coil having inductance L and resistance R is 
supplied with a complex voltage given by 


v = 240 sin wt + V3 sin(301 ae ) 
+ V5 sin (Ser _ =| volts 


The resulting current is given by 
i= 4.064 sin(@t — 0.561) 
+ 0.750 sin(3@t — 0.036) 
+ 0.182 sin(Sa@t — 1.525)A 


The fundamental frequency is 500 Hz. Determine 
(a) the impedance of the circuit at the fundamental 
frequency, and hence the values of R and L, (b) the 
values of V3 and Vs, (c) the rms voltage, (d) the 
rms current, (e) the circuit power, and (f) the power 
factor. 

[(a) 59.06 Q, R=50 Q, L = 10 mH (b) 80V, 
30V (c) 180.1 V (d) 2.93 A (e) 427.8 W (f) 0.811] 
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3. An alternating supply voltage represented by 


v = (240 sin 300¢ — 40 sin 1500t + 60 sin 2100f) 
volts 


is applied to the terminals of a circuit containing 

a 40Q resistor, a 200mH inductor and a 25 \F 

capacitor in series. (a) Derive the expression for 

the current waveform and (b) calculate the power 
dissipated by the circuit. 

[(a) 1 = 2.873 sin(300t + 1.071) — 

0.145 sin(1500t — 1.425) + 

0.149 sin(2100t — 1.471)A (b) 166 W] 


4. A voltage v represented by 


v = 120sin 314t + 25 sin(942r A. =) volts 


is applied to the circuit shown in Figure 36.29. 
Determine (a) an expression for current 7, (b) the 
percentage harmonic content of the supply current, 
(c) the total power dissipated, (d) an expression for 
the p.d. shown as vj and (e) expressions for the 
currents shown as ir and ic 


Figure 36.29 


[(a) i= 0.134 sin(3147 + 0.464) 
+ 0.047 sin(942r + 0.988)A (b) 35.07% (c) 7.72 W 
(d) vj =53.6 sin(314t +. 0.464) + 

18.8 sin(942t + 0.988)V 

(e) ig = 0.095 sin(3141 — 0.321) 

+ 0.015 sin(942r — 0.261)A, 

ic = 0.095 sin(314t + 1.249) 

+.0.045 sin(942r + 1.310)A] 


36.10 Resonance due to harmonics 


In industrial circuits at power frequencies the typical 
values of L and C involved make resonance at the 


fundamental frequency very unlikely. (An exception to 
this is with the capacitor-start induction motor where 
the start-winding can achieve unity power factor during 
run-up.) 

However, if the voltage waveform is not a pure sine 
wave it is quite possible for the resonant frequency to be 
near the frequency of one of the harmonics. In this case 
the magnitude of the particular harmonic in the current 
waveform is greatly increased and may even exceed that 
of the fundamental. The effect of this is a great distortion 
of the resultant current waveform so that dangerous volt 
drops may occur across the inductance and capacitance in 
the circuit. 

When a circuit resonates at one of the harmonic fre- 
quencies of the supply voltage, the effect is called selec- 
tive or harmonic resonance. 

For resonance with the fundamental, the condition is 
wL = 1/(wC); for resonance at, say, the third harmonic, 
the condition is 3wL = 1/(3@C); for resonance at the nth 
harmonic, the condition is 


noL = 1/(nwC) 


Problem 24. A voltage waveform having a funda- 
mental of maximum value 400 V and a third harmonic 
of maximum value 10 V is applied to the circuit shown 
in Figure 36.30. Determine (a) the fundamental fre- 
quency for resonance with the third harmonic, and 
(b) the maximum value of the fundamental and third 
harmonic components of current. 


20 


0.5 H 


0.2 LF 


Figure 36.30 


(a) Resonance with the third harmonic means that 
3a@L = 1/(3@C), ie. 


1 1 
oe I (az) ~ 37(0.5)(0.2 x 10%) 
= 1054 rad/s 
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@ 1054 (a) For resonance at the nth harmonic, nwL = 1/(nwC), 
from which, fundamental frequency, f = — = —— from which 
20 20 
= 167.7 Hz eal : 


= —— andn = ———_ 
w2LC w/(LC) 
(b) At the fundamental frequency, 


1 
: H = =15 
impedance oe 97150 (0.369)(0.122 x 10%) 
; 1 
Z1=R+j (ox = =) Thus resonance occurs at the 15th harmonic. 
1 (b) At resonance, impedance Z,5 = R=5 Q. Hence the 
=2+4+ 7) (1054)(0.5 maximum value of current at the 15th harmonic, 
: \ 0) T954(0.2 x val 


= (2 — j4217)Q Vism E (1.5/100) x 800 


=2.4A 
R 5 


lism = 
ie. Z) = 42172Z—-89.97°Q 


(c) At the 15th harmonic, capacitive reactance, 
Maximum value of current at the fundamental 


frequency, 1 1 
Xcis = = = 
1S@C — -15(27750)(0.122 x 10~®) 
V 400 oe 
Tim = =" = —— = 0.0954 ee 
Z| 4217 
Apihe tad hatmonie eeGuene Hence the p.d. across the capacitor at the 15th 
q 6 harmonic 
F 1 
since resonance occurs at the third harmonic, i.e. : ; 
7x=20 (d) At the fundamental frequency, inductive reactance, 
Maximum value of current at the third harmonic 
frequency, Xp = oL = (27750)(0.369) = 115.92 PART 
3 
bn = Vm = ip =5A and capacitive reactance, 
Z3 2 
(Note that th itude of I d with J Xx : ; 26091 Q 
ote that the magnitude of /3,, compared with [1 ,, c= = a5 
is 5/0.095, i.e. x 52.6 greater.) @C — (27750)(0.122 x 10) 


Impedance at the fundamental frequency, 


Problem 25. A voltage wave has an amplitude of 
800V at the fundamental frequency of 50Hz and _ 2 _ y,27 

its nth harmonic has an amplitude 1.5% of the fun- law Mee ee) 20010 
damental. The voltage is applied to a series circuit 


containing resistance 5, inductance 0.369H and Maximum value of current at the fundamental fre- 
capacitance ().122 LF. Resonance occurs at the nth har- quency, 

monic. Determine (a) the value of n, (b) the maximum 

value of current at the nth harmonic, (c) the p.d. across Vin 800 

the capacitor at the nth harmonic and (d) the maximum Lim Z, 95075 0.031 A or 31 mA 


value of the fundamental current. 
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Now try the following exercise. 


Exercise 129 Further problems on harmonic 
resonance 


1. A voltage waveform having a fundamental of maxi- 
mum value 250 V and a third harmonic of maximum 
value 20V is applied to a series circuit compris- 
ing a 5 resistor, a 400mH inductance and a 
0.5 wF capacitor. Determine (a) the fundamental 
frequency for resonance with the third harmonic 
and (b) the maximum values of the fundamental 
and third harmonic components of the current. 

[(a) 118.6 Hz (b) 0.105 A, 4A] 


2. Acomplex voltage waveform has a maximum value 
of 500 V at the fundamental frequency of 60 Hz and 
contains a 17th harmonic having an amplitude of 
2% of the fundamental. The voltage is applied to 
a series circuit containing resistance 2 02, induc- 
tance 732 mH and capacitance 33.26 nF. Determine 
(a) the maximum value of the 17th harmonic cur- 
rent, (b) the maximum value of the 17th harmonic 
p.d. across the capacitor, and (c) the amplitude of 
the fundamental current. 

[(a) 5A (b) 23.46 kV (c) 6.29 mA] 


3. A complex voltage waveform v is given by the 
expression 


as Tesi t Oe (Ber = =) 


+ 10sin (Ser ae =) volts 


where w=314 rad/s. The voltage is applied to 
a circuit consisting of a coil of resistance 10 Q 
and inductance 50mH in series with a variable 
capacitor. 


(a) Calculate the value of the capacitance which will 

give resonance with the triple frequency component 

of the voltage. (b) Write down the corresponding 

equation for the current waveform. (c) Determine 

the rms value of current. (d) Find the power 
dissipated in the circuit. 

[(a) 22.54 WF (b) i= 1.191 sin 3147 4+ 1.491) 

+ 2.500 sin (942t — 0.524) 

+ 0.195 sin (1570t — 0.327)A 

(c) 1.963 A (d) 38.56 W] 


4. Acomplex voltage of fundamental frequency 50 Hz 
is applied to a series circuit comprising resist- 
ance 20, inductance 800\1H and capacitance 
74.94 LF. Resonance occurs at the nth harmonic. 
Determine the value of n. [13] 


5. A complex voltage given by v=1200sinwt+ 
300 sin 3@t + 100 sin 5wt volts is applied to a cir- 
cuit containing a 25 Q resistor, a 12 WF capaci- 
tor and a 37 mH inductance connected in series. 
The fundamental frequency is 79.62 Hz. Determine 
(a) the rms value of the voltage, (b) an expression 
for the current waveform, (c) the rms value of cur- 
rent, (d) the amplitude of the third harmonic voltage 
across the capacitor, (e) the circuit power, and (f) the 
overall power factor. 

[(a) 877.5 V (b) i=7.991 sin (wt + 1.404) 
+ 12 sin 3@t + 1.555 sin(Swt — 1.17DA 
(c) 10.25 A (d) 666.4 V (e) 2626 W (f) 0.292] 


36.11 Sources of harmonics 


(i) Harmonics may be produced in the output wave- 
form of an a.c. generator. This may be due either 
to ‘tooth-ripple’, caused by the effect of the slots that 
accommodate the windings, or to the non-sinusoidal 
airgap flux distribution. 

Great care is taken to ensure a sinusoidal output 
from generators in large supply systems; however, 
non-linear loads will cause harmonics to appear in 
the load current waveform. Thus harmonics are pro- 
duced in devices that have a non-linear response to 
their inputs. Non-linear circuit elements (i.e. those in 
which the current flowing through them is not pro- 
portional to the applied voltage) include rectifiers and 
any large-signal electronic amplifier in which diodes, 
transistors, valves or iron-cored inductors are used. 

(ii) A rectifier is a device for converting an alternating or 
an oscillating current into a unidirectional or approx- 
imate direct current. A rectifier has a low impedance 
to current flow in one direction and a nearly infinite 
impedance to current flow in the opposite direction. 
Thus when an alternating current is applied to a 
rectifier, current will flow through it during the pos- 
itive half-cycles only; the current is zero during the 
negative half-cycles. A typical current waveform is 
shown in Figure 36.31. This ‘half-wave rectification’ 


Figure 36.31 Typical current waveform containing a 
fairly large second harmonic 
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Figure 36.32 


(iii) 


(iv) 


is produced by using a single diode. The waveform is 
similar in shape to that shown in Figure 36.14, page 
451, where the d.c. component brought the negative 
half-cycle up to the zero current point. The waveform 
shown in Figure 36.31 is typical of one containing a 
fairly large second harmonic. 
Transistors and valves are non-linear devices in that 
sinusoidal input results in different positive and neg- 
ative half cycle amplifications. This means that the 
output half cycles have different amplitudes. Since 
they have a different shape, even harmonic distortion 
is suggested (see Section 36.3). 
Ferromagnetic-cored coils are a source of harmonic 
generation in a.c. circuits because of the non-linearity 
of the B/H curve and the hysteresis loop, espe- 
cially if saturation occurs. Let a sinusoidal voltage 
v=V,,sinw@t be applied to a ferromagnetic-cored 
coil (having low resistance relative to inductive react- 
ance) of cross-section area A square metres and 
possessing N turns. 

If @ is the flux produced in the core then the 
instantaneous voltage is given by v= N(d¢/dt). 


V, 
B= NA sin(wt — 90°) 


If B is the flux density of the core, then, since ® = BA, 


nee (BA) = NA eG 
v= —- — = 
dt t 


d 


since area A is a constant for a particular core. 
Separating the variables gives 


1 
f= foe 
NA 
1 


i.e. B= az | Ve sin wt dt = 
NA 


= Vin 


cos wt 
(2) 


Since —cos wt = sin(wt — 90°) 


m 


(36.34) 


Equation (36.34) shows that if the applied voltage is 
sinusoidal, the flux density B in the iron core must 
also be sinusoidal but lagging by 90°. 
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Current 
waveform 


Figure 36.33 


The condition of low resistance relative to induc- 
tive reactance, giving a sinusoidal flux from a sinu- 
soidal supply voltage, is called free magnetization. 

Consider the application of a sinusoidal voltage to 
acoil wound ona core with a hysteresis loop as shown 
in Figure 36.32(a). The horizontal axis of a hysteresis 
loop is magnetic field strength H, but since H = Ni/I 
and WN and 7 (the length of the flux path) are con- 
stant, the axis may be directly scaled as current i (i.e. 
i= HI/N). Figure 36.32(b) shows sinusoidal voltage 
v and flux density B waveforms, B lagging v by 90°. 

The current waveform is shown in Figure 36.32(c) 
and is derived as follows. At time ¢;, point a on the 
voltage curve corresponds to point b on the flux den- 
sity curve and point c on the hysteresis loop. The cur- 
rent at time f; is given by the distance dc. Plotting this 
current on a vertical time-scale gives the derived point 
e onthe current curve. A similar procedure is adopted 
for times f2, fz and so on over one cycle of the voltage. 

(Note that it is important to move around the hys- 
teresis loop in the correct direction.) It is seen from 
the current curve that it is non-sinusoidal and that 
the positive and negative half cycles are identical. 
This indicates that the waveform contains only odd 
harmonics (see Section (36.3)). 


kei 


4-Derived flux 
density curve 


Beeeerite 


Derived induced 


voltage curve 4 
| 


Baaee 


Time t 


NR 
“4 


(v) If, in a circuit containing a ferromagnetic-cored coil, 


the resistance is high compared with the inductive 
reactance, then the current flowing from a sinusoidal 
supply will tend to be sinusoidal. This means that 
the flux density B of the core cannot be sinusoidal 
since it is related to the current by the hysteresis 
loop. This means, in turn, that the induced voltage 
due to the alternating flux (i.e. v= NA(dB/dt)) will 
not be sinusoidal. This condition is called forced 
magnetization. 

The shape of the induced voltage waveform under 
forced magnetization is obtained as follows. The 
current waveform is shown on a vertical axis in 
Figure 36.33(a). The hysteresis loop corresponding 
to the maximum value of circuit current is drawn 
as shown in Figure 36.33(b). The flux density curve 
which is derived from the sinusoidal current wave- 
form is shown in Figure 36.33(c). Point a on the 
current wave at time f; corresponds to point b on 
the hysteresis loop and to point c on the flux density 
curve. By taking other points throughout the current 
cycle the flux density curve is derived as shown. 

The relationship between the induced voltage v and 
the flux density B is given by v= NA(dB/dt). Here 
dB/dt represents the rate of change of flux density 
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Figure 36.34 


(vi) 


with respect to time, i.e. the gradient of the B/t curve. 
At point d the gradient of the B/t curve is amaximum 
in the positive direction. Thus v will be maximum 
positive as shown by point d’ in Figure 36.33(d). At 
point e the gradient (i.e. dB/dt) is zero, thus v is zero, 
as shown by point e’. At point f the gradient is maxi- 
mum in a negative direction, thus v is maximum neg- 
ative, as shown by point f’. If all such points are taken 
around the B/t curve, the curve representing induced 
voltage, shown in Figure 36.33(d), is produced. 
The resulting voltage waveform is non-sinusoidal. 
The positive and negative half cycles are identical 
in shape, indicating that the waveform contains a 
fundamental and a prominent third harmonic. 

The amount of power delivered to a load can 
be controlled using a thyristor, which is a 
semiconductor device. Examples of applications of 
controlled rectification include lamp and heater con- 


Supply voltage 


Thyristor current 


trols and the control of motor speeds. A basic circuit 
used for single-phase power control is shown in Fig- 
ure 36.34(a). The trigger module contains circuitry 
to produce the necessary gate current to turn the 
thyristor on. If the pulse is applied at time 6/a, 
where @ is the firing or triggering angle, then the 
current flowing in the load resistor has a waveform 
as shown in Figure 36.34(b). The sharp rise-time 
(shown as ab in Figure 36.34(b)), however, gives rise 
to harmonics. 


(vii) In microelectronic systems rectangular waveforms 


are common. Again, fast rise-times give rise to 
harmonics, especially at high frequency. These har- 
monics can be fed back to the mains if not filtered. 


There are thus a large number of sources of 
harmonics. 
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37 A numerical method of harmonic analysis 


At the end of this chapter you should be able to: 


e use a tabular method to determine the Fourier series 
for a complex waveform 


e predict the probable harmonic content of a waveform 
on inspection 


37.1 Introduction 


Many practical waveforms can be represented by simple 
mathematical expressions, and, by using Fourier series, 
the magnitude of their harmonic components determined. 
For waveforms not in this category, analysis may be 
achieved by numerical methods. Harmonic analysis is 
the process of resolving a periodic, non-sinusoidal quan- 
tity into a series of sinusoidal components of ascending 
order of frequency. 


37.2 Harmonic analysis on data given in 
tabular or graphical form 


A Fourier series is merely a trigonometric series of the 
form: 


f(x) = ao + a1 cosx + a2 cos 2x +--+ +b; sinx 
+ bz sin2x +--+ 


oe) 
ie. f(x)=aot+ be (dy cos nx + by sin nx) 


n=1 


The Fourier coefficients ao, dn and by all require functions 
to be integrated, i.e. 


1 


1 8 
a= 5 f feyae= = 


2 
a fx) dx 


= mean value of f(x) in the range —z to z or 0 to 27 
U 1 20 
f(x) cos nx dx = — 
ua 


a, = — f(x) cos nx dx 


= 
= twice the mean value of f(x) cos nx in the range 


0 to 27 


ca 21 


1 
bo=— |] f(x) sinnx dx = — f(x) sin nx dx 
TW J—nx IT 
= twice the mean value of f(x) sin nx in the range 


0 to 27 


However, irregular waveforms are not usually defined by 
mathematical expressions and thus the Fourier coefficients 
cannot be determined by using calculus. In these cases, 
approximate methods, such as the trapezoidal rule, can 
be used to evaluate the Fourier coefficients. 

Most practical waveforms to be analysed are periodic. 
Let the period of a waveform be 27 and be divided into 
p equal parts as shown in Figure 37.1. The width of 
each interval is thus 27/p. Let the ordinates be labelled 
Yo. Y1,Y2,+++s¥p (note that yo = yp). The trapezoidal rule 
states: 


width of \ | | / first + last aur 
Area |. = : + remaining 
interval 2 \ ordinate : 
ordinates 


2n | 1 
x Qo + ¥p) +y¥1 +y2+y34+-°° 
p {2 


f(x) 


Yo Vi Yo V3 Ya 


Period = 27 


Figure 37.1 
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; 1 
Since yo = yp, then 3690 + Yp)=Yo=Yp 


2n 2 
Hence area ¥ — > yx 


P k=! 
area 
Mean value = ——_———¥— 
length of base 
1 f2x\~ z 
oy (=) De 


However, ap = mean value of f(x) in the range 0 to 27. 
Thus 


1 Pp 
ay - > ye 
Pt 


(37.1) 


Similarly, a, = twice the mean value of f(x) cos nx in the 
range 0 to 27, thus, 


22 
an & — > ye COS NX; (37.2) 
Pia 


and b, = twice the mean value of f(x) sin nx in the range 
0 to 277, thus 


2 p 
bn © — ) yg sinnxy (37.3) 
Piri 


Problem 1. The values of the voltage v volts at 
different moments in a cycle are given by: 


6 degrees 30 60 90 120 150 180 
v (volts) 62 35 38 64 63 52 


O degrees 210 240 270 300 330 #8 360 
v (volts) —28 24 80 96 90 70 


Draw the graph of voltage v against angle 6 and analyse 
the voltage into its first three constituent harmonics, 
each coefficient correct to 2 decimal places. 


The graph of voltage v against angle 6 is shown in 
Figure 37.2. The range 0 to 27 is divided into 12 equal 
intervals giving an interval width of 27/12, i.e. 2/6 or 
30°. The values of the ordinates y;,y2,y3,... are 62, 
35, —38, ... from the given table of values. Ifa larger num- 
ber of intervals are used, results having a greater accuracy 


Yio 


| 
Vis Vi2 


360 @ degrees 


Voltage v (volts) 


I od 
BN 
eo) 

T T 


Figure 37.2 


are achieved. The data is tabulated in the proforma shown 
in Table 37.1. 


ie 1 
From equation (37.1), a9 ¥ — ) Vk = 7p 712) 
P 
k=1 


=17.67 (since p = 12) 


p 


2 
From equation (37.2), a, * — }> cos nxx 
P k=1 


2 
Hence a, ~ pn) = 69.66 


2 
a) & 7p 3) = —6.50 
2 
and a3 7p) = —8.17 
PART 


22 
From equation (37.3), bn © — >> yx sin nxg 3 
P k=l 


2 
Hence by © 796-278-593) = —46.42 


2 
bo © —(29.43) = 4.91 
2 7h ) 
d b - (55) = 9.17 
an ao =. 
a 10 


Substituting these values into the Fourier series: 


CO 
f(x) =ao+ (dy cos nx + by sin nx) 


n=1 
gives: v=17.67 + 69.66 cos 6 — 6.50 cos 20 
— 8.17 cos 30 +--+ — 46.42 sin 0 


+4.91sin 20 + 9.17sin30+--- (37.4) 


Table 37.1 


Ordinates 6° v cos 6 vcos@ sin 6 vsin@ cos20 vcos20 sin 20 v sin 20 cos36 ~~ vcos 30 sin30 ~—-vsin 30 
yy 30 62 0.866 53.69 0.5 3] 0.5 3] 0.866 53.69 0 0 1 62 
yo 60 35 0.5 17.5 0.866 30.31 —0.5 -17.5 0.866 30.31 -1 —35 0 0 
¥3 90 —38 0 0 1 —38 -1 38 0 0 0 0 -1 38 
4 120 —-64 —0.5 32 0.866 —55.42 —0.5 32 —0.866 55.42 1 —64 0 0 
Ys5 150 -—63 —0.866 54.56 0.5 —31.5 0.5 —31.5 —0.866 54.56 0 0 1 —63 
6 180 —52 -1 52 0 0 1 —52 0 0 -1 52 0 0 
y7 210 —28 —0.866 24.25 —0.5 14 0.5 —14 0.866 —24.25 0 0 -1 28 
Vg 240 24 —0.5 —12 —0.866 —20.78 —0.5 -12 0.866 —20.78 1 24 0 0 
Yo 270 80 0 0 -l —80 -l —80 0 0 0 0 1 80 
Y10 300 96 0.5 48 —0.866 —83.14 —0.5 —48 —0.866 —83.14 -1 —96 0 0 
Vi 330 90 0.866 77.94 —0.5 —45 0.5 45 —0.866 —77.94 0 0 -1 —90 
y12 360 70 1 70 0 0 1 70 0 0 1 70 0 0 
12 12 12 12 12 12 12 
a ye = 212 3 VE COS Ox ye Ye SIN Of Se VE COS 204 Se ye Sin 20; ey: COs 36% bs ype Sin 30, 
k=1 k= k= k= k=1 k=1 k=1 
= 417.94 = —278.53 =—39 = 29.43 =—49 =55 
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Note that in equation (37.4), (—46.42 sin 0 + 69.66 cos 6) 
comprises the fundamental, (4.91 sin 26 — 6.50 cos 20) 
comprises the second harmonic and (9.17 sin 36 — 8.17 
cos 39) comprises the third harmonic. 


It is shown in Higher Engineering Mathematics that 
asin wt + bcos wt = R sin(wt + a) 


where a=Rcosa,b=Rsina,R = ./(a? +b”) and 


_15 
a=tan “— 
a 


For the fundamental, R = \/[(—46.42)? + (69.66)7] 


= 83.71 
a -—46.42 ‘ 
If a=Rcosa, then cosa= —=—W— which is 
; R 83.71 
negative, 
b 69.66 
and if b=Rsina, then sina = — = —— which is 
wig R_- 83.71 
positive. 


The only quadrant where cosa is negative and sina is 
positive is the second quadrant. 


Hence 
69.66 
—46.42 
Thus (—46.42 sin 6 + 69.66 cos 0) = 83.71 sin(@ + 2.16) 


b 
a= tan~!— = tan! = 123.68° or 2.16 rad 


By a similar method it may be shown that the second 
harmonic 


(4.91 sin 26 — 6.50 cos 20) = 8.15 sin(20 — 0.92) 
and the third harmonic 
(9.17 sin 30 — 8.17 cos 39) = 12.28 sin(30 — 0.73) 


Hence equation (37.4) may be re-written as: 


v = 17.67 + 83.71 sin(6 + 2.16) + 8.15 sin(20 — 0.92) 
+ 12.28 sin(30 — 0.73) volts 


which is the form used in Chapter 36 with complex 
waveforms. 


Now try the following exercise. 


Exercise 130 Further problems on harmonic 
analysis on data given in tabular form 


Determine the Fourier series to represent the periodic 
functions given by the tables of values in Problems 
1 to 3, up to and including the third harmonics and 
each coefficient correct to 2 decimal places. Use 12 
ordinates in each case. 


1. 
Angle 6° 30 60 «690 «120 150 180 
Displacementy 40 43 38 30 23 17 
Angle 6° 210 240 270 300 330 360 


Displacement y 11 9 10 13. 21 32 


[y = 23.92 + 7.81 cos@ + 14.61 sin@ + 
0.17 cos 26 + 2.31 sin 20 — 0.33 cos 30 


+ 0.50 sin 36] 
2), 
Angle @®? 0 30 60 90 120 150 
Voltagev -5.0 -15 60 125 160 165 
Angle 6° 180 210 240 270 300 330 
Wolagem ibH0) ey @s =—4H) S70) 7s) 
[v =5.00 — 10.78 cos 6 + 6.83 sin 6 — 1.96 cos 20 
+ 0.80 sin 26 + 0.58 cos 36 — 1.08 sin 36] 
3, 


Angle @° 30 ~=©60 90 120 150 180 
Currenti 0 1.4 1.8 1.9 1.8 1.3 


Angle 6° 210 240 270 300 330 360 
Currenti 0 De 3.8 3.9 aS) D5) 


{i= 0.64 + 1.58 cos 6 — 2.73 sin 6 — 0.23 cos 20 


— 0.42 sin 20 + 0.27 cos 36 + 0.05 sin 36] 


37.3. Complex waveform considerations 


It is sometimes possible to predict the harmonic con- 
tent of a waveform on inspection of particular waveform 
characteristics. 


(i) If a periodic waveform is such that the area above 
the horizontal axis is equal to the area below 
then the mean value is zero. Hence aj =O (see 
Figure 37.3(a)). 

(ii) An even function is symmetrical about the vertical 
axis and contains no sine terms (see Figure 37.3(b)). 

(iii) An odd function is symmetrical about the origin and 
contains no cosine terms (see Figure 37.3(c)). 

(iv) f(x) =f + 2) represents a waveform which repeats 
after half a cycle and only even harmonics are 
present (see Figure 37.3(d)). 

(v) f(x) =—f(x +27) represents a waveform for which 
the positive and negative cycles are identical in 
shape and only odd harmonics are present (see 
Figure 37.3(e)). 
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(b) Contains no sine terms 


(c) Contains no cosine terms (d) Contains only even harmonics 


(e) Contains only odd harmonics 


Figure 37.3 


Problem 2. Without calculating Fourier coefficients 
state which harmonics will be present in the waveforms 
shown in Figure 37.4. 


f(x) 


Figure 37.4 


(a) The waveform shown in Figure 37.4(a) is symmetrical 
about the origin and is thus an odd function. An odd 
function contains no cosine terms. Also, the waveform 
has the characteristic f(x) =—f(x+ 7), i.e. the posi- 
tive and negative half cycles are identical in shape. 
Only odd harmonics can be present in such a wave- 
form. Thus the waveform shown in Figure 37.4(a) 
contains only odd sine terms. Since the area above 
the x-axis is equal to the area below, ap = 0. 

(b) The waveform shown in Figure 37.4(b) is symmetrical 
about the f(x) axis and is thus an even function. An 
even function contains no sine terms. Also, the wave- 
form has the characteristic f(x) =f(x +7), 1.e. the 
waveform repeats itself after half a cycle. Only even 


harmonics can be present in such a waveform. Thus 
the waveform shown in Figure 37.4(b) contains only 
even cosine terms (together with a constant term, ao). 


Problem3. Analternating current i amperes is shown 
in Figure 37.5. Analyse the waveform into its con- 
stituent harmonics as far as and including the fifth 
harmonic, correct to 2 decimal places, by taking 30° 
intervals. 


Current ij amperes 


180 -120 -60 Vj Iv, IVs ys 180 240 «300 0° 
if 1 i 1 1 1 1 1 it 1 1 1 
“750-90 30-0 30 60 90 120150 “2101 270 | 3307360 


Figure 37.5 


With reference to Figure 37.5, the following characteris- 
tics are noted: 


(i) The mean value is zero since the area above the 0 axis 
is equal to the area below it. Thus the constant term, 
or d.c. component, ag = 0. 

(ii) Since the waveform is symmetrical about the origin 
the function i is odd, which means that there are no 
cosine terms present in the Fourier series. 

(111) The waveform is of the form f(@) = —f(@ + 7) which 
means that only odd harmonics are present. 


Investigating waveform characteristics has thus saved 
unnecessary calculations and in this case the Fourier series 
has only odd sine terms present, i.e. 


i= b; sind + b3 sin30 + bs sin50+--- 


A proforma, similar to Table 37.1, but without the ‘cosine 
terms’ columns and without the ‘even sine terms’ columns 
is shown in Table 37.2 up to, and including, the fifth har- 
monic, from which the Fourier coefficients b;, b3 and bs 
can be determined. Twelve coordinates are chosen and 
labelled y;, yo, y3, ...12 as Shown in Figure 37.5. 


2P 

From equation (37.3), Section 37.2, by © — >> ix sin nO, 
P k=1 

where p = 12. 


2 
Hence }, & 7p 48-2) = 8.04 
b3 & a4 12) = —2.00 
alae | _ 


2 
and bs & pO = —0.04 
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Table 37.2 
Ordinate 6° i sind isind sin3@ —isin3@ sin 50 isin 50 
y 30 2 0.5 1 1 2 0.5 1 
y2 60 7 0.866 6.06 0 0 —0.866 —6.06 
y3 90 10 1 10 =1 —10 1 10 
y4 120 7 0.866 6.06 0 0 —0.866 —6.06 
ys 150 2 0.5 1 1 2 0.5 1 
6 180 0 0) 0 0 0 0 0 
y7 210 =2 —0.5 1 -1 2 —0.5 1 
yg 240 —7 —0.866 6.06 0 0 0.866 —6.06 
yo 270 —10 —l 10 1 —10 -1 10 
Y10 300 =i —0.866 6.06 0 0 0.866 —6.06 
Yu 330 —2 —0.5 1 | 2 —0.5 1 
yi2 360 0 0 0 0 0 0 0 
12 12 12 
a iz Sin Og Ss iz Sin 30% es iz Sin 50x 
k=1 k=1 k=l 
= 48.24 =—12 =—0.24 
Thus the Fourier series for current i is given by: 2. Analyse the periodic waveform of displacement 
i = 8.04sin 6 — 2.00 sin 36 — 0.04 sin 50 y against angle @ in Figure 37.7(a) into its con- 
stituent harmonics as far as and including the third 
: : harmonic, by taking 30° intervals. 
Dow tey the following exercise: [y=9.4+ 13.2.cos@ — 24.1 sin@ + 0.92 cos 20 
— 0.14 sin 26 + 0.83 cos 30 + 0.67 sin 36] 
rece a ce WON ABUSE SE nee: . For the waveform of current shown in Fig- 
Sach aaa ure 37.7(b) state why only a d.c. component and 
1. Without performing calculations, state which har- even cosine terms will Ggypleeh’ 8) the Fourier series 
monics will be present in the waveforms shown in and determine the series, using 2/6 rad intervals, 


Figure 37.6. 


Figure 37.6 


[(a) only odd cosine terms present 
(b) only even sine terms present] 


up to and including the sixth harmonic. 
[1 = 4.00 — 4.67 cos 20 + 1.00 cos 40 


— 0.66 cos 66] 
a ly | 
HHH 40 
30) 
{ 20 
P19 1oCo0 
TA 90 80 2702 60° 
a aie 1 
ioe 
Ht 3 ao 
o 
on = 
€ 
a4 
5 4 + 
3 I 
4 
LH) t 10 ie Tt | 3K, +427 Brads} 
t 
Figure 37.7 
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38 Magnetic materials 


At the end of this chapter you should be able to: 


@ recognize terms associated with magnetic circuits 

© appreciate magnetic properties of materials 

e categorize materials as ferromagnetic, diamagnetic 
and paramagnetic 

e explain hysteresis and calculate hysteresis loss 

e explain and calculate eddy current loss 


e explain a method of separation of hysteresis and eddy 
current loss and determine the separate losses from 
given data 

e distinguish between non-permanent and permanent 
magnetic materials. 


38.1 Revision of terms and units used with 
magnetic circuits 


In Chapter 7, page 52, a number of terms used with mag- 
netic circuits are defined. These are summarized below. 


(a) A magnetic field is the state of the space in the vicinity 
of a permanent magnet or an electric current through- 
out which the magnetic forces produced by the magnet 
or current are discernible. 

(b) Magnetic flux ® is the amount of magnetic field pro- 
duced by a magnetic source. The unit of magnetic flux 
is the weber, Wb. If the flux linking one turn in a cir- 
cuit changes by one weber in one second, a voltage of 
one volt will be induced in that turn. 

(c) Magnetic flux density B is the amount of flux pass- 
ing through a defined area that is perpendicular to the 
direction of the flux. 

magnetic flux 


Magnetic flux density = 
area 


ie. | B = ®/A | where A is the area in square 


metres. The unit of magnetic flux density is the tesla 
T, where 1 T = 1 Wb/m?. 

(d) Magnetomotive force (mmf) is the cause of the 
existence of a magnetic flux in a magnetic circuit. 


mmf, F,, = NI amperes 


where N is the number of conductors (or turns) and J is 
the current in amperes. The unit of mmf is sometimes 
expressed as ‘ampere-turns’. However since ‘turns’ 
have no dimension, the S.I. unit of mmf is the ampere. 
(ce) Magnetic field strength (or magnetizing force), 


H =NI/l ampere per metre 


where / is the mean length of the flux path in metres. 


Thus | mmf=N/J=HI amperes 


(f) 


40 is aconstant called the permeability of free space 
(or the magnetic space constant). The value of j4o is 
4a x 10-7 H/m. 


For air, or any non-magnetic medium, the ratio 


B/H= Lo 


(Although all non-magnetic materials, including air, 
exhibit slight magnetic properties, these can effect- 
ively be neglected.) 

ty is the relative permeability and is defined as 


(g) 


flux density in material 


flux density in a vacuum 


jy Varies with the type of magnetic material and, since 
it is a ratio of flux densities, it has no unit. From its 
definition, w, for a vacuum is 1. 


For all media other than free space,| B/H = wo, 


(h) Absolute permeability 


h=/orr 


(i) By plotting measured values of flux density B against 
magnetic field strength H a magnetization curve (or 
B/H curve) is produced. For non-magnetic materials 
this is a straight line having the approximate gradient 
of uo. B/H curves for four materials are shown on 
page 55. 

From (g), 4 =B/(oH). Thus the relative permea- 
bility w, of a ferromagnetic material is proportional 
to the gradient of the B/H curve and varies with the 
magnetic field strength H. 


(j) 
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(k) Reluctance S (or Ry) is the ‘magnetic resistance’ of 
a magnetic circuit to the presence of magnetic flux. 


Fy, NI 4 l 
Reluctance S 
® ® BA (B/H)A 
_ l 
" HobrA 


The unit of reluctance is 1/H (or H~!) or A/Wb 

(1) Permeance is the magnetic flux per ampere of total 
magnetomotive force in the path of a magnetic field. 
It is the reciprocal of reluctance. 


38.2 Magnetic properties of materials 


The full theory of magnetism is one of the most complex 
of subjects. However the phenomenon may be satisfac- 
torily explained by the use of a simple model. Bohr and 
Rutherford, who discovered atomic structure, suggested 
that electrons move around the nucleus confined to a plane, 
like planets around the sun. An even better model is to 
consider each electron as having a surface, which may be 
spherical or elliptical or something more complicated. 

Magnetic effects in materials are due to the electrons 
contained in them, the electrons giving rise to magnetism 
in the following two ways: 


(i) by revolving around the nucleus 
(ii) by their angular momentum about their own axis, 
called spin. 


In each of these cases the charge of the electron can be 
thought of as moving round in a closed loop and therefore 
acting as a current loop. 

The main measurable quantity of an atomic model is 
the magnetic moment. When applied to a loop of wire 
carrying a current, 


magnetic moment = current x area of the loop 


Electrons associated with atoms possess magnetic 
moment which gives rise to their magnetic properties. 
Diamagnetism is a phenomenon exhibited by mater- 
ials having a relative permeability less than unity. When 
electrons move more or less in a spherical orbit around the 
nucleus, the magnetic moment due to this orbital is zero, 
all the current due to moving electrons being considered as 
averaging to zero. If the net magnetic moment of the elec- 
tron spins were also zero then there would be no tendency 
for the electron motion to line up in the presence of a mag- 
netic field. However, as a field is being turned on, the flux 
through the electron orbitals increases. Thus, considering 
the orbital as a circuit, there will be, by Faraday’s laws, an 
e.m.f. induced in it which will change the current in the 
circuit. The flux change will accelerate the electrons in its 


orbit, causing an induced magnetic moment. By Lenz’s 
law the flux due to the induced magnetic moment will be 
such as to oppose the applied flux. As a result, the net flux 
through the material becomes less than in a vacuum. Since 
relative permeability is defined as 


flux density in material 


flux density in vacuum 


with diamagnetic materials the relative permeability 
is less than one. 

Paramagnetism is a phenomenon exhibited by mate- 
rials where the relative permeability is greater than unity. 
Paramagnetism occurs in substances where atoms have 
a permanent magnetic moment. This may be caused by 
the orbitals not being spherical or by the spin of the elec- 
trons. Electron spins tend to pair up and cancel each other. 
However, there are many atoms with odd numbers of elec- 
trons, or in which pairing is incomplete. Such atoms have 
what is called a permanent dipole moment. When a field 
is applied to them they tend to line up with the field, like 
compass needles, and so strengthen the flux in that region. 
(Diamagnetic materials do not tend to line up with the field 
in this way.) When this effect is stronger than the dia- 
magnetic effect, the overall effect is to make the relative 
permeability greater than one. Such materials are called 
paramagnetic. 


Ferromagnetic materials 


Ferromagnetism is the phenomenon exhibited by mater- 
ials having a relative permeability which is considerably 
greater than 1 and which varies with flux density. Iron, 
cobalt and nickel are the only elements that are ferro- 
magnetic at ordinary working temperatures, but there 
are several alloys containing one or more of these met- 
als as constituents, with widely varying ferromagnetic 
properties. 

Consider the simple model of a single iron atom repre- 
sented in Figure 38.1. It consists of a small heavy central 
nucleus surrounded by a total of 26 electrons. Each elec- 
tron has an orbital motion about the nucleus in a limited 
region, or shell, such shells being represented by circles 
K,L, M and N. The numbers in Figure 38.1 represent the 
number of electrons in each shell. 


Nucleus 


Figure 38.1 Single iron atom 
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The outer shell N contains two loosely held electrons, 
these electrons becoming the carriers of electric current, 
making iron electrically conductive. There are 14 elec- 
trons in the M shell and it is this group that is responsible 
for magnetism. An electron carries a negative charge and a 
charge in motion constitutes an electric current with which 
is associated a magnetic field. Magnetism would there- 
fore result from the orbital motion of each electron in the 
atom. However, experimental evidence indicates that the 
resultant magnetic effect due to all the orbital motions in 
the metal solid is zero; thus the orbital currents may be 
disregarded. 

In addition to the orbital motion, each electron spins 
on its own axis. A rotating charge is equivalent to a cir- 
cular current and gives rise to a magnetic field. In any 
atom, all the axes about which the electrons spin are par- 
allel, but rotation may be in either direction. In the single 
atom shown in Figure 38.1, in each of the K, L and N 
shells equal numbers of electrons spin in the clockwise 
and anticlockwise directions respectively and therefore 
these shells are magnetically neutral. However, in shell 
M, nine of the electrons spin in one direction while five 
spin in the opposite direction. There is therefore a resultant 
effect due to four electrons. 

The atom of cobalt has 15 electrons in the M shell, 
nine spinning in one direction and six in the other. Thus 
with cobalt there is a resultant effect due to 3 electrons. 
A nickel atom has a resultant effect due to 2 electrons. The 
atoms of the paramagnetic elements, such as manganese, 
chromium or aluminium, also have a resultant effect for 
the same reasons as that of iron, cobalt and nickel. How- 
ever, in the diamagnetic materials there is an exact equality 
between the clockwise and anticlockwise spins. 

The total magnetic field of the resultant effect due to the 
four electrons in the iron atom is large enough to influence 
other atoms. Thus the orientation of one atom tends to 
spread through the material, with atoms acting together in 
groups instead of behaving independently. These groups 
of atoms, called domains (which tend to remain per- 
manently magnetized), act as units. Thus, when a field 
is applied to a piece of iron, these domains as a whole 
tend to line up and large flux densities can be produced. 
This means that the relative permeability of such mater- 
ials is much greater than one. As the applied field is 
increased, more and more domains align and the induced 
flux increases. 

The overall magnetic properties of iron alloys and 
materials containing iron, such as ferrite (ferrite is a 
mixture of iron oxide together with other oxides — 
lodestone is a ferrite), depend upon the structure and com- 
position of the material. However, the presence of iron 
ensures marked magnetic properties of some kind in them. 
Ferromagnetic effects decrease with temperature, as do 
those due to paramagnetism. The loss of ferromagnetism 
with temperature is more sudden, however; the temper- 
ature at which it has all disappeared is called the Curie 
temperature. The ferromagnetic properties reappear on 


cooling, but any magnetism will have disappeared. Thus 
a permanent magnet will be demagnetized by heating 
above the Curie temperature (1040 K for iron) but can be 
remagnetized after cooling. Above the Curie temperature, 
ferromagnetics behave as paramagnetics. 


38.3 Hysteresis and hysteresis loss 


Hysteresis loop 


Let a ferromagnetic material which is completely demag- 
netized, i.e. one in which B= H =0 (either by heating 
the sample above its Curie temperature or by reversing 
the magnetizing current a large number of times while 
at the same time gradually reducing the current to zero) be 
subjected to increasing values of magnetic field strength 
Hand the corresponding flux density B measured. The 
domains begin to align and the resulting relationship 
between B and H is shown by the curve Oab in Figure 
38.2. At a particular value of H, shown as Oy, most of 
the domains will be aligned and it becomes difficult to 
increase the flux density any further. The material is said 
to be saturated. Thus by is the saturation flux density. 


Figure 38.2 


If the value of H is now reduced it is found that the 
flux density follows curve bc, i.e. the domains will tend to 
stay aligned even when the field is removed. When H is 
reduced to zero, flux remains in the iron. This remanent 
flux density or remanence is shown as Oc in Figure 38.2. 
When # is increased in the opposite direction, the domains 
begin to realign in the opposite direction and the flux den- 
sity decreases until, at a value shown as Od, the flux density 
has been reduced to zero. The magnetic field strength Od 
required to remove the residual magnetism, i.e. reduce B 
to zero, is called the coercive force. 

Further increase of H in the reverse direction causes 
the flux density to increase in the reverse direction until 
saturation is reached, as shown by curve de. If the reversed 
magnetic field strength Ox is adjusted to the same value of 
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Oy in the initial direction, then the final flux density xe is 
the same as yb. If H is varied backwards from Ox to Oy, the 
flux density follows the curve efgb, similar to curve bcde. 

It is seen from Figure 38.2 that the flux density changes 
lag behind the changes in the magnetic field strength. This 
effect is called hysteresis. The closed figure bcdefgb is 
called the hysteresis loop (or the B/H loop). 


Hysteresis loss 


A disturbance in the alignment of the domains of a fer- 
romagnetic material causes energy to be expended in 
taking it through a cycle of magnetization. This energy 
appears as heat in the specimen and is called the hyster- 
esis loss. Let the hysteresis loop shown in Figure 38.3 be 
that obtained for an iron ring of mean circumference / and 
cross-sectional area a m? and let the number of turns on 
the magnetizing coil be NV. 


Figure 38.3 


Let the increase of flux density be dB when the magnetic 
field strength H is increased by a very small amount km 
(see Figure 38.3) in time dt second, and let the current 
corresponding to Ok be i amperes. Thus since H = NI/I 
then 0k = Ni/I, from which, 


i= “ (38.1) 


The instantaneous e.m.f. e induced in the winding is 
given by 


d® d(Ba) dB 
N = —aN 
dt dt dt 


The applied voltage to neutralize this e.m.f., v=aN ae 


The instantaneous power supplied to a magnetic field, 


j j eae tt: 
= VI = 11 AlV — ]} watts 
# dt 


Energy supplied to the magnetic field in time dt seconds 


’ . dB 
= power x time = ian a 


1(0k) 
= idN dB joules = Wy aN dB from 


equation (38.1) 
= (0k) dB(la) joules = (area of shaded strip) 


x (volume of ring) 


i.e. energy supplied in time dt seconds = (area of shaded 
strip) J/m?. 


Hence the energy supplied to the magnetic field when H 
is increased from zero to Oy = (area fgbzf) J/m?. 


Similarly, the energy returned from the magnetic field 
when H is reduced from Oy to zero = (area bzcb) J/m?. 


Hence net energy absorbed by the magnetic field 
= (area fgbcf) J/m 


Thus the hysteresis loss for a complete cycle 
= area of loop efgbcde Jim? 


If the hysteresis loop is plotted to a scale of 
lcm=qaampere/metre along the horizontal axis and 
lcm= tesla along the vertical axis, and if A represents 
the area of the loop in square centimetres, then 


hysteresis loss/cycle = Aw joules per metre® 


(38.2) 


If hysteresis loops for a given ferromagnetic material are 
determined for different maximum values of H, they are 
found to lie within one another as shown in Figure 38.4. 


Figure 38.4 


The maximum sized hysteresis loop for a particular 
material is obtained at saturation. If, for example, the 
maximum flux density is reduced to half its value at sat- 
uration, the area of the resulting loop is considerably less 
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than half the area of the loop at saturation. From the areas 
of a number of such hysteresis loops, as shown in Figure 
38.4, the hysteresis loss per cycle was found by Stein- 
metz (an American electrical engineer) to be proportional 
to (B,)", where n is called the Steinmetz index and can 
have a value between about 1.6 and 3.0, depending on the 
quality of the ferromagnetic material and the range of flux 
density over which the measurements are made. 

From the above it is found that the hysteresis loss is pro- 
portional to the volume of the specimen and the number 
of cycles through which the magnetization is taken. Thus 


hysteresis loss, P, = knuf (B,,)”" watts (38.3) 


where v = volume in cubic metres, f = frequency in hertz, 
and ky, is a constant for a given specimen and given range 
of B. 

The magnitude of the hysteresis loss depends on the 
composition of the specimen and on the heat treatment 
and mechanical handling to which the specimen has been 
subjected. 

Figure 38.5 shows typical hysteresis loops for (a) hard 
steel, which has a high remanence 0c and a large coercivity 
Od, (b) soft steel, which has a large remanence and small 
coercivity and (c) ferrite, this being a ceramic-like mag- 
netic substance made from oxides of iron, nickel, cobalt, 
magnesium, aluminium and manganese. The hysteresis of 
ferrite is very small. 


(b) (c) 


Figure 38.5 


Problem 1. The area of a hysteresis loop obtained 
from a ferromagnetic specimen is 12.5 cm”. The scales 
used were: horizontal axis 1 cm=500A/m; vertical 
axis | cm = 0.2 T. Determine (a) the hysteresis loss per 
m? per cycle, and (b) the hysteresis loss per m3 at a 
frequency of 50 Hz. 


(a) From equation (38.2), hysteresis loss per cycle 
= AaB = (12.5)(500)(0.2) = 1250 J/m? 


(Note that, since a@=500A/m per centimetre and 
fB=0.2T per centimetre, then 1cm* of the loop 
represents 


A A Wb AV 
500 = KOO T = 100 = 100 = 
m m m2 m3 


Ws 3 
= 100 — = 100 J/m 
m 


Hence 12.5 cm? represents 12.5 x 100 = 1250 J/m?) 
(b) At 50 Hz frequency, hysteresis loss 
= (1250 J/m3)(50 1/s) = 62 500 W/m? 


Problem 2. Ifin Problem 1, the maximum flux dens- 
ity is 1.5 T ata He guoncy of 50Hz, determine the 
hysteresis loss per m° for a maximum flux density of 
1.1 T and frequency of 25 Hz. Assume the Steinmetz 
index to be 1.6. 


From equation (38.3), hysteresis loss Py, = knuf(Bm)" 


The loss at f = 50 Hz and B,, = 1.5 Tis 62 500 W/m?, from 
Problem 1. 


Thus 62500 = kj,(1)(50)(1.5)!®, 


62 500 


GoO(1.5)16 = 653.4 


from which, constant k;,= 


When f = 25 Hz and B,, = 1.1 T, 
hysteresis loss, P;, = kyuf(Bm)" 
= (653.4)(1)(25)(1.1)!° 
= 19026 W/m? 


Problem 3. A ferromagnetic ring has a uniform 
cross-sectional area of 2000 mm? and a mean circum- 
ference of 1000mm. A hysteresis loop obtained for 
the specimen is plotted to scales of 1Omm=0.1T 
and 10 mm = 400 A/m and is found to have an area of 
10+ mm. Determine the hysteresis loss at a frequency 
of 80 Hz. 


From equation (38.2), hysteresis loss per cycle 
= Aap 


400 A/m 0.1T 
=(10* x 107-° m2 
ares ON 9 10 Sak O10 


= 4000 J/m3 
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At a frequency of 80 Hz, 
hysteresis loss = (4000 J/m)(80 1/s) = 320000 W/m? 
Volume of ring = (cross-sectional area) 
x (mean circumference) 
= (2000 x 107° m*)(1000 x 1077 m) 
=2x 107m 
Thus hysteresis loss, P;, = (320 000 W/m?) (2 x 1077 m?) 
= 640 W 


Problem 4. The cross-sectional area of a transformer 
limb is 80 cm? and the volume of the transformer core 
is 5000 cm?.The maximum value of the core flux is 
10 mWb at a frequency of 50 Hz. Taking the Steinmetz 
constant as 1.7, the hysteresis loss is found to be 100 W. 
Determine the value of the hysteresis loss when the 
maximum core flux is 8mWb and the frequency is 


50 Hz. 


When the maximum core flux is 10 mWb and the cross- 
sectional area is 80 cm?, 


®, 10x 1073 

i flux density, B,,.. = — = ————— 

maximum Mux ENsITy, mi A 80 x 10-4 
=1.25T 


From equation (38.3), hysteresis loss, Py = knvf(Bmi)" 
Hence 100 = kn(5000 x 10~°)(50)(1.25)!7 
100 
(5000 x 10-®)(50)(1.25)!-7 
= 273.7 
When the maximum core flux is 8 mWb, 
_ 8x 10-3 7 
80 x 10-4 
Hence hysteresis loss, 
Pi2 =knvf(Bm2)" 
= (273.7)(5000 x 10~®)(50)(1)!7 
= 68.4 W 


from which, constant ky, = 


1T 


m2 


Now try the following exercise. 


Exercise 132 Further problems on hysteresis loss 


1. The area of a hysteresis loop obtained from a speci- 
men of steel is 2000 mm. The scales used are: hor- 
izontal axis 1 cm= 400 A/m; vertical axis 1 cm= 
0.5 T. Determine (a) the hysteresis loss per m? per 


cycle, (b) the hysteresis loss per m? at a frequency 
of 60 Hz. (c) If the maximum flux density is 1.2 T 
at a frequency of 60Hz, determine the hystere- 
sis loss per m> for a maximum flux density of 
1 T and a frequency of 20 Hz, assuming the Stein- 
metz index to be 1.7. 

[(a) 4kJ/m? (b) 240 kW/m? (c) 58.68 kW/m? 


2. A steel ring has a uniform cross-sectional area of 
1500 mm? and a mean circumference of 800 mm. A 
hysteresis loop obtained for the specimen is plotted 
to scales of 1 cm=0.05 T and 1 cm= 100 A/m and 
it is found to have an area of 720cm?. Determine 
the hysteresis loss at a frequency of 50 Hz. 

[216 W] 


3. What is hysteresis? Explain how a hysteresis loop 
is produced for a ferromagnetic specimen and how 
its area is representative of the hysteresis loss. 

The area of a hysteresis loop plotted for a fer- 
romagnetic material is 80 cm?, the maximum flux 
density being 1.2 T. The scales of B and H are such 
that 1cm=0.15 T and 1cm=10A/m. Determine 
the loss due to hysteresis if 1.25 kg of the material 
is subjected to an alternating magnetic field of max- 
imum flux density 1.2 T ata frequency of 50 Hz. The 
density of the material is 7700kg/m*> —_[0.974 W] 


4. The cross-sectional area of a transformer limb is 
8000 mm? and the volume of the transformer core 
is 4 x 10°mm?. The maximum value of the core 
flux is 12 mWb and the frequency is 50 Hz. Assum- 
ing the Steinmetz constant is 1.6, the hysteresis 
loss is found to be 250 W. Determine the hysteresis 
loss when the maximum core flux is 9mWb, the 
frequency remaining unchanged. [157.8 W] 


5. The hysteresis loss in a transformer is 200 W 
when the maximum flux density is 1 T and the 
frequency is 50 Hz. Determine the hysteresis loss 
if the maximum flux density is increased to 1.2 T 
and the frequency reduced to 32 Hz. Assume the 
hysteresis loss over this range to be proportional to 
(Bm)! ®. [171.4 W] 


6. A hysteresis loop is plotted to scales of 1cm= 
0.004T and 1cm=10A/m and has an area of 
200 cm?. If the ferromagnetic circuit for the loop 
has a volume of 0.02m? and operates at 60 Hz 
frequency, determine the hysteresis loss for the 
ferromagnetic specimen. [9.6 W] 


38.4 Eddy current loss 


If a coil is wound on a ferromagnetic core (such as in a 
transformer) and alternating current is passed through the 
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coil, an alternating flux is set up in the core. The alternating 
flux induces an e.m.f. e in the coil given by e = N(d¢/dt) 
However, in addition to the desirable effect of inducing an 
e.m.f. in the coil, the alternating flux induces undesirable 
voltages in the iron core. These induced e.m.f.s set up 
circulating currents in the core, known as eddy currents. 
Since the core possesses resistance, the eddy currents heat 
the core, and this represents wasted energy. 

Eddy currents can be reduced by laminating the core, 
Le. splitting it into thin sheets with very thin layers 
of insulating material inserted between each pair of the 
laminations (this may be achieved by simply varnishing 
one side of the lamination or by placing paper between 
each lamination). The insulation presents a high resistance 
and this reduces any induced circulating currents. 

The eddy current loss may be determined as follows. 
Let Figure 38.6 represent one strip of the core, having a 
thickness of ¢ metres, and consider just a rectangular prism 
of the strip having dimensions f m x | m x | mas shown. 
The area of the front face ABCD is (t x 1) m? and, since 
the flux enters this face at right angles, the eddy currents 
will flow along paths parallel to the long sides. 


Figure 38.6 


Consider two such current paths each of width 6x and 
distance xm from the centre line of the front face. 
The area of the rectangle enclosed by the two paths, 
A= (2x)(1) = 2x m?. Hence the maximum flux entering 
the rectangle, 


®», = (Bm)(A) = (Bm)(2x) weber (38.4) 


Induced e.mf. e is given by e= N(d@¢/dt). Since the flux 
varies sinusoidally, @ = ®,,, sin wt. Thus 


d 
e.m.f.e= Nae sin wt) = Now®,, cos wt 
The maximum value of e.m.f. occurs when cos wt = 1, i.e. 
En=No®,y, 
Em —No®n 
ft 


Rms value of e.m.f., E = 


Now w= 2zf hence 


E=(27) we, =4.44fNo 
= (3). m—'t-. f m 


ie. E=4.44fN(By)(A) (38.5) 
From equation (38.4), ®y =(Bm)(2x). Hence induced 


e.m.f. FE = 4.44 {N(B,,)(2x) and, since the number of turns 
N=1, 


E = 8.88B,,fx volts (38.6) 


Resistance R is given by R= pl/a, where p is the resis- 
tivity of the lamination material. Since the current set 
up is confined to the two loop sides (thus /=2m and 
a= (6x x 1) m7), the total resistance of the path is given by 


_ 02) _ 2 


R= = 38.7 
bx ox ( ) 


The eddy current loss in the two strips is given by 
EP 8. 88°B) 
R—-2/dx 
7 8.88°B>, 2x7 dx 
= 2p 


from equations (38.6) and (38.7) 


The total eddy current loss P, in the rectangular prism 
considered is given by 


t/2 2p2 £2 2p2 £2 351/2 
P= [ (= Bat )ea- (= at) 
0 20 2p 3 Jo 
8.88°B>, f? Pp 
— 2p A watts 


ive. | P. = ke(Bm)*f7t? watts 


(38.8) 


where ke is a constant. 


The volume of the prism is (¢ x 1 x 1)m?. Hence the 
eddy current loss per m? is given by 


P. = ke(Bm)-f 27? watts per m? (38.9) 
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From equation (38.9) it is seen that eddy current loss is 
proportional to the square of the thickness of the core 
strip. It is therefore desirable to make lamination strips 
as thin as possible. However, at high frequencies where 
it is not practicable to make very thin laminations, core 
losses may be reduced by using ferrite cores or dust cores. 
Ferrite is a ceramic material having magnetic properties 
similar to silicon steel, and dust cores consist of fine par- 
ticles of carbonyl iron or permalloy (i.e. nickel and iron), 
each particle of which is insulated from its neighbour by 
a binding material. Such materials have a very high value 
of resistivity. 


Problem5. The eddy current loss in a particular mag- 
netic circuit is 10 W/m?. If the frequency of operation 
is reduced from 50Hz to 30Hz with the flux den- 
sity remaining unchanged, determine the new value 
of eddy current loss per cubic metre. 


From equation (38.9), eddy current loss per cubic metre, 
Po= ke(Bm)-f7t? or Pe = kf’, where k =k.(Bm)“t?, since 
Bm and t are constant. 

When the eddy current loss is 10 W/m?, frequency f is 
50 Hz. Hence 10=k(50)’, from which 


10 
constant k =——~ 
(50)? 
When the frequency is 30 Hz, eddy current loss, 
10 
P;=k(30)"= 30)? = 3.6 Wim3 
(30? = G50) m 


Problem 6. The core of a transformer operating at 
50 Hz has an eddy current loss of 100 W/m?and the 
core laminations have a thickness of 0.50mm. The 
core is redesigned so as to operate with the same eddy 
current loss but at a different voltage and at a frequency 
of 250 Hz. Assuming that at the new voltage the max- 
imum flux density is one-third of its original value and 
the resistivity of the core remains unaltered, determine 
the necessary new thickness of the laminations. 


From equation (38.9), Pe = ke(Bm)-f2t2 watts per m. 


Hence, at 50 Hz frequency, 

100 = ke(Bm)*(50)* (0.50 x 1073), from which 
100 

~ (Bm)2(50)2(0.50 x 1073)? 


ke 


BN 
At 250 Hz frequency, 100 =k. (=) (250)?(t)" i.e. 


= 100 Bo aioe 
me Csconce x oy) ( 3 ) ere 


> 100(250)*(t)? 
~ (3)2(50)2(0.50 x 1073)? 
(100)(3)?(50)2(0.50 x 1073)2 
(100)(250)2 
(3)(50)(0.50 x 1073) 
250 
=0.3 x 1073 mor 0.30 mm 


from which t? = 


i.e. lamination thickness, ¢t = 


Problem 7. The core of an inductor has a hysteresis 
loss of 40 W and an eddy current loss of 20W when 
operating at 50 Hz frequency. (a) Determine the val- 
ues of the losses if the frequency is increased to 60 Hz. 
(b) What will be the total core loss if the frequency 
is 50Hz and the laminations are made one-half of 
their original thickness? Assume that the flux density 
remains unchanged in each case. 


(a) From equation (38.3). hysteresis loss, 
Ph=knuf (Bm)"=kif (where kj = k,v(Bm)"), since 
the flux density and volume are constant. Thus when 
the hysteresis is 40 W and the frequency 50 Hz, 


40 = k, (50) 


fi ene ae 
rom which, k} = — = 0. 
1 50 


If the frequency is increased to 60 Hz, 
hysteresis loss, Pj, = k, (60) = (0.8)(60) = 48 W 
From equation (38.8), 
eddy current loss, P. = ke(Bm)f 273 
= kof” (where ky =keBmn)???), 


since the flux density and lamination thickness are 
constant. 


When the eddy current loss is 20 W the frequency is 
50 Hz. Thus 20 = k2(50)? 


from which kp = = 0.008 


(50)? 
If the frequency is increased to 60 Hz, 


eddy current loss, P, = k(60)* = (0.008)(60)? 
= 28.8W 


(b) The hysteresis loss, P, =knuf(Bm)”, is independent 
of the thickness of the laminations. Thus, if the thick- 
ness of the laminations is halved, the hysteresis loss 
remains at 40 W 


Eddy current loss P, = ke(Bm) f°, le. Po = kaf2P, 
where k3 = ke(Bm)?. 
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Thus 20 = k3(50)?27 
20 

(608 

When the thickness is t/2, 


from which k3 = 


20 
(50)223 
Hence the total core loss when the thickness of 


the laminations is halved is given by hysteresis 
loss + eddy current loss = 40 + 2.5 = 42.5 W. 


P. =k3(50)7(t/2? = ( ) (50)*(t/2)? =2.5 W 


Problem 8. When a transformer is connected to a 
500V, 50Hz supply, the hysteresis and eddy cur- 
rent losses are 400 W and 150W respectively. The 
applied voltage is increased to 1 kV and the frequency 
to 100 Hz. Assuming the Steinmetz index to be 1.6, 
determine the new total core loss. 


From equation (38.3), the hysteresis loss, P, = knuf(Bm)”. 
From equation (38.5), e.m.f., E=4.44f/N(B,)(A), from 
which, B,,a@(E/f) since turns N and cross-sectional area, 
A are constants. Hence P, = kif (E/f)!® =kyf-°°E! © 
At 500V and 50 Hz, 400 = ki (50)~°°(500)!°, 

_ 400 
(50)-9-6(500)!-6 
At 1000 V and 100 Hz, hysteresis loss, 


from which, ky = 0.20095 


Py, = k,(100)- (1000)! 
= (0.20095)(100)~°-°(1000)~!-° = 800 W 
From equation (38.8) 
eddy current loss, Pe = ke(Bm)-f2 3 ko(E/fyf? = ky E* 
At 500 V, 150 = ky(500)*, from which 


2= aa =6 x 10-4 
At 1000V, 
eddy current loss, Pe = k2(1000)? = (6 x 10~*)(1000)* 
= 600 W 


Hence the new total core loss = 800 + 600 = 1400 W 


Now try the following exercise. 


Exercise 133 Further problems on eddy current 
loss 


1. In a magnetic circuit operating at 60 Hz, the eddy 
current loss is 25 W/m’. If the frequency is reduced 


to 30 Hz with the flux density remaining unchanged, 
determine the new value of eddy current loss per 
cubic metre. [6.25 W/m? ] 


2. A transformer core operating at 50 Hz has an eddy 
current loss of 150 W/m?and the core laminations 
are 0.4mm thick. The core is redesigned so as to 
operate with the same eddy current loss but at a dif- 
ferent voltage and at 200 Hz frequency. Assuming 
that at the new voltage the flux density is half of its 
original value and the resistivity of the core remains 
unchanged, determine the necessary new thickness 
of the laminations. [0.20 mm] 


3. An inductor core has an eddy current loss of 25 W 
and a hysteresis loss of 35 W when operating at 
50 Hz frequency. Assuming that the flux density 
remains unchanged, determine (a) the value of the 
losses if the frequency is increased to 75 Hz, and 
(b) the total core loss if the frequency is 50 Hz and 
the laminations are 2/5 of their original thickness. 

[(a) Pp, =52.5 W, Pe = 56.25 W (b) 36.6 W] 


4. A transformer is connected to a 400 V, 50 Hz supply. 
The hysteresis loss is 250 W and the eddy current 
loss is 120W. The supply voltage is increased to 
1.2 kV and the frequency to 80 Hz. Determine the 
new total core loss if the Steinmetz index is assumed 
to be 1.6. [2173.6 W] 


5. The hysteresis and eddy current losses in a mag- 
netic circuit are SW and 8 W respectively. If the 
frequency is reduced from 50 Hz to 30 Hz, the flux 
density remaining the same, determine the new 
values of hysteresis and eddy current loss. 

[3 W; 2.88 W] 


6. The core loss in a transformer connected to a 600 V, 
50 Hz supply is 1.5 kW of which 60% is hystere- 
sis loss and 40% eddy current loss. Determine the 
total core loss if the same winding is connected 
to a 750 V, 60Hz supply. Assume the Steinmetz 
constant to be 1.6. {2090 W] 


38.5 Separation of hysteresis and eddy current 
losses 


From equation (38.3), hysteresis loss, Py, = knuf(Bm)”" 
From equation (38.8), eddy current loss, Pe = ke(Bm)-f 23 
The total core loss P, is given by Pp. = P;, + Pe 


If for a particular inductor or transformer, the core flux 
density is maintained constant, then P,=k,f, where 
constant kj =ky,v(Bm)", and Pe = kof, where constant 
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k= ke(Bmyh. Thus the total core loss Pe =kyf + kof? 
and 


Pe 
—=eht+hf 
f 


which is of the straight line form y=mx-+c. Thus if 
P../f is plotted vertically against f horizontally, a straight 
line graph results having a gradient kz and a vertical-axis 
intercept ky. 

If the total core loss P,. is measured over a range of fre- 
quencies, then k; and kz may be determined from the graph 
of P../f against f. Hence the hysteresis loss P;(= kf) and 
the eddy current loss P.(= kz f”) at a given frequency may 
be determined. 

The above method of separation of losses is an approx- 
imate one since the Steinmetz index n is not a constant 
value but tends to increase with increase of frequency. 
However, a reasonable indication of the relative magni- 
tudes of the hysteresis and eddy current losses in an iron 
core may be determined. 


Problem 9. The total core loss of a ferromagnetic 
cored transformer winding is measured at different 
frequencies and the results obtained are: 


Total core loss, P, (watts) 45 105 190 305 
Frequency, f (hertz) 30 50 70 90 


Determine the separate values of the hysteresis and 
eddy current losses at frequencies of (a) 50Hz and 
(b) 60 Hz. 


To obtain a straight line graph, values of P../f are plotted 
against f. 

f(Hz) 30 50 70 90 

Po/f US 2.1 2.7 3.4 


A graph of P,/f against f is shown in Figure 38.7. The 
graph is a straight line of the form P./f =k, + kof 
The vertical axis intercept at f =0, ky = 0.5 
a 3.7-—0.5 
Th dient of th h, kz =—= 
e gradient of the graph, kz =; 100 
Since P./f =k, + kof, then P= ky f + kof?, ie. 


total core losses = hysteresis loss + eddy current loss. 


= 0.032 


(a) At a frequency of 50 Hz, 
hysteresis loss = kif = (0.5)(50) = 25 W 
eddy current loss = kf? = (0.032)(50)? = 80 W 
(b) At a frequency of 60 Hz, 
hysteresis loss = kif = (0.5)(60) = 30 W 
eddy current loss = kof” = (0.032)(60)* = 115.2 W 


P, a 
“as 
3 
a 
2 
1 
k,=05 BPs 
0 L 20 40 60 80 100 i 
b 
Figure 38.7 


Problem 10. The core of a synchrogenerator has total 
losses of 400 W at 50 Hz and 498 W at 60 Hz, the flux 
density being constant for the two tests. (a) Determine 
the hysteresis and eddy current losses at 50 Hz. (b) If 
the flux density is increased by 25% and the lami- 
nation thickness is increased by 40%, determine the 
hysteresis and eddy current losses at 50 Hz. Assume 
the Steinmetz index to be 1.7 


(a) From equation (38.3), 
hysteresis loss, Ph = knuf(Bm)" = kif 


Cf volume v and the maximum flux density are 
constant) 


From equation (38.8), 
eddy current loss, Pe = ke(Bm)°f7#? = kof” 


(if the maximum flux density and the lamination 
thickness are constant) 


Hence the total core loss Pe=Pyt+Pe ie. 
P. = kif + ko f? 


At 50 Hz frequency, 400 = kj (50) + k2(50)? (1) 
At 60 Hz frequency, 498 = k; (60) + k2(60)” (2) 


Solving equations (1) and (2) gives the values of ki 
and kp. 


6 x equation (1) gives: 2400 = 300k; + 15 000k2 (3) 
5 x equation (2) gives: 2490 = 300k; + 18 000k2 (4) 
Equation (4) — equation (3) gives: 90 = 3000k2 from 
which, 

ky = 90/3000 = 0.03 

Substituting kz = 0.03 in equation (1) gives 

400 = 50k, + 75, from which ky =6.5 

Thus, at 50 Hz frequency, 
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hysteresis loss P;, = kif = (6.5)(50) = 325 W 
eddy current loss P. = kof* = (0.03)(50)? = 75 W 


(b) Hysteresis loss, Ph = knvf(Bm)". Since at 50 Hz the 
flux density is increased by 25%, the new hysteresis 
loss is (1.25)!-7 times greater than 325 W, 


ie. Py, = (1.25)!-7(325) = 474.9 W 


Eddy current loss, P. =k(Bmy fer. Since at 50 Hz 
the flux density is increased by 25%, and the lami- 
nation thickness is increased by 40%, the new eddy 
current loss is (1.25)7(1.4)? times greater than 75 W, 


ie. Pe = (1.25)?(1.4)3(75) = 321.6 W 


Now try the following exercise. 


Exercise 134 Further problems on separation of 
hysteresis and eddy current losses 


1. Tests to determine the total loss of the steel core 
of a coil at different frequencies gave the following 
results: 


Frequency (Hz) 40 50 70 100 
Total core loss (W) 40 57.5 101.5 190 


Determine the hysteresis and eddy current losses at 
(a) 50 Hz and (b) 80 Hz. 
[(a) 20 W; 37.5 W (b) 32 W; 96 W] 


2. Explain why, when steel is subjected to alternat- 
ing magnetization energy, losses occur due to both 
hysteresis and eddy currents. 

The core loss in a transformer core at normal flux 
density was measured at frequencies of 40 Hz and 
50 Hz, the results being 40 W and 52.5 W respect- 
ively. Calculate, at a frequency of 50 Hz, (a) the 
hysteresis loss and (b) the eddy current loss. 

[(a) 40 W (b) 12.5 W] 


3. Results of a test used to separate the hysteresis and 
eddy current losses in the core of a transformer 
winding gave the following results: 

48 96 160 240 

40 60 80 100 


Total core loss (W) 
Frequency (Hz) 


If the flux density is held constant throughout the 
test, determine the values of the hysteresis and eddy 
current losses at 50 Hz. [20 W; 50 W] 


4. A transformer core has a total core loss of 275 W at 
50 Hz and 600 W at 100 Hz, the flux density being 
constant for the two tests. (a) Determine the hys- 
teresis and eddy current losses at 75 Hz. (b) If the 
flux density is increased by 40% and the lamination 


thickness is increased by 20% determines the hys- 
teresis and eddy current losses at 75 Hz. Assume 
the Steinmetz index to be 1.6. 

[(a) 375 W; 56.25 W (b) 642.4 W; 190.5 W] 


38.6 Non-permanent magnetic materials 


General 


Nonpermanent magnetic materials are those in which 
magnetism may be induced. With the magnetic circuits 
of electrical machines, transformers and heavy current 
apparatus a high value of flux density B is desirable so 
as to limit the cross-sectional area A (® = BA) and there- 
fore the weight and cost involved. At the same time the 
magnetic field strength H (= NIJ/1) should be as small as 
possible so as to limit the JR losses in the exciting coils. 
The relative permeability (4; = B/({4oH)) and the satur- 
ation flux density should therefore be high. Also, when 
flux is continually varying, as in transformers, inductors 
and armature cores, low hysteresis and eddy current losses 
are essential. 


Silicon-iron alloys 


In the earliest electrical machines the magnetic circuit 
material used was iron with low content of carbon and 
other impurities. However, it was later discovered that the 
deliberate addition of silicon to the iron brought about 
a great improvement in magnetic properties. The lamin- 
ations now used in electrical machines and in transformers 
at supply frequencies are made of silicon-steel in which the 
silicon in different grades of the material varies in amounts 
from about 0.5% to 4.5% by weight. The silicon added to 
iron increases the resistivity. This in turn increases the 
resistance (R = pl/A) and thus helps to reduce eddy cur- 
rent loss. The hysteresis loss is also reduced; however, the 
silicon reduces the saturation flux density. 

A limit to the amount of silicon which may be added in 
practice is set by the mechanical properties of the material, 
since the addition of silicon causes a material to become 
brittle. Also the brittleness of a silicon-iron alloy depends 
on temperature. About 4.5% silicon is found to be the 
upper practical limit for silicon-iron sheets. Lohys is a 
typical example of a silicon-iron alloy and is used for the 
armatures of d.c. machines and for the rotors and stators 
of a.c. machines. Stalloy, which has a higher proportion 
of silicon and lower losses, is used for transformer cores. 

Silicon steel sheets are often produced by a hot-rolling 
process. In these finished materials the constituent crystals 
are not arranged in any particular manner with respect, 
for example, to the direction of rolling or the plane of the 
sheet. If silicon steel is reduced in thickness by rolling in 
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the cold state and the material is then annealed it is possible 
to obtain a finished sheet in which the crystals are nearly 
all approximately parallel to one another. The material 
has strongly directional magnetic properties, the rolling 
direction being the direction of highest permeability. This 
direction is also the direction of lowest hysteresis loss. 
This type of material is particularly suitable for use in 
transformers, since the axis of the core can be made to 
correspond with the rolling direction of the sheet and thus 
full use is made of the high permeability, low loss direction 
of the sheet. 

With silicon-iron alloys a maximum magnetic flux 
density of about 2 T is possible. With cold-rolled silicon 
steel, used for large machine construction, a maximum 
flux density of 2.5 T is possible, whereas the maximum 
obtainable with the hot-rolling process is about 1.8 T. (In 
fact, with any material, only under the most abnormal of 
conditions will the value of flux density exceed 3 T.) 

It should be noted that the term ‘iron-core’ implies that 
the core is made of iron; it is, in fact, almost certainly 
made from steel, pure iron being extremely hard to come 
by. Equally, an iron alloy is generally a steel and so it is 
preferred to describe a core as being a steel rather than an 
iron core. 


Nickel-iron alloys 


Nickel and iron are both ferromagnetic elements and when 
they are alloyed together in different proportions a series of 
useful magnetic alloys is obtained. With about 25%-30% 
nickel content added to iron, the alloy tends to be very hard 
and almost non-magnetic at room temperature. However, 
when the nickel content is increased to, say, 75%—80% 
(together with small amounts of molybdenum and cop- 
per), very high values of initial and maximum permeabil- 
ities and very low values of hysteresis loss are obtainable if 
the alloys are given suitable heat treatment. For example, 
Permalloy, having a content of 78% nickel, 3% molybde- 
num and the remainder iron, has an initial permeability 
of 20000 and a maximum permeability of 100 000 com- 
pared with values of 250 and 5000 respectively for iron. 
The maximum flux density for Permalloy is about 0.8 T. 
Mumetal (76% nickel, 5% copper and 2% chromium) 
has similar characteristics. Such materials are used for 
the cores of current and a.f. transformers, for magnetic 
amplifiers and also for magnetic screening. However, 
nickel-iron alloys are limited in that they have a low 
saturation value when compared with iron. Thus, in appli- 
cations where it is necessary to work at a high flux density, 
nickel-iron alloys are inferior to both iron and silicon-iron. 
Also nickel-iron alloys tend to be more expensive than 
silicon-iron alloys. 

Eddy current loss is proportional to the thickness of 
lamination squared, thus such losses can be reduced by 
using laminations as thin as possible. Nickel-iron alloy 
strip as thin as 0.004 mm, wound in a spiral, may be used. 


Dust cores 


In many circuits high permeability may be unnecessary or 
it may be more important to have a very high resistivity. 
Where this is so, metal powder or dust cores are widely 
used up to frequencies of 150 MHz. These consist of par- 
ticles of nickel-iron-molybdenum for lower frequencies 
and iron for the higher frequencies. The particles, which 
are individually covered with an insulating film, are mixed 
with an insulating, resinous binder and pressed into shape. 


Ferrites 


Magnetite, or ferrous ferrite, is a compound of ferric oxide 
and ferrous oxide and possesses magnetic properties simi- 
lar to those of iron. However, being a semiconductor, 
it has a very high resistivity. Manufactured ferrites are 
compounds of ferric oxide and an oxide of some other 
metal such as manganese, nickel or zinc. Ferrites are free 
from eddy current losses at all but the highest frequencies 
(i.e. >100 MHz) but have a much lower initial permea- 
bility compared with nickel-iron alloys or silicon-iron 
alloys. Ferrites have typically a maximum flux density 
of about 0.4 T. Ferrite cores are used in audio-frequency 
transformers and inductors. 


38.7 Permanent magnetic materials 


A permanent magnet is one in which the material used 
exhibits magnetism without the need for excitation by 
a current-carrying coil. The silicon-iron and nickel-iron 
alloys discussed in Section 38.6 are ‘soft’ magnetic mate- 
rials having high permeability and hence low hysteresis 
loss. The opposite characteristics are required in the ‘hard’ 
materials used to make permanent magnets. In permanent 
magnets, high remanent flux density and high coercive 
force, after magnetization to saturation, are desirable 
in order to resist demagnetization. The hysteresis loop 
should embrace the maximum possible area. Possibly the 
best criterion of the merit of a permanent magnet is its 
maximum energy product (BH), i.e. the maximum value 
of the product of the flux density B and the magnetic field 
strength H along the demagnetization curve (shown as 
cd in Figure 38.2). A rough criterion is the product of 
coercive force and remanent flux density, 1.e. (0d)(Oc) in 
Figure 38.2. The earliest materials used for permanent 
magnets were tungsten and chromium steel, followed by 
a series of cobalt steels, to give both a high remanent flux 
density and a high value of (BH). 

Alni was the first of the aluminium-nickel-iron alloys 
to be discovered, and with the addition of cobalt, titanium 
and niobium, the Alnico series of magnets was developed, 
the properties of which vary according to composition. 
These materials are very hard and brittle. Many alloys with 
other compositions and trade names are commercially 
available. 
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A considerable advance was later made when it was 
found that directional magnetic properties could be 
induced in alloys of suitable composition if they were 
heated in a strong magnetic field. This discovery led to 
the powerful Alcomex and Hycomex series of magnets. By 
using special casting techniques to give a grain-oriented 
structure, even better properties are obtained if the field 
applied during heat treatment is parallel to the colum- 
nar crystals in the magnet. The values of coercivity, the 


remanent flux density and hence (BH),, are high for these 
alloys. 

The most recent and most powerful permanent mag- 
nets discovered are made by powder metallurgy tech- 
niques and are based on an intermetallic compound of 
cobalt and samarium. These are very expensive and 
are only available in a limited range of small sizes. 


Revision test 12 


This revision test covers the material in chapters 36 
to 38. 


The marks for each question are shown in brackets at 
the end of each question. 


1. A voltage waveform represented by 
: . 1 
v=50sin wt + 20 sin (301 + *) 
; ue 
+5 sin (Ser + =) volts 


is applied to a circuit and the resulting current i is 
given by 


IU 
i=2.0sin (cr = =) + 0.462 sin 3et 


+ 0.0756 sin (Swt — 0.71) amperes. 


Calculate (a) the r.m.s. voltage, (b) the mean value 
of voltage, (c) the form factor for the voltage, (d) the 
r.m.s. value of current, (e) the mean value of current, 
(f) the form factor for the current, (g) the total active 
power supplied to the circuit, and (h) the overall power 
factor. (24) 


. Obtain a Fourier series to represent f(t) = f in the range 
—7 to +7. (15) 
. (a) Sketch a waveform defined by: 


0 when —4 < x < —2 
f@mM= {3 sen S22 42 
Owhen 2<x< 4 


and is periodic outside of this range of period 8. 


(b) State whether the waveform in (a) is odd, even or 
neither odd nor even. 
(c) Deduce the Fourier series for the function defined 


in (a). (15) 


. The value of the current i (in mA) at different moments 


in a cycle are given by: 


6 degrees 0 30 «660 = =690 «120 150 180 


imA 50 75 165 190 170 100 —150 
Odegrees 210 240 270 300 330 360 
imA 210 —185 -—90 -10 35 50 


Draw the graph of current i against 6 and analyse the 
current into its first three constituent components, each 
coefficient correct to 2 decimal places. (30) 


. The cross-sectional area of a transformer limb is 


8000 mm? and the volume of the transformer core 
is 4 x 10° mm?. The maximum value of the core flux is 
12 mWb at a frequency of 50 Hz. Taking the Steinmetz 
index as 1.6, the hysteresis loss is found to be 80 W. 
Determine the value of the hysteresis loss when the 
maximum core flux is 9mWb and the frequency is 
50 Hz. (6) 


. The core of an inductor has a hysteresis loss of 25 W and 


an eddy current loss of 15 W when operating at 50 Hz 
frequency. Determine (a) the values of the losses if the 
frequency is increased to 70 Hz, and (b) the total core 
loss if the frequency is 50 Hz and the laminations are 
made three quarters of their original thickness. Assume 
that the flux density remains unchanged in each case. 


(10) 
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39 Dielectrics and dielectric loss 


At the end of this chapter you should be able to: 

e understand electric fields, capacitance and 
permittivity 

e assess the dielectric properties of materials 


e determine dielectric loss, loss angle, Q-factor and 
dissipation factor of capacitors 


39.1 Electric fields, capacitance and permittivity 


Any region in which an electric charge experiences a force 
is called an electrostatic field. Electric fields, Coulombs 
law, capacitance and permittivity are discussed in Chap- 
ter 6 — refer back to page 39. Summarizing the main 
formulae: 


74 
Electric field strength, E = 7 volts/metre 
Capacitance C = e farads 


Electric flux density, D = e coulombs/metre” 


D 
— = €0&r = €E 


flux density in material 


Relative permittivity e, = —— 
flux density in vacuum 


The insulating medium separating charged surfaces is 
called a dielectric. Compared with conductors, dielec- 
tric materials have very high resistivities (and hence low 
conductance, since p=1/o). They are therefore used 
to separate conductors at different potentials, such as 
capacitor plates or electric power lines. 


For a parallel-plate capacitor, 


ege7A(n — 1) 


capacitance C = a 


39.2 Polarization 


When a dielectric is placed between charged plates, the 
capacitance of the system increases. The mechanism by 
which a dielectric increases capacitance is called polar- 
ization. In an electric field the electrons and atomic nuclei 


of the dielectric material experience forces in opposite 
directions. Since the electrons in an insulator cannot flow, 
each atom becomes a tiny dipole (i.e. an arrangement of 
two electric charges of opposite polarity) with positive 
and negative charges slightly separated, i.e. the material 
becomes polarized. 

Within the material this produces no discernible effects. 
However, on the surfaces of the dielectric, layers of charge 
appear. Electrons are drawn towards the positive poten- 
tial, producing a negative charge layer, and away from 
the negative potential, leaving positive surface charge 
behind. Therefore the dielectric becomes a volume of neu- 
tral insulator with surface charges of opposite polarity on 
opposite surfaces. The result of this is that the electric 
field inside the dielectric is less than the electric field caus- 
ing the polarization, because these two charge layers give 
rise to a field which opposes the electric field causing it. 
Since electric field strength, E = V/d, the p.d. between 
the plates, V = Ed. Thus, if E decreases when the dielec- 
tric is inserted, then V falls too and this drop in p.d. occurs 
without change of charge on the plates. Thus, since capaci- 
tance C = Q/V, capacitance increases, this increase being 
by a factor equal to ¢, above that obtained with a vacuum 
dielectric. 

There are two main ways in which polarization takes 
place: 


(i) The electric field, as explained above, pulls the elec- 
trons and nuclei in opposite directions because they 
have opposite charges, which makes each atom into an 
electric dipole. The movement is only small and takes 
place very fast since the electrons are very light. Thus, 
if the applied electric field is varied periodically, the 
polarization, and hence the permittivity due to these 
induced dipoles, is independent of the frequency of 
the applied field. 

(ii) Some atoms have a permanent electric dipole as a 
result of their structure and, when an electric field is 
applied, they turn and tend to align along the field. 
The response of the permanent dipoles is slower than 
the response of the induced dipoles and that part of 
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the relative permittivity which arises from this type of 
polarization decreases with increase of frequency. 

Most materials contain both induced and permanent 
dipoles, so the relative permittivity usually tends to 
decrease with increase of frequency. 


39.3 Dielectric strength 


The maximum amount of field strength that a dielectric 
can withstand is called the dielectric strength of the mater- 
ial. When an electric field is established across the faces 
of a material, molecular alignment and distortion of the 
electron orbits around the atoms of the dielectric occur. 
This produces a mechanical stress which in turn generates 
heat. The production of heat represents a dissipation of 
power, such a loss being present in all practical dielectrics, 
especially when used in high-frequency systems where the 
field polarity is continually and rapidly changing. 

A dielectric whose conductivity is not zero between 
the plates of a capacitor provides a conducting path along 
which charges can flow and thus discharge the capacitor. 
The resistance R of the dielectric is given by R= pl/a, 
1 being the thickness of the dielectric film (which may 
be as small as 0.001 mm) and a being the area of the 
capacitor plates. The resistance R of the dielectric may be 
represented as a leakage resistance across an ideal capaci- 
tor (see Section 39.8 on dielectric loss). The required lower 
limit for acceptable resistance between the plates varies 
with the use to which the capacitor is put. High-quality 
capacitors have high shunt-resistance values. A measure 
of dielectric quality is the time taken for a capacitor to 
discharge a given amount through the resistance of the 
dielectric. This is related to the product CR. 


: area 1 area 
Capacitance, Cx ————- and —« 


thickness R thickness 


thus CR is a characteristic of a given dielectric. In prac- 
tice, circuit design is considerably simplified if the shunt 
conductance of a capacitor can be ignored (i.e. R > 00) 
and the capacitor therefore regarded as an open circuit for 
direct current. 

Since capacitance C of a parallel plate capacitor is 
given by C=€9¢,A/d, reducing the thickness d of a 
dielectric film increases the capacitance, but decreases 
the resistance. It also reduces the voltage the capacitor 
can withstand without breakdown (since V = Q/C). Any 
material will eventually break down, usually destructively, 
when subjected to a sufficiently large electric field. A spark 
may occur at breakdown which produces a hole through 
the film. The metal film forming the metal plates may be 
welded together at the point of breakdown. 

Breakdown depends on electric field strength EF (where 
E=V/d), so thinner films will break down with smaller 
voltages across them. This is the main reason for limiting 


the voltage that may be applied to a capacitor. All practical 
capacitors have a safe working voltage stated on them, 
generally at a particular maximum temperature. Figure 
39.1 shows the typical shapes of graphs expected for elec- 
tric field strength E plotted against thickness and for break- 
down voltage plotted against thickness. The shape of the 
curves depend on a number of factors, and these include: 


(i) the type of dielectric material, 
(ii) the shape and size of the conductors associated 
with it, 
(iii) the atmospheric pressure, 
(iv) the humidity/moisture content of the material, 
(v) the operating temperature. 


E 
(vim) Breakdown 
voltage 
(Vv) 
0 Thickness (m) 
0 Thickness (m) 

(a) {b) 

Figure 39.1 


Dielectric strength is an important factor in the design of 
capacitors as well as transformers and high-voltage insu- 
lators, and in motors and generators. Dielectrics vary in 
their ability to withstand large fields. Some typical values 
of dielectric strength, together with resistivity and rela- 
tive permittivity are shown in Table 39.1. The ceramics 
have very high relative permittivities and they tend to be 
‘ferroelectric’, i.e. they do not lose their polarities when 
the electric field is removed. When ferroelectric effects 
are present, the charge on a capacitor is given by Q= 
(CV) + (remanent polarization). These dielectrics often 
possess an appreciable negative temperature coefficient of 


Table 39.1 Dielectric properties of some common 
materials. 


Material Resistivity, Relative Dielectric 
p (Qm) permittivity, strength 
er (V/m) 
Air 1.0 3 x 10° 
Paper 10!° Se. 1.6 x 107 
Mica 5x 10!! 5.4 10810? 
Titaniumdioxide 10!” 100 6 x 10° 
Polythene >10!! 23 4x 107 
Polystyrene >108 2.5 2.5 x 107 
Ceramic (type 1) 4x 10!! 6-500 4.5 x 107 
Ceramic (type 2)  10°-10" 500-1000 2 x 10°-107 
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resistance. Despite this, a high permittivity is often very 
desirable and ceramic dielectrics are widely used. 


39.4 Thermal effects 


As the temperature of most dielectrics is increased, the 
insulation resistance falls rapidly. This causes the leakage 
current to increase, which generates further heat. Eventu- 
ally a condition known as thermal avalanche or thermal 
runaway may develop, when the heat is generated faster 
than it can be dissipated to the surrounding environment. 
The dielectric will burn and thus fail. 

Thermal effects may often seriously influence the 
choice and application of insulating materials. Some 
important factors to be considered include: 


(i) the melting-point (for example, for waxes used in 
paper capacitors), 
(ii) aging due to heat, 

(iii) the maximum temperature that a material will 
withstand without serious deterioration of essential 
properties, 

(iv) flash-point or ignitability, 

(v) resistance to electric arcs, 

(vi) the specific heat capacity of the material, 
(vii) thermal resistivity, 
(viii) the coefficient of expansion, 

(ix) the freezing-point of the material. 


39.5 Mechanical properties 


Mechanical properties determine, to varying degrees, the 
suitability of a solid material for use as an insulator: ten- 
sile strength, transverse strength, shearing strength and 
compressive strength are often specified. Most solid insu- 
lations have a degree of inelasticity and many are quite 
brittle, thus it is often necessary to consider features such 
as compressibility, deformation under bending stresses, 
impact strength and extensibility, tearing strength, 
machinability and the ability to fold without damage. 


39.6 Types of practical capacitor 


Practical types of capacitor are characterized by the mater- 
ial used for their dielectric. The main types include: 
variable air, mica, paper, ceramic, plastic, titanium oxide 
and electrolytic. Refer back to Chapter 6, Section 12, 
page 49, for a description of each type. 


39.7 Liquid dielectrics and gas insulation 


Liquid dielectrics used for insulation purposes are refined 
mineral oils, silicone fluids and synthetic oils such as 
chlorinated diphenyl. The principal uses of liquid 
dielectrics are as a filling and cooling medium for trans- 
formers, capacitors and rheostats, as an insulating and arc- 
quenching medium in switchgear such as circuit breakers, 
and as an impregnant of absorbent insulations — for 
example, wood, slate, paper and pressboard, used mainly 
in transformers, switchgear, capacitors and cables. 

Two gases used as insulation are nitrogen and sulphur 
hexafluoride. Nitrogen is used as an insulation medium in 
some sealed transformers and in power cables, and sulphur 
hexafluoride is finding increasing use in switchgear both 
as an insulant and as an arc-extinguishing medium. 


39.8 Dielectric loss and loss angle 


In capacitors with solid dielectrics, losses can be attributed 
to two causes: 


(i) dielectric hysteresis, a phenomenon by which energy 
is expended and heat produced as the result of the 
reversal of electrostatic stress in a dielectric subjected 
to alternating electric stress — this loss is analogous 
to hysteresis loss in magnetic materials; 


(ii) leakage currents that may flow through the dielectric 
and along surface paths between the terminals. 


The total dielectric loss may be represented as the loss 
in an additional resistance connected between the plates. 
This may be represented as either a small resistance in 
series with an ideal capacitor or as a large resistance in 
parallel with an ideal capacitor. 


Series representation 


The circuit and phasor diagrams for the series representa- 
tion are shown in Figure 39.2. The circuit phase angle is 
shown as angle @. If resistance Rs is zero then current J 
would lead voltage V by 90°, this being the case of a per- 
fect capacitor. The difference between 90° and the circuit 
phase angle ¢ is the angle shown as 6. This is known as 
the loss angle of the capacitor, i.e. 


loss angle, 5 = (90°— @) 


For the equivalent series circuit, 
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Figure 39.2 (a) Circuit diagram (b) Phasor diagram 


ie. tand= Rs@Cs 


Rs 
1/(@Cs) 


1 
Since from Chapter 28, Q = —— then 
wCR 


1 
tan 6 = Rs@Cs = 0 (39.1) 


Power factor of capacitor, 


é Vrs IRs Rs Rs 
COS od = => => y 
Zs XCs 


since Xc, © Zs when 6 is small. Hence 
power factor = cos ¢ ¥ Rs@Cs, i.e. 


cos @ © tan 6 (39.2) 


Dissipation factor, D is defined as the reciprocal of 
Q-factor and is an indication of the quality of the dielectric, 
Le. 


1 
D=— = tand (39.3) 
Q 


Parallel representation 


The circuit and phasor diagrams for the parallel represen- 
tation are shown in Figure 39.3. From the phasor diagram, 


i.e. tan 6 = 


(39.4) 


(b) 
Figure 39.3 (a) Circuit diagram (b) Phasor diagram 


Power factor of capacitor, 


since Xcp © Zp, when 6 is small. Hence 


1 
power factor = cos ¢ © 
RpwCp 
Le. cos @ ® tan 6 


(For equivalence between the series and the parallel circuit 
representations, 


Cs ¥Cp=C and RswCs © 


RpwCp 


from which Rs ~ 1/Rpw*C?) 


Power loss in the dielectric = VI cos ¢. From the phasor 
diagram of Figure 39.3 


Icp V/Xcp VaoC a VaC 
I I I cos 6 


cos 6 


Vac 
Hence power loss = VI cos ¢ = V {| —— ] cos@ 
cos 6 


However, cos ¢= siné (complementary angles), thus 


( VoC 
power loss = V 
cos 


) sind = V7wC tan 


(since sin 6 / cos 6 = tan 4) 


Hence dielectric power loss = V-@C tan (39.5) 
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Problem1. The equivalent series circuit for a particu- 
lar capacitor consists of a 1.5 Q resistance in series 
with a 400 pF capacitor. Determine for the capacitor, 
at a frequency of 8 MHz, (a) the loss angle, (b) the 
power factor, (c) the Q-factor, and (d) the dissipation 
factor. 


Problem 3. A 2000 pF capacitor has an alternating 
voltage of 20V connected across it at a frequency 
of 10 kHz. If the power dissipated in the dielectric is 
500 \t W, determine (a) the loss angle, (b) the equivalent 
series loss resistance, and (c) the equivalent parallel 
loss resistance. 


(a) From equation (39.1), for a series equivalent circuit, 


tan 6= Rsw@Cs 
= (1.5)(27 x 8 x 10°)(400 x 107!*) = 0.030159 
Hence loss angle, 6 = tan~!(0.030159) 
= 1.727° or 0.030 rad. 
(b) From equation (39.2), 
power factor = cos ¢~ tan d= 0.030 


1 
(c) From equation (39.1), tan 6= 


1 i 2 
h eG 
ence O= 755 ~ 0.030159 


(d) From equation (39.3), dissipation factor, 


1 
D= — =0.030159 or 0.030, correct to 3 decimal 
Q places. 


Problem 2. A capacitor has a loss angle of 0.025 rad, 
and when it is connected across a 5kV, 50 Hz sup- 
ply, the power loss is 20 W. Determine the component 
values of the equivalent parallel circuit. 


From equation (39.5), 


power loss = V7wC tan 6 
Le. 20 = (5000)?(2750)(C) tan (0.025) 

20 
(5000)7(27r50) tan(0.025) 
= 0.102 pF 


from which capacitance C = 


(Note tan(0.025) means ‘the tangent of 0.025 rad’) 
From equation (39.4), for a parallel equivalent circuit, 


1 
RpwCp 


tand = 


from which, parallel resistance, 


1 1 
R = — 
Pe @Cptand  (27150)(0.102 x 10-6) tan 0.025 
ie. Rp = 1.248 MQ 


(a) From equation (39.5), power loss = V7wC tan 6, ice. 


500 x 107° = (20)7(27r10 x 10°)(2000 x 107!*)tan 8 


500 x 10~° 
(20)7(27r10 x 103)(2000 x 10-!?) 


=9.947 x 1073 


Hence tanéd= 


from which, loss angle, 6 = 0.57° or 9.95 x 107? rad. 


(b) From equation (39.1), for an equivalent series cir- 
cuit, tand=RswCs, from which equivalent series 
resistance, 


tand _ 9.947 x 107? 
wCs (2710 x 103)(2000 x 10-12) 


Le. Rs = 79.162 


Rs = 


(c) From equation (39.4), for an equivalent parallel 
circuit, 


tand = 


RpwCp 


from which equivalent parallel resistance, 


1 
Rp = ———— 
(tan 5)@Cp 


1 
~ (9.947 x 10~3)(27110 x 103)(2000 x 10~!2) 


ie. Rp =800kQ2 


Now try the following exercise. 


Exercise 135 
and loss angle 


Further problems on dielectric loss 


1. The equivalent series circuit for a capacitor con- 
sists of a 3 Q2 resistance in series with a 250 pF 
capacitor. Determine the loss angle of the capac- 
itor at a frequency of 5 MHz, giving the answer in 
degrees and in radians. Find also for the capacitor, 
(a) the power factor, (b) the Q-factor, and (c) the 
dissipation factor. 

[1.35° or 0.024 rad (a) 0.0236 
(b) 42.4 (c) 0.0236] 
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2. Acapacitor has a loss angle of 0.008 rad and when it 
is connected across a 4kV, 60 Hz supply the power 
loss is 15 W. Determine the component values of 
(a) the equivalent parallel circuit, and (b) the 
equivalent series circuit. 

[(a) 0.311 WF, 1.066 MQ 
(b) 0.311 LE, 68.24 2] 


3. A coaxial cable has a capacitance of 4F and a 
dielectric power loss of 12kW when operated at 
50kV and frequency 50 Hz. Calculate (a) the value 
of the loss angle, and (b) the equivalent parallel 
resistance of the cable. 

[(a) 0.219° or 3.82 x 107? rad (b) 208.3 kQ] 


4. What are the main reasons for power loss in capaci- 
tors with solid dielectrics? Explain the term ‘loss 
angle’. 

A voltage of 10 V and frequency 20 kHz is con- 
nected across a | nF capacitor. If the power dissi- 
pated in the dielectric is 0.2 mW, determine (a) the 
loss angle, (b) the equivalent series loss resistance, 
and (c) the equivalent parallel loss resistance. 

[(a) 0.912° or 0.0159 rad (b) 126.7 Q 
(c) 0.5 MQ] 


5. The equivalent series circuit for a capacitor consists 
of a 0.5 Q resistor in series with a capacitor of react- 
ance 2 kQ2. Determine for the capacitor (a) the loss 
angle, (b) the power factor, and (c) the equivalent 
parallel resistance. 

[(a) 0.014° or 2.5 x 10-4 rad (b) 2.5 x 10-4 
(c) 8MQ] 
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At the end of this chapter you should be able to: 


e understand field plotting by curvilinear squares 
e show that the capacitance between concentric cylin- 


2 
ders, C= eee and calculate C given values of 
In(b/a) 
radii a and b iv 
e calculate dielectric stress £ = ————— 
rIn(b/a) 


@ appreciate dimensions of the most economical cable 
e show that the capacitance of an isolated twin line, 
EQ Ey 


~ In(D/a) 


and calculate C given values of a and D 


e calculate energy stored in an electric field 
e show that the inductance of a concentric cylinder, 


1 b 
j emp + In and calculate L given values 
2x \4 a 
of a and b 
e show that the inductance of an isolated twin line, 
Holr (1 D : 
L= + In and calculate L given values 
4 4 a 
of aa and D 


e calculate energy stored in an electromagnetic field 


40.1 Field plotting by curvilinear squares 


Electric fields, magnetic fields and conduction fields (i.e. 
a region in which an electric current flows) are analogous, 
i.e. they all exhibit similar characteristics. Thus they may 
all be analysed by similar processes. In the following the 
electric field is analysed. 

Figure 40.1 shows two parallel plates A and B. Let the 
potential on plate A be +V volts and that on plate B be 
—V volts. The force acting on a point charge of 1 coulomb 
placed between the plates is the electric field strength E. It 
is measured in the direction of the field and its magnitude 
depends on the p.d. between the plates and the distance 
between the plates. In Figure 40.1, moving along a line of 
force from plate B to plate A means moving from —V to 
+V volts. The p.d. between the plates is therefore 2 V volts 
and this potential changes linearly when moving from one 
plate to the other. Hence a potential gradient is followed 
which changes by equal amounts for each unit of distance 
moved. 


At++t++t+t+¢4+ 444+ 44 


tV 2 


Figure 40.1 Lines of force intersecting equipotential 
lines in an electric field 


Lines may be drawn connecting together all points 
within the field having equal potentials. These lines are 


called equipotential lines and these have been drawn in 
Figure 40.1 for potentials of z V, V, 0, -4 V and — 3 V. 
The zero equipotential line represents earth potential and 
the potentials on plates A and B are respectively above 
and below earth potential. Equipotential lines form part 
of an equipotential surface. Such surfaces are parallel to 
the plates shown in Figure 40.1 and the plates themselves 
are equipotential surfaces. There can be no current flow 
between any given points on such a surface since all points 
on an equipotential surface have the same potential. Thus 
a line of force (or flux) must intersect an equipotential 
surface at right angles. A line of force in an electrostatic 
field is often termed a streamline. 

An electric field distribution for a concentric cylinder 
capacitor is shown in Figure 40.2. An electric field is set 
up in the insulating medium between two good conduc- 
tors. Any volt-drop within the conductors can usually be 
neglected compared with the p.d.’s across the insulation 
since the conductors have a high conductivity. All points 
on the conductors are thus at the same potential so that the 
conductors form the boundary equipotentials for the elec- 
trostatic field. Streamlines (or lines of force) which must 
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Figure 40.2 Electric field distribution for a concentric 
cylinder capacitor 
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cut all equipotentials at right angles leave one boundary 
at right angles, pass across the field, and enter the other 
boundary at right angles. 

In a magnetic field, a streamline is a line so drawn that 
its direction is everywhere parallel to the direction of the 
magnetic flux. An equipotential surface in a magnetic field 
is the surface over which a magnetic pole may be moved 
without the expenditure of work or energy. 

In a conduction field, a streamline is a line drawn with 
a direction which is everywhere parallel to the direction 
of the current flow. 

A method of solving certain field problems by a form 
of graphical estimation is available which may only be 
applied, however, to plane linear fields; examples include 
the field existing between parallel plates or between two 
long parallel conductors. In general, the plane of a field 
may be divided into a number of squares formed between 
the line of force (i.e. streamline) and the equipotential. 
Figure 40.3 shows a typical pattern. In most cases true 
squares will not exist, since the streamlines and equi- 
potentials are curved. However, since the streamlines and 
the equipotentials intersect at right angles, square-like fig- 
ures are formed, and these are usually called ‘curvilinear 
squares’. The square-like figure shown in Figure 40.3 is 
a curvilinear square since, on successive sub-division by 
equal numbers of intermediate streamlines and equipoten- 
tials, the smaller figures are seen to approach a true square 
form. 


Equipotential 


Streamlines 
(or lines of force} 


Figure 40.3 Curvilinear square 


When sub-dividing to give a field in detail, and in some 
cases for the initial equipotentials, ‘Moores circle’ tech- 
nique can be useful in that it tends to eliminate the trial and 
error process. If, say, two flux lines and an equipotential 
are given and it is required to draw a neighbouring equipo- 
tential, a circle tangential to the three given lines is 
constructed. The new equipotential is then approximately 
tangential to the circle, as shown in Figure 40.3. 

Consider the electric field established between two par- 
allel metal plates, as shown in Figure 40.4. The streamlines 
and the equipotential lines are shown sketched and are 
seen to form curvilinear squares. Consider a true square 
abcd lying between equipotentials AB and CD. Let this 
square be the end of x metres depth of the field forming 
a flux tube between adjacent equipotential surfaces abfe 
and cdhg as shown in Figure 40.5. Let / be the length of 
side of the squares. Then the capacitance C; of the flux 
tube is given by 


Figure 40.4 


Flux tube 


Figure 40.5 


_ €0€r (area of plate) 


plate separation 


_ €0ér(Ix) 


ie. Cy 7 


= €0&/x (40.1) 


Thus the capacitance of the flux tube whose end is a true 
square is independent of the size of the square. 

Let the distance between the plates of a capacitor be 
divided into an exact number of parts, say n (in Fig- 
ure 40.4, n=4). Using the same scale, the breadth of 
the plate is divided into a number of parts (which is not 
always an integer value), say m (in Figure 40.4, m= 10, 
neglecting fringing). Thus between equipotentials AB and 
CD in Figure 40.4 there are m squares in parallel and so 
there are m capacitors in parallel. For m capacitors con- 
nected in parallel, the equivalent capacitance Cr is given 
by Cr =C, + C2+C3+4+ --- + Cy. If the capacitors have 
the same value, 1.e. C} = C2 =C3= --- =Cy =C;, then 


Cr =mCG (40.2) 


Similarly, there are n squares in series in Figure 40.4 and 
thus n capacitors in series. 

For n capacitors connected in series, the equivalent 
capacitance Cr is given by 
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If Cy =C Cr=C; then 1/Cr=n/C;, from 
which 
C 
Cr=— (40.3) 
n 


Thus if m is the number of parallel squares measured along 
each equipotential and n is the number of series squares 
measured along each streamline (or line of force), then the 
total capacitance C of the field is given, from equations 
(40. 1)-(40.3), by 


C= Res farads (40.4) 
n 


For example, let a parallel-plate capacitor have plates 
8mm x 5mm and spaced 4mm apart (See Figure 40.6). 
Let the dielectric have a relative permittivity 3.5. If the 
distance between the plates is divided into, say, four 
equipotential lines, then each is | mm apart. Hence n = 4. 


Figure 40.6 


Using the same scale, the number of lines of force from 
plate P to plate Q must be 8, i.e. m= 8. This is, of course, 
neglecting any fringing. From equation (40.4), capaci- 
tance C = €9€;x(m/n), where x = 5 mm or 0.005 m in this 
case. Hence 


C = (8.85 x 107!*)(3.5)(0.005)(8) = 0.31 pF 


(Using the normal equation for capacitance of a parallel- 
plate capacitor, 


eg&rA _ (885 x 107!7)(3.5)(0.008 x 0.005) 
a 0.004 
= 0.31 pF 


(io 


The capacitance found by each method gives the same 
value; this is expected since the field is uniform between 
the plates, giving a field plot of true squares.) 

The effect of fringing may be considered by estimating 
the capacitance by field plotting. This is described below. 

In the side view of the plates shown in Figure 40.7, 
RS is the medial line of force or medial streamline, by 
symmetry. Also XY is the medial equipotential. The field 
may thus be divided into four separate symmetrical parts. 

Considering just the top left part of the field, the field 
plot is estimated as follows, with reference to Figure 40.8: 


(i) Estimate the position of the equipotential EF which 
has the mean potential between that of the plate and 


Figure 40.7 
H 
a 
F 
ae Medial line 
of force 
Z 
J iG 
t } 1E ;2mm 
if 
| 
x pee “4 aa a Y 
4mm ne 
Medial 
Ss equipotential 
Figure 40.8 


that of the medial equipotential XO. F is not taken 
too far since it is difficult to estimate. Point E will lie 
slightly closer to point Z than point O. 

(ii) Estimate the positions of intermediate equipotentials 
GH and JJ. 

(iii) All the equipotential lines plotted are , Le. 0.5mm 
apart. Thus a series of streamlines, cutting the 
equipotential at right angles, are drawn, the stream- 
lines being spaced 0.5 mm apart, with the object of 
forming, as far as possible, curvilinear squares. 


It may be necessary to erase the equipotentials and redraw 
them to fit the lines of force. The field between the plates 
is almost uniform, giving a field plot of true squares in this 
region. At the corner of the plates the squares are smaller, 
this indicating a great stress in this region. 

On the top of the plate the squares become very large, 
indicating that the main field exists between the plates. 
From equation (40.4), 


J m 
total capacitance, C = ege,-x— farads 
n 


The number of parallel squares measured along each 
equipotential is about 13 in this case and the number of 
series squares measured along each line of force is 4. Thus, 
for the plates shown in Figure 40.7, m=2 x 13 = 26 and 
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n=2x4=8. Since x is 5mm, 


. m 
total capacitance = e9é-x — 
n 


2 
= (8.85 x 10717)(3.5)(0.005)— 
= 0.50 pF 


Problem 1. A field plot between two metal plates is 
shown in Figure 40.9. The relative permeability of the 
dielectric is 2.8. Determine the capacitance per metre 
length of the system. 


Figure 40.9 


From equation (40.4), capacitance C = egé,x(m/n). From 
Figure 40.9, m= 16, i.e. the number of parallel squares 
measured along each equipotential, and n=6, ie. the 


number of series squares measured along each line of 


force. Hence capacitance for a | m length, 


16 
C = (8.85 x 107")2.8)(D— = 66.08 pF 


Problem 2. A field plot for a cross-section of a con- 
centric cable is shown in Figure 40.10. If the relative 
permeability of the dielectric is 3.4, determine the 
capacitance of a 100 m length of the cable. 


Equipotential __, 
lines 


yf 
<< 


Lines of force 
QL 


Figure 40.10 


From equation (40.4), capacitance C = €9é-x(m/n). In 
this case, m= 13 andn=4. Also x = 100m. Thus 


1 
capacitance C = (8.85 x 10-)3.4)(100)> 
= 9780 pF or 9.78 nF 


Now try the following exercise. 


Exercise 136 Further problems of field plotting 
by curvilinear squares 


1. (a) Explain the meaning of the terms (1) streamline 
(ii) equipotential, with reference to an electric 
field. 

(b) A field plot between two metal plates is shown 
in Figure 40.11. If the relative permittivity of the 
dielectric is 2.4, determine the capacitance of a 
50cm length of the system. [23.4 pF] 


Plate Plate 


Figure 40.11 


2. A field plot for a concentric cable is shown in 
Figure 40.12. The relative permittivity of the dielec- 
tric is 5. Determine the capacitance of a 10 m length 
of the cable. [1.66 nF] 


Figure 40.12 


3. The plates of a capacitor are 10 mm long and 6mm 
wide and are separated by a dielectric 3 mm thick 
and of relative permittivity 2.5. Determine the 
capacitance of the capacitor (a) when neglecting 
any fringing at the edges, (b) by producing a field 
plot taking fringing into consideration. 

[(a) 0.44 pF (b) 0.60 pF — 0.70 pF, 
depending on the accuracy of the plot] 
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40.2. Capacitance between concentric cylinders 


A concentric cable is one which contains two or more 
separate conductors, arranged concentrically (i.e. hav- 
ing a common centre), with insulation between them. In 
a coaxial cable, the central conductor, which may be 
either solid or hollow, is surrounded by an outer tubu- 
lar conductor, the space in between being occupied by a 
dielectric. If air is the dielectric then concentric insulating 
discs are used to prevent the conductors touching each 
other. The two kinds of cable serve different purposes. 
The main feature they have in common is a complete 
absence of external flux and therefore a complete absence 
of interference with and from other circuits. 

The electric field between two concentric cylinders 
(i.e. a coaxial cable) is shown in the cross-section of 
Figure 40.13. The conductors form the boundary equipo- 
tentials for the field, the boundary equipotentials in 
Figure 40.13 being concentric cylinders of radii a and b. 
The streamlines, or lines of force, are radial lines cutting 
the equipotentials at right angles. 


Equipotential 


Streamlines 


Inner 
conductor 


Outer 
conductor 


Figure 40.13 Electric field between two concentric 
cylinders 


Let Q be the charge per unit length of the inner conduc- 
tor. Then the total flux across the dielectric per unit length 
is Q coulombs/metre. This total flux will pass through the 
elemental cylinder of width dr at radius r (shown in Fig- 
ure 40.13) and a distance of | m into the plane of the paper. 
The surface area of a cylinder of length 1m within the 
dielectric with radius r is (27r x 1) m2. 

Hence the electric flux density at radius r, 


QQ 


A 2nr 


The electric field strength or electric stress E, at radius r 
is given by 


D Q 


£0€  2MTreoEy 


volts/metre (40.5) 


Let the p.d. across the element be dV volts. Since 


__ voltage 
~~ thickness 


voltage = E x thickness. Therefore 


Q 


6V = Ebr = 
2mrEevéy 


The total p.d. between the boundaries, 


b b ; 
V= g dr = 2 dr 
2rEoEy 2TEQEr r 
a a 
Q b Q 
= 1 = Inb—-1 
Tena nla ar. " ne 
; Q b 
ie. V= In — volts (40.6) 
2QmE9ger =a 


The capacitance per unit length, 


charge per unit length 


p.d. 
Hence capacitance, 


ee Q 
Vi (Q/(2zE9€,)) In(b/a) 


- 21e0 ey 
~ In(b/a) 


i.e. 


farads/metre (40.7) 


Problem 3. A coaxial cable has an inner core radius 


of 0.5mm and an outer conductor of internal radius 
6.0mm. Determine the capacitance per metre length 
of the cable if the dielectric has a relative permittivity 
of 2.7. 


From equation (40.7), 
2meoe, _ 2(8.85 x 107!7)(2.7) 
In(b/a) In (6.0/0.5) 

= 60.4 pF 


capacitance C = 


Problem 4. A single-core concentric cable has a 
capacitance of 80pF per metre length. The relative 
permittivity of the dielectric is 3.5 and the core diam- 
eter is 8.0mm. Determine the internal diameter of the 
sheath. 


From equation (40.7), capacitance 


2TEQEr 


— In(b/a) 
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2meér _ 2n(8.85 x 107!*)(3.5) 
C (80 x 10-!) 
= 2.433 


b 
from which In -— = 
a 


Since the core radius, a= 8.0/2 =4.0 mm, 

In(b/4.0) = 2.433 and b/4.0 = e* 433, 

Thus the internal radius of the sheath, 

b=4.0e7-433 = 45.57 mm. 

Hence the internal diameter of the sheath 2 x 45.57= 
91.14mm. 


Dielectric stress 


Rearranging equation (40.6) gives: 


QO... ¥ 
2neye,  In(b/a) 


However, from equation (40.5), 


r-_2 


~~ WreEgéy 


Thus dielectric stress, 


volts/metre (40.8) 


V 
i 
rIn(b/a) 


From equation (40.8), the dielectric stress at any point is 
seen to be inversely proportional to r, i.e. Ex 1/r. 

The dielectric stress EF will have a maximum value when 
r is at its minimum, i.e. when r =a. Thus 


V 
eS = 40.9 
max aln(b/a) Con) 
It follows that 
Vv 
Emin = ———~ 40.9! 
mm bIn(b/a) ae 


Problem 5. A concentric cable has a core diameter 
of 32 mm and an inner sheath diameter of 80 mm. The 
core potential is 40 kV and the relative permittivity of 
the dielectric is 3.5. Determine (a) the capacitance per 
kilometre length of the cable, (b) the dielectric stress at 
aradius of 30 mm, and (c) the maximum and minimum 
values of dielectric stress. 


(a) From equation (40.7), capacitance per metre length, 


2EQEr 
~ In(b/a) 

ne = 212.4 x 107? F/km 
= 212.4 x 10° x 10° F/km 
= 212 nF/km or 0.212 wF/km 


(b) From equation (40.8), dielectric stress at radius r, 


Ve. 40 x 10° 
rin(b/a) (30 x 10-3) 1n(40/16) 


= 1.46 x 10° V/m or 1.46 MV/m 


k= 


(c) From equation (40.9), maximum dielectric stress, 


a ah, 40 x 103 
mx aln(b/a) 16 x 10-3 In(40/16) 
= 2.73 MV/m 


From equation (40.9’), minimum dielectric stress, 


Vv 40 x 103 
Emin = = 3 
bin(b/a) 40 x 1073 In(40/16) 
= 1.09MV/m 


Dimensions of most economical cable 


It is important to obtain the most economical dimensions 
when designing a cable. A relationship between a and b 
may be obtained as follows. If Emax and V are both fixed 
values, then, from equation (40.9), 


V b 
=aln—- 
max a 


Letting V/Emax =k, a constant, gives 


aln—-=k 
a 


In(b/a)=k/a, b/a = &/4 and b = ae/4 
(40.10) 


from which 


For the most economical cable, b will be a minimum value. 
Using the product rule of calculus, 


db . ae 
7 M+ @ (-3e! ) 


= 0 for a minimum value. 
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(Note, to differentiate e*/@ with respect to a, an algebraic 
substitution may be used, letting u = 1/a). 


ek/a = K ok/a =(0 


a 
k/a k 

Therefore e 1—-]=0 

a 
from which a=k. Thus 

4 
a= (40.11) 
Emax 

From cation (40.10), internal sheath radius, 
b=aek/4 = ae! =a8, ie. 

b = 2.718a (40.12) 


Problem 6. A single-core concentric cable is to be 
manufactured for a 60 kV, 50 Hz transmission system. 
The dielectric used is paper which has a maximum 
permissible safe dielectric stress of 10 MV/m rms and 
arelative permittivity of 3.5. Calculate (a) the core and 
inner sheath radii for the most economical cable, (b) 
the capacitance per metre length, and (c) the charging 
current per kilometre run. 


(a) From equation (40.11), 


Vi 60x 10°V 
En 10x 10° V/m 


=6x 10 3>m=6.0mm 


core radius, a = 


From equation (40.12), internal sheath radius, 
b=ae=6.0e=16.3 mm 


(b) From equation (40.7), 


. 2mEVE 
capacitance C = 
In(b/a) 
Since b = ae, 
2; 
— = 2neye, = 20(8.85 x 107!2)(3.5) 
ne 


= 195 x 107)? F/m or 
195 pF/m 


(c) Charging current = aCV 


V 
Xc 1/(wC) 
= (27750)(195 x 10~!7) x (60 x 103) 
= 3.68 x 10-3 A/m 


Hence the charging current per kilometre = 3.68 A 


Problem 7. A concentric cable has a core diameter 
of 25mm and an inside sheath diameter of 80 mm. 
The relative permittivity of the dielectric is 2.5, the 
loss angle is 3.5 x 107° rad and the working voltage 
is 132kV at 50 Hz frequency. Determine for a 1 km 
length of the cable (a) the capacitance, (b) the charging 
current and (c) the power loss. 


(a) From equation (40.7), 


2TEQEr 


capacitance C = in@/a) 


_ 2n(8.85 x 107!?)(2.5) 
7 In(40/12.5) 


= 0.120 wF/km 


x 10° F/km 


Thus the capacitance for a 1 km length of the cable is 
0.120 WF 
(b) Charging current 
Vv V 


l= = =wCV 
Xc_ 1/(@C) 
= (2750)(0.120 x 10~°)(132 x 10%) 
= 4,98 A/km 


(c) From equation (39.5), Chapter 39, power loss 


=V’wC tand 
= (132 x 10°)*(2750)(0.120 x 107°) 

x tan (3.5 x 1074) 
= 2300 W 


Concentric cable field plotting 


Figure 40.14 shows a cross-section of a concentric cable 
having acore radius 7; and a sheath radius rq. It was shown 
in Section 40.1 that the capacitance of a true square is given 
by C = goer farads/metre. 


q 


Equipotential 
¢ lines 


Line of 
force 


(ra L4t> 


Figure 40.14 
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A curvilinear square is shown shaded in Figure 40.14. 
Such squares can be made to have the same capacitance 
as a true square by the correct choice of spacing between 
the lines of force and the equipotential surfaces in the field 
plot. 

From equation (40.7), the capacitance between cylin- 
drical equipotential lines at radii rg and rp is given by 


= ideas farads/metre 
In(rp/Ta) 


Thus for a sector of @ radians (see Figure 40.14) the 
capacitance is given by 


6 27E0Ey BEQ Er 
C= = farads/metre 
2m \In(rp/Ta) In(7p/Ta) 


Now if 6=In(rp/rq) then C = €9¢€, F/m, the same as for 

a true square. If 9=In(rp/rq), then e? =(rp/rq). Thus 

if, say, two equipotential surfaces are chosen within the 

dielectric as shown in Figure 40.14, then =r /T1; 

f= r3/r2 and = ra/r3. Hence 

(cP = im x i x ag ie. C8 = = 
r| i) '3 r1 


(40.13) 


It follows that e29 = r3 /r1 

Equation (40.13) is used to determine the value of 6 
and hence the number of sectors. Thus, for a concentric 
cable having a core radius 8 mm and inner sheath radius 
32 mm, if two equipotential surfaces within the dielectric 
are chosen (and therefore form three capacitors in series 
in each sector). 


Pe ire 32 =r 
r| 8 

Hence 36= In4 and = ; In4=0.462 rad (or 26.47°). 

Thus there will be 27/0.462 = 13.6 sectors in the field 

plot. (Alternatively, 360° /26.47° = 13.6 sectors.) From 

above, 


07 — r3/r), 1.e.73 = 7] 2) = 862-462) — 20.15 mm 


r2 
f= 
ry} 

from which 


n= rie? = 82-462) — 12.70 mm 


The field plot is shown in Figure 40.15. The number 
of parallel squares measured along each equipotential is 
13.6 and the number of series squares measured along 
each line of force is 3. Hence in equation (40.4), where 
C= e9&rx(m/n), m= 13.6 andn=3. 


r,=8mm 


f = 12.70 mm 
f= 32mm 


fg = 20.15 mm 


Figure 40.15 


If the dielectric has a relative permittivity of, say, 2.5, then 
the capacitance per metre length, 


13. 
C = (8.85 x 102.5)" = 100 pF 


(From equation (40.7), 


_ 2ne0&, _ 2n(8.85 x 107!7)(2.5) 
~ In(r4/r1) ~ In(32/8) 
= 100 F/m) 


Thus field plotting using curvilinear squares provides 
an alternative method of determining the capacitance 
between concentric cylinders. 


Problem 8. A concentric cable has a core diame- 
ter of 20 mm and a sheath inside diameter of 60 mm. 
The permittivity of the dielectric is 3.2. Using three 
equipotential surfaces within the dielectric, determine 
the capacitance of the cable per metre length by the 
method of curvilinear squares. Draw the field plot for 
the cable. 


The field plot consists of radial lines of force dividing 
the cable cross-section into a number of sectors, the 
lines of force cutting the equipotential surfaces at right 
angles. Since three equipotential surfaces are required in 
the dielectric, four capacitors in series are found in each 
sector of @ radians. 

In Figure 40.16, r) = 20/2 = 10 mm and rs = 60/2 = 
30 mm. It follows from equation (40.13) that 
4? = rs/r, = 30/10 = 3, from which 46 = In3 and 
6 = ; In3 =0.2747 rad. 

Thus the number of sectors in the plot shown in 
Figure 40.16 is 277/0.2747 = 22.9. 

The three equipotential lines are shown in Figure 40.16 
at radii of r2, r3 and rg. 
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Figure 40.16 


From equation (40.13), 


er = = from which rg = rye?? = 1063-2749) 
= 22.80 mm 
oF = from which r3 = re7? = 10620-2747) 
= 17.32mm 
ef = - from which r = rye’ = 10e°?"47 = 13.16 mm 


Thus the field plot for the cable is as shown in Figure 40. 16. 

From equation (40.4), capacitance C = €9é,x(m/n). 
The number of parallel squares along each equipotential, 
m = 22.9 and the number of series squares measured along 
each line of force, n = 4. Thus 


. _p 22.9 
capacitance C = (8.85 x 10 \3.2)0)—— = 162 pF 


(Checking, from equation (40.7), 


; Qmege,  2(8.85 x 10~!7)(3.2) 
capacitance C = = 
In(rs/r1) In(30/10) 
= 162 pF) 


Now try the following exercise. 


Exercise 137 Further problems on capacitance 
between concentric cylinders 


1. A coaxial cable has an inner conductor of radius 
0.4mm and an outer conductor of internal radius 
4mm. Determine the capacitance per metre length 
of the cable if the dielectric has a relative permit- 
tivity of 2. [48.30 pF] 


2. A concentric cable has a core diameter of 40 mm 
and an inner sheath diameter of 100 mm. The rela- 
tive permittivity of the dielectric is 2.5 and the core 
potential is 50 kV. Determine (a) the capacitance per 
kilometre length of the cable and (b) the dielectric 
stress at radii of 30 mm and 40 mm. 

[(a) 0.1517 wF (b) 1.819 MV/m, 1.364 MV/m] 


3. A coaxial cable has a capacitance of 100 pF per 
metre length. The relative permittivity of the dielec- 
tric is 3.2 and the core diameter is 1.0mm. Deter- 
mine the required inside diameter of the sheath. 

[5.93 mm] 


4. A single-core concentric cable is to be manufac- 
tured for a 100 kV, 50 Hz transmission system. The 
dielectric used is paper which has a maximum safe 
dielectric stress of 10 MV/m and a relative permit- 
tivity of 3.2. Calculate (a) the core and inner sheath 
radii for the most economical cable, (b) the capaci- 
tance per metre length and (c) the charging current 
per kilometre run. 

[(a) 10 mm; 27.2 mm (b) 177.9 pF (c) 5.59 A] 


5. A concentric cable has a core diameter of 30 mm 
and an inside sheath diameter of 75 mm. The rela- 
tive permittivity is 2.6, the loss angle is 2.5 x 1073 
rad and the working voltage is 100kV at 50 Hz 
frequency. Determine for a 1 km length of cable 
(a) the capacitance, (b) the charging current, and 
(c) the power loss. [(a) 0.1578 WF (b) 4.957 A 

(c) 1239 W] 


6. A concentric cable operates at 200 kV and 50 Hz. 
The maximum electric field strength within the 
cable is not to exceed 5 MV/m. Determine (a) the 
radius of the core and the inner radius of the sheath 
for ideal operation, and (b) the stress on the dielec- 
tric at the surface of the core and at the inner surface 
of the sheath. {(a) 40mm, 108.7 mm 

(b) 5MV/m, 1.84 MV/m] 


7. A concentric cable has a core radius of 20 mm and 
a sheath inner radius of 40mm. The permittivity 
of the dielectric is 2.5. Using two equipotential 
surfaces within the dielectric, determine the capac- 
itance of the cable per metre length by the method 
of curvilinear squares. Draw the field plot for the 
cable. [200.6 pF] 


40.3. Capacitance of an isolated twin line 


The field distribution with two oppositely charged, long 
conductors, A and B, each of radius a is shown in 
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Figure 40.17. The distance D between the centres of the 
two conductors is such that D is much greater than a. 
Figure 40.18 shows the field of each conductor separately. 


Lines of 
forces 


| 


A 


Py) 
2 
2 
< 
G 
a 


Radius a 


wy, 


Equipotential 
lines 


Figure 40.18 


Initially, let conductor A carry acharge of +Q coulombs 
per metre while conductor B is uncharged. Consider a 
cylindrical element of radius r about conductor A having 
a depth of 1 mand a thickness ér as shown in Figure 40.18. 


The electric flux density D at the element (i.e. at radius r) 
is given by 


charge Q 


D= coulomb/metre” 


area (2ur x 1) 


The electric field strength at the element, 


- D Q/2nr Q 
60 —-0Er ~—Ss«T'EQEy 


volts/metre 
Since E = V/d, potential difference, V = Ed. Thus 


p.d. at the element = Edr = 


The potential may be considered as zero at a large dis- 
tance from the conductor. Let this be at radius R. Then the 
potential of conductor A above zero, V4,, is given by 


Qdr Q 1 re 


2reyeEy 2QMEQEr r 
a a 


Q R 
= ] 
2mE0E- [nr 


Q 


~~ Qreoé; 


Q R 
= In — 
2mE9ger a 


Va, = 


{In R — Ina] 


ie. Va, 


Since conductor B lies in the field of conductor A, by 
reasoning similar to that above, the potential at conductor 
B above zero, Vz,, is given by 


Q 


2mENE, 


[Inr}® = 


r d 
en ee 


Qnrege,  27EVE, 
D 


R 
In = 
D 


Repeating the above procedure, this time assuming that 
conductor B carries a charge of —Q coulombs per metre, 
while conductor A is uncharged, gives 


_ R 
potential of conductor B below zero, Vz, = 5 g In — 
JTEQEr = 


and the potential of conductor A below zero, due to the 


= R 
charge on conductor B, V4, = ees In — 
2méEgér D 

When both conductors carry equal and opposite 


charges, the total potential of A above zero is given by 


Q R -—Q R 
V, Va, = I I 
Art VA2 (= " =) (<= . 5) 
Q R R 
= In In 
2EQEr a D 
Q R/a Q D 
= In = In 
2mE0E+ R/D 2me0er = 
and the total potential of B below zero is given by 


Ve, t+ Y, g ] . 1 e 
4 Bo ITE 0E, "D ae 


GK G8 = 


— n — n 
2megér D 2QMEQEr a 
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Hence the p.d. between A and B is 


D 
2( g In 4) volts/metre 


2mEger =a 


The capacitance between A and B per metre length, 


C charge per metre Q 
*: p.d. ~ 2(Q/(2me08;)) In(D/a) 
12 
ie. C = ——-"*" farads/metre 
2 In(D/a) 
or ee farads/metre (40.14) 
In (D/a) 


Problem 9. Two parallel wires, each of diameter 
5mm, are uniformly spaced in air at a distance of 
50 mm between centres. Determine the capacitance of 
the line if the total length is 200 m. 


From equation (40.14). capacitance per metre length, 


megs (8.85 x 107!2)(1)_. : 
— since €, = | for air, 


~In(D/a)———«1n(50/(5/2)) 
_ (8.85 x 10717) _1 
=== pop 9.28 x 10° F 


Hence the capacitance of a 200 m length is 
(9.28 x 107!* x 200) F = 1860 pF or 1.86 nF 


Problem 10. A single-phase circuit is composed of 
two parallel conductors, each of radius 4mm, spaced 
1.2 m apart in air. The p.d. between the conductors at 
a frequency of 50 Hz is 15 kV. Determine, for a 1 km 
length of line, (a) the capacitance of the conductors, 
(b) the value of charge carried by each conductor, and 
(c) the charging current. 


(a) From equation (40.14), 


ITEQEY (8.85 x 107 !)(1) 
In(D/a)_In(1.2/4 x 1073) 
(8.85 x 107!) 


In 300 
= 4.875 pF/m 


capacitance C = 


Hence the capacitance per kilometre length is 
(4.875 x 107!*)(103) F= 4.875 nF 


(b) Charge Q = CV = (4.875 x 107°)(15 x 10°) 
= 73.1 pC 

V V 

Xc (1/wC) 

= (27750)(4.875 x 1079)(15 x 103) 

= 0.023 A or 23mA 


(c) Charging current = oCV 


Problem 11. The charging current for an 800 mrun of 
isolated twin line is not to exceed 15 mA. The voltage 
between the lines is 10kV at 50 Hz. If the line is air- 
insulated, determine (a) the maximum value required 
for the capacitance per metre length, and (b) the max- 
imum diameter of each conductor if their distance 
between centres is 1.25 m. 


(a) Charging current J = wCV 


Xe (1/@C) © 


from which, 


I 15x 107 
wV — (2750)(10 x 103) 
farads per 800 metre run 
= 4.775 nF 


capacitance C = 


Hence the required maximum value of capacitance 


4.775 x 107° 
= 1 y/m = 5.97 pF/ 
800 . a 
(b) From equation (40.14) 
-_ TTEQEr 
~ In(D/a) 
: 107!) 
thus Ope Oe I) 
In(1.25/a) 
1.2 
odes. Tal yaad eg 
a 5.97 
1.2 
Hence nee — ¢4 7 — 105.3 
a 


1.2 
d di = — m= 0.01187 
and radius a 1053 m m 


or 11.87 mm 


Thus the maximum diameter of each conductor is 
2 x 11.87, i.e. 23.7 mm 
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Now try the following exercise. 


Exercise 138 Further problems on capacitance of 
an isolated twin line 


1. Two parallel wires, each of diameter 5.0mm, are 
uniformly spaced in air at a distance of 40mm 
between centres. Determine the capacitance of a 
500 m run of the line. [5.014 nF] 


2. A single-phase circuit is comprised of two paral- 
lel conductors each of radius 5.0mm and spaced 
1.5 m apart in air. The p.d. between the conductors 
is 20 kV at 50 Hz. Determine (a) the capacitance per 
metre length of the conductors, and (b) the charging 
current per kilometre run. 

[(a) 4.875 pF (b) 30.63 mA] 


3. The capacitance of a 300m length of an isolated 
twin line is 1522 pF. The line comprises two air 
conductors which are spaced 1200mm between 
centres. Determine the diameter of each conductor. 

{10 mm] 


4. An isolated twin line is comprised of two air- 
insulated conductors, each of radius 8.0 mm, which 
are spaced 1.60 m apart. The voltage between the 
lines is 7kV at a frequency of 50 Hz. Determine 
for a 1 km length (a) the line capacitance, (b) the 
value of charge carried by each wire, and (c) the 
charging current. 

[(a) 5.248 nF (b) 36.74 C (c) 11.54 mA] 


5. The charging current for a 1 km run of isolated twin 
line is not to exceed 30 mA. The p.d. between the 
lines is 20kV at 50 Hz. If the line is air insulated 
and the conductors are spaced | m apart, determine 
(a) the maximum value required for the capacitance 
per metre length, and (b) the maximum diameter 
of each conductor. [(a) 4.775 pF (b) 5.92 mm] 


40.4 Energy stored in an electric field 


Consider the p.d. across a parallel-plate capacitor of 
capacitance C farads being increased by dv volts in dt 
seconds. If the corresponding increase in charge is dq 
coulombs, then dg = Cdv. If the charging current at that 
instant is 7 amperes, then dq = idt. Thus idt = Cdv, i.e. 


(i.e. instantaneous current = capacitance x rate of change 
of p.d.) 


The instantaneous value of power to the capacitor, 
i watt ce) watt 
= vi watts = v | C— } watts 
ts dt 
The energy supplied to the capacitor during time dt 


: dv 
= power x time = Lear (dt) 


= Cvdv joules 


Thus the total energy supplied to the capacitor when the 


p.d. is increased from 0 to V volts is given by 


Vv 


Vv 2 
w= f cod=c[ >] 
2 Jo 
0 


i.e. energy stored in the electric field, 


Consider a capacitor with dielectric of relative permit- 
tivity ¢-, thickness d metres and area A square metres. 


Capacitance C = Q/V, hence energy stored 
= 3(Q/V)V* = 5QV joules. 


The electric flux density, D = Q/A, from which Q = DA. 


Hence the energy stored = 5(DA)V joules. 


The electric field strength, E = V/d, from which V = Ed. 
Hence the energy stored = 5(DA)(Ed) joules. However 


Ad is the volume of the field. 


Hence energy stored per unit volume, 


Since D/E = ¢é0¢,, then D=éoe,E. Hence, from equa- 


tion (40.16), the energy stored per unit volume, 


wr = 5(€08rE)E 


ie. wy = 4e9¢,E” joules/cubic metre (40.17) 


Also, since D/E = €9€;, then E = D/(e9é;). Hence from 
equation (40.16), the energy stored per unit volume, 


1 D 
0&r 


W, = 4CV? joules (40.15) 


or= 3DE joules/cubic metre (40.16) 
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2 
ie. or= joules/cubic metre (40.18) 
2e0er 

Summarizing, 
energy stored in a capacitor = $C V? joules 
and energy stored per unit volume of dielectric 

= 5DE | See E* 

D2 
— joules/cubic metre 
2e0ey 


Problem 12. Determine the energy stored in a 10 nF 
capacitor when charged to 1 kV, and the average power 
developed if this energy is dissipated in 10 ws. 


From equation (40.15), 

energy stored, Wr = 5CV" = 5(10 x 10~°)(103)7 
=5mJ 

energy dissipated, W 


average power developed = Gana 


5x 10-3J 


= ——_—— = 500W 
10 x 10-®s 


Problem 13. A capacitor is charged with 5 mC. If 
the energy stored is 625 mJ, determine (a) the volt- 
age across the plates and (b) the capacitance of the 


capacitor. 


(a) From equation (40.15), 


1, 1/02 > 1 
energy stored, Wee. 5 =)V" =-OV 


from which voltage across the plates, 


_ 2x energy stored 2 x 0.625 


V = 250V 
a) 5x 10-3 
5x 10-3 
(b) Capacitance C = C = 0 F=20x 10-°F 
=20pF 


Problem 14. A ceramic capacitor is to be constructed 
to have a capacitance of 0.01 \1F and to have a steady 
working potential of 2.5 kV maximum. Allowing a safe 
value of field stress of 1OMV/m, determine (a) the 
required thickness of the ceramic dielectric, (b) the 


area of plate required if the relative permittivity of the 
ceramic is 10, and (c) the maximum energy stored by 
the capacitor. 


(a) Field stress E=V/d, from which thickness of 
ceramic dielectric, 


Vo 25x 103 
~ E 10x 106 


=2.5 x 10°+m = 0.25mm 


(b) Capacitance C=eg&-A/d for a two-plate parallel 
capacitor. Hence cross-sectional area of plate, 


Cd _ (0.01 x 10~®)(0.25 x 107%) 
f0Er (8.85 x 10-!2)(10) 
= 0.0282 m? or 282 cm? 


A= 


(c) Maximum energy stored, 


1 I 
Wy = 5CV* = 50.01 x 10-°)(2.5 x 10°)? 


= 0.0313 J or 31.3 mJ 


Problem 15. A 400 pF capacitor is charged to a p.d. 
of 100V. The dielectric has a cross-sectional area of 
200 cm? and a relative permittivity of 2.3. Calculate 
the energy stored per cubic metre of the dielectric. 


From equation (40.18), energy stored per unit volume of 
dielectric, 


Electric flux density 


v4 10-2) 
fp el i see US ee ited 
A A 200 x 10-4 


Hence energy stored, 
D? (2 x 107%) 
OES > =12 
Qeger  2(8.85 x 10—!2)(2.3) 
= 0.0983 J/m? or 98.3 mJ/m?* 


Now try the following exercise. 


Exercise 139 Further problems on energy stored 
in electric fields 


1. Determine the energy stored in a 5000 pF capaci- 
tor when charged to 800V and the average power 
developed if this energy is dissipated in 20 ts. 

[1.6 mJ; 80 W] 
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2. A 0.25F capacitor is required to store 2J of 
energy. Determine the p.d. to which the capacitor 
must be charged. [4 kV] 


3. A capacitor is charged with 6mC. If the energy 
stored is 1.5 J determine (a) the voltage across the 
plates, and (b) the capacitance of the capacitor. 

[(a) 500 V (b) 12 1 F] 


4. After a capacitor is connected across a 250V 
d.c. supply the charge is 5 tC. Determine (a) the 
capacitance, and (b) the energy stored. 

[(a) 20 nF (b) 0.625 mJ] 


5. A capacitor consisting of two metal plates each of 
area 100 cm? and spaced 0.1 mm apart in air is con- 
nected across a 200V supply. Determine (a) the 
electric flux density, (b) the potential gradient and 
(c) the energy stored in the capacitor. 

[(a) 17.7 wC/m? (b) 2MV/m (c) 17.7 J] 


6. A mica capacitor is to be constructed to have a 
capacitance of 0.05 .F and to have a steady work- 
ing potential of 2kV maximum. Allowing a safe 
value of field stress of 20 MV/m, determine (a) the 
required thickness of the mica dielectric, (b) the 
area of plate required if the relative permittivity of 
the mica is 5, (c) the maximum energy stored by 
the capacitor, and (d) the average power developed 
if this energy is dissipated in 25 ws. 

[(a) 0.1 mm (b) 0.113 m? (c) 0.13 (d) 4kW] 


7. A500 pF capacitor is charged to a p.d. of 100 V. The 

dielectric has a cross-sectional area of 200 cm? and 

a relative permittivity of 2.4. Determine the energy 
stored per cubic metre in the dielectric. 

[0.147 J/m3] 


8. Two parallel plates each having dimensions 30 mm 
by 50 mm are spaced 8 mm apart in air. If a voltage 
of 40 kV is applied across the plates determine the 
energy stored in the electric field. [1.328 mJ] 


40.5 Induced e.m.f. and inductance 


A current flowing in a coil of wire is accompanied by a 
magnetic flux linking with the coil. If the current changes, 
the flux linkage (i.e. the product of flux and the number 
of turns) changes and an e.m.f. is induced in the coil. The 
magnitude of the induced e.m.f. e in a coil of N turns is 
given by 

do 


= N— volts 
e i vi 


where d¢/dt is the rate of change of flux. 


Inductance is the name given to the property of a circuit 
whereby there is an e.m.f. induced into the circuit by the 
change of flux linkages produced by a current change. 
The unit of inductance is the henry, H. A circuit has an 
inductance of 1H when an e.m.f. of 1 V is induced in it 
by a current changing uniformly at the rate of 1 A/s. 

The magnitude of the e.mf. induced in a coil of 
inductance L henry is given by 


re olts 
e=L— V 
dt 


where di/dt is the rate of change of current. 

If a current changing uniformly from zero to J amperes 
produces a uniform flux change from zero to @ webers 
in ¢ seconds then (from above) average induced e.m-f., 
Eq = N/t = Lift, from which 

No 


inductance of coil, L = ap henry 


Flux linkage means the product of flux, in webers, and the 
number of turns with which the flux is linked. Hence flux 
linkage = N@. Thus since L=N@/J, inductance = flux 
linkages per ampere. 


40.6 Inductance of a concentric cylinder 
(or coaxial cable) 


Skin effect 


When a direct current flows in a uniform conductor the 
current will tend to distribute itself uniformly over the 
cross-section of the conductor. However, with alternating 
current, particularly if the frequency is high, the current 
carried by the conductor is not uniformly distributed over 
the available cross-section, but tends to be concentrated 
at the conductor surface. This is called skin effect. When 
current is flowing through a conductor, the magnetic flux 
that results is in the form of concentric circles. Some of 
this flux exists within the conductor and links with the 
current more strongly near the centre. The result is that the 
inductance of the central part of the conductor is greater 
than the inductance of the conductor near the surface. This 
is because of the greater number of flux linkages existing 
in the central region. At high frequencies the reactance 
(X7, = 27fL) of the extra inductance is sufficiently large to 
seriously affect the flow of current, most of which flows 
along the surface of the conductor where the impedance 
is low rather than near the centre where the impedance is 
high. 


Inductance due to internal linkages at low frequency 


When a conductor is used at high frequency the depth of 
penetration of the current is small compared with the con- 
ductor cross-section. Thus the internal linkages may be 
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considered as negligible and the circuit inductance is that 
due to the fields in the surrounding space. However, at very 
low frequency the current distribution is considered uni- 
form over the conductor cross-section and the inductance 
due to flux linkages has its maximum value. 

Consider a conductor of radius R, as shown in Fig- 
ure 40.19, carrying a current J amperes uniformly dis- 
tributed over the cross-section. At all points on the 
conductor cross-section 


current density, J = 
area 


current ( I 


=) amperes/metre* 


Figure 40.19 


Consider a thin elemental ring at radius r and width dr 
contained within the conductor, as shown in Figure 40.19. 
The current enclosed by the ring, 


i = current density x area enclosed by the ring 


I 
= (<a) 


wp. «face 

ie. i= 57 amperes 

Magnetic field strength, H = Ni/I amperes/metre. 

At radius r, the mean length of the flux path, / = 27 (i.e. 
the circumference of the elemental ring) and N = 1 turn. 
Hence at radius r, 


Ni (1)Ur?/R*) Ir 
1 9 - Qnr st? 


A, = ampere/metre 


Ir 
tesla 
mR2 


Flux ¢=BA webers. For a | m length of the conductor, 
the cross-sectional area A of the element is (Sr x 1) m2 
(see Figure 40.19). Thus the flux within the element of 
thickness 6ér, 


fi 
p= (Heer) (6r) webers 


and the flux density, B- = uo 4,H, = Lol (; 


The flux in the element links the portion mr /nR°, i.e. 
r?/R* of the total conductor. Hence linkages due to the 
flux within radius r 


Mofrlr \ r? — woprdr3 
= or — or weber turns 
27 R2 R2 27 R4 


Total linkages per metre due to the flux in the conductor 
R 3 R 
TL -T 
- i: Mobrdr” Mol, / Age 
0 2nR4* 2nR4* ft) 


R 
— Moll [rt ]° wowed [R* 
~ 2nR4 14 ]y 2nR4 | 4 
1 (Ae 


~4 20 


) weber turns 


Inductance per metre due to the internal flux = internal 
flux linkages per ampere 


aC) on 2 


Se henry/metre 
4\ 2x 8x 
It is seen that the inductance is independent of the 


conductor radius R. 


Inductance of a pair of concentric cylinders 


The cross-section of a concentric (or coaxial) cable is 
shown in Figure 40.20. Let a current of J amperes flow in 
one direction in the core and a current of J amperes flow 
in the opposite direction in the outer sheath conductor. 


aa 


Figure 40.20 Cross-section of a concentric cable 


Consider an element of width dr at radius r, and let the 
radii of the inner and outer conductor be a and b respec- 
tively as shown. The magnetic field strength at radius r, 


NM (QO 1 


H, = 
I 2nr 2nr 


Lofrl 


The flux density at radius r, B, = uo; = 5 
er 
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For a | m length of the cable, the flux @ within the element 
of width dr is given by 


I I 
@= BA = (EOE | peso t) = POE b> webers 
2nr 2nr 


This flux links the loop of the cable formed by the core and 
the outer sheath. Thus the flux linkage per metre length of 
the cable is (uo,l/271r))dr weber turns, and 


total flux linkages per metre 


b b 
I vi 1 
=] Motel 5, WOlr / iy 
q 2nr 2x Ja 


Holrl 14 Hoferl 
IU 


= ——[Inr]/j = 


I. b 
ane In — weber turns 
20 a 


Thus inductance per metre length 


= flux linkages per ampere 


b 
= at Lae ae henry /metre 
a 


(40.19) 
At low frequencies the inductance due to the internal 
linkages is added to this result. 

Hence the total inductance per metre at low frequency is 
given by 


1 
L= (2) Precis ine henry /metre (40.20) 
4\ 2x 2x a 
bw (1 b 
or | L=—(|-—+In— ] henry/metre (40.21) 
a \4 a 


Problem 16. A coaxial cable has an inner core of 
radius 1.0mm and an outer sheath of internal radius 
4.0mm. Determine the inductance of the cable per 
metre length. 


Assume that the relative permeability is unity. 


From equation (40.21), 


; wb fl b 
inductance L = — {| —+I1n-—)} H/m 
2m \4 a 


Holr (1 4.0 
= l 
On (J ne 7) 
_ (4m x 1077)(1) 


20 
= 3.27 x 107’ H/m or 0.327 pH/m 


(0.25 + In 4) 


Problem 17. A concentric cable has a core diam- 
eter of 10mm. The inductance of the cable is 
4x 107-7 H/m. Ignoring inductance due to internal 
linkages, determine the diameter of the sheath. Assume 
that the relative permeability is 1. 


From equation (40.19), 


Loker b 
In — 
IT a 


inductance per metre length = 


where b= sheath radius and a=core radius. Hence 


(4a x 10-7) | (2) 
— n 


4x 1077 
- 20 5 


: b 7b 
from which 2 = In 5 and e ae 


Hence radius b = 5e” = 36.95 mm 
Thus the diameter of the sheath is 2 x 36.95 = 73.9 mm 


Problem 18. A coaxial cable 7.5 km long has a core 
10mm diameter and a sheath 25mm diameter, the 
sheath having negligible thickness. Determine for the 
cable (a) the inductance, assuming nonmagnetic mate- 
rials, and (b) the capacitance, assuming a dielectric of 
relative permittivity 3. 


(a) From equation (40.21), 
inductance per metre length 


wu {1 b 
=—_— _ In — 
In (G+ n®) 


Loltr E (>) 
= + In 
2x |4 5 
(4m x 1077)(1) 


20 
= 2.33 x 10-7 H/m 


(0.25 + In 2.5) 


Since the cable is 7500 m long, 
the inductance = 7500 x 2.33 x 107°’ = 1.75mH 


(b) From equation (40.7), 


2Qmeyer _ 27(8.85 x 10~'7)(3) 
capacitance, C = = 
In(b/a) In(12.5/5) 
= 182.06 pF/m 


Since the cable is 7500 m long, 


the capacitance = 7500 x 182.06 x 1077 
= 1.365 uF 
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Now try the following exercise. 


Exercise 140 Further problems on inductance of 
concentric cylinders 


1. A coaxial cable has an inner core of radius 0.8 mm 
and an outer sheath of internal radius 4.8mm. 
Determine the inductance of 25m of the cable. 
Assume that the relative permeability of the mater- 
ial used is 1. [10.2 wH] 


2. A concentric cable has a core 12 mm diameter and 
a sheath 40mm diameter, the sheath having neg- 
ligible thickness. Determine the inductance and 
the capacitance of the cable per metre assuming 
nonmagnetic materials and a dielectric of relative 
permittivity 3.2. [0.291 wH/m, 147.8 pF/m] 


3. A concentric cable has an inner sheath radius of 
4.0cm. The inductance of the cable is 0.5 H/m. 
Ignoring inductance due to internal linkages, deter- 
mine the radius of the core. Assume that the relative 
permeability of the material is unity. [3.28 mm] 


4. The inductance of a concentric cable of core radius 
8mm and inner sheath radius of 35 mm is meas- 
ured as 2.0mH. Determine (a) the length of the 
cable, and (b) the capacitance of the cable. Assume 
that nonmagnetic materials are used and the relative 
permittivity of the dielectric is 2.5. 

[(a) 5.794 km (b) 0.546 wF] 


40.7 Inductance of an isolated twin line 


Consider two isolated, long, parallel, straight conductors 
A and B, each of radius a metres, spaced D metres apart. 
Let the current in each be J amperes but flowing in oppos- 
ite directions. Distance D is assumed to be much greater 
than radius a. The magnetic field associated with the con- 
ductors is as shown in Figure 40.21. There is a force of 
repulsion between conductors A and B. 

It is easier to analyse the field by initially considering 
each conductor alone (as in Section 40.3). At any radius r 
from conductor A (see Figure 40.22), 


Ni I 
magnetic field strength, H, = nee ampere/metre 
l 2nr 
-T 
and flux density, B, = “our, = = tesla 
mr 


The total flux in 1 m of the conductor, 


Hoferl 


©=B,A= ( 
2nur 


I 
) (ér x l)= LOK fy webers 
2nr 


Equipotential Lines of force 
lines {or streamlines} 


4 


7 
VN, Radius a 


Radius a 


Figure 40.21 


or 


Gf B 


Figure 40.22 


Since this flux links conductor A once, the linkages with 
Holl 
mr 
There is, in fact, no limit to the distance from conductor 
A at which a magnetic field may be experienced. However, 
let R be a very large radius at which the magnetic field 
strength may be regarded as zero. Then the total linkages 
with conductor A due to current in conductor A is given by 


conductor A due to this flux = or weber turns. 


R R 
I I d I 
/ Mobrl Hole i. r _ Hor [nr 
a 2mr 2x Jq 1 20 
I I R 
_— Hor [ln R — Ing] = MoMr in({ 
20 20 a 


Similarly, the total linkages with conductor B due to the 
current in A 


R uoprl Lolrl , R 
dr= In 
Dp 2ar 20 
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Now consider conductor B alone, carrying a current of 
—I amperes. By similar reasoning to above, total linkages 
with conductor B due to the current in B 


—Lo-rl (=) 
= inl = 
20 a 


and total linkages with conductor A due to the current in B 


Hence total linkages with conductor A 
Molrl R —UolUyl. R 
= In In 
20 a 20 D 


Hort |, R R 
= In In 
D 


2 a 
Mobrl R/a 
= In —— 
20 R/D 
HLolrl 


D 
= —— In — weber-turns/metre 
20 a 


Similarly, total linkages with conductor B 


ID 
=— Malas In — weber-turns/metre 
20 a 


For a | m length of the two conductors, 


total inductance = flux linkages per ampere 


D 
=2 (ae In =) henry/metre 
20 a 


Lory 


D 
i.e. total inductance = In— henry/metre 
a 


(40.22) 


Equation (40.22) does not take into consideration the 
internal linkages of each line. 

From Section (40.6), inductance per metre due to internal 
linkages 


ae (fous 


ain ee = ) henry/metre 


Thus inductance per metre due to internal linkages of two 
conductors 


1 
— 2( (“*)) es henry/metre 
4n 


Therefore, at low frequency, total inductance per metre of 
the two conductors 


Mohr | Hor, D 
— : In 
4a cra a 


Pe Korky 
Ww 


1.e. 


1 D 
G + in?) henry/metre | (40.23) 
a 


4 


(This is often referred to as the ‘loop inductance’). 
In most practical lines the relative permeability, uw, = 1. 


Problem 19. A single-phase power line comprises 
two conductors each with a radius 8.0 mm and spaced 
1.2 m apart in air. Determine the inductance of the line 
per metre length ignoring internal linkages. Assume 
the relative permeability, uw, = 1. 


From equation (40.22), inductance 


Hor, D 
In — 
TU a 


(4m x 1077)(1) 1.2 
= x "\ 8.0 x 103 


= 20.0 x 10-7 H/m or 2.0nH/m 


) =4~x 1077 In 150 


Problem 20. Determine (a) the loop inductance, and 
(b) the capacitance of a 1 km length of single-phase 
twin line having conductors of diameter 10 mm and 
spaced 800 mm apart in air. 


(a) From equation (40.23), total inductance per loop 


metre 
1 D 
a Lobkr (j Asie >) 


W 4 a 
_ Gr x10) (1, 800 
~ 1 4° 10/2 


= (4 x 1077)(0.25 + In 160) 
= 21.3 x 10-’H/m 


Hence loop inductance of a | km length of line 


= 21.3 x 10°-’H/m x 10°m 
=21.3x10-4H or 2.13mH 


(b) From equation (40.14), capacitance per metre length 
_ -ME0Er 
In(D/a) 
__ (8.85 x 107!*)(1) 
In(800/5) 
= 5.478 x 10° F/m 
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Hence capacitance of a | km length of line 


= 5.478 x 107! F/m x 10° m 
= 5.478 nF 


Problem 21. The total loop inductance of an isolated 
twin power line is 2.185 j»H/m. The diameter of each 
conductor is 12mm. Determine the distance between 
their centres. 


From equation (40.23), 
1 D 
total loop inductance = walla (J +1n =) 
ua a 
Hence 


2.185 x 107° = 


7 
(4x x 1077)(1) (; +n?) 
aa 4 6 


where D is the distance between centres in millimetres. 


2.185 x 107° D 
a = (0.25 + In = 
4x 10-7 (0 s+in2) 


In — = 5.4625 — 0.25 = 5.2125 


245.2125 


alS aS 


from which, distance D = 6e>-7!25 = 1100 mm or 1.10m 


Now try the following exercise. 


Exercise 141 Further problems on inductance of 
an isolated twin line 


1. A single-phase power line comprises two conduct- 
ors each with a radius of 15 mm and spaced 1.8m 
apart in air. Determine the inductance per metre 
length, ignoring internal linkages and assuming the 
relative permeability, jz, = 1. [1.915 wH/m] 


2. Determine (a) the loop inductance, and (b) the 
capacitance of a 500m length of single-phase 
twin line having conductors of diameter 8 mm and 
spaced 60 mm apart in air. [(a) 0.592 mH 

(b) 5.133 nF] 


3. An isolated twin power line has conductors 7.5 mm 
radius. Determine the distance between centres if 
the total loop inductance of 1km of the line is 
1.95 mH. [765 mm] 


4. An isolated twin line has conductors of diameter 
dx 10> metres and spaced D millimetres apart 
in air. Derive an expression for the total loop 
inductance L of the line per metre length. 


ine (fon) 


5. A single-phase power line comprises two conduc- 
tors spaced 2 m apart in air. The loop inductance of 
2 km of the line is measured as 3.65 mH. Determine 
the diameter of the conductors. [53.6 mm] 


40.8 Energy stored in an electromagnetic field 


Magnetic energy in a nonmagnetic medium 


For a nonmagnetic medium the relative permeability, 
M,y=1and B=poH. 

Thus the magnetic field strength H is proportional to 
the flux density B and a graph of B against H is a straight 
line, as shown in Figure 40.23. 


Flux 
density 
B 
) Magnetic field 2 
strength, H 
Figure 40.23 


It was shown in Section 38.3 that, when the flux density 
is increased by an amount dB due to an increase dH in the 
magnetic field strength, then 


energy supplied to the magnetic circuit 


= area of shaded strip (in joules per cubic metre) 


Thus, for a maximum flux density OY in Figure 40.23, 
total energy stored in the magnetic field 
= area of triangle OYX 


= 5 x base x height 


= 3(0Z)(OY) 
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If OY = B teslas and OZ = H ampere/metre, then the total 
energy stored in a non-magnetic medium, 


of= 5HB joules /metre* (40.24) 


Since B= oH for a non-magnetic medium, the energy 


1 
stored, wr = 30H) 


Le. of = A gH? joules /metre* (40.25) 
Alternatively, H = B/j10, thus the energy stored, 
1 1/B 
wf = ~<HB= ~|—]B 
2 2 \ Ho 
2 
ie. of = joules /metre> (40.26) 
20 


Magnetic energy stored in an inductor 


Establishing a magnetic field requires energy to be 
expended. However, once the field is established, the only 
energy expended is that supplied to maintain the flow of 
current in opposition to the circuit resistance, i.e. the J7R 
loss, which is dissipated as heat. 

For an inductive circuit containing resistance R and 
inductance L (see Figure 40.24) the applied voltage V 
at any instant is given by V= ug + vy 


i 


Figure 40.24 


; : di 
ie. V=iR+L— 
dt 


Multiplying throughout by current 7 gives the power 
equation: 


_ 2 di 
Vi = 1 R+ Li— 
dt 


Multiplying throughout by time dt seconds gives the 
energy equation: 


Vidt = i-Rdt + Lidi 


Vi dt is the energy supplied by the source in time df, i7R dt 
is the energy dissipated in the resistance and Lidi is the 
energy supplied in establishing the magnetic field or the 
energy absorbed by the magnetic field in time dt seconds. 

Hence the total energy stored in the field when the 
current increases from 0 to J amperes is given by 


I 27! 
energy stored, Wr = / Lidi = L k 
0 0 


i.e. total energy stored,| Wr = 1p joules | (40.27) 


From Section 40.5, inductance L = N@/I, hence 


1/No\ , 1 : 
total energy stored = a ar r= aN gl joules 


Also H = NIA, from which, N = Al/I, and ¢= BA. Thus 
the total energy stored, 


1 1 (Al 


1 
= eA joules 
1 : 3 
or wf = ge joules/metre 


since JA is the volume of the magnetic field. This latter 
expression has already been derived in equation (40.24). 
Summarizing, the energy stored in a nonmagnetic 
medium, 


1 | ere me | a 3 
wf = 3BH = 3 oH = Zio joules /metre 


and the energy stored in an inductor, 


Wr= sLIP’ joules 


Problem 22. Calculate the value of the energy stored 
when a current of 50 mA is flowing in a coil of induct- 
ance 200 mH. What value of current would double the 
energy stored? 
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From equation (40.27), energy stored in inductor, 
Wy = 5LP = 4(200 x 1077)(50 x 10-3)? 
=2.5 x 10-4 J or 0.25 mJ or 250 wd 


If the energy stored is doubled, then 
(2)(2.5 x 10~#) = $(200 x 107)/? from which 


4)(2.5 x 10-4 
current [J = / EES) = 70.71 mA 
(200 x 10-3) 


Problem 23. The airgap of a moving coil instru- 
ment is 2.0 mm long and has a cross-sectional area of 
500 mm. If the flux density is 50 mT, determine the 
total energy stored in the magnetic field of the airgap. 


From equation (40.26), energy stored, 


B2 (50 x 1073) 
2uo0 24a x 1077) 


= 9.95 x 1073 /m3 


Volume of airgap = Al = (500 x 2.0) mm? 
= 500 x 2.0 x 107°m?. 
Hence the energy stored in the airgap, 


Wy =9.95 x 10° J/m? x 500 x 2.0 x 107? m3 
= 9.95 x 10-4 J = 0.995 mJ = 995 pJ 


Problem 24. Determine the strength of a uniform 
electric field if it is to have the same energy as that 
established by a magnetic field of flux density 0.8 T. 
Assume that the relative permeability of the magnetic 
field and the relative permittivity of the electric field 
are both unity. 


From equation (40.26), energy stored in magnetic field, 


B? (0.8) 


= = 2.546 x 10°J/m? 
Duy 24 x 10-7) i 


of = 
From equation (40.17), energy stored in electric field, 
wf = 5£0erE* 


Hence, if the current stored in the magnetic and electric 
fields is to be the same, then 
5£0€rE? = 2.546 x 10°, ie. 


5(8.85 x 107 !*)(1)E” = 2.546 x 10° 


from which electric field strength, 


_ [f(2)(2.546 x 105)\ _ P 
= i (8.85 x 10-12) (5.75 x 10°°) 


= 2.40 x 10° V/m 
or 240MV/m 


Now try the following exercise. 


Exercise 142 Further problems on energy stored 
in an electromagnetic field 


1. Determine the value of the energy stored when a 
current of 120 mA flows in a coil of 500 mH. What 
value of current is required to double the energy 
stored? [3.6 mJ, 169.7 mA] 


2. A moving-coil instrument has two airgaps each 
2.5mm long and having a cross-sectional area of 
8.0cm?. Determine the total energy stored in the 
magnetic field of the airgaps if the flux density is 
100 mT. [15.92 mJ] 


3. Determine the flux density of a uniform mag- 
netic field if it is to have the same energy as that 
established by a uniform electric field of strength 
45 MV/m. Assume the relative permeability of the 
magnetic field and the relative permittivity of the 
electric field are both unity. [0.15 T] 


4. A long single core concentric cable has inner and 
outer conductors of diameters D; and D2 respec- 
tively. The conductors each carry a current of J 
amperes but in opposite directions. If the relative 
permeability of the material is unity and the induct- 
ance due to internal linkages is negligible, show 
that the magnetic energy stored in a 4m length of 
the cable is given by 


5. 1 mJ of energy is stored in a uniform magnetic field 
having dimensions 20mm by 10mm by 1.0mm. 
Determine for the field (a) the flux density, and 
(b) the magnetic field strength. 

[(a) 0.112 T (b) 89200 A/m] 


41 Attenuators 


At the end of this chapter you should be able to: 


e understand the function of an attenuator 

e understand characteristic impedance and calculate 
for given values 

@ appreciate and calculate logarithmic ratios 

e design symmetrical T and symmetrical z attenu- 
ators given required attenuation and characteristic 
impedance 


© appreciate and calculate insertion loss 

e determine iterative and image impedances for asym- 
metrical T and zr networks 

@ appreciate and design the L-section attenuator 

e calculate attenuation for two-port networks in 
cascade 

e understand and apply ABCD parameters for networks 


41.1 Introduction 


An attenuator is a device for introducing a specified loss 
between a signal source and a matched load without upset- 
ting the impedance relationship necessary for matching. 
The loss introduced is constant irrespective of frequency; 
since reactive elements (L or C) vary with frequency, it 
follows that ideal attenuators are networks containing pure 
resistances. A fixed attenuator section is usually known as 
a ‘pad’. 

Attenuation is a reduction in the magnitude of a volt- 
age or current due to its transmission over a line or through 
an attenuator. Any degree of attenuation may be achieved 
with an attenuator by suitable choice of resistance val- 
ues but the input and output impedances of the pad must 
be such that the impedance conditions existing in the cir- 
cuit into which it is connected are not disturbed. Thus 
an attenuator must provide the correct input and output 
impedances as well as providing the required attenuation. 

Attenuation sections are made up of resistances 
connected as T or zw arrangements (as introduced in 
Chapter 34). 


Two-port networks 


Networks in which electrical energy is fed in at one pair 
of terminals and taken out at a second pair of terminals 
are called two-port networks. Thus an attenuator is a two- 
port network, as are transmission lines, transformers and 
electronic amplifiers. The network between the input port 
and the output port is a transmission network for which 
a known relationship exists between the input and output 
currents and voltages. If a network contains only passive 
circuit elements, such as in an attenuator, the network is 
said to be passive; if a network contains a source of e.m_f., 
such as in an electronic amplifier, the network is said to 
be active. 


Figure 41.1(a) shows a T-network, which is termed 
symmetrical if Z4=Zg and Figure 41.1(b) shows a 
z-network which is symmetrical if Zg = Zr. If Z4 A Zp in 
Figure 41.1(a) and Zz 4 Zr in Figure 41.1(b), the sections 
are termed asymmetrical. Both networks shown have one 
common terminal, which may be earthed, and are there- 
fore said to be unbalanced. The balanced form of the 
T-network is shown in Figure 41.2(a) and the balanced 
form of the z-network is shown in Figure 41.2(b). 

Symmetrical T- and zr-attenuators are discussed in Sec- 
tion 41.4 and asymmetrical attenuators are discussed in 
Sections 41.6 and 41.7. Before this it is important to under- 
stand the concept of characteristic impedance, which 


Za 25 2p 


(a) (b) 


Figure 41.1 (a) T-network, (b) 1-network 


Zal2 Zyl 2 Zp/2 
Zo Zp 
Zql2 Z,/2 Zp/2 
(a) (b) 


Figure 41.2 (a) Balanced T-network, (b) Balanced 
t-network 
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is explained generally in Section 41.2 (characteristic 
impedances will be used again in Chapter 44), and 
logarithmic units, discussed in Section 41.3. Another 
important aspect of attenuators, that of insertion loss, 
is discussed in Section 41.5. To obtain greater attenu- 
ation, sections may be connected in cascade, and this is 
discussed in Section 41.8. 

Finally, in section 41.9, ABCD parameters are 
explained. 


41.2 Characteristic impedance 


The input impedance of a network is the ratio of volt- 
age to current (in complex form) at the input terminals. 
With a two-port network the input impedance often varies 
according to the load impedance across the output ter- 
minals. For any passive two-port network it is found 
that a particular value of load impedance can always 
be found which will produce an input impedance hav- 
ing the same value as the load impedance. This is called 
the iterative impedance for an asymmetrical network 
and its value depends on which pair of terminals is 
taken to be the input and which the output (there are 
thus two values of iterative impedance, one for each 
direction). For a symmetrical network there is only one 
value for the iterative impedance and this is called the 
characteristic impedance of the symmetrical two-port 
network. Let the characteristic impedance be denoted 
by Zp. Figure 41.3 shows a symmetrical T-network 
terminated in an impedance Zo 

Let the impedance ‘looking-in’ at the input port also be 
Zo. Then V, /I) = Zp = V2/I> in Figure 41.3. From circuit 
theory, 


V ZR(Z Z 
Fis gigs AS Sie 7 isin 
rf Zp + Za + Zo ; 
parallel with Zp, 
Zi + ZsZp + ZaZo + ZaZp + ZpZo 
— ZA +Zpt+Zo 

ght Zi + 2ZaZp + ZaZo + ZpZo 
ao Za + Zp + Zo 


Thus 
Zo(Za + Zp + Zy) = Zi + 2ZZp + ZaZy + ZpZo 
ZoZa + ZoZp + Zp = Zi + 2ZsZp t+ ZaZo + ZpZo 


1.e. Ze = Zi. + 2Z,Zp, from which 


characteristic impedance, | Zo = /' (za + 2Z4Zp) 


(41.1) 


If the output terminals of Figure 41.3 are open-circuited, 
then the open-circuit impedance, Zoc = Z4 + Zp. If the 
output terminals of Figure 41.3 are short-circuited, then 
the short-circuit impedance, 


1, _%A Za 


Zo 


Input Output 

port port 
Figure 41.3 

ZaZp «Zi + 2Z4Zp 

Zsc = Za = 

Za + Zp Za + Zp 
Thus 

Zi +2ZZp 
ZocZsc = (Za + Zp) { 4 = Zi +2ZsZp 
Za + Zp 


Comparing this with equation (41.1) gives 


Zo = /(ZocZsc) (41.2) 


Figure 41.4 shows a symmetrical 2-network terminated 
in an impedance Zo 


Z. 

i 1 Io 

= L__} - 
V, Zp 2 Vo | Zo 

—> 
Zo 

Input Output 
port port 


Figure 41.4 


If the impedance ‘looking in’ at the input port is also Zo, 
then 


V; 
sa Zo = (Zz) in parallel with [Z in series with 


I 
: (Zp and Zz) in parallel] 


= (Zo) 1 Pp el with |Z; + gv 
in paralle 1 
; Zo Zy 


ZZ ZZ WZ 
= (23) in parte with | 129 + 2122 + 40 | 


Zo + Zz 
_ (ZZ + 21 + ZoZ2)/(Zo + Z2)) 
Zy + (Z1 Zo + Z)Zz + ZoZ2)/(Zo + Z2)) 
(Zi ZoZo + ZiZ5 + ZoZZ)/(Zo + Zr) 
© (ZpZy + ZZ + Z{Zo + ZZy + ZoZa)/(Zo + Zr) 


1.e. Zo 
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_ ZiZpZo + Zz + ZZ} 
ZB +2DpZy + Z\Zo + ZZ 


1.e. 0) 


Thus Zo(Z} + 2ZZo + Z1Zo + Z1Zn) 


= Z| Z)Zy + Z1Z5 + ZZ 
and =. 2Z)Z + Z1Z§ = Zi Zz 


from which 


ree “125 
characteristic impedance, Zo = >—= 
Zi + 2Z2 


(41.3) 


If the output terminals of Figure 41.4 are open-circuited, 
then the open-circuit impedance, 


Die QZi+Z2) — 2(Zi +22) 
2+Z, +L Z| + 2Zp 


If the output terminals of Figure 41.4 are short-circuited, 
then the short-circuit impedance, 


ZZ 
Zsc = 
Z,+Z 
Thus 
Zy(Z1 + Zz) ( ZZ ZZ} 
ZocZsc = = 
(Z; +2Z)) \Z, +L Z| + 2Zp 


Comparing this expression with equation (41.3) gives 


Zo = J/(ZocZsc) (41.2’) 


which is the same as equation (41.2). 

Thus the characteristic impedance Zp is given by 
Zo = /(ZocZsc) whether the network is a symmetrical 
T or a symmetrical zr. 

Equations (41.1) to (41.3) are used later in this chapter. 


41.3 Logarithmic ratios 


The ratio of two powers P; and P2 may be expressed in 
logarithmic form as shown in Chapter 10. 

Let P; be the input power to a system and P2 the output 
power. 

If logarithms to base 10 are used, then the ratio is said 
to be in bels, i.e. power ratio in bels = 1g(P2/P1). The bel 


is a large unit and the decibel (dB) is more often used, 
where 10 decibels = 1 bel, i.e. 


P2 


power ratio in decibels = 10 Ig5 (41.4) 
1 


For example: 


P>2/P, Power ratio (dB) 


1 101g 1=0 
100 101g 100 = +20 (power gain) 
1 1 
To 101g To = —10 (power loss or attenuation) 


If logarithms to base e (i.e. natural or Napierian loga- 
rithms) are used, then the ratio of two powers is said to be 
in nepers (Np), i.e. 


1. P 
power ratio in nepers = — In (41.5) 
2 Py 


Thus when the power ratio P2/P, =5, the power ratio in 
nepers = 5 In 5 = 0.805 Np, 

and when the power ratio P2/P = 0.1, the power ratio in 
nepers = In0.1 =—1.15 Np. 

The attenuation of filter sections and along a trans- 
mission line are of an exponential form and it is in such 
applications that the unit of the neper is used (see Chapters 
42 and 44). 

If the powers P; and P2 refer to power developed in 
two equal resistors, R, then P; = V?/R and P, = V3/R. 
Thus the ratio (from equation (41.4)) can be expressed, 
by the laws of logarithms, as 


gsi ‘ Po V3/R 
ratio in decibels = 101g —- = 101g | > 
P Vr/R 


1 


V. 
ie. ratio in decibels = 20 Ig (41.6) 
1 


Although this is really a power ratio, it is called the 
logarithmic voltage ratio. 
Alternatively, (from equation (41.5)), 


Ps P8 AS URN De VP 
ratio in nepers = 5 In a n( 2/ )- in( 2) 


V: 
Le. ratio in nepers = n> (41.7) 
1 
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Similarly, if currents J; and Jy in two equal resistors R give 
powers P; and P2 then (from equation (41.4)) 


ratio in decibels 
Po BR c). 
= 10lg— = 10lg{ =—] = 10lg{ — 
EP i (i eh 


1 
ie. ratio in decibels = 20 ig (41.8) 
1 


Alternatively (from equation (41.5)) 


a 1 
ratio in nepers = 5 


1.e. 


1 


In equations (41.4) to (41.9) the output-to-input ratio has 
been used. However, the input-to-output ratio may also 
be used. For example, in equation (41.6), the output- 
to-input voltage ratio is expressed as 201g(V2/V)) dB. 
Alternatively, the input-to-output voltage ratio may be 
expressed as 201g¢(V/V2) dB, the only difference in the 
values obtained being a difference in sign. 

If 201g(V2/V;)=10dB, say, then 201g(V)/V2)= 
—10dB. Thus if an attenuator has a voltage input V; of 
50 mV and a voltage output V2 of 5 mV, the voltage ratio 
V2/V\ is 5/50 or 1/10. Alternatively, this may be expressed 
as ‘an attenuation of 10’, i.c. Vj /V2 = 10. 


Problem 1. The ratio of output power to input power 
in a system is 


(a) 2 (b) 25 (c) 1000 and (d) 7 


Determine the power ratio in each case (i) in decibels 
and (ii) in nepers. 


(i) From equation (41.4), 
power ratio in decibels = 10 Ig(P2/P}). 
(a) When P2/P; =2, power ratio= 101g 2=3 dB 
(b) When P2/P) = 25, power ratio = 101g 25 
= 14dB 
(c) When P2/P; = 1000, power ratio = 101g 1000 
= 30dB 

(d) When P2/P = 799, power ratio = 101g iw 

= —20dB 


(ii) From equation (41.5), 
power ratio in nepers = 5 In(P2/P}1) 


(a) When P2/P = 2, power ratio= 5 In 2 = 0.347 Np 
(b) When P2/P; = 25, power ratio = 5 In25 


= 1.609 Np 
(c) When P2/P = 1000, power ratio = 5 In 1000 
= 3.454Np 

(d) When P2/P; = 00 power ratio = 5 In 0 
= —2.303 Np 


The power ratios in (a), (b) and (c) represent power gains, 
since the ratios are positive values; the power ratio in (d) 
represents a power loss or attenuation, since the ratio is a 
negative value. 


Problem 2. 5% of the power supplied to a cable 
appears at the output terminals. Determine the attenu- 
ation in decibels. 


If P; = input power and P2 = output power, then 


Po 5 
— = — = 0.05 
Pi 100 


From equation (41.4), power ratio in decibels 
= 101g(P2/P1) = 101g0.05 = —13 dB 


Hence the attenuation (i.e. power loss) is 13 dB. 


Problem 3. An amplifier has a gain of 15 dB. If the 
input power is 12 mW, determine the output power. 


From equation (41.4), decibel power ratio = 10 1g(P2/P1). 
Hence 15 = 101g(P2/12), where P2 is the output power in 


milliwatts. 
Po 
1.5=lg{ — 
jf ( a 


P2 15 

— = 10" 

12 
from the definition of a logarithm. Thus the output 
power, Pz = 12(10)!> = 379.5 mW 


Problem 4. The current output of an attenuator 
is SOmA. If the current ratio of the attenuator is 
—1.32 Np, determine (a) the current input and (b) the 
current ratio expressed in decibels. Assume that the 
input and load resistances of the attenuator are equal. 
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(a) From equation (41.9), 
current ratio in nepers = In(/2//,). 


Hence —1.32=I1n(50/I;), where J; is the input 
current in mA. 


e7132 50 
q 
from which, current input, 1) = 47 = 50e!-32 
el 
= 187.2mA 


(b) From equation (41.8), 


a bh 50 
t rat decibels = 20lg— = 201g | —-~ 
current ratio in decibels FA & (a3) 


= —11.47dB 


Now try the following exercise. 


Exercise 143 Further problems on logarithmic 
ratios 


1. The ratio of two powers is (a) 3, (b) 10, (c) 30, 
(d) 10000. Determine the decibel power ratio for 
each. 

[(a) 4.77 dB (b) 10 dB (c) 14.77 dB (d) 40 dB] 


2. The ratio of two powers is (a) i (b) 7 (c) a 
(d) aH: Determine the decibel power ratio for 


each. 
[(a) —10 dB (b) —3 dB (c) —16dB (d) —30 dB] 


3. An amplifier has (a) a gain of 25 dB, (b) an atten- 
uation of 25dB. If the input power is 12mW, 
determine the output power in each case. 

[(a) 3.795 mW (b) 37.9 pW] 


4. 7.5% of the power supplied to a cable appears at 
the output terminals. Determine the attenuation in 
decibels. [11.25 dB] 


5. The current input of a system is 250 mA. If the cur- 
rent ratio of the system is (i) 15dB, (ii) —8 dB, 
determine (a) the current output and (b) the current 
ratio expressed in nepers. 

[G) (a) 1.406A (b) 1.727 Np 
(ii) (a) 99.53 mA (b) —0.921 Np] 


41.4 Symmetrical T- and z-attenuators 


(a) Symmetrical T-attenuator 


As mentioned in Section 41.1, the ideal attenuator is made 
up of pure resistances. A symmetrical T-pad attenuator is 
shown in Figure 41.5 with a termination Rp connected as 
shown. From equation (41.1), 


Ro = V(Rj + 2RiR2) (41.10) 


Figure 41.5 Symmetrical T-pad attenuator 


and from equation (41.2) | Ro = ./(RocRsc) | (41.11) 


With resistance Ro as the termination, the input resistance 
of the pad will also be equal to Ro. If the terminating resist- 
ance Ro is transferred to port A then the input resistance 
looking into port B will again be Ro. 

The pad is therefore symmetrical in impedance in both 
directions of connection and may thus be inserted into a 
network whose impedance is also Ro. The value of Ro is 
the characteristic impedance of the section. 

As stated in Section 41.3, attenuation may be expressed 
as a voltage ratio V|/V2 (see Figure 41.5) or quoted in 
decibels as 20 Ig(V; /V2) or, alternatively, as a power ratio 
as 101g(P;/P2). If a T-section is symmetrical, i.e. the 
terminals of the section are matched to equal impedances, 
then 
101g¢! = 201g! = 201! 

Po V2 In 


since Rin = RLoAD = Ro, i.e. 


P Vi SAY 
from which _ ! Pee (eats 
Po V2 Ih 


(()-()=G) 
or — = 

P2 V2 Ih 
Let N=V\/V2 or Iy/I2 or /(P1/P2), where N is the 
attenuation. In Section 41.5, page 536, it is shown that, 
for a matched network, i.e. one terminated in its charac- 
teristic impedance, N is in fact the insertion loss ratio. 
(Note that in an asymmetrical network, only the expres- 
sion N = ,/(P1/P2) may be used — see Section 41.7 on 
the L-section attenuator). 
From Figure 41.5, 


Vi 
0 


R 
ie. = VV (1- =) 
Ro 


current [; = 
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‘ Ro Ri 
i.e. V2 = Yj41-— 
Ri +Ro Ro 


R 
Voltage V2 = (2) V by voltage division 
R Ro 


= or 
Vi Rot+tRi V2 


From equation (41.12) and also equation (41.10), it is 
possible to derive expressions for R; and R2 in terms of N 
and Ro, thus enabling an attenuator to be designed to give 
a specified attenuation and to be matched symmetrically 
into the network. From equation (41.12), 


N(Ro — R21) =Ro + Ri 

NRo — NR; = Ro + Rt 
NRo — Ro = Ri + NR, 
Ro(N — 1) = R\(1 +N) 


(N-1) 
°W+1) 


from which Ri =R (41.13) 


From equation (41.10), Ro = /(Rt + 2R1R2) 
ie. Rp = Ri + 2RiR2 
Ro -Ri 

2R\ 
Substituting for R; from equation (41.13) gives 
Ro — [Ro(N — D/(W + DP 

2[Ro(N — D/(N + DI 
_ [ROW + 1)? — ROW - PW + 1° 
a 2Ro(N — 1)/(N + 1) 
2 RAN + 1)? — (N — 1)7] 

2Ro(N — 1)(N + 1) 

Ro[(N2 + 2N + 1) — (N? —2N+4+ 1] 

= 2(N2 — 1) 


from which, R2 = 


Ro = 


1.e. 


_ Ro(4N) 
~ 2(N2 — 1) 


Hence (41.14) 


Thus if the characteristic impedance Ro and the attenuation 
N (=V1/V2) are known for a symmetrical T-network then 


values of Rj and R2 may be calculated. Figure 41.6 shows a 

T-pad attenuator having input and output impedances of Ro 

with resistances Rj and R2 expressed in terms of Ro and N. 
(N - 1) (N — 1) 

°(N +1) 


ON +1) 


Figure 41.6 


(b) Symmetrical z-attenuator 


A symmetrical z-attenuator is shown in Figure 41.7 
terminated in Ro. 


Figure 41.7 Symmetrical m-attenuator 


From equation (41.3), 


(41.15) 


and from equation (41.2’),| Ro = /(RocRsc) | (41.16) 


: : Vi qi 
Given the attenuation factor N= — {| = — 
V2 b 


and the characteristic impedance Ro, it is possible to 
derive expressions for R; and Ro, in a similar way to the 
T-pad attenuator, to enable a z-attenuator to be effectively 
designed. 


Since N = V,/V2 then V2 = V, /N. From Figure 41.7, 
current J; = 74 + Ig and current Jp = Ic + Ip. Thus 


V 
current J; = = I4+Ic+Ip 
Ro 


VU wb vw vu MN , Vv 


+ + = 
Ry Ro Ro Ro NR2~ NRo 
since V3 = V,/N, 
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1 
Hence = t 


Thus R2 =Ro (41.17) 


From Figure 41.7, current J; = 4 + Jp, and since the p.d. 
across Ry is (V; — V2), 


= + since V2 = V,/N 
Ro Ro | Ry NR 2=Vi/ 


=—+ 
Ro Ro Ri NR 


1 Wad). Awad 
Ro BED 7B | N ) 


from equation (41.17), 


1 ; N-1\_ 1 (N-1 
Ro N+1) Ry N 


1 (N+1)-W-D)\_ 1 (N-1 
a (N +1) =a () 
‘( 2 ) (Xo 
Ro\N+1) Ri N 
N-1\(N+1 
i= Ro( N )( 7 ) 
2 
Hence R, = Ro & ‘ (41.18) 


Figure 41.8 shows a z-attenuator having input and output 
impedances of Ro with resistances R; and R2 expressed in 
terms of Ro and N. 


Figure 41.8 


There is no difference in the functions of the T- and 
zt-attenuator pads and either may be used in a particular 
situation. 


Problem 5. Determine the characteristic impedance 
of each of the attenuator sections shown in Figure 41.9. 
8Q 8Q 

212 
(a) 
109 10Q 
150 
(b) 
200 Q 200 22 
56.25 O 
(c) 
Figure 41.9 


From equation (41.10), for a T-section attenuator the 
characteristic impedance, 


Ro= V(Rj + 2R1 Ro) 
(a) Ro = V(8? + (2)(8)(21)) = /400 = 20 & 


(b) Ro = /(10* + (2)(10)(15)) = /400 = 20 @ 
(c) Ro = J(2007 + (2)(200)(56.25)) = ./62500 = 250 2 
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It is seen that the characteristic impedance of parts (a) and 
(b) is the same. In fact, there are numerous combinations 
of resistances R; and R2 which would give the same value 
for the characteristic impedance. 


Problem 6. A symmetrical z-attenuator pad has a 
series arm of 500 Q resistance and each shunt arm 
of 1kQ resistance. Determine (a) the characteristic 
impedance, and (b) the attenuation (in dB) produced 
by the pad. 


The zr-attenuator section is shown in Figure 41.10 termin- 
ated in its characteristic impedance, Ro. 


Ry = 500 Q 


i ig 


Figure 41.10 


(a) From equation (41.15), for a 
7t-attenuator section, 


Ses RRS 
characteristic impedance, Ro = —__+— 
Ri + 2R2 
I 2 
Hence RS =i (500)0000)" "| aa 
500 + 2(1000) 
(b) Attenuation = 20 lg(/)//2) dB. From Figure 41.10, 


Ro 
) (1), 
Ry + Ry + (RoRo/(R2 + Ro)) 


symmetrical 


current ly = ( 


by current division 
ie. 


1000 
ae ( 1000 + 500 + ((1000)(447)/(1000 + am) n 


= 0.553 
R 1 
and current J, = oe Iy= ee ly 
Ro + Ro 1000 + 447 
= 0.691ly 
Hence Ih = 0.691(0.553/,) = 0.3821, 


and I /Ip = 1/0.382 = 2.617 
Thus attenuation = 20 lg 2.617 = 8.36 dB 
(Alternatively, since 1, /I2 = N, then the formula 


N+1 
Ro = Ro | —— 
2 o(T*7) 


may be transposed for N, from which attenua- 
tion = 201g N) 


Problem 7. For each of the attenuator networks 
shown in Figure 41.11, determine (a) the input 
resistance when the output port is open-circuited, 
(b) the input resistance when the output port is 
short-circuited, and (c) the characteristic impedance. 


Exe) 159 152 
H0.Q §Q 52 
° oO 
Input Output Input Output 
port port port port 


(i) (ii) 


Figure 41.11 


(i) For the T-network shown in Figure 41.11(i): 


(a) Roc =15+10=252 
_ 10x 15 
(b) Rsc = 154 10415 =15+6=212 
(c) From equation (41.11), 
Ro = /RocRsc = V{(25)(21)] = 22.9 2 
(Alternatively, from equation (41.10), 
Ro = (Rj + 2R1R2) = V(15? + (2)(15)(10)) 
= 22.9 Q) 


(ii) For the zr-network shown in Figure 41.11 (ii): 


5x(15+5) 100 


Roc= =. 249 
(@) Roc= ST as45) ~ 25 
55018 ins 
Nhe = ase 
(0) Rsc= S745 = 20 


(c) From equation (41.16), 


Ro = J(RocRsc) as for a T-network 
= /[(4)(3.75)] = /15 = 3.872 


(Alternatively, from equation (41.15), 


i -/ Ri RS - | ( 15(5) ) 
OV R422.) V \15426) 


= 3.87 Q) 


Problem 8. Design a T-section symmetrical attenu- 
ator pad to provide a voltage attenuation of 20 dB and 
having a characteristic impedance of 600 Q. 
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Voltage attenuation in decibels = 20 1g(V1/V2). 


Attenuation, VN = V;/V2, hence 20 = 201g N, from which 
N=10. 
Characteristic impedance, Ro = 600 Q 


From equation (41.13), 


Ro(N—1) 600001 
resistance Rj = o( ) ( ) — 4919 
(N + 1) (10+ 1) 
From equation (41.14), 
2 2d 
resistance Rp = Ro (a) — 600 ( oo) 
=1212 


Thus the T-section attenuator shown in Figure 41.12 
has a voltage attenuation of 20dB and a characteristic 
impedance of 600 Q. (Check: From equation (41.10)) 
Ro = J(RY + 2R1R2) = VI491? + 2(491)12D) 

= 600 2) 


491 Q 491 Q 


Figure 41.12 


Problem 9. Design a z-section symmetrical attenu- 
ator pad to provide a voltage attenuation of 20 dB and 
having a characteristic impedance of 600 Q. 


From problem 8, V = 10 and Ro = 600 Q 
From equation (41.18), 


istance R} = R sia 600 Wea 
resistance = — Se 
i Oe) (2)(10) 


= 2970 & or 2.97 kQ 


From equation (41.17), 


Ned 1041 
Ry = Ry (Xt!) = 600 (1!) ~ 7330 
N 10-1 


Thus the z-section attenuator shown in Figure 41.13 
has a voltage attenuation of 20dB and a characteristic 
impedance of 600 Q. 


Figure 41.13 


(Check: From equation (41.15), 


. -/ Ri RS - /( (2970)(733) ) 
Oo V VR, 42k) V \2970 + 2)(733) 


= 600 2) 


Now try the following exercise. 


Exercise 144 Further problems on symmetrical 
T- and z-attenuators 


1. Determine the characteristic impedances of the 
T-network attenuator sections shown in 
Figure 41.14. 

[(a) 26.46 Q (b) 244.9 Q (c) 1.342 kQ] 


109 102 
30.2 
(a) 
100.2 1000 
250 Q 
(b) 
1kQ 1kQ 
400.0 


Figure 41.14 


2. Determine the characteristic impedances of the 
zt-network attenuator pads shown in Figure 41.15. 
[(a) 7.45 Q (b) 353.6 Q (c) 189.7 Q] 
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Figure 41.15 


3. A T-section attenuator is to provide 18 dB voltage 
attenuation per section and is to match a 1.5kQ 
line. Determine the resistance values necessary per 
section. [R; = 1165 Q, Ro = 384 Q] 


4. A z-section attenuator has a series resistance of 
500 Q and shunt resistances of 2kQ. Determine 
(a) the characteristic impedance, and (b) the attenu- 
ation produced by the network. 

[(a) 667 Q (b) 6 dB] 


5. For each of the attenuator pads shown in 
Figure 41.16 determine (a) the input resistance when 
the output port is open-circuited, (b) the input resist- 
ance when the output port is short-circuited, and (c) 
the characteristic impedance. 

[G) (a) 50 Q (b) 42 Q (c) 45.83 Q 
(ii) (a) 285.7 Q (b) 240 Q (c) 261.9 Q] 


30 Q 30 2 


20 Q 


Input Output 
port port 


(i) 
Figure 41.161 


Input Output 
port port 
(ii) 

Figure 41.16ii 


6. A television signal received from an_ aerial 
through a length of coaxial cable of character- 
istic impedance 1002 has to be attenuated by 
15dB before entering the receiver. If the input 
impedance of the receiver is also 100 2, design a 
suitable T-attenuator network to give the necessary 
reduction. [R; = 69.8 Q, Ro = 36.7 Q] 


7. Design (a) a T-section symmetrical attenuator pad, 
and (b) a z-section symmetrical attenuator pad, to 
provide a voltage attenuation of 15 dB and having 
a characteristic impedance of 500 Q. 

[(a) Ry = 349 Q, Ro = 1842 
(b) Rj = 1.36kQ, Ro = 716 Q]) 


8. Determine the values of the shunt and series 
resistances for T-pad attenuators of characteristic 
impedance 400 & to provide the following voltage 
attenuations: (a) 12 dB (b) 25 dB (c) 36 dB 

[(a) Ry = 239.4 Q, Ro =214.5 Q 
(b) Rj = 357.4 Q, Ro = 45.13 Q 
(c) Ry = 387.5 Q, Ro = 12.68 Q] 


9. Design a z-section symmetrical attenuator net- 
work to provide a voltage attenuation of 24 dB and 
having a characteristic impedance of 600 Q. 

[R; = 4.736 kQ, Ro = 680.8 Q2] 


10. Ad.c. generator has an internal resistance of 600 Q 

and supplies a 600 &2 load. Design a symmetrical 

(a) T-network and (b) z-network attenuator pad, 

having a characteristic impedance of 600 Q which 

when connected between the generator and load 
will reduce the load current to i its initial value. 

[(a) Ry = 360 Q2, Ro = 320 Q 

(b) Ry = 1125 Q, Ro = 1000 Q] 


41.5 Insertion loss 


Figure 41.17(a) shows a generator E connected directly to 
a load Z,. Let the current flowing be Jy, and the p.d. across 
the load V_;. z is the internal impedance of the source. 

Figure 41.17(b) shows a two-port network connected 
between the generator E and load Z;. 
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Two-port 


network 


Figure 41.17 


The current through the load, shown as Jy, and the p.d. 
across the load, shown as V2, will generally be less than 
current J; and voltage V;, of Figure 41.17(a), as a result of 
the insertion of the two-port network between generator 
and load. 

The insertion loss ratio, Az, is defined as 


voltage across load when connected 


directly to the generator 
AL = 


voltage across load when the 
two-port network is connected 


1.e. At =V,/V2 =I, /hh 


since Vy = IZ, and Vz = InZ,.. Since both V;, and V2 refer 
to p.d.’s across the same impedance Zz, the insertion loss 
ratio may also be expressed (from Section 41.3) as 


(41.19) 


insertion loss ratio 


VL I, 
= 2012 ( 7 £) ap or 2018 (7 “) ap 
V2 


(41.20) 


When the two-port network is terminated in its character- 
istic impedance Zp the network is said to be matched. In 
such circumstances the input impedance is also Zo, thus 
the insertion loss is simply the ratio of input to output volt- 
age (i.e. V; /V2). Thus, for a network terminated in its 
characteristic impedance, 


Vi qh 
insertion loss = 201g (7 ) dB or 201g (7 :) dB 
2 th 


(41.21) 


Problem 10. The attenuator shown in Figure 41.18 
feeds a matched load. Determine (a) the characteristic 
impedance Ro, and (b) the insertion loss in decibels. 


L A, = 3000 R, = 3000 
, 


Figure 41.18 


(a) From equation (41.10), the characteristic impedance 
of a symmetric T-pad attenuator is given by 


Ro = V(Ri + 2R1R2) = V/[3007 + 2(300)(450)] 
= 600 Q. 


(b) Since the T-network is terminated in its characteristic 
impedance, then from equation (41.21), 


insertion loss = 201g(V/V2) dB or 20 1g(7j /J2) dB. 


By current division in Figure 41.18, 


Ro 
h =| } 1) 
Ry + Ri + Ro 


Hence 


insertion loss = 20 le: 


(Ro /(R2 + 7 + Ro) i ) 


->e( 
—— 
(age 


450 a 600 
201 + + ) 


= 201g3 = 9.54 ah 


Problem 11. A 0—-3kQ rheostat is connected across 


the output of a signal generator of internal resistance 
500 &. If a load of 2kQ is connected across the 
rheostat, determine the insertion loss at a tapping of 
(a) 2kQ, (b) 1kQ. 


The circuit diagram is shown in Figure 41.19. Without the 
rheostat in the circuit the voltage across the 2 kQ load, Vz 
(see Figure 41.20), is given by 


( 2000 
VL = 


—_“"__|F=08E 
0-5) 


Input Output 
port port 


Figure 41.20 
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(a) With the 2kQ tapping, the network of Figure 41.19 
may be redrawn as shown in Figure 41.21, which in 
turn is simplified as shown in Figure 41.22. 


‘f | kQ 


500 a} | 
2kQ i kQ. 


Figure 41.21 


Figure 41.22 


From Figure 41.22, 


1000 
1000 + 1000 + 500 


voltage V2 = ( ) E=04E 


Hence, from equation (41.19), insertion loss ratio, 


or, from equation (41.20), 
insertion loss = 201g(V_/V2) = 201g 2 = 6.02 dB 
(b) With the 1 kQ tapping, voltage V2 is given by 


(1000 x 2000) 
(1000 + 2000) 


V2. = E 
1 2 
(C1000 x 2000) 2000 + 500 
(1000 + 2000)) 
= Bees E=0.211E 
666.7 + 2000 + 500 
Hence, from equation (41.19), 
14 0.8E 
insertion loss ratio A, = He = 3.79 


Vo O.211E 


or, from equation (41.20), 
Vi 
insertion loss in decibels = 201g (3 )- = 201g 3.79 
2 


= 11.57 dB 


(Note that the insertion loss is not doubled by halving 
the tapping.) 


Problem 12. A symmetrical z-attenuator pad has a 
series arm of resistance 1000 Q and shunt arms each 
of 500 &2. Determine (a) its characteristic impedance, 
and (b) the insertion loss (in decibels) when feeding a 
matched load. 


The z-attenuator pad is shown in Figure 41.23, terminated 
in its characteristic impedance, Ro. 


h ty R= 1000 2 / 


Figure 41.23 


(a) From equation (41.15), the characteristic impedance 
of a symmetrical z-attenuator is given by 


e -/ RiR3 - | ( ee) 
ov \R; 42k] V \1000 +4 2500) 
=3542 


(b) Since the attenuator network is feeding a matched load, 
from equation (41.21), 


insertion loss = 201g (2 ) dB = 201g (3 ) dB 
V2 Ih 


From Figure 41.23, by current division, 


Ro 
current Iy = (RR (h) 
Ro + Ri + =——— 
(R2 + Ro)) 
Ro 
and current /> = | ———— } I, 
Ro + Ro 
——s 
= RoR : 
Ro+Ro/ | a 4p, 4 —R2Ro_ 
(R2 + Ro)) 
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1.e. 


—~ 
pay 


I ( 500 ) 500 
2 = 
500 + 354 ((500)(354) 
500 + 1000 + ————_— 
7 a (500 + 354)) 


= (0.5855)(0.2929)l, = 0.1715K, 
Hence J; /Iz = 1/0.1715 =5.83 


Thus the insertion loss in decibels = 20 lg (1) /J2) 
= 201g 5.83 
= 15.3 dB 


Now try the following exercise. 


Exercise 145 Further problems on insertion loss 


1. The attenuator section shown in Figure 41.24 feeds 
a matched load. Determine (a) the characteristic 
impedance Rp and (b) the insertion loss. 

[(a) 282.8 Q (b) 15.31 dB] 


2002 200.2 
iam (ee 
V, 100 a | i A 
Figure 41.24 


2. A0-10kQ variable resistor is connected across the 
output of a generator of internal resistance 500 Q. 
If a load of 1500 Q is connected across the variable 
resistor, determine the insertion loss in decibels at 

a tapping of (a) 7.5 kQ, (b) 2.5kQ 
[(a) 8.13 dB (b) 17.09 dB] 


3. A symmetrical w attenuator pad has a series arm 
resistance of 800 Q and shunt arms each of 250 Q. 
Determine (a) the characteristic impedance of the 
section, and (b) the insertion loss when feeding a 
matched load. [(a) 196.1 Q (b) 18.36 dB] 


41.6 Asymmetrical T- and z-sections 


Figure 41.25(a) shows an asymmetrical T-pad section 
where resistance Rj #R3. Figure 41.25(b) shows an 
asymmetrical z-section where R2 4 R3. 

When viewed from port A, in each of the sections, 
the output impedance is Rog; when viewed from port B, 
the input impedance is Rog. Since the sections are 
asymmetrical Rog does not have the same value as Ros. 


ot {==} { © 
| Boa Ry Fon Fog Re Ay Fog 
Por A Port B Port A Port B 
{a) {b) 


Figure 41.25 (a) Asymmetrical T-pad section, (b) Asym- 
metrical m-section 


Iterative impedance is the term used for the impedance 
measured at one port of a two-port network when the 
other port is terminated with an impedance of the same 
value. For example, the impedance looking into port | of 
Figure 41.26(a) is, say, 500 Q when port 2 is terminated 
in 500 & and the impedance looking into port 2 of Fig- 
ure 41.26(b) is, say, 600 Q when port | is terminated in 
600 &2. (In symmetric T- and z-sections the two iterative 
impedances are equal, this value being the characteristic 
impedance of the section.) 


600 2 — 
600 Q 


(a) (b) 


Figure 41.26 


An image impedance is defined as the impedance 
which, when connected to the terminals of a network, 
equals the impedance presented to it at the opposite ter- 
minals. For example, the impedance looking into port | of 
Figure 41.27(a) is, say, 400 Q when port 2 is terminated 
in, say 750 Q, and the impedance seen looking into port 
2 (Figure 41.27(b)) is 750 Q when port | is terminated 
in 400 Q. An asymmetrical network is correctly termin- 
ated when it is terminated in its image impedance. (If the 
image impedances are equal, the value is the characteristic 
impedance.) 


Figure 41.27 


The following worked problems show how the iterative 
and image impedances are determined for asymmetrical 
T- and z-sections. 
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Problem 13. An asymmetrical T-section attenuator 
is shown in Figure 41.28. Determine for the sec- 
tion (a) the image impedances, and (b) the iterative 
impedances. 


200 2 300 2 
— 100 0 — 
oa og 
Port 1 Port 2 
Figure 41.28 


(a) The image impedance Rog seen at port 1 in 
Figure 41.28 is given by equation (41.11): 


Roa = V(Roc)(Rsc); 


where Roc and Rsc refer to port 2 being respectively 
open-circuited and short-circuited. 


Roc = 200 + 100 = 3002 


(100)(300) 
di Ress 
ox sc = 200 + 707 300 


Hence Rog = /[(300)(275)] = 287.2 Q 


= 275 Q 


Similarly, Ros = J/(Roc\(Rsc), where Roc and Rsc 
refer to port 1 being respectively open-circuited and 
short-circuited. 


Roc = 300 + 100 = 400 Q 
(200)(100) 
200 + 100 


Rog = V[(400)(366.7)] = 383 Q. 


and Rsc = 300 = 366.72 


Hence 


Thus the image impedances are 287.2 & and 383 & 
and are shown in the circuit of Figure 41.29. 


200 Q 300 2 


383 QO 


o 
Port 1 Port 2 
Figure 41.29 
(Checking: 
Ras = 2004 OOKS0O F383) = a7 90 


100 + 300 + 383 
(100)(200 + 287.2) 
100 + 200 + 287.2 


and Rog = 300 + = 383 Q) 


(b) The iterative impedance at port | in Figure 41.30, is 
shown as R;. Hence 


1 R 
Ry = 200 + £10800 + Ri) 
100 + 300 + Rj 
100R 
= 599 4 30.000 + 100R 
400 + Ry 
from which 400R; + Rj = 80000 + 200R; + 30000 
+ 100R; 
and R{ + 100R; — 110000 =0 
200 2 300 Q 
Soest R, 


Port 1 Port 2 
Figure 41.30 
Solving by the quadratic formula gives 


—100 + ./[1007 — (4)(1)(—110 000)] 
2 


R= 


—100 + 670.8 
~ 2 


(neglecting the negative value). 


= 285.4 Q 


The iterative impedance at port 2 in Figure 41.31 is 
shown as R>. Hence 


(100)(200 + R2) 
Ry = 300 
2 100 + 200 + Ro 
20000 + 100R> 
= 300 
300 + Ro 


from which 300R2 + R3 = 90000 + 300R2 
+20 000+ 100R> 


and R5 — 100R2 — 110000=0 
Thus 
* 100 + ./[(—100)* — (4)(1)(—110 000)] 
ae D 
_ 100+ 6708 _ 240 
2 
200 Q 300 QO 
Ro 100 a 
ipa 
Port 1 Port 2 


Figure 41.31 
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Thus the iterative impedances of the section shown 
in Figure 41.28 are 285.4 Q and 385.4 Q. 


Problem 14. An asymmetrical z-section attenuator 
is shown in Figure 41.32. Determine for the sec- 
tion (a) the image impedances, and (b) the iterative 
impedances. 


3 kQ 


> 2kQ. — 


Roa Fos 


Port 1 Port 2 


Figure 41.32 


(a) The image resistance Ro, seen at port | is given by 
Roa = /[Roc)(Rsc) 


where the impedance at port 1 with port 2 open- 
circuited, 


__ (1000)(5000) 


= ————_ = 8332 
1000 + 5000 


Roc 


and the impedance at port 1, with port 2 short- 
circuited, 


(1000)(3000) 
~ 1000+ 3000 — 


SC 750 Q 


Hence Rog = J[(833)(750) = 790 @. 


Similarly, Rog = /(Roc)(Rsc), where the impedance 
at port 2 with port | open-circuited, 


_ (2000)(4000) _ 


= ————_ = 13332 
2000 + 4000 


oc 


and the impedance at port 2 with port | short-circuited, 


(2000)(3000) 
~ 2000 + 3000 


Rsc = 12002 


Hence Rog = J/[(1333)(1200)] = 1265 Q 
Thus the image impedances are 790 Q and 1265 &. 


Figure 41.33 


(b) The iterative impedance at port 1 in Figure 41.33 is 
shown as R,. From circuit theory, 


1000[3000 + (2000R; /(2000 + R1))] 
~ 1000 + 3000 + (2000R; /(2000 + R1)) 


1 


3 x 10° + (2 x 10°R; /(2000 + R1)) 
4000 + (2000R; /(2000 + R1)) 


1.e. 1= 


2000R? 2 x 10°R 
OT eae he {Ou ES 
2000 + Ry 2000 + Ry 


4000R, + 
8 x 10°R; + 4000R7 + 2000R7 
=6 x 10° +3 x 10°R; + 2 x 10°R, 
6000R7 +3 x 10°R; — 6 x 10° =0 
2R? + 1000R — 2 x 10° =0 


Using the quadratic formula gives 


—1000 + /[(1000)* — (4)(2)(—2 x 10°)] 
4 


1= 


—1000 + 4123 
— 4 =78he PART 


(neglecting the negative value). 
The iterative impedance at port 2 in Figure 41.34 is 
shown as Ro 


~O 
Port 1 Port 2 


Figure 41.34 


__ 2000[3000 + (1000R2/(1000 + R2))] 
~ 2000 + 3000 + (1000R2/(1000 + R2)) 


2 


_ 6 x 10° + (2 x 10°Ry/(1000 + Ro) 
~ §000 + (1000R2/(1000 + R2)) 
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Hence 
1000R; 
1000+ R2 


5 x 10°R> + SO00R5 + 1000R3 


2x 10°R2 


sie 
©7600 +R 


5000R2 + 


=6x 10° +6x 10°R, + 2x 10°R, 


6000R3 — 3 x 10°R2 — 6 x 10° =0 
2R5 — 1000R2 — 2 x 10°=0 


from which 


1000 + /[(—1000)? 
4 


(4)(2)(—2 x 10°)] 


2= 


_ 1000 + 4123 
- 4 


= 12812 


Thus the iterative impedances of the section shown 


in Figure 41.32 are 781 Q and 1281 Q. 


Now try the following exercise. 


Exercise 146 Further problems on asymmetrical 
T- and z-sections 


1. An asymmetric section is shown in Figure 41.35. 
Determine for the section (a) the image impedances, 
and (b) the iterative impedances. [(a) 144.9 Q, 

241.5 Q (b) 143.6 Q, 243.6 Q] 


1000 2000 


50 Q 


Figure 41.35 


2. An asymmetric zr-section is shown in Figure 41.36. 
Determine for the section (a) the image impedances, 
and (b) the iterative impedances. [(a) 329.5 Q, 


285.6 Q (b) 331.2 Q, 284.2 Q] 
800 © 


Figure 41.36 


3. Distinguish between image and __ iterative 
impedances of a network. An asymmetric T- 
attenuator section has series arms of resistance 
200 22 and 400 Q respectively, and a shunt arm 
of resistance 300 &2. Determine the image and 
iterative impedances of the section. [(a) 430.9 Q, 

603.3 Q; 419.6 Q, 619.6 Q] 


41.7. The L-section attenuator 


A typical L-section attenuator pad is shown in 
Figure 41.37. Such a pad is used for matching purposes 
only, the design being such that the attenuation introduced 
is aminimum. In order to derive values for R; and Ro, con- 
sider the resistances seen from either end of the section. 


Ry 
a , ae 
Roa : Fog 
Port 1 Port 2 


Figure 41.37 L-section attenuator pad 


Looking in at port 1, 


R2Ros 


Roa = Ri + ———— 
OA 1 Ro + Ro 


from which 


RoaR2 + RoaRog = Ri R2 + Ri Rog + R2Ros 


(41.22) 
Looking in at port 2, 


Ro(R1 + Roa) 
Rog = —>——————— 
Ri + Roa + Ro 


from which 


RopR: + RoaRop + RopR2 = Ri R2 + R2Ro, (41.23) 
Adding equations (41.22) and (41.23) gives 


RoaR2 + 2RoaRog + RopRi + RopRo 
= 2R,Ro + RiRog + R2oRog + RoRoa 


i.e. 2Ro4RoB = 2R1 R2 


_ RoaRos 
Ro 


and Ri (41.24) 
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Substituting this expression for Rj into equation (41.22) 
gives 


RoaRos 
RoaR2 + RoaRos = (Aestoe Ro 


RoaR 
+ (Ase 22) Rog + R2Rop 
: RoaRbp 
i.e. RoaR2 + RoaRos = RoaRos + + RoRop 
: RoaRop 
from which R2(Roa — Rog) = = 
2 
R3(Roa — Rog) = RoaRbp 
RoaRG 
and resistance, | R2 = / See OB. (41.25) 
Roa — Ros 


Thus, from equation (41.24), 


he RoaRos 
V(RoaRGp/(Roa — Ros) 


- RoaRos 
Ros/(Roa/(Roa — Ros)) 
Roa 
= —,— V (Roa — Ros) 
J/Roa e 


Hence resistance,} Ry = /[Roa(Roa — Ros) |(41.26) 


Figure 41.38 shows an L-section attenuator pad with its 
resistances expressed in terms of the input and output 
resistances, Ro, and Rog. 


V [Roa (Roa Rog) ] 


Figure 41.38 


Problem 15. A generator having an internal resist- 
ance of 500 Q is connected to a 100 Q load via an 
impedance-matching resistance pad as shown in Fig- 
ure 41.39. Determine (a) the values of resistance R1 
and R2, (b) the attenuation of the pad in decibels, and 
(c) its insertion loss. 


Figure 41.39 


(a) 


(b) 


Ro 1000 
500 2 


—o ~oO 


From equation (41.26), Ry = ,/[500(500 — 100)] 
= 447.22 
| 


F tion (41.25), Ro = 
rom equation ( 5), Ro i( 500 — 100 


=111.82 
From section 41.3, the attenuation is given by 
101g(P1/P2) dB. Note that, for an asymmetrical 
section such as that shown in Figure 41.39, the 
expression 201g(V;/V2) or 201g(1/I2) may not be 
used for attenuation since the terminals of the pad are 
not matched to equal impedances. In Figure 41.40, 


PART 
Figure 41.40 3 
tI E 
current [; = 
(111.8 x 100 
500 + 447.2 4 
(111.8 + 100)) 
_ £E 
~~ 1000 
and current 
111.8 111.8 E 
h= h= 
111.8 + 100 211.8 1000 
ee 
~ 1894.5 


Thus input power, 


E 2 
2 
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and output power, 


E 2 
Py = 15(100) = Gan ;} (100) 
Hence 
P| 
attenuation = 101g a 
2 
101 | [E/(1000)}? (500) | 
~ "S| TE/(1894.5) 100) 


1894.5 \7 
=101 5)$ dB 
{( 1000 ) ( } 
i.e. attenuation = 12.54dB 


(c) Insertion loss Az is defined as 


voltage across load when connected 
directly to the generator 


voltage across load when the two-port 
network is connected 


Figure 41.41 shows the generator connected directly 
to the load. 


Figure 41.41 
E E 
Load current, J, = ———_— = —— 
500+ 100 600 
d volt V, = [,(100) = Z (100) = a 
and voltage, Vz = Ir, 77 = 3 


From Figure 41.40 voltage, 
V, =E — 1(500) = E — (E/1000)500 from part (b) 


ie. Vi, =0.5E 
voltage, V2 = V; — Ri 


E 
=0.5E— ( —— ) (447.2) = 0.0528E 
0.5 (sa0) ) = 0.0528 


Vi E/6 
Vo 0.0528E 


insertion loss, Ay, = = 3.157 


V 
In decibels, the insertion loss = 20 lig 
2 


= 201g 3.157 = 9.99 dB 


Now try the following exercise. 


Exercise 147 Further problems on L-section 
attenuators 


1. Figure 41.42 shows an L-section attenuator. The 
resistance across the input terminals is 250 Q and 
the resistance across the output terminals is 100 Q. 
Determine the values R; and Ro. 

[R; = 193.6 Q, Ro = 129.1 Q] 


Ry 


Input Output 
port port 


Figure 41.42 


2. A generator having an internal resistance of 600 Q 
is connected to a 200 Q load via an impedance- 
matching resistive pad as shown in Figure 41.43. 
Determine (a) the values of resistances R; and Ro, 
(b) the attenuation of the matching pad, and (c) its 
insertion loss. 

[(a) R1 = 489.9 Q, Ro = 244.9 Q (b) 9.96 dB 
(c) 8.71 dB] 


Ay 


200 QO 
load 


Figure 41.43 


41.8 Two-port networks in cascade 


Often two-port networks are connected in cascade, i.e. 
the output from the first network becomes the input to the 
second network, and so on, as shown in Figure 41.44. Thus 
an attenuator may consist of several cascaded sections so 
as to achieve a particular desired overall performance. 

If the cascade is arranged so that the impedance 
measured at one port and the impedance with which 
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Figure 41.44 Two-port networks connected in cascade 


the other port is terminated have the same value, then 
each section (assuming they are symmetrical) will have 
the same characteristic impedance Zp and the last net- 
work will be terminated in Zp). Thus each network will 
have a matched termination and hence the attenuation 
in decibels of section 1 in Figure 41.44 is given by 
a, = 20 1g(V;/V2). Similarly, the attenuation of section 2 
is given by az = 201g(V2/V3), and so on. 


The overall attenuation is given by 


4200 
Vn 
= 201 at LZ peee Walia 
Vo V3 V4 Vn 
Vi V2 Vin-1 
= 20lg— + 20lg—+...4+ 201 
oY PW We 


by the laws of logarithms, i.e. 
overall attenuation, a = ay +a2+-+++ +ay-1 (41.27) 


Thus the overall attenuation is the sum of the attenuations 
(in decibels) of the matched sections. 


Problem 16. Five identical attenuator sections are 
connected in cascade. The overall attenuation is 
70dB and the voltage input to the first section is 
20 mV. Determine (a) the attenuation of each individ- 
ual attenuation section, (b) the voltage output of the 
final stage, and (c) the voltage output of the third stage. 


(a) From equation (41.27), the overall attenuation is 
equal to the sum of the attenuations of the indi- 
vidual sections and, since in this case each sec- 
tion is identical, the attenuation of each sec- 
tion = 70/5 = 14 dB. 


(b) If V; =the input voltage to the first stage and 
Vo =the output of the final stage, then the overall 
attenuation = 20 1g(V1/Vo), i.e. 


2 
70 = 201g (2) where Vo is in millivolts 


0 
20 
3.5=lg{ — 
(i) 
1035 — 29 
Vo 


from which output voltage of final stage, 
20 


7a 6.32 x 10-3 mV 


Vo= 
= 6.32 nV 


(c) The overall attenuation of three identical stages is 
3 x 14=42 dB. Hence 42 = 201g(Vi/V3), where V3 
is the voltage output of the third stage. Thus 


= = lg zal and 10*/29 — 2 
20 V3 V3 


from which the voltage output of the third stage, 
V3 =20/107:! = 0.159 mV 


Problem 17. A d.c. generator has an internal resis- 
tance of 450 Q and supplies a 450 Q load. 


(a) Design a T-network attenuator pad having a char- 
acteristic impedance of 450 Q which, when con- 
nected between the generator and the load, will 
reduce the load current to 7 of its initial value. 


(b) If two such networks as designed in (a) were con- 
nected in series between the generator and the 
load, determine the fraction of the initial current 
that would now flow in the load. 


(c) Determine the attenuation in decibels given by 
four such sections as designed in (a). 


The T-network attenuator is shown in Figure 41.45 con- 
nected between the generator and the load. Since it is 
matching equal impedances, the network is symmetrical. 


Generator 450 Q 


load 
450 Q 


Figure 41.45 
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Figure 41.46 
(a) Since the load current is to be reduced to 5 of its initial 
value, the attenuation NV = 8. From equation (41.13), 
RoW - 1 8-1 
60a 1 —D 
(N +1) (8+ 1) 


and from equation (41.14), 


Site Rp= Bal rc (unas 
resistance, = = 
BS Ne I 82 —1 


=1142 


resistance, Ry = = 3502 


(b) When two such networks are connected in series, as 
shown in Figure 41.46, current J; flows into the first 
stage and al 1 flows out of the first stage into the 
second. 


Again, 7 of this current flows out of the second stage, 


i.e. 7 x ch. i.e. a of J, flows into the load. 


Thus a of the original current flows in the load. 


(c) The attenuation of a single stage is 8. Expressed in 
decibels, the attenuation is 
20 lg /In) = 20 1g 8 = 18.06 dB. 
From equation (41.27), the overall attenuation of four 
identical stages is given by 18.06 + 18.06 + 18.06+ 
18.06, i.e. 72.24 dB. 


Now try the following exercise. 


Exercise 148 Further problems on cascading two- 
port networks 


1. The input to an attenuator is 24 V and the output is 
4V. Determine the attenuation in decibels. If five 
such identical attenuators are cascaded, determine 
the overall attenuation. _[(a) 15.56 dB, 77.80 dB] 


2. Four identical attenuator sections are connected 
in cascade. The overall attenuation is 60 dB. The 
input to the first section is 50mV. Determine (a) 
the attenuation of each stage, (b) the output of the 
final stage, and (c) the output of the second stage. 

[(a) 15 dB (b) 50 LV (c) 1.58 mV] 


3. Ad.c. generator has an internal resistance of 300 Q 
and supplies a 300 Q load. 

(a) Design asymmetrical T network attenuator pad 
having a characteristic impedance of 300 Q 
which, when connected between the generator 
and the load, will reduce the load current to 5 
its initial value. 

(b) If two such networks as in (a) were connected 
in series between the generator and the load, 
what fraction of the initial current would the 
load take? 

(c) Determine the fraction of the initial current that 
the load would take if six such networks were 
cascaded between the generator and the load. 

(d) Determine the attenuation in decibels provided 
by five such identical stages as in (a). 

[(a) Ry = 150 Q, Ro = 225 Q 
(b) § (c) shy (4) 44.71 dB] 


41.9 ABCD parameters 


As mentioned earlier, a two-port network has a pair 
of input terminals, shown as PQ in Figure 41.47, and 
a pair of output terminals, shown as RS. When a volt- 
age V; is applied to terminals PQ, the input and output 
currents, J; and I>, flow and an output voltage V2 is pro- 
duced. There are therefore four variable quantities V, 
I,, V2 and Jy for a two-port network. If the elements are 
assumed to be linear, then there are a number of ways in 
which the relationships can be written. One such method 
is termed ABCD parameters which we consider in this 
chapter; there are others however, such as z-, y-, h- and 
g-parameters that are not considered here. 


P o—__»—_] +—~——oR 
V; Network hy. 
Qo—— +o S 


Figure 41.47 
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For ABCD parameters, the input voltage V) and the 
input current /; are specified in terms of the output voltage 
V2 and current Jy as follows: 


V, = AV2 — Bl (41.28) 

I, = CV2 — Dh (41.29) 
A,B,C and D are constants for a particular network and 
called parameters. 


V 
In equation (41.28), when J) = 0, then: A = e 


2 
V 
and when V2 = 0, then: B = — > 
2 
: qT 
In equation (41.29), when J) = 0, then: C = Ye 
2 
q 
and when V> = 0, then: D= ae 
2 


Since A and D are ratios, they have no units, while B is an 
impedance in ohms, and C an admittance in siemens. 

These parameters are often called the general circuit 
or transmission parameters and are generally used for 
the analysis of two-port networks which are heavy current 
circuits or power frequency transmission lines. 


Problem 18. A two-port network has parameters 
A=24j, B=5Q, C=(14+j2)S and D=4. If the 
output is a current of 80 mA through a 20 Q resistive 
load, determine (a) the input voltage, and (b) the input 
current. 


Since Jy = 80mA and R2 = 20 Q then 
V2 = bhR2 = 80 x 1077 x 20=1.6V 
(a) From equation (41.28), voltage, 
V, = AV2 — Bl 
= (2 +/)(1.6) — (5)(80 x 1077) 
= 3.24+j16-04=2.8+/ 1.6 
ie. Vy = 3.22229.74°V 


(b) From equation (41.29), current, 


I, = CV2 — Dh 
(1 + j2)(1.6) — (4)(80 x 107) 
1.6 + j3.2 — 0.32 = 1.28 + j3.2 
3.45268.20°A 


le. Ty 


Problem 19. A two-port network has the following 
transmission parameters: A=5, B= 25 Q, C=0.04S 
and D=2. Determine the values of the input 
impedance when the output is (a) open-circuited, (b) 
short-circuited. 


(a) From equation (41.28), voltage, Vj) = AV2 — Blo 


When the output is open-circuited, /,=0 and 
V, =AV2 
From equation (41.29), current, 1) = CV2 — Dl 
When Jp = 0, I) = CV2 
Thus, input impedance, 
V AV: A 5 
Lio =—=— 1252 
I; CV2 C 0.04 
(b) From equation (41.28), voltage, Vj = AV2 — Bl 


When the output is short-circuited, V.=0 and 
VY, =-Bhl 


From equation (41.29), current, 1) = CV2 — Dl 
When V2 =0, 1) =—Dh 
Thus, input impedance, 
VY, -Bh B25 
I -Dh D 2 


Zisc 


Transmission matrix 
Since Vi = AV2 i Bl 
and qi =CV2 — Dh 


then in matrix form: 

Vi\\ (A B V2 

i) \C D)\-h 

A B\. 5 o% ‘ 
( ) is called the ABCD or transmission matrix. 


C D 


(For more on matrices and solving simultaneous equations 
using matrices see ‘Higher Engineering Mathematics 5th 
Edition’, chapters 25 and 26). 


Problem 20. For a two-port network: 
V, =5V2 -—3h 
and fT =4V> = 2h 


When V;=11V and /;=12A, determine (a) the 
transmission matrix, and (b) the values of V2 and Ip 


(a) The transmission matrix is: F 3) 


(b) Since Vj = 11 V and J; = 12A, then 
11=5V2—3h 
12=4V2—2h 
In matrix form this becomes: 


(2)=(@ 2) (4) 


(41.30) 


PART 


548 Electrical Circuit Theory and Technology 


The inverse of a matrix 


mo (-k ) 
PS—RQ\-R- P 


Hence the inverse of (; >) is: 

1 2 —-3)\_ /-l 
10-12\-4 5) \ 2 
inverse matrix gives: 


(> as)la)= 


(22 — 30) 


1.e. 


i (_:) a (2) 


(10— 10) 


(s)=(0 1) () 


G $) is: 


—2.5 


(, -25)( 
be iy Sale te 5+6) (—3+3) 


from which, Vz =7 V and, =8A 


2) 


Multiplying both sides of equation (41.30) by this 


)() 
(er) 


5 3 
4 2 


(6—5) 


ABCD networks in cascade 


Figure 41.48 shows two networks in cascade, 


Figure 41.48 


where for network 1, 


Hence, 


Vi _ Aj By Az Bo V3 
Qh) \C, Di) \C D2) \-B& 


_ Gas + B,C) (Ai Bz + B1D2) 
(CyA2 + D1 C2) (Ci Bz + Di D2) 


ae) 


Thus the cascaded network behaves as a network with the 
parameters: 


A=A\A2 + Bi C2 
C=Cy\A2 + D,Co 


B=A,B.+ B,D2 
and D=C,B.+D,D2 


Problem 21. 
eters of: 


A network has the transmission param- 


(2+j) 200 

0.0027 1 
Determine the parameters for two such networks in 
cascade. 


The parameters for two such networks in cascade will be 
(2+ 7) 200) /(24+ /) 200 
0.002; 1 0.0027 1 
[(2 + j)* +200(0.002j)] [(2 +j)(200) + 200] 
~ \10.002j(2+,) + (1)(0.002/)] [(0.002j)(200) + (1)(1)] 


_(  44j24+j?+ 0.4) (400 + j200 + 200) 
(0.004j + j20.002 + 0.002) (0.4) + 1) 


(600 + oy 


_ (3 +j2.4) 
- (1 +j0.4) 


(—0.002 + j0.006) 


Passive networks and reciprocity theorem 


As stated earlier, the ABCD parameters for a two-port 
network are: 


V, =AV2 — Bl 
I, = CV2 — Dh 


(41.28) 
(41.29) 


Figure 41.49(a) represents a two-port network whose ter- 
minals RS are short-circuited with an input voltage V 
across terminals PQ. Then V2 in the above equations is 
zero and the equations become: 


P R 
V 
Qo—— [—— 
(a) 
ou. hb! og 
I 
Qo-—— [ 


(b) 
Figure 41.49 
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V=—-Blh 
and fT = —Dh 


(41.31) 
(41.32) 
Figure 41.49(b) represents a two-port network whose 
terminals PQ are short-circuited with an input voltage 
V now applied across terminals RS, then V; in equa- 
tion (41.28) is zero and the above equations become: 

O= AV — BI, 
I, =CV—DI, 


(41.33) 
(41.34) 


From equation (41.33), 


n= (S)v 
eB 
Substituting in equation (41.34) gives: 
U=CV-D (5) v= (BC — AD)V 
B B 
Substituting V = —Bl from equation (41.31) gives: 


(BC —— = (BC — AD)(—h) 


ie. Ty’ =(AD— BC) 


ie 


This is a theorem called the reciprocity theorem, which 
states that if a voltage is applied to a linear passive network 
at one terminal and produces a current at another, then the 
same voltage applied to a second terminal will produce 
the same current at the first terminal. 

Since the same voltage has been applied at each of the 
two terminals, then [| = In 
Thus, AD—BC=1 (41.35) 
This condition must be satisfied by any linear passive 
network. 


Problem 22. Tests on a passive two-port network 
gave the following results: 


Output open-circuited: 

VY, =20V, V2=10V, 1 =0.5A 

Output short-circuited: 

VY, =20V, (=1A,h=1A 

Determine (a) the values of the ABCD parameters, and 
(b) confirm that the network is passive. 


(a) From equation (41.28), 


V =AV2 — Bly 
When the output is open-circuit, 
V, =AV2_ since In =0 


Since Vj = 20 V and V2 = 10V, then 20 = A(10) 
from which, A = 2 


(b) 


From equation (41.29), 


I) =CV2 —-Dh 

When the output is open-circuit, 

I, =CV2_ since =0 

Since V2 = 10 V and J; =0.5A, then 0.5 = C(10) 
0.5 


from which, C= To =0.05S 
From equation (41.28), 

V, =AV2 — Bl 

When the output is short-circuit, 
VY, =—-Blh 
Since V; = 20V and J) = —1A, then 20 = —B(—1) 
from which, B =20Q 

From equation (41.29), 


since V7 =0 


I, =CV2 — Dh 
When the output is short-circuit, 
I; =—Dh since V7=0 


Since ; = 1A and Jy = —1A, then 1 = —D(—1) 
from which, D=1 


For passive network, AD— BC =1 from equation 
(41.35) 


Thus, when A= 2, B= 20, C=0.05 and D=1: 
AD — BC = (2)(1) — (20)(0.05) = 2-—1=1 


Hence the network is passive. 


Now try the following exercise. 


PART 
Exercise 149 Further problems on ABCD 3 
parameters 
1. A two-port network has parameters A=(1 —j), 


. A two-port network has the following parameters: 


. A two-port network has the parameters: A = 230°, 


B=10, C=(2+,)S and D=5S. The output cur- 

rent is 100mA through a 50Q load. Determine 

(a) the input voltage, and (b) the input current. 
[(a)(4 —j5) V or 6.4037—51.34°V 
(b)(9.5 +j5)A or 10.74227.76°A] 


A= 10, B=60 2, C=5mS and D=4. Determine 
the input impedance when the output is (a) open- 
circuited, and (b) short-circuited. 

[(a) 2kQ (b) 15 Q] 


B=50225°Q, C=0.05245°S and D=1260°. 
Determine the input impedance when the output 
is (a) open-circuited, and (b) short-circuited. 

[(a) 402—15°Q (b) 50Z—35°Q] 


550 Electrical Circuit Theory and Technology 


4. For a two-port network: 
Vi =6V2 —5h 
and I; =5V2 —3h 


When V; =32V and J; = 36A, determine (a) the 
transmission matrix, and (b) the values of V2 and Jp 


g (3 3) (b) V2 =12V, h=8a] 


5. A network has the transmission matrix: 


(1+j) 2000 
j0.001 1 


Determine the parameters for two such networks 
in cascade. 


(4000 + a 


4 
[consi + j0.002) (ee 72) 


6. Tests on a passive two-port network gave the 
following results: 


Output open-circuited: 

Vi =40V, V2 = 20V, ; = 20mA 

Output short-circuited: 

V, = 40V, 1, =40 mA, 2 = 40 mA 

(a) Determine the values of the ABCD parameters, 
and (b) confirm that the network is passive. 


[(a) A=2, B=1kQ, C=1mS and D=1 
(b) AD — BC = 1, hence the network is passive] 


41.10 ABCD parameters for networks 


(a) Series impedance 


A series impedance, Z, is shown in Figure 41.50. 


I lp 


o> <——o 
Vv, z Vp 
o——— Io 
Figure 41.50 


By Kirchhoff’s voltage law: 

Vi = V2 — Zh (41.36) 
The input current /; must equal —/2 for a passive network, 
ie. LL =0-b (41.37) 


Comparing equations (41.36) and (41.37) with equa- 
tions (41.28) and (41.29), 


Le. Vi = AV2 = Bh 
I, = CV2 — Dh 


(41.28) 
(41.29) 


shows thatA =1, B=Z,C=Oand D=1 


eae _ (AB 1Z 
and the transmission matrix & b) = (j i) (41.38) 


(b) Shunt admittance 


A shunt admittance, Y, is shown in Figure 41.51. 


° > ° <4. O 
V; Y Vo 
oO 4 e) 
Figure 41.51 
Hence, V,; = V2+0 (41.39) 


and since the current through Y is J; + Jp 


then Ih +h=YV2 


from which, [; = YV2 —hh (41.40) 


Comparing equations (41.39) and (41.40) with equa- 
tions (41.28) and (41.29), 


ie. V1 = AV2 = Bh 
I, = CV2 — Db 


(41.28) 
(41.29) 


shows that A=1,B=0,C=YandD=1 


Pa . [A B 10 
and the transmission matrix (2 D) = (> ') (41.41) 


(c) L-network 


The L-network shown in Figure 41.52 can be considered 
to be a cascade connection of the series impedance and 
shunt admittance of (a) and (b) above. 


Figure 41.52 
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Thus, the transmission parameters, 
A B)\ (1 Z 1 0 
C D) \0O 1 Y 1 
from equations (41.38) and (41.41) 


- (° 7" i) (41.42) 


Problem 23. Determine the transmission parameters 
for the L-network shown in Figure 41.53. 
° {YYY\ I oO 
Ry A 
Ro 
ro | re) 
Figure 41.53 


From equation (41.42), (2 D) = & pe ° 


; 1 i 
where shunt admittance, Y = — and series impedance, 


2 
Z=R,+joL 
Hence the transmission parameters, 


1 
A B\_ (+ (=) (Ry +joL,)) (Ri + j@L}) 
C D) t. 1 


Ro 
Ry +joL . 
(1+ “til (Ry +joL1) 
_ Ry 
~ 1 
— 1 
Ro 


(d) T-network 


The T-network shown in Figure 41.54 can be considered 
to be a cascade connection of a series impedance, a shunt 
admittance and then another series impedance. 

The transmission matrix for the T-network is comprised 
of the products of the matrices given by equations (41.38), 
(41.41) and (41.38), 


. (A B\_(1 a\(1 0\(l & 

we 1o p)=\o i)ly is\o 1 
_(G4+¥Z) Z2\(1 & 
= Y 1}\o 41 


h lo 
o— <—o 
4 4 
Vy Y Vo 
° ro) 

Figure 41.54 


_ (‘ +YZ;) [C+ ¥Z1)(Z2) + =) 
7 x (YZz + 1) 


-(" +YZ1) (Zi +Z2+YZ1Z2 


7 (1+ YZ) ) (41.43) 


Problem 24. Determine the transmission parameters 
for a symmetrical T-network which has series arm 
impedances of (50 + j25)Q and a shunt arm of —j50 Q. 


1 
= Z,) = (504+ j25) and Y = —— = 
2 = (50 +725) an 750 


5 (by multiplying numerator and denominator by /) 


In equation (41.43), Z| 


Hence, transmission parameters, 


A B 
C D 
(1+ £00 rs 25)) (50 + j25 + 50 + j25 


+5 (50 + j25)(50 + j25)) 


as (1 Hi so +25) 


(1+j on 5) (100 + j50 + j(1 + j0.5)(50 + j25)) 
j0.02 (1+j + 70.5) 
("\ +j) (00+ j50+j50 — 25 — 25 A”) 


jo.02 (0.5 + j) 
(05+j) (50+ a) 


j0.02 (0.5 +) 


(e) z-network 


The z-network shown in Figure 41.55 can be considered 
to be a cascade connection of a shunt admittance, a series 
impedance, and another shunt admittance. 


PART 


552 Electrical Circuit Theory and Technology 


I I 
° Oo oO. —< O 
Z 
Vy Y Yo Vp 
e) O © O 
Figure 41.55 


The transmission matrix for the z-network is comprised 
of the products of the matrices given by equations (41.41), 
(41.38) and (41.41), 


(6 a)=(n G0 YE 4) 
n mzen)(% 1) 


(1 + ¥2Z) Z 
= +¥%(YiZ+)) + - 


(1+ YZ) Zz ) 
(Y¥1 + Y2 + ¥1¥2Z) (14+ Y1Z) 
(41.44) 


Problem 25. A symmetrical z-network has a series 
impedance of 10260°Q2 and shunt admittances of 
0.01275° S. Determine (a) the transmission matrix, 
and (b) the input voltage and current when there is a 
load resistance of 20 Q across the output and the input 


voltage produces a current of 1 mA through it. 


(a) The transmission matrix is given by equation (41.44) 
where Z = 10260° and Y; = Y2 = 0.01275°. Thus, 


A B 
C D 
(1+ YZ) Z 
G +¥2+Y1¥%2Z) A+ - 


(1 + (0.01275°)(10460°)) 10260° 


(0.01275° + 0.01275° : 
24) (A + 0.01275°) 
(+0121 )(0.01275 ) ( (10 ie) 


x(10260°)) 


(1 +0.12135°) 10260° 
(0.02275° +.0.0012210°) (1 +0.12135°) 


(0.929 + 0.0707) (5 +8.660)_\ 
(0.0043 +j0.0188) (0.929 +j0.0707) 


0.932 24.35° 10260° 
0.0193.277.12° 0.93224.35° 
(b) Output voltage, 
V2 =bhR=20 x 1 x 10-7 =20mV=0.02V 
Current, J7 = —1 mA= —0.001A 
From equation (41.29), 
V, = AV2 — Bl 
= (0.929 + j0.0707)(0.02) 
—(5 + j8.660)(—0.001) 
= 0.02358 + j0.0880 


i.e. input voltage, V; = 0.091275.00°V 


From equation (41.29), 

= CV2 — Dl 

= (0.0043 + j0.0188)(0.02) 
—(0.929 + j0.707)(—0.001) 

= 0.00523 + j0.000447 

= 0.0052524.89°A 

= 5.2524.89°mA 


i.e. input current, J; 


(f) Pure mutual inductance 


A two-port network which is a pure mutual inductance is 
shown in Figure 41.56. 


y 3 Vp 


Figure 41.56 


Applying Kirchhoff’s voltage law to the primary circuit 
gives: 


Vi + j@MI, =0 (this is explained in chapter 43, 
page 592) 
Le. Vi = —joMh (41.45) 
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For the secondary circuit: 
V2 = joMI, 


from which, 


1 
i= (|—]V 
(sar) : 


Comparing equations (41.45) and (41.46) with equa- 
tions (41.28) and (41.29), 


(41.46) 


ie. Vy = AV2 — Bh (41.28) 
I, =CV2 — Dh (41.29) 
: 1 
shows that A= 0, B=jaM, C = —— and D=0 
jJoM 
0 joM 
d the t issi tri EY as 1 
and the transmission matrix {Gp} = ; 

joM 

(41.47) 


(g) Symmetrical lattice 


A symmetrical lattice two-port network is shown in 
Figure 41.57. 


h Ip 
Oo a O 
Vy Vp 
° ce) 
Figure 41.57 


The circuit is shown redrawn as a bridge circuit in 
Figure 41.58. 


-O 


O 
Figure 41.58 


With the output in Figure 41.58 open-circuited, J, =0 
Vi 
and 1) = — 
Zr 
where Zr is (Z;+2Zp) in parallel with (Z;+2Zp), i.e. 
Zr = =(Z, + Zz) either from the reciprocal formula or 
from product/sum. 
Vi Vi 
Zr 


Hence, h= 1 
=(Z, + Z 
56 1+Z2) 
In Figure 41.58, since the two arms have the same 
impedance, i.e. (Z; + Z2), the current through each will 
be 1h. 

2 


1 1 
Thus, V2 = 314 = =Z, 


2 
1 
= zie —Z,) (41.48) 
Substituting for J; gives: 
Y= zhi —Z) 
1 Vi 
ae es (Zz — Z1) 
741 + Zp) 
: Z1+Z 
ec. = V: 41.49 
= (7; = a) a 
From equation (41.28), Vj =AV2 — Bh 
and when Jp = 0, V, =AV2 


Comparing this equation with equation (41.49) gives: 


Z Z 
A= 1+ 22 
Z,—Z, 


Rearranging equation (41.48) gives: 


h= : V. 
1= DZ, 2 


From equation (41.29), 


(41.50) 


I, = CV2 — Dh 


and when J) = 0, I, =CV2 


Comparing this equation with equation (41.50) gives: 


( ) 
C= 
2. —Z 


If the output in Figure 41.58 is now short-circuited, then 
V2=0. 
The current / will be given by: 
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where V is the volt-drop across both Z; and Zp. If the 
voltages across each were different, then V2 would not be 


1 
equal to zero. Since the network is symmetrical, V = 5 Vi. 
Therefore, 
1 1 


‘ at aM w/t 1\) wW(a-& 

oS Oe. he = BE NIy- Fp DN eT 

Rearranging gives: 
2Z1Z. 

v=( a )n 
Z| —Z2 


From equation (41.28), 


(41.51) 


V, =AV2 — Bl 
and when V2 = 0, 
VY, =-Bhlh 


Comparing this equation with equation (41.51) gives: 
es 2Z1Z2 \ (2212) 
~ AYA) \-Z 


V 
Input current, 7; = t = t 


Z; Zo 2 
VM (24+ 
— 2\ ZZ 
and substituting for V) from equation (41.51) gives: 


I Vif Zick 2) 
pe aN ae 


bh 2Z\ 22 Zj+L 
~ 2\-h Z\Zy 


Z+Z 
1.e. n=( i an 
Z1-Z 


From equation (41.29), I; = CV2 — Dh 


(41.52) 


and when V2 = 0, I, =-Dh 


Comparing this equation with equation (41.52) gives: 
4 = 4 +) 
Z| —Zp Z,—-Z 
Thus the transmission matrix for the symmetrical lattice is: 
Z1+Z2 2Z1Z2 
iz is - & =a) 


2 Z1 +Z2 
Z1—Z, Z,—Z, 


(41.53) 


Problem 26. In the symmetrical lattice shown in Fig- 
ure 41.57, Z; = 25 Q and Z) =35 Q. Determine the 
equivalent T-network. 


From equation (41.43) the transmission matrix for a T- 
network is: 


(Q4+¥Z1) (Z)+Z.+YZ1Z) 
( Y (1 + YZ) 


From equation (41.53) the transmission matrix for a 
symmetrical lattice is: 


Z1+Zo 2Z1Z2 
(a) Gea 
2: Z1+Z2 
(a-z) (3) 
25 + 35 2(25)(35) 
(33) (SS) 
3 25 + 35 
(8) ($4) 


when Z; = 25 Q and Z) = 35Q 


Since the lattice is symmetrical, the equivalent T-network 
must also be symmetrical. Thus 


(1+ YZ) (2Z+ YZ?) 
Y (1+ YZ) 


25 +35 2(25)(35) 
(F3) eo) 6 175 
2 25 +35 =(02 a) 
€ = x) ( ) 


35 — 25 


Equating the terms gives: 


Y = 0.2S, 
1+YZ=6 
ie. 1+0.2Z = 6 
: 6-1 
from which, Z = — =252 
0.2 


Hence, the T-network shown in Figure 41.59(b) is equiva- 
lent to the symmetrical lattice network shown in Fig- 
ure 41.59(a). 
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O e) 
O o) 
(a) 
oO O 
252) i 252) 
0.2S 
O° | co) 


(b) 
Figure 41.59 


Now try the following exercise. 


Exercise 150 Further problems on ABCD param- 
eters for networks 


1. Write down the transmission matrix for (a) a 5 Q 
series impedance, and (b) a 5 Q shunt impedance. 


(0 1) © (02 9) 


2. Determine the transmission parameters for an 
L-network having a5 Q series impedance and a5 (2 


shunt impedance. 
2 3s 
2 I 


3. An L-network has a shunt arm admittance of 0.5S 
and a series arm impedance of 10 Q resistance and 
318.3 WH inductor. If the frequency of the network 
is 5 kHz, determine its transmission matrix. 


Ke +j5) (10 el 
0.5 1 


4. Determine the transmission parameters for a sym- 
metrical T-section which has a series impedance of 
(1+ j2)kQ and a shunt arm impedance of j1 kQ. 


(3—j) (6+ j7)103 
—j0.001 (3—j) 


5. Determine the transmission parameters for a sym- 
metrical T-section which has a series impedance 
of 100230°Q and a shunt arm impedance of 


1007—90° Q. 
1260° 173.2260° 
0.01290° 1260° 
6. A symmetrical zr-section has a series impedance 
of (5+ 710)8 and shunt arm admittances 
of (0.01 + 70.02)S. Determine the transmission 
parameters. 


(0.85 + j0.20) (5 +j10) 
(0.0145 + 70.039) (0.85 + j0.20) 


7. A symmetrical zr-section has a series impedance 
of 100230°Q and shunt arm admittances of 
0.01260°S. Determine (a) the transmission 
matrix, and (b) the input voltage and current when 
there is a load resistance of 100 Q across the out- 
put and the input voltage produces a current of 
10mA. 


1.414245° ——-100230° 
(@) | 0.0224786.57° 1.414245° 
(b) V, =2.394238.79°V, Ty =34.25270.67°mA 


8. A two-port network has a pure mutual inductance 
of 3.979 mH at a frequency of 2kHz. Determine 


the transmission matrix. 
0 J50 
—j0.02 0 


9. A symmetrical lattice (as shown in Figure 41.57) 
has Z; = 10 Q and Z2 = 20 Q. Determine its trans- 


mission parameters. 
3 40 
Or 3 


10. For the symmetrical lattice of Problem 9, deter- 
5 : : PART 
mine the equivalent symmetrical T-network. 
[Y =0.2S,Z=10Q] 3 


11. A symmetrical z-network has a series impedance 
of 10 Q and shunt arm impedances of 5 &2. Deter- 
mine (a) its transmission parameters, and (b) the 
equivalent symmetrical T-network. 


g ine y (b) ¥ =0.88,Z= 1.25 al 


41.11 Characteristic impedance in terms of 
ABCD parameters 


As stated previously, for a two-port network, the ABCD 
parameters are specified as follows: 


V, =AV2 — Bh (41.28) 
I, = CV2 — Dh (41.29) 
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From page 528, equation (41.2), characteristic impedance, 


Zo =~ (ZocZsc) 


When the output of a two-port network is open- 
circuited, /, =0 


and from equation (41.28), V, = AV2 

and from equation (41.29), I, = CV 
Thus, input impedance, Z ee. 
us, input impedance, == = 
oes Oe CG 


When the output of a two-port network is short- 
circuited, V> = 0 


and from equation (41.28), Vi =—-Bh 
and from equation (41.29), I, =—-Dhh 
Vi -Bh B 


Thus, input impedance, Z),. = 7 opi ps 
1 —DIn 


It is noticed from the T- and z-networks that when they 
are symmetrical, A= D 


BB 


Thus, Zi sc => D = A 


Therefore, the characteristic impedance, 


Zo = J(ZocZsc) = [e>4|=/2 


Problem 27. Find the characteristic impedance for 
the symmetrical T-network of Problem 24 on page 551. 


From Problem 24, B=(50+ 87.5) = 100.78260.26°, 
and C=j0.02 = 0.02290°, from which, characteristic 
impedance, 


¥ fe i 
°“VCE VY 0.022909 


= V50392—29.74° 
= 712-14.87°2 


using De Moivre’s theorem, which for square roots states: 


1 6 
JrZ6 = [rZ6]2 r?2L50 JrZs 


Problem 28. Find the characteristic impedance for 
the symmetrical z-network of Problem 25 on page 552. 


From Problem 25, B = 10260°, and C = 0.0193 277.12°, 
from which, characteristic impedance, 


Z = /2-, 10260° 
°~V CG V0.0193277.12° 


= V518.1352Z—17.12° 
= 22.762-8.56° 2 


Now try the following exercise. 


Exercise 151 Further problems on the character- 
istic impedance in terms of the ABCD Parameters 


1. For the symmetrical T-network of Problem 5, 
Exercise 150, page 555, find its characteristic 
impedance. [131.62—15°Q] 


2. For the symmetrical z-network of Problem 7, 
Exercise 150, page 555, find its characteristic 
impedance. [66.822 —28.29°Q] 


3. For the symmetrical lattice of Problem 9, Exercise 
150, page 555, find its characteristic impedance. 
[14.14 Q] 


4. For the symmetrical z-network of Problem 11, 
Exercise 150, page 555, find its characteristic 
impedance. [3.536 Q] 


Revision test 13 


This revision test covers the material contained in 
chapters 39 to 41. 


The marks for each question are shown in brackets at 
the end of each question. 


. The equivalent series circuit for a particular capacitor 
consists of a 2 Q resistor in series with a 250 pF capac- 
itor. Determine, at a frequency of 10 MHz (a) the loss 
angle of the capacitor, and (b) the power factor of the 
capacitor. (3) 


2. A 50V, 20kHz supply is connected across a 500 pF 
capacitor and the power dissipated in the dielectric is 
200 ip. W. Determine (a) the loss angle, (b) the equiva- 
lent series loss resistance, and (c) the equivalent parallel 
loss resistance. (9) 


3. A coaxial cable, which has a core of diameter 12 mm 
and a sheath diameter of 30mm, is 10km long. Cal- 
culate for the cable (a) the inductance, assuming non- 
magnetic materials, and (b) the capacitance, assuming 
a dielectric of relative permittivity 5. (8) 


. A50 km length single-phase twin line has conductors of 


diameter 20 mm and spaced 1.25 m apart in air. Deter- 
mine for the line (a) the loop inductance, and (b) the 
capacitance. (8) 


. Find the strength of a uniform electric field if it is to 


have the same energy as that established by a magnetic 
field of flux density 1.15 T. (Assume that the rela- 
tive permeability of the magnetic field and the relative 
permittivity of the electric field are both unity.) (5) 


. 8% of the power supplied to a cable appears at the out- 


put terminals. Determine the attenuation in decibels. 


(3) 


. Design (a) a T-section attenuator, and (b) a z-attenuator 


to provide a voltage attenuation of 25 dB and having a 
characteristic impedance of 620 Q. (14) 


. Determine the transmission parameters for the follow- 


ing: (a) a symmetrical T-section which has a series 
impedance of (2 +5) Q and a shunt arm impedance 
of j2 Q, (b) a symmetrical z-section which has a series 
impedance of 10060° Q and shunt arm admittances 
of 0.01230° S. (c) For each of the above networks find 
their characteristic impedance. (20) 
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42 Filter networks 


At the end of this chapter you should be able to: 


@ appreciate the purpose of a filter network 

e understand basic types of filter sections, i.e. low- 
pass, high-pass, band-pass and band-stop filters 

e understand characteristic impedance and attenuation 
of filter sections 

e understand low and high pass ladder networks 


e design a low and high pass filter section 

e calculate propagation coefficient and time delay in 
filter sections 

e understand and design ‘m-derived’ filter sections 

e understand and design practical composite filters 


42.1 Introduction 


A filter is a network designed to pass signals having fre- 
quencies within certain bands (called passbands) with 
little attenuation, but greatly attenuates signals within 
other bands (called attenuation bands or stopbands). 

As explained in the previous chapter, an attenuator net- 
work pad is composed of resistances only, the attenuation 
resulting being constant and independant of frequency. 
However, a filter is frequency sensitive and is thus com- 
posed of reactive elements. Since certain frequencies are 
to be passed with minimal loss, ideally the inductors and 
capacitors need to be pure components since the presence 
of resistance results in some attenuation at all frequencies. 

Between the passband of a filter, where ideally the 
attenuation is zero, and the attenuation band, where ide- 
ally the attenuation is infinite, is the cut-off frequency, 
this being the frequency at which the attenuation changes 
from zero to some finite value. 

A filter network containing no source of power is termed 
passive, and one containing one or more power sources is 
known as an active filter network. 

The filters considered in this chapter are symmetrical 
unbalanced T and z sections, the reactances used being 
considered as ideal. 

Filters are used for a variety of purposes in nearly every 
type of electronic communications and control equipment. 
The bandwidths of filters used in communications sys- 
tems vary from a fraction of a hertz to many megahertz, 
depending on the application. 


42.2 Basic types of filter sections 


(a) Low-pass filters 


Figure 42.1 shows simple unbalanced T and z section fil- 
ters using series inductors and shunt capacitors. If either 
section is connected into a network and a continuously 


increasing frequency is applied, each would have a 
frequency-attenuation characteristic as shown in Figure 
42.2(a). This is an ideal characteristic and assumes pure 
reactive elements. All frequencies are seen to be passed 
from zero up to a certain value without attenuation, this 
value being shown as f,, the cut-off frequency; all values 
of frequency above f, are attenuated. It is for this reason 
that the networks shown in Figures 42.1(a) and (b) are 
known as low-pass filters. The electrical circuit diagram 
symbol for a low-pass filter is shown in Figure 42.2(b). 


Figure 42.1 


Altenuation 


Pass band 


: _ | & 
0 Frequency Ow 


(a) {b) 
Figure 42.2 


Summarizing, a low-pass filter is one designed to pass 
signals at frequencies below a specified cut-off frequency. 
When rectifiers are used to produce the d.c. supplies 
of electronic systems, a large ripple introduces undesir- 
able noise and may even mask the effect of the signal 
voltage. Low-pass filters are added to smooth the output 
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voltage waveform, this being one of the most common 
applications of filters in electrical circuits. 

Filters are employed to isolate various sections of a 
complete system and thus to prevent undesired inter- 
actions. For example, the insertion of low-pass decoupling 
filters between each of several amplifier stages and a com- 
mon power supply reduces interaction due to the common 
power supply impedance. 


(b) High-pass filters 


Figure 42.3 shows simple unbalanced T and z section 
filters using series capacitors and shunt inductors. If 
either section is connected into a network and a con- 
tinuously increasing frequency is applied, each would 
have a frequency-attenuation characteristic as shown in 
Figure 42.4(a). 


Hobe 


(a) (b) 
Figure 42.3 


Once again this is an ideal characteristic assuming pure 
reactive elements. All frequencies below the cut-off fre- 
quency f are seen to be attenuated and all frequencies 
above f; are passed without loss. It is for this reason that the 
networks shown in Figures 42.3(a) and (b) are known as 
high-pass filters. The electrical circuit-diagram symbol 
for a high-pass filter is shown in Figure 42.4(b). 


Attenuation 


Pass band 


Frequency 


{a) (b) 
Figure 42.4 


Summarizing, a high-pass filter is one designed to pass 
signals at frequencies above a specified cut-off frequency. 

The characteristics shown in Figures 42.2(a) and 
42.4(a) are ideal in that they have assumed that there is 
no attenuation at all in the passbands and infinite attenu- 
ation in the attenuation bands. Both of these conditions 
are impossible to achieve in practice. Due to resistance, 
mainly in the inductive elements the attenuation in the 
passband will not be zero, and in a practical filter section 
the attenuation in the attenuation band will have a finite 


value. Practical characteristics for low-pass and high-pass 
filters are discussed in Sections 42.5 and 42.6. In addition 
to the resistive loss there is often an added loss due to mis- 
matching. Ideally when a filter is inserted into a network it 
is matched to the impedance of that network. However the 
characteristic impedance of a filter section will vary with 
frequency and the termination of the section may be an 
impedance that does not vary with frequency in the same 
way. To minimize losses due to resistance and mismatch- 
ing, filters are used under image impedance conditions as 
far as possible (see Chapter 41). 


(c) Band-pass filters 


A band-pass filter is one designed to pass signals with 
frequencies between two specified cut-off frequencies. 
The characteristic of an ideal band-pass filter is shown 
in Figure 42.5. 


Attenuation 


Figure 42.5 


Such a filter may be formed by cascading a high-pass 
and a low-pass filter. fc, is the cut-off frequency of the 
high-pass filter and fc, is the cut-off frequency of the low- 
pass filter. As can be seen, fc, > fc, for a band-pass filter, 
the passband being given by the difference between these 
values. The electrical circuit diagram symbol for a band- 
pass filter is shown in Figure 42.6. 


26 
~w 
©o 


Figure 42.6 


Crystal and ceramic devices are used extensively as 
band-pass filters. They are common in the intermediate- 
frequency amplifiers of vhf radios where a precisely- 
defined bandwidth must be maintained for good 
performance. 


(d) Band-stop filters 


A band-stop filter is one designed to pass signals with 
all frequencies except those between two specified cut-off 
frequencies. The characteristic of an ideal band-stop filter 
is shown in Figure 42.7. Such a filter may be formed by 
connecting a high-pass and a low-pass filter in parallel. As 
can be seen, for a band-stop filter fc,, > fc,, the stop-band 


PART 


560 Electrical Circuit Theory and Technology 


being given by the difference between these values. The 
electrical circuit diagram symbol for a band-stop filter is 
shown in Figure 42.8. 


aad 


Attenuation 


Pass band 


0 fc, fc, Frequency 
Figure 42.7 
fa¥) 
P ] 
wv 
Figure 42.8 


Sometimes, as in the case of interference from 50 Hz 
power lines in an audio system, the exact frequency of a 
spurious noise signal is known. Usually such interference 
is from an odd harmonic of 50 Hz, for example, 250 Hz. 
A sharply tuned band-stop filter, designed to attenuate the 
250 Hz noise signal, is used to minimize the effect of the 
output. A high-pass filter with cut-off frequency greater 
than 250 Hz would also remove the interference, but some 
of the lower frequency components of the audio signal 
would be lost as well. 


42.3 The characteristic impedance and 
the attenuation of filter sections 


Nature of the input impedance 


Let a symmetrical filter section be terminated in an 
impedance Zo. If the input impedance also has a value of 
Zo, then Zo is the characteristic impedance of the section. 

Figure 42.9 shows a T section composed of reactive 
elements X4 and Xz. If the reactances are of opposite 
kind, then the input impedance of the section, shown as 


Input Output 
port port 


Figure 42.9 


Zo, when the output port is open or short-circuited can be 
either inductive or capacitive depending on the frequency 
of the input signal. 

For example, if X4 is inductive, say jX;, and Xz is 
capacitive, say, —jXc, then from Figure 42.9, 


Zoc =jXi — jXc = j(Xi — Xc) 


iXr)(—jX XX 
wad Bee Fee ae GX (= iXc) - _&LXc) 
(jXL) + (-jXc) (Xt — Xe) 
. .{ XiXc . XLXcC 
= jXL—-j =J | XL 
X, —Xc Xt —Xc 


Since X, = 2mfL and Xc = (1/2zfC) then Zoc and Zsc 
can be inductive, (i.e. positive reactance) or capaci- 
tive (i.e. negative reactance) depending on the value of 
frequency, f. 

Let the magnitude of the reactance on open-circuit be 
Xoc and the magnitude of the reactance on short-circuit be 
Xsc. Since the filter elements are all purely reactive they 
may be expressed as jXoc or jXsc, where Xgc and Xsc are 
real, being positive or negative in sign. Four combinations 
of Zoc and Zsc are possible, these being: 


(i) Zoc=+j)Xoc and Zsc = —jXsc 

(ii) Zoc=—JjXoc and Zsc = +jXsc 

ii) ~Zoc=+jXoc and Zsc = +jXsc 

and (iv) Zoc => —jXoc and Zsc => —jXsc 


From general circuit theory, input impedance Zo is 
given by: 


Zo = J(ZocZsc) 


Taking either of combinations (i) and (ii) above gives: 


Zo = J(-i’XocXsc) = /(XocXsc), 


which is real, thus the input impedance will be purely 
resistive. 
Taking either of combinations (iii) and (iv) above gives: 


Zo = Ji?’ XocXsc) = +iV(XocXsc), 


which is imaginary, thus the input impedance will be 
purely reactive. 

Thus since the magnitude and nature of Zoc and Zsc 
depend upon frequency then so also will the magni- 
tude and nature of the input impedance Zo depend upon 
frequency. 


Characteristic impedance 


Figure 42.10 shows a low-pass T section terminated in its 
characteristic impedance, Zo. 

From equation (41.2), page 528, the characteristic 
impedance is given by Zo = /(ZocZsc) 


Filter networks 561 


V, V. Z, 
1 Z 2 (0) 
—_—_> 
Input Output 
Port Port 
Figure 42.10 


The following statements may be demonstrated to be true 
for any filter: 


(a) The attenuation is zero throughout the frequency 
range for which the characteristic impedance is purely 
resistive. 

(b) The attenuation is finite throughout the frequency 
range for which the characteristic impedance is purely 
reactive. 


To demonstrate statement (a) above: 


Let the filter shown in Figure 42.10 be operating over a 
range of frequencies such that Zo is purely resistive. 
V V. 
From Figure 42.10, Zo = as 
q bh 
Power dissipated in the output termination, 
P2 = Valo cos $2 = V2Ip (since @2 = 0 with a purely resis- 
tive load). 
Power delivered at the input terminals, 


Py = Vili cos 1 = Vil (since —\ = 0) 


No power is absorbed by the filter elements since they are 
purely reactive. 


Hence P2 = P), V=V and h =], 


Thus if the filter is terminated in Zo and operating in a 
frequency range such that Zo is purely resistive, then all 
the power delivered to the input is passed to the output 
and there is therefore no attenuation. 


To demonstrate statement (b) above: 


Let the filter be operating over a range of frequencies such 
that Zo is purely reactive. 


Thus voltage and current are at 90° to each other 
which means that the circuit can neither accept nor 
deliver any active power from the source to the load 
(P= VI cos ¢ = VI cos 90° = VI(O) =0). There is there- 
fore infinite attenuation, theoretically. (In practise, the 
attenuation is finite, for the condition (Vj /I1) = (V2/I2) 


can hold for Vz < Vj and Jy <j, since the voltage and 
current are 90° out of phase.) 

Statements (a) and (b) above are important because they 
can be applied to determine the cut-off frequency point of 
any filter section simply from a knowledge of the nature of 
Zo. In the pass band, Zo is real, and in the attenuation 
band, Zo is imaginary. The cut-off frequency is therefore 
at the point on the frequency scale at which Zo changes 
from a real quantity to an imaginary one, or vice versa 
(see Sections 42.5 and 42.6). 


42.4 Ladder networks 


Low-pass networks 


Figure 42.11 shows a low-pass network arranged as a 
ladder or repetitive network. Such a network may be con- 
sidered as a number of T or z sections in cascade. In 
Figure 42.12(a), a T section may be taken from the ladder 
by removing ABED, producing the low-pass filter section 
shown in Figure 42.13(a). The ladder has been cut in the 
centre of each of its inductive elements hence giving L/2 
as the series arm elements in Figure 42.13(a). 


L L E L L L 
Cc Cc Cc Cc Cc Cc 
Figure 42.11 
A D F H 
[en fp eae 
LIe Lak 7 I 
L ale rar L ' Loy L 


(a) 


Figure 42.12 


Similarly, a mz section may be taken from the ladder 
shown in Figure 42.12(a) by removing FGJH, producing 
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L 
2 


: L 


(a) (b) 
Figure 42.13 


the low-pass filter section shown in Figure 42.13(b). The 
shunt element C in Figure 42.12(a) may be regarded as two 
capacitors in parallel, each of value C/2 as shown in the 
part of the ladder redrawn in Figure 42.12(b). (Note that 
for parallel capacitors, the total capacitance Cy is given by 


Cr=Ci+CQ+-::-: -In this ease 5+ 5 =C). 
The ladder network of Figure 42.11 can thus either be 
considered to be a number of the T networks shown in Fig- 
ure 42.13(a) connected in cascade, or a number of the z 
networks shown in Figure 42.13(b) connected in cascade. 
It is shown in Section 44.3, page 605, that an infinite 
transmission line may be reduced to a repetitive low-pass 
filter network. 


High-pass networks 


Figure 42.14 shows a high-pass network arranged as a lad- 
der. As above, the repetitive network may be considered 
as a number of T or zr sections in cascade. 


Figure 42.14 


In Figure 42.15, a T section may be taken from the 
ladder by removing ABED, producing the high-pass filter 
section shown in Figure 42.16(a). 

Note that the series arm elements are each 2C. This 
is because two capacitors each of value 2C connected in 
series gives a total equivalent value of C, (i.e. for series 
capacitors, the total capacitance Cr is given by 


Similarly, a a section may be taken from the ladder 
shown in Figure 42.15 by removing FGJH, producing the 


Figure 42.15 


high-pass filter section shown in Figure 42.16(b). The 
shunt element L in Figure 42.15(a) may be regarded as 
two inductors in parallel, each of value 2L as shown in the 
part of the ladder redrawn in Figure 42.15(b). (Note that 
for parallel inductance, the total inductance Ly is given by 
: : + : + In thi : + : : ) 

—=—+— +---.Inthis case, — +— = — 

Lr ly In 2L 0 2L OL 

The ladder network of Figure 42.14 can thus be con- 
sidered to be either a number of T networks shown in 
Figure 42. 16(a) connected in cascade, or a number of the zr 
networks shown in Figure 42.16(b) connected in cascade. 


2C 2c Cc 


|—_ 


(a) (b) 
Figure 42.16 


42.5 Low-pass filter sections 


(a) The cut-off frequency 


From equation (41.1), the characteristic impedance Zp for 
a symmetrical T network is given by: 
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Zo = (77 + 2Z,4Zp). Applying this to the low-pass T 
section shown in Figure 42.17, 


ie 
2 


nin 


4 


Figure 42.17 


ie, Z (( or) (42.1) 
2G: 0= = ‘ 
C4 


LL wl? 
Zo will be real if — > 
C 4 
Lo wl? 
Thus attenuation will commence when C a 4 
: » 4 
Le. whenw — (42.2) 


e~ TC 


where w, = 2zf, and f, is the cut-off frequency. 


>» 4 
Thus (27f,)° = — 


~ LC 
mt=\ (Te) = 77 
™he=V\ Te) = 76 
: 2 1 
a fe= SLO) = a JO) 
ic. the cut-off fi ee 42.3 
Le. e cut-off frequency, | f, = JL) (42.3) 


The same equation for the cut-off frequency is obtained for 
the low-pass z network shown in Figure 42.18 as follows: 


Figure 42.18 


From equation (41.3), for a symmetrical z network, 


Applying this to Figure 42.18, 


1 2 
Z, =joL and Z) = —~ = —~ 
Parnes . C jac 
JOD 
7 2 
wt) 
Jo ae 
Thus Zj= err 
joL + 2 | —~ 
VU (we) 
vo 4 
(Jol) ( —s-5 
7 ol, —i 4 
all rN ae 
_4L 4L 
_ fies = wC2 
. 4 
J\ oL- — — -oL 
\ aC oC 
_ 4L 
= a 
wC2 | — — aL 
\ wC 
_ 4L 
a 4C — w?LC? 
i Z : (42.4) 
1.€. => = . 
: Cw 
\N A\L 4 
272 
eiwalbeae ss 
L 4 
w*C2 
Thus attenuation will commence when L = Z 
i.e. when wr —— 
LC 
fi hich, cut-off fi Si : 
rom which, cut-off frequenc = —_ 
q' Y, | Je x J(LC) 


as in equation (42.3). 


(b) Nominal impedance 


When the frequency is very low, w is small and the 
term (w?L? /4) in equation (42.1) (or the term (w*C?/4) 
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in equation (42.4)) may be neglected. The characteris- 
tic impedance then becomes equal to ./(L/C), which is 
purely resistive. This value of the characteristic impedance 
is known as the design impedance or the nominal 
impedance of the section and is often given the symbol Ro, 


_ fe 
1.e. = = 
re 


Problem 1. Determine the cut-off frequency and the 
nominal impedance of each of the low-pass filter 
sections shown in Figure 42.19. 


(42.5) 


100 mH 100 mH 0.4H 


Figure 42.19 


(a) Comparing Figure 42.19(a) with the low-pass T sec- 
tion in Figure 42.17 shows that (Z/2)= 100 mH, 
i.e. inductance, L = 200 mH = 0.2 H and capacitance, 
C=02F=0.2% 10°F 
From equation (42.3), cut-off frequency, 


a ae I _ 10° 
~ Y(LC)— 2/(0.2 x 0.2 x 10-°) (0.2) 


Se 


ie. fe = 1592 Hz or 1.592 kHz 
From equation (42.5), nominal impedance, 


L 0.2 
k= | -/ = 1000 Q or 1kQ 
C 0.2 x 10-6 


(b) Comparing Figure 42.19(b) with the low-pass z sec- 
tion shown in Figure 42.18 shows that (C/2) = 200 pF, 
ie. capacitance, C=400pF=400 x 107!7F and 
inductance, L=0.4H, 

From equation (42.3), cut-off frequency, 


1 1 
~ a V(LC) — 1/(0.4 x 400 x 10-12) 
= 25.16 kHz 


Se 


From equation (42.5), nominal impedance, 


R /(2 / as 31.62kQ 
°=¥ Vc} ~ V 400 x 10-2 J 7 


From equations (42.1) and (42.4) it is seen that the char- 
acteristic impedance Zp varies with @, i.e. Zp varies with 
frequency. Thus if the nominal impedance is made to equal 
the load impedance into which the filter feeds then the 
matching deteriorates as the frequency increases from zero 
towards f,.. It is however convention to make the terminat- 
ing impedance equal to the value of Zp well within the 
passband, i.e. to take the limiting value of Zp as the fre- 
quency approaches zero. This limit is obviously ./(L/C). 
This means that the filter is properly terminated at very 
low frequency but as the cut-off frequency is approached 
becomes increasingly mismatched. This is shown for a 
lowpass section in Figure 42.20 by curve (a). It is seen 
that an increasing loss is introduced into the passband. 
Curve (b) shows the attenuation due to the same low-pass 
section being correctly terminated at all frequencies. A 
curve lying somewhere between curves (a) and (b) will 
usually result for each section if several sections are cas- 
caded and terminated in Ro, or if a matching section is 
inserted between the low-pass section and the load. 


A 
Attenuation 


(a) 
; (b) 


> 
Frequency 


—> 


fc 
|<—Pass band >|<— Attenuation 
band 


Figure 42.20 


(c) To determine values of L and C given Ro and f, 


If the values of the nominal impedance Ro and the cut- 
off frequency f; are known for a low-pass T or z section 
it is possible to determine the values of inductance and 
capacitance required to form the section. 


L L 
From equation (42.5), Ro = / c = vt from which, 
VL=RoJC 


Substituting in equation (42.3) gives: 


1 1 1 


fe = GI/LJC alig/OJe ake 


from which, | capacitance C = (42.6) 


URofe 
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L 
Similarly from equation (42.5), ./C = vi 


0 
1 
Substituting in equation (42.3) gives: f. = Tix 
Lp 
a ( Ro ) 
"aL 
R 
from which,| inductance, L = —2 (42.7) 
mh 


Problem 2. A filter section is to have a characteristic 
impedance at zero frequency of 600 Q and a cut-off 
frequency at 5 MHz. Design (a) a low-pass T section 
filter, and (b) a low-pass z section filter to meet these 


requirements. 


The characteristic impedance at zero frequency is the nom- 
inal impedance Ro, i.e. Ro = 600 Q; cut-off frequency, 
fe =5MHz=5 x 10° Hz. 


From equation (42.6), 


1 1 
TRof.  1(600)(5 x 108) 


capacitance, C = F = 106 pF 


and from equation (42.7), 


Ro 600 
mf.  m(5 x 109) 


inductance, L = H = 38.2 uwH 


(a) Alow-pass T section filter is shown in Figure 42.21(a), 
where the series arm inductances are each L/2 (see 
Figure 42.17), i.e. (38.2/2) = 19.1 pH 

(b) A low-pass z section filter is shown in Figure 42.21(b), 
where the shunt arm capacitances are each (C/2) (see 
Figure 42.18), ie. (106/2) = 53 pF 


19.1 pH 19.1 jH 38.2 \H 


Figure 42.21 


(d) ‘Constant-k’ prototype low-pass filter 


A ladder network is shown in Figure 42.22, the ele- 
ments being expressed in terms of impedances Z; and Z. 


The network shown in Figure 42.22(b) is equivalent to 
the network shown in Figure 42.22(a), where (Z;/2) in 
series with (Z;/2) equals Z; and 2Z> in parallel with 2Z 
equals Z). Removing sections ABED and FGJH from Fig- 
ure 42.22(b) gives the T section shown in Figure 42.23(a), 
which is terminated in its characteristic impedance Zor, 
and the z section shown in Figure 42.23(b), which is 
terminated in its characteristic impedance Zo, 


Zz Z Z Z Z 
2 2 2 2 2 
(a) 
A D F H 
ZIA AIAG H 
SOL hee 212 4 4 4 


Figure 42.22 


Zor 


‘On Ze 


(b) 
Figure 42.23 


From equation (41.1), page 528, 


2 
ZoT = / (2) +2 (4) 2| 
2 
ie. Zor= / (2 + 22) (42.8) 
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From equation (41.3), page 529 


es [2S ]- / Zi (Zi )(4Z3) 
OMA | Fe OZ | VN ZkZy ao) 


2ZZ2 _ ZZ 
— M(Z+4212) | (2? 
ui / 14Z\Z, 
4 
‘ ZiZy ; 
Le. Zoq = from equation (42.8) 
OT 
Thus ZotZon = Z1Z2 (42.9) 


This is a general expression relating the characteristic 
impedances of T and z sections made up of equivalent 
series and shunt impedances. 

From the low-pass sections shown in Figures 42.17 
and 42.18, 


1 
Z| =joL and ZL = 
Joc 


1 L 
Hence Zo7rZo, =(jowL) {| —— ] = = 
oT Zon = (jw (=) C 


Thus, from equation (42.5),| ZorZox = R (42.10) 


From equations (42.9) and (42.10), 
ZorZon = Z\Z2 = Rj = constant (k). 


A ladder network composed of reactances, the series react- 
ances being of opposite sign to the shunt reactances (as 
in Figure 42.23) are called ‘constant-k’ filter sections. 
Positive (i.e. inductive) reactance is directly proportional 
to frequency, and negative (i.e. capacitive) reactance is 
inversely proportional to frequency. Thus the product of 
the series and shunt reactances is independent of fre- 
quency (see equations (42.9) and (42.10)). The constancy 
of this product has given this type of filter its name. 
From equation (42.10), it is seen that Zor and Zo, will 
either be both real or both imaginary together (since j* = 
—1). Also, when Zor changes from real to imaginary at 
the cut-off frequency, so will Zp,. The two sections shown 
in Figures 42.17 and 42.18 will thus have identical cut- 
off frequencies and thus identical passbands. Constant-k 
sections of any kind of filter are known as prototypes. 


(e) Practical low-pass filter characteristics 


From equation (42.1), the characteristic impedance Zor 
of a low-pass T section is given by: 


or =| (4 ee Fe 
He ENGR ad 


Rearranging gives: 


co ife- 2 ONO-2) 
“ay (1-2 


4 
From equation (42.2), we = ie’ hence 


) from equation (42.5) 


2 
ie. | Zor = Ra\| c = (=) (42.11) 
We 
R2 
Also, from equation (42.10), Zor = —2 
Zor 
Ro 
= xe 
ani |'- (3) 
Wc 
R 
ie. | Zon = u (42.12) 


P-@)] 


(Alternatively, the expression for Zo, could have been 
obtained from equation (42.4), where 


ee 
(0-55) /p-(2)] 


From equations (42.11) and (42.12), when w=0 (ie. 
when the frequency is zero), 


Zor = Zon = Ro 


as above). 


At the cut-off frequency, f., @ = Ww 
and from equation (42.11), Zor falls to zero, 
and from equation (42.12), Zon rises to infinity. 
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These results are shown graphically in Figure 42.24, 
where it is seen that Zp7 decreases from Ro at zero fre- 
quency to zero at the cut-off frequency; Zoz rises from its 
initial value of Ro to infinity at f 


(At a frequency, f = 0.95f., for example, 


Z #0 3.2R 
On = = J.AIN(0) 
7 /d — 0.952) 
from equation (42.12)). 
ZA 
r 
Lon 
7 R Nominal 
7 9 Impedance 
2or 
> 
ee) fo Frequency 
Attenuation 
}«——. Pass band —_ 
band 
Figure 42.24 


Note that since Z) becomes purely reactive in the atten- 
uation band, it is not shown in this range in Figure 42.24. 

Figure 42.2(a), on page 558, showed an ideal low-pass 
filter section characteristic. In practise, the character- 
istic curve of a low-pass prototype filter section looks 
more like that shown in Figure 42.25. The characteristic 
may be improved somewhat closer to the ideal by con- 
necting two or more identical sections in cascade. This 
produces a much sharper cut-off characteristic, although 
the attenuation in the pass band is increased a little. 


A 
Attenuation 
| 
fo Frequency 
LL Pass band ——>l<— Attenuation 
Band 
Figure 42.25 


Problem 3. The nominal impedance of a low-pass 
section filter is 500 Q and its cut-off frequency is at 
100 kHz. Determine (a) the value of the characteristic 
impedance of the section at a frequency of 90 kHz, 
and (b) the value of the characteristic impedance of 
the equivalent low-pass T section filter. 


At zero frequency the characteristic impedance of the 
mz and T section filters will be equal to the nominal 
impedance of 500 Q. 


(a) From equation (42.12), the characteristic impedance 
of the z section at 90 kHz is given by: 


500 


7 | (2790 x10? ; 
27100 x 103 
500 


~ J/{1 = (0.9)7] 


(b) From equation (42.11), the characteristic impedance 
of the T section at 90 kHz is given by: 


2 
aie ra] f (2) = 500./f1 — (0.9)7] 


= 2182 


= 11472 


(Check: From equation (42.10), 
ZorZon = (218)(1147) = 250000 = 5007 = RB) 
Typical low-pass characteristics of characteristic 


impedance against frequency are shown in Figure 
42.24. 


Problem 4. A low-pass z section filter has a nom- 
inal impedance of 600 Q and a cut-off frequency of 
2 MHz. Determine the frequency at which the charac- 
teristic impedance of the section is (a) 600 Q (b) 1kQ 
(c) 10kQ. 


Ro 


(a) When Zo, = 600 Q and Rp = 600 Q, then w= 0, i.e. 
the frequency is zero 


From equation (42.12), Zo7 = 
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(b) When Zz = 1000 Q, Ro = 600 Q and f, = 2 x 10° Hz 
600 


Inf \? 
jo{ es 
22 x 10° 
e 600 \7 
fi hich, 1 = =0. 
rom which, (5 x 108 1000 0.36 


fe) = 44036) = 


Thus when Zon = 1000 Q, 
frequency, f = (0.8)(2 x 10°) = 1.6 MHz 


then 1000= 


(c) When Zoz = 10kQ, then 


0 
10000 = = 


where frequency, f is in megahertz. 


‘ats 600 \7 3 
Thus 1 (4) = (po) = (0.06) 


and : = /[1 — (0.06)7] = 0.9982 
Hence when Zo7 = 10kQ, frequency f = (2)(0.9982) 


= 1.996 MHz 


The above three results are seen to be borne out in the char- 
acteristic of Zo7 against frequency shown in Figure 42.24. 


Now try the following exercise. 


Exercise 152 Further problems on low-pass filter 
sections 


1. Determine the cut-off frequency and the nominal 
impedance of each of the low-pass filter sections 
shown in Figure 42.26. 

[(a) 1592 Hz; 5kQ (b) 9545 Hz; 600 Q] 


0.5H 0.5 H 20 mH 


| 0.04 iF i nF | 27.8 nF 


(a) (b) 
Figure 42.26 


2. A filter section is to have a characteristic impedance 
at zero frequency of 500 Q and a cut-off frequency 
of 1kHz. Design (a) a low-pass T section filter, 
and (b) a low-pass z section filter to meet these 
requirements. [(a) Each series arm 79.60 mH, 

shunt arm 0.6366 \1F (b) Series arm 
159.2 mH, each shunt arm 0.3183 LF] 


3. Determine the value of capacitance required in the 
shunt arm of a low-pass T section if the inductance 
in each of the series arms is 40 mH and the cut-off 
frequency of the filter is 2.5 kHz. [0.203 WF] 


4. The nominal impedance of a low-pass z section 
filter is 600 Q and its cut-off frequency is at 25 kHz. 
Determine (a) the value of the characteristic 
impedance of the section at a frequency of 20 kHz 
and (b) the value of the characteristic impedance 
of the equivalent low-pass T section filter. 

[(a) 1kQ (b) 360 Q2] 


5. The nominal impedance of a low-pass z section fil- 
ter is 600 Q. If the capacitance in each of the shunt 
arms is 0.1 wF determine the inductance in the 
series arm. Make a sketch of the ideal and the prac- 
tical attenuation/frequency characteristic expec- 
ted for such a filter section. [72 mH] 


6. A low-pass T section filter has a nominal impedance 
of 600 2 and a cut-off frequency of 10 kHz. Deter- 
mine the frequency at which the characteristic 
impedance of the section is (a) zero, (b) 300Q, 
(c) 600 Q [(a) 10 kHz (b) 8.66 kHz (c) 0] 


42.6 High-pass filter sections 


(a) The cut-off frequency 


High-pass T and z sections are shown in Figure 42.27, (as 
derived in Section (42.4)), each being terminated in their 
characteristic impedance. 


2C 2C C 
Z Z 
= £ Zr —> 32L Fae 
(a) (b) 
Figure 42.27 


From equation (41.1), page 528, the characteristic 
impedance of a T section is given by: 


Zor = (Zi + 2ZaZp) 
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1 
From Figure 42.27(a), Z4 = C and Zz =joL 


1 ; 

: ( ax) int) 
_ ' 1 L 
~ | are - =| 

E 1 

1.¢. Zor = (z aw) 


L 1 
Z ill b ] when — > —.— 
or will be real when C > 4022 


Thus the filter will pass all frequencies above the point 


(42.13) 


1 
where C = 4o2C2 
here w~ : (42.14) 
1.e. where w, = ——— : 
°  4LC 


where w, = 27f,, and f, is the cut-off frequency. 


1 
H Onf.)* = —— 
ence (27f-) NTs 
d the cut-off fi ti : (42.15) 
and the cut-off frequenc = —__ . 
UW quency, | Jc 4x (LC) 


The same equation for the cut-off frequency is obtained 
for the high-pass z network shown in Figure 42.27(b) as 
follows: 

From equation (41.3), page 529, the characteristic 
impedance of a symmetrical z section is given by: 


ZZ 
Zon =f \ 555 
Z| + 2Zp 


1 
From Figure 42.27(b), Z} = —~ and Z2 =j20L 
joc 


1 
(=) (j2@L)? 
Hence Zo, = a 
—, + 2j720L 
\ 
! wL? 
qo 
J | 4oL — — 
\ aC 


4L* 
2 ‘a 
1 
| 
\ aC 
: 1 
\ L 4021? 


C 
Zoz Will be real when L > and the filter will pass 


4a? L? i 
all cane above the point where L402’ Le. 
where w2 = ——~ as above. 
4LC 


Thus the cut-off frequency for a high-pass z network is 
also given by 


1 


= IO (42.15’) 


te (as in equation (42.15)) 


(b) Nominal impedance 


When the pieaiteney is very high, w is a very large value 
and the term (1/4w?C7) in equations (42.13) and (42.16) 
are extremely small and may be neglected. 

The characteristic impedance then becomes equal to 
/(L/C), this being the nominal impedance. Thus for 
a high-pass filter section the nominal impedance Ro is 


given by: 
Ro = , ( ) 
Cc 


the same as for the low-pass filter sections. 


(42.17) 


Problem 5. Determine for each of the high-pass fil- 
ter sections shown in Figure 42.28 (i) the cut-off fre- 
quency, and (11) the nominal impedance. 


O.2nF 0.2 pF 4000 pF 


100 mH 200 jtH 200 jtH 


Figure 42.28 
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(a) Comparing Figure 42.28(a) with Figure 42.27(a) 
shows that: 


2C = 0.2 WE, Le. capacitance, C= 0.1 wF 
=0.1 x 10°°F 
and inductance, L = 100 mH = 0.1H 


(i) From equation (42.15), 


1 
cut-off frequency, fc. = in MLO) 
1 
~ mr,/[(0.1)(0.1 x 10-®)] 
103 
i.e. = = 796 H 
oe fe= TOD 
(ii) From equation (42.17), 
L 
nominal impedance, Ry = / (=) 
_ : 0.1 
~ V \0.1 x 10-6 
= 1000 Q or 1kQ 


(b) Comparing Figure 42.28(b) with Figure 42.27(b) 
shows that: 


2L = 200 WH, i.e. inductance, L = 100 wH 


=10 +H 
and capacitance C = 4000 pF 
=4x 10°F 
(i) From equation (42.15’), 
t-off f = —__ 
cut-off frequency, f, in JL) 
ae 1 
~ Am/[((10-4)(4 x 10-)} 
= 126kHz 


(ii) From equation (42.17), 


L 
nominal impedance, Ro = / (=) 


(c) Todetermine values of L and C given Ro andf, 


If the values of the nominal impedance Ro and the cut-off 
frequency f. are known for a high-pass T or z section it 
is possible to determine the values of inductance L and 
capacitance C required to form the section. 


. LVL : 

From equation (42.17), Ro=,/—=-—, from which, 
C/E 

Jf/L=RoJ/C 


Substituting in equation (42.15) gives: 


1 1 1 
fe= An J/LJ/C  4n(RoJ/C)/C 4 RoC 
f hich,} capacitance C = 42.18 
rom whic. paci AnRof. ( ) 
she! : JL 
Similarly, from equation (42.17), ./C = Re 
0 
Substituting in equation (42.15) gives: 
1 Ro 
fe= SEN Arh 
Ar./L ( ) 
Ro 
: F Ro 
from which, | inductance, L = (42.19) 


Auf, 


Problem 6. A filter is required to pass all frequencies 
above 25 kHz and to have a nominal impedance of 
600 &2. Design (a) a high-pass T section filter and (b) a 
high-pass z section filter to meet these requirements. 


Cut-off frequency, f-=25x107Hz and nominal 
impedance, Ro = 600 Q 
From equation (42.18), 


1 1 
C= = F 
A4Rofe  47(600)(25 x 103) 
10!2 
47(600)(25 x 103) 
Le. C=5305 pF or 5.305 nF 


From equation (42.19), inductance, 


Ro 600 


4nf.  4(25 x 103) 
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10.61 nF 10.61 nF 5.305 nF 
HR +R 
1.91 mH 3.82 mH 3.82 mH 
° oO 


Figure 42.29 


(a) A high-pass 7 section filter is shown in Fig- 
ure 42.29(a) where the series arm capacitances are 
each 2C (see Figure 42.27(a)), ic. 2x 5.305= 
10.61 nF 

(b) A high-pass z section filter is shown in Fig- 
ure 42.29(b), where the shunt arm inductances are 
each 2 L (see Figure 42.27(b)), i.e. 2 x1.91 = 3.82 mH 


(d) ‘Constant-k’ prototype high-pass filter 


It may be shown, in a similar way to that shown in 
Section 42.5(d), that for a high-pass filter section: 


ZorZon = Z1Z2 = R> 


where Z and Zp are the total equivalent series and shunt 
arm impedances. The high-pass filter sections shown in 
Figure 42.27 are thus ‘constant-k’ prototype filter sections. 


(e) Practical high-pass filter characteristics 


From equation (42.13), the characteristic impedance Zor 
of a high-pass T section is given by: 


z ‘ L 1 
ca C 4w?2C2 


Rearranging gives: 


wil 


('- azz) | 


-\(@)) (-aex) 


From equation (42.14), w = 


~ ALC 


Thus Zor 


(42.20) 


Also, since Zo7rZox =f, 


R* R* 
then Zon = 7 = 7 5 

acy 

o 
R 
Le. ies ; (42.21) 
Cc 
{P-GY] 

From equation (42.20), 


when w < w¢, Zor is reactive, 
when w = @¢, Zor 1S zero, 
and whenw > @,, Zor is real, eventually increasing to 


Ro when @ is very large. 
Similarly, from equation (42.21), 
when w < a , Zoz 1S reactive, 
._ Ro 
when @ = a, Zon = © (i.e. ri = 00) 


and when w > a, Zoz is real, eventually decreasing to 


Ro when @ is very large. 


Curves of Zor and Zo, against frequency are shown in 
Figure 42.30. 


HA 
- 
20m 
; Nominal 
0 = = ~ - ~ 7 = c ar 
2 impedance 
Zor 
Lo 9 ps Frequency 
|< Attenuation ae ee Pass band ———> 
band 
Figure 42.30 


Figure 42.4(a), on page 559, showed an ideal high-pass fil- 
ter section characteristic of attenuation against frequency. 
In practise, the characteristic curve of a high-pass pro- 
totype filter section would look more like that shown in 
Figure 42.31. 
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The composite filter is shown in Figure 42.32. 


26.6 nF 26.6 nF 


6.37 mH 6.37 mH | 


35.4 nF 


Attenuation 


| 
: fe Frequency Figure 42.32 
Attenuation Pass-band 
band 
(b) A typical characteristic expected of attenuation 
Figure 42.31 against frequency is shown in Figure 42.33. 
Problem 7. A low-pass T section filter having a cut- e 
off frequency of 15 kHz is connected in series with a & a ‘ : 
high-pass T section filter having a cut-off frequency 3 ni ales | iceucpeee 
of 10kHz. The terminating impedance of the filter is 2 | ae ae 
600 &2. | 
(a) Determine the values of the components compris- 
ing the composite filter. 
(b) Sketch the expected attenuation against frequency 
characteristic. 
(c) State the name given to the type of filter described. 0 o,210kKHe 1c, = 15 kHz Fenueny 
(a) For the low-pass T section filter: f.. = 15 000 Hz Attenuation © Pass band aoe 
From equation (42.6), band aN 
: 1 1 Figure 42.33 
capacitance, C = = 
WRofe  1(600)(15 000) 
= 35.4nF (c) The name given to the type of filter described is a 


. band-pass filter. The ideal characteristic of such a 
a ae filter is shown in Figure 42.5 on page 559. 


Ry 600 
mf. (15000) 
Thus from Figure 42.17, the series arm inductances Problem 8. A high-pass T section filter has a cut- 


are each L/2, i.e. (12.73/2) = 6.37 mH and the shunt off frequency of 500 Hz and a nominal impedance of 
arm capacitance is 35.4 nF. 600 &2. Determine the frequency at which the charac- 


teristic impedance of the section is (a) zero, (b) 300 Q, 


inductance, L = = 12.73 mH 


For a high-pass T section filter: fc7y = 10000 Hz 
From equation (42.18), eae 
it Cc : : 
capacitance, C = = 2 
42Rofe  47t(600)(10 000) From equation (42.20), Zor = Ro , E = (=) 
= 13.3nF w 
From equation (42.19), (a) When Zor = 0, then (@,/w) = 1, 1.e. the frequency is 
R 500 Hz, the cut-off frequency. 
inductance, L = a om = 4.77mH 
4af. 4710000 (b) When Zo7 = 300 Q, Ro = 600 Q and f. = 500 Hz 


tances are each 2 C, i.e. 2 x 13.3=26.6nF, and the 


Thus from Figure 42.27(a), the series arm capaci- 
: ; 300 = 600 — 
shunt arm inductance is 4.77 mH. 


27500 \7 
nf ) 
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2 
from which ci = 
600 


(mr) 
f 
and = = / f (=) = /0.75 


_ 500 
~ /0.75 
= 577.4 Hz 


0 2 
(c) When Zor = 590, 590600 [ = (*) 


500 590\7 
0 = [1 (BY) = one 


Thus when Zor = 590 Q, frequency, f = 0 _ 


= 2750 Hz 


Thus when Zor = 300 Q, frequency, f 


The above three results are seen to be borne out in 
the characteristic of Zor against frequency shown in 
Figure 42.30. 


Now try the following exercise. 


Exercise 153 Further problems on high-pass filter 
sections 


1. Determine for each of the high-pass filter sections 
shown in Figure 42.34 (i) the cut-off frequency, and 
(ii) the nominal impedance. 

[(a) Gi) 22.51 kHz (ii) 14.14 kQ 
(b) (i) 281.3 Hz (ii) 1414 Q] 


500 pF 500 pF 0.2 WF 


0 mH 800 mH 800 mH 


(a) (b) 
Figure 42.34 


2. A filter is required to pass all frequencies above 
4kHz and to have a nominal impedance of 750 Q. 
Design (a) an appropriate T section filter, and 
(b) an appropriate z section filter to meet these 
requirements. [(a) Each series arm = 53.06 nF, 

shunt arm = 14.92 mH 
(b) Series arm = 26.53 nF, 
each shunt arm = 29.84 mH] 


3. The inductance in each of the shunt arms of a 
high-pass zr section filter is 50 mH. If the nominal 
impedance of the section is 600 Q, determine the 
value of the capacitance in the series arm. 

[69.44 nF] 


4. Determine the value of inductance required in the 
shunt arm of a high-pass T section filter if in each 
series arm it contains a 0.5 .F capacitor. The cut- 
off frequency of the filter section is 1500 Hz. Sketch 
the characteristic curve of characteristic impedance 
against frequency expected for such a filter section. 

[11.26 mH] 


5. A high-pass z section filter has a nominal 
impedance of 500 Q and a cut-off frequency of 
50 kHz. Determine the frequency at which the char- 
acteristic impedance of the section is (a) 1kQ 
(b) 800 Q (c) 520 Q. 

[(a) 57.74 kHz (b) 64.05 kHz (c) 182 kHz] 


6. A low-pass T section filter having a cut-off fre- 
quency of 9kHz is connected in series with a 
high-pass T section filter having a cut-off frequency 
of 6 kHz. The terminating impedance of the filter is 
600 2. 

(a) Determine the values of the components com- 
prising the composite filter. 

(b) Sketch the expected attenuation/frequency char- 
acteristic and state the name given to the type 
of filter described. 

[(a) Low-pass T section: each series arm 
10.61 mH, shunt-arm 58.95 nF] 
High-pass T section: each series arm 
44.20 nF, shunt arm 7.96 mH 

(b) Band-pass filter] 


42.7 Propagation coefficient and time delay in 
filter sections 
Propagation coefficient 


In Figure 42.35, let A, B and C represent identical filter 
sections, the current ratios (J; /I2), (2/73) and (13/14) being 


equal. 
al etd id 
L=1A b=zA =zA =gA 
O > > > 
A C | 
O 
Figure 42.35 


Although the rate of attenuation is the same in each 
section (i.e. the current output of each section is one half 
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of the current input) the amount of attenuation in each is 
different (section A attenuates by 5 A, B attenuates by i 


A and C attenuates by A). The attenuation is in fact in 
the form of a logarithmic decay and 


Hi. sos oly 2g 


gig ee (42.22) 
h bk kL 

where y is called the propagation coefficient or the 
propagation constant. 


From equation (42.22), propagation coefficient, 


I 
y=In = nepers (42.23) 
2 


(See Section 41.3, page 529, on logarithmic units.) 

Unless Sections A, B and C in Figure 42.35 are purely 
resistive there will be a phase change in each section. Thus 
the ratio of the current entering a section to that leaving it 
will be a phasor quantity having both modulus and argu- 
ment. The propagation constant which has no units is a 
complex quantity given by: 


y=a+jp (42.24) 


where a is called the attenuation coefficient, measured 
in nepers, and £ the phase shift coefficient, measured in 
radians. 6 is the angle by which a current leaving a section 
lags behind the current entering it. 

From equations (42.22) and (42.24), 


fA =e! = ettiP — (e%)\(e/?) 
h 
Keon He hae 
Since e*=1+4+x4 a + zi caer 4+ 5 Asso okies 
ip oa UP) GBY GRY 
then: eS LGB ay ay gy 
(ip) 
+ 51 peeeeee 
Cayce 80) i shea sites 
=1+/8 7 Ia tI poe ee eee 
since j” Toye at i +1, and so on. 


Hence 


= cos 6 + j sin 6 from the power series for 


cos B and sin B 


I F 
Thus ; = e%eP — e%(cos B +j sin B) =e ZP in abbrevi- 


2 
ated polar form, 


ie. — =e*7B (42.25) 
In 

I 
Now e%=|— 

0) 
from which 

attenuation coefficient, 
I 
a =In|— nepers or 201g - dB 
2 In 


If in Figure 42.35 current /2 lags current I, by, say, 30°, i.e. 
(1/6) rad, then the propagation coefficient y of Section A 
is given by: 


es 
TJ 


=a+jp=1 
y=a+jB=In 6 


Niele 


ie. y= (0.693 + j0.524) 


If there are n identical sections connected in cascade and 
terminated in their characteristic impedance, then 
Ty 


eatiB) = e”“ np 
In41 


= (e")" = el = MO — eM /nB..... 


(42.26) 


where /J,,41 is the output current of the n’th section. 


Problem9. The propagation coefficients of two filter 
networks are given by 


(a) y= (1.25 + j0.52),  (b) y= 1.7942—39.4° 


Determine for each (i) the attenuation coefficient, and 
(ii) the phase shift coefficient. 


(a) If y=(1.25 + j0.52) 
then (i) the attenuation coefficient, a, is given by the 
real part, 


ie. a=1.25Np 


and (ii) the phase shift coefficient, 6, is given by the 
imaginary part, 


i.e. B=0.52 rad 
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(b) y=1.7942—39.4° = 1.794[cos(—39.4°) 
+ jsin(—39.4°)] 
= (1.386 — 71.139) 


Hence (i) the attenuation coefficient, « = 1.386 Np 
and (ii) the phase shift coefficient, B = —1.139 rad 


Problem 10. The current input to a filter section is 
24710° mA and the current output is 87—45° mA. 
Determine for the section (a) the attenuation coef- 
ficient, (b) the phase shift coefficient, and (c) the 
propagation coefficient. (d) If five such sections are 
cascaded determine the output current of the fifth stage 
and the overall propagation constant of the network. 


Let J; = 24210° mA and Ih = 82—45° mA, then 


I, 24210° 
Ih 82Z—45° 


(a) Hence the attenuation constant, a, is obtained from 
3=e*, i.e.¢@=In3=1.099 Np 


(b) The phase shift coefficient B = 55° x 7 = 0.960 rad 
(c) The propagation coefficient 
y=a+jB=(1.099 + 70.960) or 1.459741.14° 


(d) If J6 is the current output of the fifth stage, then from 
equation (42.26), 


I 
7; = (e”)" = [3255°) = 2432275° 
6 


(by De Moivre’s theorem) 
Thus the output current of the fifth stage, 
i 24210° 


~ 2432275°  2432275° 
= 0.0988 /—265° mA or 98.8/95° pA 


Ig 


Let the overall propagation coefficient be y’ 
I / / 
then 7; =243275° =e" =e” Zp 
6 
The overall attenuation coefficient a’ = In 243 = 5.49 


and the overall phase shift coefficient 


cra 
” = 275° x —— =4.80 rad 
B x 180° ra 


Hence the overall propagation coefficient 
y’ = (5.49 +j4.80) or 7.29741.16° 


Problem 11. For the low-pass T section filter shown 
in Figure 42.36 determine (a) the attenuation coef- 
ficient, (b) the phase shift coefficient and (c) the 
propagation coefficient y. 


= 355° = e“ZB from equation (42.25). 


LX, =j52 


X,=/j5 2 ly 


R, = 120 


Figure 42.36 


By current division in Figure 42.36, I, = ( 


Xo Xce+X~+R,  —j10+j54+ 12 


from which - 
b Xc —j10 
—j5 + 12 —j5 12 
—j10 —j10 —- j10 
=0.5+4+ ae 0.54 j1.2 
Se epg ee 


= 1.367.38° or 1.321.176 
; rf 
From equation (42.25), a e*ZB= 1.321.176 
2 


(a) The attenuation coefficient, a= In 1.3 = 0.262 Np 
(b) The phase shift coefficient, 8B = 1.176 rad 


(c) The propagation coefficient, 
y=a+jB= (0.262 +j1.176) or 1.205277.44° 


Variation in phase angle in the passband of a filter 


In practise, the low and high-pass filter sections dis- 
cussed in Sections 42.5 and 42.6 would possess a phase 
shift between the input and output voltages which varies 
considerably over the range of frequency comprising the 
passband. 

Let the low-pass prototype T section shown in 
Figure 42.37 be terminated as shown in its nominal 
impedance Ro. The input impedance for frequencies much 
less than the cut-off frequency is thus also equal to Ro and 


Figure 42.37 


Xc \i 
Xc +X, +Rz : 
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is resistive. The phasor diagram representing Figure 42.37 
is shown in Figure 42.38 and is produced as follows: 


Figure 42.38 
(i) Vj; and J; are in phase (since the input impedance is 
resistive). 
en oL . 
(ii) Voltage Vzp=NhXL=h (). which leads J 
by 90°. 


(iii) Voltage V; is the phasor sum of Vz; and Vc. Thus 
Vc is drawn as shown, completing the parallelogram 
oabc. 

(iv) Since no power is dissipated in reactive elements 
V, = V2 in magnitude. 

oL oL 
(v) Voltage Vi2=h =) =I; (> =Vi1 

(vi) Voltage Vc is the phasor sum of Vz2 and V2 as shown 
by triangle ocd, where Vz2 is at right angles to V2 

(vii) Current J) is in phase with V2 since the output 
impedance is resistive. The phase lag over the sec- 
tion is the angle between V; and V2 shown as angle 
B in Figure 42.38, 


h (=) oL 
V; 
where tan f = = ape 7 - 2 


L 
From equation (42.5), Ro = / ra 


oL 
thus tan p = 2 = myhBE) 
2 / L 2 
Cc 
For angles of 6 up to about 20°, tan as x radians 
B_ wVf(LC) 


Th h 20°, —= 
us when B < 5 5 


from which, phase angle,| 8 = w./(LC) radian 


(42.27) 


Since B= 27f./(LC) =(27./(LC))f then B is propor- 
tional to f and a graph of f (vertical) against frequency 
(horizontal) should be a straight line of gradient 277,/(LC) 
and passing through the origin. However in practise this 
is only usually valid up to a frequency of about 0.7, for 
a low-pass filter and a typical characteristic is shown in 
Figure 42.39. At the cut-off frequency, 6 = z rad. For fre- 
quencies within the attenuation band, the phase shift is 
unimportant, since all voltages having such frequencies 
are suppressed. 


T ease eee 


Phase angle 


B (rad) 


Ideal characteristic 


Practical curve 


mls 


> 
Frequency 


0 


Th fe 
}«———- Pass band alee Attenuation 
band 


Figure 42.39 


A high-pass prototype T section is shown in Fig- 
ure 42.40(a) and its phasor diagram in Figure 42.40(b), 
the latter being produced by similar reasoning to above. 


1 
B Va _"' ( 7) 
From Figure 42.40(b), tan a ae = 


Vis Ro 
1 1 
~ D@CRo 
2wC / = 
1 
~ 2w/(LC) 


1 1 
w/J(LC) (21/(LC)) f 


Thus the phase angle is inversely proportional to fre- 
quency. The 6/f characteristics of an ideal and a practical 
high-pass filter are shown in Figure 42.41. 


ie. B= 


for small angles. 


Time delay 


The change of phase that occurs in a filter section depends 
on the time the signal takes to pass through the section. 
The phase shift 6 may be expressed as a time delay. If the 
frequency of the signal is f then the periodic time is (1/f) 
seconds. 


Hence the time delay = f x 
ue 
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(b) 
Figure 42.40 
Fe ee oe 
if 
Phase ; 
angle i 
I Ideal 
B (rad) characteristic 
i 
i Practical 
curve 
1 
i] 
[ 
0 fe Frequency 


Attenuation 


hand —>|<—— Pass band —__+| 


Figure 42.41 


From equation (42.27), 8 =@,/(LC). Thus 


time delay = 


= /(LC) (42.28) 


@,/(LC) 
@ 


when angle £ is small. 


Equation (42.28) shows that the time delay, or tran- 
sit time, is independent of frequency. Thus a phase shift 


which is proportional to frequency (equation (42.27)) 
results in a time delay which is independent of frequency. 
Hence if the input to the filter section consists of a com- 
plex wave composed of several harmonic components of 
differing frequency, the output will consist of a complex 
wave made up of the sum of corresponding components 
all delayed by the same amount. There will therefore be no 
phase distortion due to varying time delays for the separate 
frequency components. 

In practise, however, phase shift 6 tends not to be con- 
stant and the increase in time delay with rising frequency 
causes distortion of non-sinusoidal inputs, this distor- 
tion being superimposed on that due to the attenuation 
of components whose frequency is higher than the cut-off 
frequency. 

At the cut-off frequency of a prototype low-pass filter, 
the phase angle 6 = z rad. Hence the time delay of a signal 
through such a section at the cut-off frequency is given by 


B 1 1 ; 
= = = from equation (42.3), 
wo 2nf-. 2fe 2 1 
J (LC) 
LC 
Le. at fo, the transit time = —— seconds 
(42.29) 


Problem 12. Determine for the filter section shown in 
Figure 42.42, (a) the time delay for the signal to pass 
through the filter, assuming the phase shift is small, 
and (b) the time delay for a signal to pass through the 
section at the cut-off frequency. 


Figure 42.42 


Comparing Figure 42.42 with the low-pass T section of 
Figure 42.13(a), shows that 


5 = 0.5 H, thus inductance L = 1H, and capacitance 
C=2nF 


(a) From equation (42.28), 


time delay = /(LC) = /[(1)(2 x 10~°)] = 44.7 ps 
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(b) From equation (42.29), at the cut-off frequency, 


1 a 
time delay = 5 J(LC) = 5 (44.7) = 70.2 ws 


Problem 13. A filter network comprising n identical 
sections passes signals of all frequencies up to 500 kHz 
and provides a total delay of 9.55 ws. If the nominal 
impedance of the circuit into which the filter is inserted 
is 1 kQ, determine (a) the values of the elements in each 


L 
Also, from equation (42.5), i C = 1000 


Since the total delay time is 4\1s then the delay time of 
each of the 8 sections is - i.e. 0.5 ws 
From equation (42.28), time delay = ./(LC) 


Hence 0.5 x 10-° = /(LC) 


(i) 


(ii) 


From equation (ii), ./L = 1000./C 


Substituting in equation (i) gives: 


section, and (b) the value of n. 


Cut-off frequency, f¢ =500 x 10°Hz and nominal 
impedance Ro = 1000 2. 


Since the filter passes frequencies up to 500 kHz then it is 
a low-pass filter. 


(a) From equations (42.6) and (42.7), for a low-pass filter 


(b) 


section, 
2 1 1 
capacitance, C = = 5 
mRofe  (1000)(500 x 10°) 
= 636.6 pF 
and inductance, L = Ro = a0 
mfe  7(500 x 103) 
= 636.6 »wH 


Thus if the section is a low-pass T section 
then the inductance in each series arm will be 
(L/2) = 318.3 Hand the capacitance in the shunt arm 
will be 636.6 pF. 


If the section is a low-pass z section then the induct- 
ance in the series arm will be 636.6 H and the capac- 
itance in each shunt arm will be (C/2) = 318.3 pF 


From equation (42.28), the time delay for a single 


0.5 x 10-° =(,/L) (a) = —_ 


0.5 x 107° = (1000./C),/C = 1000 C 


‘eonvthiclt eapmstme Se = ear 
rom which, capacitance C= ————_ =0.5n 
P 1000 

a vL 
F t (C= —_— 
rom equation (ii), ./ 1000 


Substituting in equation (i) gives: 


Vi FB 


1000 1000 


from which, inductance, L = 500 wH 


(a) If the filter is a low-pass T section then, from Fig- 


ure 42.13(a), each series arm has an inductance of 
L/2, i.e. 250 wH and the shunt arm has a capacitance 
of 0.5 nF 


(b) If the filter is a high-pass w network then, from 


Figure 42.16(b), the series arm has a capacitance of 
0.5 nF and each shunt arm has an inductance of 2 L, 
i.e. 1000 WH or 1 mH. 


Now try the following exercise. 


section 


= J(LC) = V{(636.6 x 10~°)(636.6 x 107!*)] 
= 0.6366 js 


For a time delay of 9.55 ts therefore, the number of 


cascaded sections required is given by 


9.55 


—— =15,ien=15 
0.6366 


Problem 14. A filter network consists of 8 sections 
in cascade having a nominal impedance of 1kQ. If 
the total delay time is 4 ws, determine the component 
values for each section if the filter is (a) a low-pass T 
network, and (b) a high-pass z network. 


Exercise 154 Further problems on propagation 
coefficient and time delays 


1. A filter section has a propagation coefficient given 
by (a) (1.79 —j0.63) (b) 1.378251.6°. Determine 
for each (i) the attenuation coefficient and (ii) the 
phase angle coefficient. [(a) @) 1.79 Np 

(ii) —0.63 rad (b) (i) 0.856 Np (ii) 1.08 rad] 


2. A filter section has a current input of 200220° mA 
and a current output of 167—30° mA. Determine 
(a) the attenuation coefficient (b) the phase shift 
coefficient, and (c) the propagation coefficient. 
(d) If four such sections are cascaded determine the 
current output of the fourth stage and the overall 
propagation coefficient. [(a) 2.526 Np 

(b) 0.873 rad (c) (2.526 + j0.873) or 
2.673219.07° (d) 8.197—180° pA, 
(10.103 + 73.491) or 10.69219.06°] 
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3. Determine for the high-pass T section filter shown 
in Figure 42.43, (a) the attenuation coefficient, (b) 
the phase shift coefficient, and (c) the propagation 


coefficient. [(a) 1.61 Np (b) —2.50 rad 
(c) (1.61 —j2.50) or 2.972—57.22°] 
Meike 3 =f he 


| 


X, =j2002 R, = 600Q 


Figure 42.43 


4. A low-pass T section filter has an inductance of 
25 mH in each series arm and a shunt arm capaci- 
tance of 400 nF. Determine for the section (a) the 
time delay for the signal to pass through the filter, 
assuming the phase shift is small, and (b) the time 
delay for a signal to pass through the section at the 
cut-off frequency. [(a) 141.4 ws (b) 222.1 ws] 


5. A T-section filter network comprising n identical 
sections passes signals of all frequencies over 8 kHz 
and provides a total delay of 69.63 ws. If the charac- 
teristic impedance of the circuit into which the filter 
is inserted is 600 (2, determine (a) the values of the 
components comprising each section, and (b) the 
value of n. 

[(a) Each series arm 33.16 nF; 
shunt arm 5.97 mH (b) 7] 


6. A filter network consists of 15 sections in cascade 
having a nominal impedance of 800 &. If the total 
delay time is 30 j1s determine the component value 
for each section if the filter is (a) a low-pass 
network, (b) a high-pass T network. 

[(a) Series arm 1.60 mH, each shunt arm 1.25 nF 
(b) Each series arm 5 nF, shunt arm 1.60 mH] 


42.8 ‘m-derived’ filter sections 


(a) General 


In a low-pass filter a clearly defined cut-off frequency 
followed by a high attenuation is needed; in a high-pass 
filter, high attenuation followed by a clearly defined cut- 
off frequency is needed. It is not practicable to obtain 
either of these conditions by wiring appropriate prototype 


constant-k sections in cascade. An equivalent section is 
therefore required having: 


(i) the same cut-off frequency as the prototype but with 
a rapid rise in attenuation beyond cut-off for a low- 
pass type or a rapid decrease at cut-off from a high 
attenuation for the high-pass type, 

(ii) the same value of nominal impedance Ro as the proto- 
type at all frequencies (otherwise the two forms could 
not be connected together without mismatch). 


If the two sections, i.e. the prototype and the equivalent 
section, have the same value of Ro they will have identical 
passbands. 

The equivalent section is called an ‘m-derived’ filter 
section (for reasons as explained below) and is one which 
gives a sharper cut-off at the edges of the passband and a 
better impedance characteristic. 


(b) T sections 


A prototype T section is shown in Figure 42.44(a). Let 
a new section be constructed from this section having a 
series arm of the same type but of different value, say mZ, 
where m is some constant. (It is for this reason that the 
new equivalent section is called an ‘m-derived’ section.) 
If the characteristic impedance Zor of the two sections is 
to be the same then the value of the shunt arm impedance 


will have to be different to Z 
Let this be Z as shown in Figure 42.44(b). 


Zz Zz mZ, mZ, 
2 2 2 2 


2 Z), 


(a) (b) 
Figure 42.44 
The value of Z, is determined as follows: 


From equation (41.1), page 528, for the prototype shown 
in Figure 42.44(a): 


7 \* Zi 
z= || (2) 1 a(7)a 
. Zi 
ie. Zor= ms +2Z\Zo (a) 


Similarly, for the new section shown in Figure 42.44(b), 
mZ, 2 mZ, 
m2Z2 
ie. Zor= ; L 4 mZ\Z) (b) 
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Equations (a) and (b) will be identical if: 


Z m Ze , 
x + ZZ) = mn +mZ\Z, 


Z2 
Rearranging gives: mZ Zi = ZZ) + a —m’) 


, 2 1—m? 
Le. Z,= = +Z1 ro 


(42.30) 


Thus impedance Z} consists of an impedance Z)/m in 
series with an impedance Z;((1 — m?) /4m). An additional 
component has therefore been introduced into the shunt 
arm of the m-derived section. The value of m can range 
from 0 to 1, and when m= 1, the prototype and the m- 
derived sections are identical. 


(c) 2 sections 


A prototype z section is shown in Figure 42.45(a). Let a 
new section be constructed having shunt arms of the same 
type but of different values, say Z2/m, where m is some 
constant. If the characteristic impedance Zo, of the two 
sections is to be the same then the value of the series arm 
impedance will have to be different to Z). 

Let this be Z; as shown in Figure 42.45(b). 


Figure 42.45 


The value of Z; is determined as follows: 

From equation (42.9), ZorZon = Z1Z2 

Thus the characteristic impedance of the section shown in 
Figure 42.45(a) is given by: 


ZZ ZZ 
Zon = = (c) 
Zor ve 
— +22 
A 404) 
from equation (a) above. 
For the section shown in Figure 42.45(b), 
4) 
Zi 
Zon = (d) 


Equations (c) and (d) will be identical if 


/ 
Z\Z22 Aig 


2 7 Ay. ph 
(cence 


Dividing both sides by Z, and then squaring both sides 
gives: 


(Zi) 
2 ——__. 
Zi m2 
2 _ 2 
At sigg, O g ie 
4 m 
7! 2 Z'Z 7! 2 7 
Thus a(' v + ms) (3 +ZiZ2 
ZZ ye * WZ (yz Ayah 
4 m 4m? m2 


Multiplying throughout by 4m” gives: 
m?Z2 (Zi) + 4mZe Z| Zo = (Z})°Z? + A(Z})°Z1Za 
Dividing throughout by Z} and rearranging gives: 


4mZ} Zp = Zi (Zi + 4Z1Z — m?Z}) 


; AmZ?Zp 
Thus Z)= 5 
4ZZ + Z?(1 — m?) 
4mZZ 
ie Bes (42.31) 
4Z, + Z{(1 — m?) 


An impedance mZ, in parallel with an impedance 
(4mZ/1 — m?) gives (using (product/sum)): 


Zz 4mZy 
ne ye (mZ,)AmZp 
4mZ, — m2 
Wa 2 mZ\(1 — m*) + 4mZy 
l—m 


_ 4mZ\Z2 
~ 4Z) + Z,(1 — m?) 


Hence the expression for Z; (equation (42.31)) represents 
an impedance mZ, in parallel with an impedance 
(4m/1 —m?*)Zp 


(d) Low-pass ‘m-derived’ sections 


The ‘m-derived’ low-pass T section is shown in Fig- 
ure 42.46(a) and is derived from Figure 42.13(a), Fig- 
ure 42.44 and equation (42.30). If Z2 represents a pure 
capacitor in Figure 42.44(a), then Z2 = (1/wC). 
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(a) (b) 
Figure 42.46 


A capacitance of value mC shown in Figure 42.46(a) has 
an impedance 


1 1 1 Z. 
( ) = asin equation (42.30). 
m 


amC 7 m\aoCc 


The ‘m-derived’ low-pass z section is shown in Fig- 
ure 42.46(b) and is derived from Figure 42.13(b), Fig- 
ure 42.45 and from equation (42.31). 

2 

S Je has an 


Note that a capacitance of value ( 


impedance of 


of! 2) - G a?) (<<) ~ G we)? 


4m 


where Z is a pure capacitor. 

In Figure 42.46(a), series resonance will occur in the 
shunt arm at a particular frequency — thus short-circuiting 
the transmission path. In the prototype, infinite attenuation 
is obtained only at infinite frequency (see Figure 42.25). 

In the m-derived section of Figure 42.46(a), let the fre- 
quency of infinite attenuation be f5., then at resonance: 
XL =Xc 


from which, ow, = = 


From equation (42.2), 


2 2 w 
Cc 

LC =e, thus w3, => d= 

where w, =27fc, fc being the cut-off frequency of the 

prototype. 


Wc 


Hence @o 


: eT 2 2 2 
Rearranging gives: @,,(1—m*)=a; 
2 FD. <9 
Woo — IV WS, = O% 

2 2 2 

2 Vo — %c 1 @ 

Ue 7 2 

Woo Woo 


(42.33) 


«fed b-G)) 


In the m-derived z section of Figure 42.46(b), resonance 
occurs in the parallel arrangement comprising the series 
arm of the section when 


2 1 2 a 
oO = ————.—_,, when» = — 
LC( — m?) 


rc™\ 6 
M1. 
4m 


as in the series resonance case (see Chapter 28). 

Thus equations (42.32) and (42.33) are also applicable to 
the low-pass m-derived z section. 

In equation (42.33), 0 <m <1, thus foo > fe. 

The frequency of infinite attenuation f.. can be placed 
anywhere within the attenuation band by suitable choice 
of the value of m; the smaller m is made the nearer is foo 
to the cut-off frequency, fo. 


Problem 15. A filter section is required to have a 
nominal impedance of 600, a cut-off frequency 
of 5kHz and a frequency of infinite attenuation at 
5.50kHz. Design (a) an appropriate ‘m-derived’ T 


section, and (b) an appropriate ‘m-derived’ z section. 


Nominal impedance Ro =600&, cut-off frequency, 
fc =5000Hz and frequency of infinite attenuation, 
foo =5500 Hz. Since foo > f. the filter section is low-pass. 
From equation (42.33), 


oe 2 
m= 1/1 (4 =) | 1 (= = 0.4166 
Soo 5500 
For a low-pass prototype section: 
from equation (42.6), capacitance, 


1 1 
~~ gtRof:  7(600)(5000) 
= 0.106 WF 


and from equation (42.7), inductance, 


R 600 
La 2 


~~ tf. 7(5000) 
= 38.2 mH 
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(a) For an ‘m-derived’ low-pass T section: 
From Figure 42.46(a), the series arm inductances are 


each 
m = ono) — 7.957 mH, 


and the shunt arm contains a capacitor of value mC, 
ie. (0.4166)(0.106) = 0.0442 pF or 44.2nF, in 
series with an inductance of 


1—n? 1 — 0.41662 
T p= 2 
value ( 4m ) ( 4(0.4166) Joos ) 
= 18.95 mH 


The appropriate ‘m-derived’ T section is shown in 
Figure 42.47. 


7.957 mH 7.957 mH 
I 44.2 nF 
18.95 mH 


Figure 42.47 


(b) For an ‘m-derived’ low-pass z section: 
From Figure 42.46(b) the shunt arms each contain 
capacitances equal to mC/2, 


(0.4166)(0.106) 


> = 0.0221 wF or 22.1 nF 


and the series arm contains an inductance of value 
m L, 1.e. (0.4166)(38.2) = 15.91 mH in parallel with 
a capacitance of 


i (" e (raise) (0.106 
wares 4m ~\ 400.4166) ) > 


= 0.0526 wF or 52.6 nF 


The appropriate ‘m-derived’ z section is shown in 
Figure 42.48. 


15.91 mH 
52.6 nF 
B&B nF & nF 


Figure 42.48 


(e) High-pass ‘m-derived’ sections 


Figure 42.49(a) shows a high-pass prototype T section and 
Figure 42.49(b) shows the ‘m-derived’ high-pass T section 
which is derived from Figure 42.16(a), Figure 42.44 and 
equation (42.30). 

Figure 42.50(a) shows a high-pass prototype 7 sec- 
tion and Figure 42.50(b) shows the ‘m-derived’ high-pass 
z section which is derived from Figure 42.16(b), Fig- 
ure 42.45 and equation (42.31). In Figure 42.49(b), 
resonance occurs in the shunt arm when: 


L 1 
oa 4m 
Woo we C 
_ 2 
i.e. when Wx, st ae -_ on(1 _ m’) 


from equation (42.14) 


ie. Woo = Wer/(1 — m’) (42.34) 
2 
Hence = —1—n 
Wc 
2 
from which, | m=./]1— 2) (42.35) 
Se 


For a high-pass section, foo < fe. 

It may be shown that equations (42.34) and (42.35) 
also apply to the ‘m-derived’ z section shown in Fig- 
ure 42.50(b). 


Problem 16. Design (a) a suitable ‘m-derived’ T sec- 
tion, and (b) a suitable ‘m-derived’ z section having a 
cut-off frequency of 20 kHz, a nominal impedance of 
500 2 and a frequency of infinite attenuation 16 kHz. 


Nominal impedance Ro =500&, cut-off frequency, 
fc =20kHz and the frequency of infinite attenuation, 
foo = 16 kHz. Since fx. < f, the filter is high-pass. 


eae 
From equation (42.35), m=! _ () 
16\? 
= |[-G)] -0% 
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2C 


(a) 


Figure 42.49 


Figure 42.50 


For a high-pass prototype section: 
From equation (42.18), capacitance, 


1 1 


~~ ArtRo fe 


= = 7.958 nF 
47(500)(20 000) 7 


and from equation (42.19), inductance, 


Ro 500 


Arf. 


(a) 


(b) 


= 1.989 mH 
4z(20 000) - 


For an ‘m-derived’ high-pass T section: 


From Figure 42.49(b), each series arm contains a 
capacitance of value 2C/m, i.e. 2(7.958)/0.60, i.e. 
26.53 nF, and the shunt arm contains an inductance 
of value L/m, i.e. (1.989/0.60) = 3.315 mH in series 
with a capacitance of value 


( am Je ie. (Se) (7.958) = 29.84 nF 
1 — m2 1- 


0.602 


A suitable ‘m-derived’ T section is shown in 
Figure 42.51. 


For an ‘m-derived’ high-pass z section: 

From Figure 42.50(b), the shunt arms each contain 
inductances equal to 2L/m, i.e. (2(1.989)/0.60), i.e. 
6.63 mH and the series arm contains a capacitance of 


2C 


— i 


ee 


(b) 


(b) 


26.53 nF 


— 


26.53 nF 


— 


3.315 mH 


TL 29.84 nF 


Figure 42.51 


value C/m, i.e. (7.958/0.60) = 13.26 nF in parallel 
with an inductance of value (4m/1—m?7)L, 


( 4(0.60) 


er a) (1.989) = 7.459 mH 


A suitable ‘m-derived’ z section is shown in Fig- 
ure 42.52. 


7.459 mH 


Figure 42.52 
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Now try the following exercise. 


Exercise 155 Further problems on ‘m-derived’ 
filter sections 


1. A low-pass filter section is required to have a nom- 
inal impedance of 450 Q, a cut-off frequency of 
150kHz and a frequency of infinite attenuation 
at 160 kHz. Design an appropriate ‘m-derived’ T 
section filter. 

[Each series arm 0.166 mH; shunt arm 
comprises 1.641 nF capacitor in series 
with 0.603 mH inductance] 


2. In a filter section it is required to have a cut-off 
frequency of 1.2 MHz and a frequency of infinite 
attenuation 1.3 MHz. If the nominal impedance of 
the line into which the filter is to be inserted is 
600 &2, determine suitable component values if the 
section is an ‘m-derived’z type. 

{Each shunt arm 85.0 pF; series arm contains 
61.21 wH inductance in parallel with 
244.9 pF capacitor] 


3. Determine the component values of an ‘m-derived’ 
T section filter having a nominal impedance of 
600 &2, a cut-off frequency of 1220 Hz and a fre- 
quency of infinite attenuation of 1100 Hz. 

{Each series arm 0.503 \1F; series arm 
comprises 90.49 mH inductance in 
series with 0.231 LF capacitor] 


4. State the advantages of an ‘m-derived’ filter section 
over its equivalent prototype. 

A filter section is to have a nominal impedance of 

500 &2, a cutoff frequency of 5 kHz and a frequency 

of infinite attenuation of 4.5kHz. Determine the 

values of components if the section is to be an 

“m-derived’ x filter. 

[Each shunt arm 36.51 mH inductance; 

series arm comprises 73.02 nF capacitor 

in parallel with 17.13 mH inductance] 


42.9 Practical composite filters 


In practise, filters to meet a given specification often have 
to comprise a number of basic networks. For example, a 
practical arrangement might consist of (i) a basic proto- 
type, in series with (ii) an ‘m-derived’ section, with (iii) 
terminating half-sections at each end. The ‘m-derived’ sec- 
tion improves the attenuation immediately after cut-off, 


the prototype improves the attenuation well after cut-off, 
whilst the terminating half-sections are used to obtain a 
constant match over the passband. 

Figure 42.53(a) shows an ‘m-derived’ low-pass T sec- 
tion, and Figure 42.53(b) shows the same section cut 
into two halves through AB, each of the two halves 
being termed a ‘half-section’. The ‘m-derived’ half sec- 
tion also improves the steepness of attenuation outside 
the passband. 


Figure 42.53 


As shown in Section 42.8, the ‘m-derived’ filter sec- 
tion is based on a prototype which presents its own 
characteristic impedance at its terminals. Hence, for 
example, the prototype of a T section leads to an ‘m- 
derived’ T section and Zor = Zor(m) Where Zor is the 
characteristic impedance of the prototype and Zo7(m) is 
the characteristic impedance of the ‘m-derived’ section. 
It is shown in Figure 42.24 that Zor has a non-linear 
characteristic against frequency; thus Zo7(m) will also be 
non-linear. 

Since from equation (42.9), Zox =(Z1Z2/Zor), then 
the characteristic impedance of the ‘m-derived’ z 
section, 


ZZ, _ 21% 


Zox(m) = = Bor 
OT 


ZoT(m) 


where Z; and Z; are the equivalent values of impedance 
in the ‘m-derived’ section. 
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From Figure 42.44, Z| = mZ, and from equation (42.30), 


Thus Z0x(m) = 


Thus the impedance of the ‘m-derived’ section is related 
to the impedance of the prototype by a factor of 
[1+da —- m? /4Z»)Z\ | and will vary as m varies. 


When m= 1, Zon(m) = Zon 


Z\Zy Z| 
n= 0, Zox(m) = Dor 1+ Zp 
from equation (42.36) 


i ZZ a 2a 
~ Zor a 4 


z 

However from equation (42.8), Z;Z2 + r = Zan 
Zor 

Hence, when m= 0, Zoz(m) = =— = Zor 

Zor 


When 


Thus the characteristic of impedance against frequency 
for m= 1 and m=0 shown in Figure 42.54 are the same 
as shown in Figure 42.24. Further characteristics may be 
drawn for values of m between 0 and | as shown. 


Zox(m) 
Nominal 

impedance 
Zor 

> 

Frequency 
Attenuation 
}<——— Pass band ————»>}<— 
band 
Figure 42.54 


It is seen from Figure 42.54 that when m=0.6 the 
impedance is practically constant at Ro for most of the 
pass-band. In a composite filter, ‘m-derived’ half-sections 
having a value of m= 0.6 are usually used at each end to 
provide a good match to a resistive source and load over 
the pass-band. 

Figure 42.54 shows characteristics of ‘m-derived’ low- 
pass filter sections; similar curves may be constructed for 
m-derived high-pass filters with the two curves shown in 
Figure 42.30 representing the limiting values of m = 0 and 
m=1. 

The value of m needs to be small for the frequency 
of input attenuation, fx., to be close to the cut-off 
frequency, f.. However, it is not practical to make m 
very small, below 0.3 being very unusual. When m=0.3, 
foo © 1.05f- (from equation (42.32)) and when m=0.6, 
foo =1.25f,. The effect of the value of m on the fre- 
quency of infinite attenuation is shown in Figure 42.55 
although the ideal curves shown would be modified a little 
in practise by resistance losses. 


A 


Attenuation 


f, 1.05f,  1.25f, 


> 
Frequency 


Figure 42.55 


Problem 17. It is required to design a composite fil- 
ter with a cut-off frequency of 10 kHz, a frequency of 
infinite attenuation 11.8 kHz and nominal impedance 
of 600 &. Determine the component values needed if 
the filter is to comprise a prototype T section, an ‘m- 
derived’ T section and two terminating ‘m-derived’ 
half-sections. 


Ro=6002, f-=10kHz and fy =11.8kHz. Since 
to< foo the filter is a low-pass T section. 


For the prototype: 


From equation (42.6), capacitance, 


1 1 
C= = 
mfeRo (10 000)(600) 


= 0.0531 1, 
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and from equation (42.7), inductance, 


Ro 600 


L = = 
mfe m(10000) 


= 19mH 


Thus, from Figure 42.13(a), the series arm components are 
(L/2) = (19/2) = 9.5 mH and the shunt arm component is 
0.0531 pF. 


For the ‘m-derived’ section: 


From equation (42.33), 


[ON [-Ca] 


= 0.5309 


Thus from Figure 42.43(a), the series arm components are 

mL (0.5309)(19) 
2 2 

and the shunt arm comprises mC = (0.5309)(0.0531) = 

0.0282 «F in series with 


1—n? 1 — 0.53097 
( 4m ) ( 4(0.5309) ye hii 


= 5.04mH 


For the half-sections a value of m = 0.6 is taken to obtain 
matching. Thus from Figure 42.53. 


mL _ (0.6)(19) — 57 mH, mC _ (0.6)(0.0531) 
2 2 2 2 
= 0.0159 pF 
1—m 1 — 0.62 
d L= | ——— ] (19) = 10.13 mH 
- ( 2m ) ( 20.6) ) Oe 


The complete filter is shown in Figure 42.56. 


5.7 mH 9.5 mH 9.5 mH 


ae eae ie 


0.0159 iF 


40.13 mH | 0.0531 pF 
Half section Prototype section 


Figure 42.56 


Now try the following exercise. 


Exercise 156 Further problems on practical com- 
posite filter sections 


1. A composite filter is to have a nominal impedance 
of 500 Q, a cut-off frequency of 1500Hz and a 
frequency of infinite attenuation of 1800 Hz. Deter- 
mine the values of components required if the filter 
is to comprise a prototype T section, an ‘m-derived’ 
T section and two terminating half-sections (use 
m= (0.6 for the half-sections). 

[Prototype: Each series arm 53.1 mH; 

shunt arm comprises 0.424 \1F 

“‘m-derived’: Each series arm 29.3 mH; 

shunt arm comprises 0.235 wF 

capacitor in series with 33.32 mH inductance. 
Half-sections: Series arm 31.8 mH; 

shunt arm comprises 0.127 |1F 

capacitor in series with 56.59 mH inductance] 


2. A filter made up of a prototype z section, an ‘m- 
derived’ zr section and two terminating half-sections 
in cascade has a nominal impedance of 1kQ, a 
cut-off frequency of 100 kHz and a frequency of 
infinite attenuation of 90kHz. Determine the val- 
ues of the components comprising the composite 
filter and explain why such a filter is more suit- 
able than just the prototype. (Use m= 0.6 for the 
half-sections.) 

[Prototype: Series arm 795.8 pF, 

each shunt arm 1.592 mH ‘m-derived’: Each 
shunt arm 3.651 mH; series arm 1.826 nF 
capacitor in parallel with 1.713 mH inductance. 
Half-sections: Shunt arm 2.653 mH; series 

arm 2.653 nF capacitor in parallel 

with 1.492 mH inductance] 


5.04mH 5.04 mH 5.7 mH 


0.0282 \.F 0.0159 iF 


6.43 mH 10.13 mH 


Half section 


"m-derived" section 


43 Magnetically coupled circuits 


At the end of this chapter you should be able to: 


e define mutual inductance 
dl, d®, d®, 
e deduce that E27 = —M—_,M=N) : 
dt dl, dly 

and perform calculations 


e show that M=k,/(L)L2) and perform calculations 


e perform calculations on mutually coupled coils in 
series 

e perform calculations on coupled circuits 

e describe and use the dot rule in coupled circuit 
problems. 


43.1 Introduction 


When the interaction between two loops of a circuit takes 
place through a magnetic field instead of through com- 
mon elements, the loops are said to be inductively or 
magnetically coupled. The windings of a transformer, 
for example, are magnetically coupled (see Chapter 20). 


43.2 Self-inductance 


It was shown in Chapter 9, that the e.m.f. E induced in a 
coil of inductance L henrys is given by: 


di di 
E= oe volts | where “js the rate of change of 
dt dt 


current, 


the magnitude of the e.m.f. induced in a coil of N turns is 
given by: 


d® d®. 
= —N— volts | where — is the rate of change 
dt dt 


of flux, 


and the inductance of a coil L is given by: 


N® 
L= TT henrys 


43.3 Mutual inductance 


Mutual inductance is said to exist between two circuits 
when a changing current in one induces, by electromag- 
netic induction, an e.m.f. in the other. An ideal equivalent 
circuit of a mutual inductor is shown in Figure 43.1. 


CIRCUIT CIRCUIT 


Figure 43.1 


L; and Ly are the self inductances of the two circuits 
and M the mutual inductance between them. The mutual 
inductance M is defined by the relationship: 


Ey = —M— |or| Ey = -—M— (43.1) 


where E> is the e.m.f. in circuit 2 due to current J; in 
circuit 1 and EF is the e.m.f. in circuit | due to the current 
Ip in circuit 2. 

The unit of M is the henry. 


E, = —N,i — (43.2) 
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Equating the £2 terms in equations (43.1) and (43.2) gives: 


dl, d®2 
M = —N) 
dt dt 
; d®, 
from which} M = N2—— (43.3) 
dl, 


Equating the £ terms in equations (43.1) and (43.2) gives: 


dln d®, 
M =—-N, 
dt dt 
; d®, 
from which} M = Nyj— (43.4) 
dl, 


If the coils are linked with air as the medium, the flux and 
current are linearly related and equations (43.3) and (43.4) 
become: 


N2® ® 
Bl ae uae! 1 
yo I 


M 


(43.5) 


Problem 1. A and B are two coils in close proximity. 
A has 1200 turns and B has 1000 turns. When a current 
of 0.8A flows in coil A a flux of 100 Wb links with 
coil A and 75% of this flux links coil B. Determine 
(a) the self inductance of coil A, and (b) the mutual 
inductance. 


(a) From Section (43.2), 


self inductance of coil A, 
Na®,4  (1200)(100 x 10~®) 
A 0.80 
=0.15 H 


La = 


(b) From equation (43.5), 


mutual inductance, M 
_ Np&g _ (1000)(0.75 x 100 x 107%) 
a 0.80 
= 0.09375 H or 93.75 mH 


Problem 2. Two circuits have a mutual inductance of 
600 mH. A current of 5 A in the primary is reversed in 
200 ms. Determine the e.m.f. induced in the secondary, 
assuming the current changes at a uniform rate. 


dl 
Secondary e.m.f., Ez = -M~ from equation (43.1). 
Since the current changes from +5A to —SA, the change 
of current is 1OA. 
di 10 
dt 200 x 10- 


Hence z= 50 A/s 


Hence secondary induced e.m.f., 


dh 28 
Ey = —M—*~ = ~(600 x 10*)(50) 


= —30 volts 
Now try the following exercise. 


Exercise 157 Further problems on mutual 
inductance 


1. If two coils have a mutual inductance of 500 WH, 
determine the magnitude of the e.m.f. induced in 
one coil when the current in the other coil varies at 
arate of 20 x 10° A/s [10 V] 


2. An e.m.f. of 15 V is induced in a coil when the 
current in an adjacent coil varies at a rate of 300 A/s. 
Calculate the value of the mutual inductance of the 
two coils [50 mH] 


3. Two circuits have a mutual inductance of 0.2 H. 
A current of 3 A in the primary is reversed in 200 ms. 
Determine the e.m.f. induced in the secondary, 
assuming the current changes at a uniform rate. 

[-6V] 


4. A coil, x, has 1500 turns and a coil, y, situated close 
to x has 900 turns. When a current of 1 A flows in 
coil x a flux of 0.2 mWb links with x and 0.65 of this 
flux links coil y. Determine (a) the self inductance 
of coil x, and (b) the mutual inductance between the 
coils. [(a) 0.30 H (b) 0.117 H] 


43.4 Coupling coefficient 


The coupling coefficient k is the degree or fraction of 
magnetic coupling that occurs between circuits. 


flux linking two circuits 


total flux produced 


When there is no magnetic coupling, k=0. If the mag- 
netic coupling is perfect, i.e. all the flux produced in 
the primary links with the secondary then k = 1. Coup- 
ling coefficient is used in communications engineering to 
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denote the degree of coupling between two coils. If the 
coils are close together, most of the flux produced by cur- 
rent in one coil passes through the other, and the coils are 
termed tightly coupled. If the coils are spaced apart, only 
a part of the flux links with the second, and the coils are 
termed loosely-coupled. 


From Section 43.2, the inductance of a coil is given by 


N® 
L=— 
I 
Ni ® 
Thus for the circuit of Figure 43.1, LZ; = peal 
1 
Lih 


from which, ®; = N (43.6) 


From equation (43.5), M=(N2®2//,), but the flux that 
links the second circuit, ®2 =k®, 


N2®> No(k®1) Nok (47) 
= from 


Thus M= = 
qT q rf 1 


equation (43.6) 


kKNoL N. M 
ie. M = —*— from which, — = — (43.7) 
Ny Ni kL 
Also, since the two circuits can be reversed, 
kN Ly ._, No _ kL 
M= from which, — = —— (43.8) 
N> Ni M 
Thus from equations (43.7) and (43.8), 
No M _ kly 
N kL; M 
from which, 
M? = k?L\Lp and| M =k /(LyL2) (43.9) 
or, coefficient of coupling, k = ————— | (43.10) 
Brees ILI) 


Problem 3. Two coils have self inductances of 
250 mH and 400 mH respectively. Determine the mag- 
netic coupling coefficient of the pair of coils if their 
mutual inductance is 80 mH. 


From equation (43.10), coupling coefficient, 


een | ee 80 x 1077 
~ J(LiL2) — /[(250 x 10-3)(400 x 1073)] 
80 x 107-3 
V0.1) 


Problem 4. Two coils, X and Y, having self induct- 
ances of 80 mH and 60 mH respectively, are magnet- 
ically coupled. Coil X has 200 turns and coil Y has 
100 turns. When a current of 4A is reversed in coil X 
the change of flux in coil Y is 5 mWb. Determine (a) 
the mutual inductance between the coils, and (b) the 
coefficient of coupling. 


(a) From equation (43.3), 


, d®y 
mutual inductance, M = Ny —— 
dlx 


(100)(5 x 1073) 
~  (4—-4) 
= 0.0625 H or 62.5 mH 


(b) From equation (43.10), 


coefficient of coupling, k = ———— 
 V(LxLy) 


0.0625 


~ /[(80 x 10-3)(60 7 10-)] = 0.902 


Now try the following exercise. 


Exercise 158 Further problems on coupling 
coefficient 


1. Two coils have a mutual inductance of 0.24 H. If 
the coils have self inductances of 0.4H and 0.9H 
respectively, determine the magnetic coefficient of 
coupling. [0.40] 


2. Coils A and B are magnetically coupled. Coil A 
has a self inductance of 0.30 H and 300 turns, and 
coil B has a self inductance of 0.20 H and 120 turns. 
A change of flux of 8mWb occurs in coil B when 
a current of 3A is reversed in coil A. Determine 
(a) the mutual inductance between the coils, and 
(b) the coefficient of coupling. 

[(a) 0.16 H (b) 0.653] 


43.5 Coils connected in series 


Figure 43.2 shows two coils 1 and 2 wound on an insu- 
lating core with terminals B and C joined. The fluxes in 
each coil produced by current i are in the same direction 
and the coils are termed cumulatively coupled. 

Let the self inductance of coil 1 be L; and that of coil 2 
be L2 and let their mutual inductance be M. 
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COIL 1 


COIL 2 


Figure 43.2 


If in dt seconds, the current increases by di amperes 
then the e.m.f. induced in coil 1 due to its self inductance 
is L,(di/dt) volts, and the e.m.f. induced in coil 2 due 
to its self inductance is Lo(di/dt) volts. Also, the e.m.f. 
induced in coil 1 due to the increase of current in coil 2 is 
M(di/dt) volts and the e.m.f. induced in coil 2 due to the 
increase of current in coil 1 is M(di/drt). 

Hence the total e.m.f. induced in coils 1 and 2 is: 


Ho at 35 ue It 
dt at dt a 
di 
= (Ly Se er volts 


If the winding between terminals A and D in Figure 43.2 
are considered as a single circuit having a self inductance 
La henrys then if the same increase in dt seconds is di 
amperes then the e.m.f. induced in the complete circuit is 
La(di/dt) volts. 


H L a (1,4+ L pomyl 
ence _-_ = = 
At : 2 dt 
i.e. Ig =1,+12+2M (43.11) 


If terminals B and D are joined as shown in Figure 43.3 
the direction of the current in coil 2 is reversed and the 
coils are termed differentially coupled. In this case, the 
total e.m.f. induced in coils 1 and 2 is: 


‘: di oi di om 
‘at 2 it dt 


The e.m.f. M(di/dt) induced in coil | due to an increase di 
amperes in dt seconds in coil 2 is in the same direction as 
the current and is hence in opposition to the e.m.f. induced 
in coil | due to its self inductance. Similarly, the e.m.f. 
induced in coil 2 by mutual inductance is in opposition to 
that induced by the self inductance of coil 2. 


COIL 1 


COIL 2 


Figure 43.3 


If Lp is the self inductance of the whole circuit between 
terminals A and C in Figure 43.3 then: 


pe a Oy 
ar a el dt 


ie. Lg=Ly+L,—2M (43.12) 


Thus the total inductance L of inductively coupled circuits 
is given by: 


L=1,+12,+2M (43.13) 


Equation (43.11) — equation (43.12) gives: 


La — Lp = (1, + Ly + 2M) — (£1 + Lo — 2M) 
Lg =2M — (—2M)=4M 


ie: La 


La — Lp 


fi hich, 
rom whic 4 


mutual inductance, M = 


(43.14) 


An experimental method of determining the mutual 
inductance is indicated by equation (43.14), i.e. con- 
nect the coils both ways and determine the equivalent 
inductances L4 and Lg using an a.c. bridge. The mutual 
inductance is then given by a quarter of the difference 
between the two values of inductance. 


Problem 5. Two coils connected in series have self 
inductance of 40 mH and 10 mH respectively. The total 
inductance of the circuit is found to be 60 mH. Deter- 
mine (a) the mutual inductance between the two coils, 
and (b) the coefficient of coupling. 
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(a) From equation (43.13), total inductance, 
L=L,+1,+2M 


Hence 60= 40+ 10+2M 
Since (ZL; +L2)<Lthen 60=40+10+2M 


from which 


10 
and mutual inductance, M = — = 5mH 


(b) From equation (43.10), coefficient of coupling, 


— MM | Sip 

~ J(Lila) ~~ J/{(40 x 10-3)10 x 10-3)] 
_ 5x 1073 
~ 0.02 


i.e. coefficient of coupling, k = 0.25 


2M = 60 — 40— 10= 10 


From equation (43.11), 


L=Ly+Ly+2M 
Hence 8=1+5+2M 


from which, mutual inductance, M = 1H 
(b) From equation (43.10), 


coefficient of coupling, k = ——— 
 V(LxLy) 


1 
= —___ = 0.447 
VIC) 


Problem 6. Two mutually coupled coils X and Y are 
connected in series to a 240 V d.c. supply. Coil X has 
a resistance of 5 Q and an inductance of 1 H. Coil Y 
has a resistance of 10 Q and an inductance of 5H. Ata 
certain instant after the circuit is connected, the current 
is 8A and increasing at a rate of 15 A/s. Determine 
(a) the mutual inductance between the coils and (b) 
the coefficient of coupling. 


Problem 7. Two coils are connected in series and 
their effective inductance is found to be 15 mH. When 
the connection to one coil is reversed, the effective 
inductance is found to be 10 mH. If the coefficient of 
coupling is 0.7, determine (a) the self inductance of 
each coil, and (b) the mutual inductance. 


The circuit is shown in Figure 43.4. 


COIL X vis 7 : c 
( 
V=240V 
Ry =102 
COIL Y ly=5H 
Figure 43.4 
(a) From Kirchhoff’s voltage law: 
V=iR+L a 
= dt 
ie. 240 = 8(5 + 10) + L(15) 
ie. 240 = 120+ 15L 
240 — 120 
from which, L = -—————— = 8H 


15 


(a) From equation (43.13), 
total inductance, L=L)+1.+2M 
and from equation (43.9), M=k,/(LiL2) 
hence L=L; + Ly + 2k,/(LiL2) 
Since in equation (43.11), 
La =15mH, 15=L; + Lo + 2k./(LiL2) 


(43.15) 
and since in equation (43.12), 


Lg =10mH, 10=L, +1) — 2k. /(L1L2) 


(43.16) 
Equation (43.15) + equation (43.16) gives: 


25 = 2L; + 217 and 12.5 = 1; + Lp (43.17) 


From equation (43.17), Lz = 12.5— Ly 
Substituting in equation (43.15), gives: 


15=L, + (12.5 — L)) 
+2(0.7),./[L1(12.5 — L1)] 


ie. = 15 = 12.54 1.4,/(12.5L; — L?) 


15-125 
= (12.51, — VP 
14 J/(12.5L4 re) 
BH 15" 
and (7) = 12.54,-7 


ie. 3.189=12.5L) — Li 
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from which, L7 — 12.5L; + 3.189=0 
Using the quadratic formula: 


—(—12.5) + /[(—12.5)* — 4(1)G.189)] 


7 2(1) 


12.5+ (11. 


= 12.24 mH or 0.26H 


From equation (43.17): 


Ly = 12.5—L, = (12.5 — 12.24) = 0.26mH 
or (12.5 — 0.26) = 12.24 mH 


(b) From equation (43.14), 


La — Lp 
4 

15 — 10 
~ 4 


mutual inductance, M = 


= 1.25 mH 


inductance, (b) the total inductance when the sec- 
tions are connected in series aiding, and (c) the total 
inductance when the sections are in series opposing. 

[(a) 200 mH (b) 1.298 H (c) 0.498 H] 


5. Two coils are connected in series and their total 
inductance is measured as 0.12 H, and when the 
connection to one coil is reversed, the total induct- 
ance is measured as 0.04 H. If the coefficient of 
coupling is 0.8, determine (a) the self inductance of 
each coil, and (b) the mutual inductance between 
the coils. 

[(a) Ly = 71.22 mH or 8.78 mH, 
Ly =8.78 mH or 71.22 mH 
(b) 20 mH] 


Now try the following exercise. 


Exercise 159 Further problems on coils connected 
in series 


1. Two coils have inductances of 50 mH and 100 mH 
respectively. They are placed so that their mutual 
inductance is 10mH. Determine their effective 
inductance when the coils are (a) in series aid- 
ing (i.e. cumulatively coupled), and (b) in series 
opposing (i.e. differentially coupled). 

[(a) 170 mH (b) 130 mH] 


2. The total inductance of two coils connected in series 
is 0.1 H. The coils have self inductance of 25 mH 
and 55 mH respectively. Determine (a) the mutual 
inductance between the two coils, and (b) the 
coefficient of coupling. 

[(a) 10 mH (b) 0.270] 


3. Ad.c. supply of 200 V is applied across two mutu- 
ally coupled coils in series, A and B. Coil A has 
a resistance of 2 Q and a self inductance of 0.5 H; 
coil B has a resistance of 8 Q and a self induct- 
ance of 2H. At a certain instant after the circuit is 
switched on, the current is 10A and increasing at 
a rate of 25 A/s. Determine (a) the mutual induc- 
tance between the coils, and (b) the coefficient of 
coupling. {(a) 0.75 H (b) 0.75] 


4. A ferromagnetic-cored coil is in two sections. 
One section has an inductance of 750mH and 
the other an inductance of 148mH. The coeffi- 
cient of coupling is 0.6. Determine (a) the mutual 


43.6 Coupled circuits 


The magnitude of the secondary e.m.f. E> in Figure 43.5 
is given by: 


dl . 
En= ee from equation (43.1) 


If the current J; is sinusoidal, i.e. J) = 1) sin wt 
d . 
then E> =M— (im sin wt) = Malm cos wt 


Since cos wt = sin(w@t+90°) then cos wt=jsinwt in 
complex form. 


Hence F2 = Malin (j sin wt) = j@M (hm sin wt) 


ie. FE, =joMl, 


If L; is the self inductance of the primary winding in Fig- 
ure 43.5, there will be an e.m.f. generated equal to jal, 
induced into the primary winding since the flux set up by 
the primary current also links with the primary winding. 


(43.18) 


Magnetic flux 


Figure 43.5 
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(a) Secondary open-circuited 


Figure 43.6 shows two coils, having self inductances of 
L, and Ly which are inductively coupled together by a 
mutual inductance M. The primary winding has a voltage 
generator of e.m.f. E; connected across its terminals. The 
internal resistance of the source added to the primary resis- 
tance is shown as R and the secondary winding which is 
open-circuited has a resistance of R2. 


Figure 43.6 


Applying Kirchhoff’s voltage law to the primary circuit 
gives: 


dl, 
FE, =1R, +L); — 


43.1 
dt et) 


If EZ; and J; are both sinusoidal then equation (43.19) 
becomes: 


d 
Ey, =hRy+ £1 7 im sin wf) 


=1],R, + Li@l{m cos wt 
=1R, + Lio(jlim sin at) 


ie. Fy =Ry+johLy = )(R, +jol1) 


E 
ce (43.20) 
Ri +joLl; 
From equation (43.18), E2 =jaMl 
Ey 
from which, i = — (43.21) 
jJoM 
Equating equations (43.20) and (43.21) gives: 
Fy Ey 
joM Ri +joL; 
jwME 
and |e he (43.22) 
Ry +joLl, 


Problem 8. For the circuit shown in Figure 43.7, 
determine the p.d. E2 which appears across the 
open-circuited secondary winding, given that 
E,; =8 sin 2500t volts. 


Figure 43.7 


Impedance of primary, 
Z, = Ri + joL = 15 + j(2500)(5 x 1077) 
= (15 + f12.5)Q or 19.53239.81°Q 


E, 820° 
Z,  19.53239.81° 


Primary current J; = 


From equation (43.18), 


. joME 
Ey = joMl, = : 
(Ri +joL1) 


j(2500)(0.1 x 1073)(820°) 
~ 19.53239.81° 
2290° 
~ 19.53239.81° 


= 0.10250.19° V 


Problem 9. Two coils x and y, with negligible resis- 
tance, have self inductances of 20mH and 80mH 
respectively, and the coefficient of coupling between 
them is 0.75. If a sinusoidal alternating p.d. of 5V 
is applied to x, determine the magnitude of the open 
circuit e.m.f. induced in y. 


From equation (43.9), mutual inductance, 


M =k,/(LyLy) = 0.75,/[(20 x 1073)(80 x 1077)] 
=0.03H 
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From equation (43.22), the magnitude of the open circuit 
e.m.f. induced in coil y, 


Be joME, 
Ry + joy 
iwME, ME, 0.03)(5 
When Ri =0,|Ey| = 22 x _ ME, _ (0.03)6) 
JoLx Ly 20 x 10-3 
=7.5V 


(b) Secondary terminals having load impedance 


In the circuit shown in Figure 43.8 a load resistor R;, is con- 
nected across the secondary terminals. Let Ry +R, =Ro 


‘ 


Figure 43.8 


When an e.m.f. is induced into the secondary winding 
a current J flows and this will induce an e.m.f. into the 
primary winding. 

Applying Kirchhoff’s voltage law to the primary wind- 
ing gives: 
Ey = (Ri + jol)) + joMh (43.23) 


Applying Kirchhoff’s voltage law to the secondary wind- 
ing gives: 


0 = h(R2 + jwL2) + joMh (43.24) 
j@MI 
From equation (43.24), I, = ec ec 
(R2 +joL2) 
Substituting this in equation (43.23) gives: 
j@MI 
E, =1)(Ry + joL1) + joM (a) 
(R2 + joLz) 
2M2 . 
ie. Ep=] G + joL,) + a =-1 
(R2 + joLz) 
2442 ‘ 
; w°M*(R2 — jol2) 
=], | (Ri + joLl,) + ——.—.— 
f 1 +joLli) B+ oD 
w°M? Ro joM7L 
=), | Ri +joL,; + 7 a 5) 5) 
Rie +a*Ls Rj +0715 


The effective primary impedance Zj (eff) of the circuit is 
given by: 


Z el 
1(eff) = li 
pee 2M7R, . ( wo M?L» 
= TT 27 1— 73 2 
R2 +o? R3 +013 
(43.25) 


In equation (43.25), the primary impedance is 
(R; +jwL,). The remainder, 


; w’M?R, _ @ M?L) 
1.€. 
R+e 'R+0L 


is known as the reflected impedance since it represents 
the impedance reflected back into the primary side by the 
presence of the secondary current. 


Hence reflected impedance 
_ @ MPR, j OM*Ly ayo ( Roa jel 
Ri+0°LS ~ R54 0?L5 Ri + @°L5 


oe (Ro — joL2) _ _ wM? 
(Ro + jol2)(R2 —jolz) Ro +jwLl2 


242 
‘ - @ 
Le. reflected impedance, Z, = 


(43.26) 


22 


Problem 10. For the circuit shown in Figure 43.9, 
determine the value of the secondary current J) if 


10° 
E, =2Z0° volts and the frequency is —— Hz. 
1 


Figure 43.9 
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From equation (43.25), Rierf) is the real part of Zj (eff, 
w*M*Ry 


ie. R,(eff) = Rk; + ———~ 
(eff) = Ry R+eL 


103\° 
(x) (2x 10~3)7(16+ 50) 


= (44 16)+ : 
10° 
662+ (2) (10 x 10~3)2 
X 
1056 
=2 — = 20.2222 
or 4756 


and X (eff) is the imaginary part of Zj (eff), i.e. 


w>M?Ly 
R3 + w°L5 


1 3 
= (27) (10 x 107) 
us 


103\° 
(=) (2 x 1073)(10 x 1073) 
Tv 


X (eff) = oL, 


103\* 2 
662 + ( 2x— ) (10 x 10-3)? 
a 


320 
= 20 — 4756 = 19.933 Q 
Hence primary current, 
i Ei = 220° 
Ziett) (20.222 + 719.933) 
220° 


a = 0.07042—44.59° A 
28.395 244.59° i 7 


From equation (43.18), 
Ey =joMl, 


10° 
=j (27) (2 x 1077)(0.0704.2—44.59°) 
a 
= (4290°)(0.0704.2—44.59°) 
= 0.282245.41° V 
Hence secondary current, 


a) 0.282745.41° 
_ 3 


1 
66+] (n=) (10 x 10-3) 


4 


Zn 


0.282.245.41° 
~ (66 +j20) 
0.282245.41° 
~ 68.964216.86° 
ie. Ty = 4.09 228.55° mA 


= 4.089 x 1077.728.55° A 


Problem 11. For the coupled circuit shown in Figure 
43.10, calculate (a) the self impedance of the primary 
circuit, (b) the self impedance of the secondary circuit, 
(c) the impedance reflected into the primary circuit, 
(d) the effective primary impedance, (e) the primary 
current, and (f) the secondary current. 


b 


w = 500 rad/s 


M=0.2H 


Figure 43.10 


(a) Self impedance of primary circuit, 
Z, = 300 + j(500)(0.2 + 0.5) 
Le. Zz = (300+ 7350) Q 


(b) Self impedance of secondary circuit, 


Zo = 500+ (5003.3 (500)(5 x Ta 


= 500 + j(150 — 400) 
ie. Zz = (500 —j250)2 
(c) From equation (43.26), 


w*M2 


reflected impedance, Z, = Z 
2 


_ (500)?(0.2)? 
~~ (500 — j250) 


_ 10*(500 + j250) 
~ 5002 + 2502 


= (16 +8) Q 
(d) Effective primary impedance, 


Z\ eff) = Z, + Z, (note this is equivalent to 
equation 43.25) 


= (300 + j350) + (16 + j8) 


ie. Zier) = (316 +7358) Q 
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E; _ — 502Z0° 
Zyett) (316 +j358) 


(e) Primary current, Ij = 


_ 500° 
~ 477.51248.57° 


= 0.105 2—48.57° A 


E 
(f) Secondary current, I) = = where 
2 


E, =jo@MI, from equation (43.18) 


joMI; — j(500)(0.2)(0.1052—48.57°) 
—— (500 — j250) 


Hence Iz = 


_ (100290°)(0.1052—48.57°) 
7 559.027—26.57° 


= 0.0188 468° A or 18.8268° mA 


(c) Resonance by tuning capacitors 


Tuning capacitors may be added to the primary and/or 
secondary circuits to cause it to resonate at partic- 
ular frequencies. These may be connected either in 
series or in parallel with the windings. Figure 43.11 
shows each winding tuned by series-connected capaci- 
tors C; and C2. The expression for the effective primary 
impedance Zjeff), i.e. equation (43.25) applies except 
that wl; becomes (wl; — (1/@C;)) and wLz becomes 
(oly — (1/@C2)) 


Figure 43.11 


lo 
502 

152 

0.2 mH 

C2 
Ey = 2020° vf 

M= 10H 

Figure 43.12 


Problem 12. For the circuit shown in Figure 43.12 
each winding is tuned to resonate at the same fre- 
quency. Determine (a) the resonant frequency, (b) the 
value of capacitor C2, (c) the effective primary 
impedance, (d) the primary current, (e) the voltage 
across capacitor C2 and (f) the coefficient of coupling. 


(a) For resonance in a series circuit, the resonant fre- 
quency, f,, is given by: 


1 
fr Fa EG 
1 
Hence f, = 2n JC) 


1 
~ 2n./(1 x 10-3)(400 x 10-12) 
= 251.65 kHz 


(b) The secondary is also tuned to a resonant frequency 
of 251.65 kHz. 


1 ; 1 
Hence f, = In Macy) Le. (2xf,)” = bG 
and capacitance, 
Ga 
La(2nfr)? 


1 
~ (0.2 x 1073)[27(251.65 x 103)]? 


=2.0x 10°F or 2.0nF 
1 1 
(Note that since f, = On MbC) ~ In Jas) 
then L) Cy = LoCo 
L;}C, (1 x 1073)(400 x 107!) 
ln 0.2 x 10-3 
= 2.0 nF) 


and C2= 


(c) Since both the primary and secondary circuits are res- 
onant, the effective primary impedance Zj eff), from 
equation (43.25) is resistive, 


; w°M?R2 
ie. Zyeffy = Ri + ; 5 
R2 + { wl; — — 
2 ( : wC| ) 
w°M?R 


= R, + —— 
2 
Ry 
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w*M?2 
=R 
1+ Bs 
27 (251.65 x 10°)]2(10 x 107°)? 

= (15 +30) + 2% x 10°)}°d0 x ) 
50 

=454+5=502 

(d) Pri iF E, 20.20° 
rimary current, = = 
: : Ly cet 50 

= 0.4020° A 


(e) From equation (43.18), secondary voltage 
Ey =joMI, 
= j(27)(251.65 x 10°)(10 x 10~°)(0.4020°) 


= 6.325290° V 


E, _ 6.325290° 


Secondary current, 2 = — = —_—___ 
: 2 =F  5020° 


= 0.1265290° A 
Hence voltage across capacitor Cz 
1 
= (h)(Xc2) = (2) (=) 
wc? 


= (0.1265290°) 


1 
Z—90° 
- (mos x 103)](2.0 x 10) ) 
= 4020° V 
(f) From equation (43.10), the 


M 
JV (Ly L2) 


coefficient of coupling, k = 


10 x 10~® 


= = 0.0224 
Jd x 10-3)(0.2 x 10-3) 


Now try the following exercise. 


Exercise 160 Further problems on coupled 
circuits 


1. Determine the value of voltage E2 which appears 
across the open circuited secondary winding of 
Figure 43.13. [0.93 268.20° V] 


Ee 
10 sin 1000 t volts 


M=0.5 mH 


Figure 43.13 


2. The coefficient of coupling between two coils 


having self inductances of 0.5 H and 0.9 H respec- 
tively is 0.85. If a sinusoidal alternating voltage of 
50 mV is applied to the 0.5H coil, determine the 
magnitude of the open-circuit e.m.f. induced in the 
0.9H coil. [57 mV] 


3. Determine the value of (a) the primary current, /, 


and (b) the secondary current />, for the circuit 
shown in Figure 43.14. 
[(a) 0.197Z—71.91° A (b) 0.0307—48.48° A] 


2020° mI 


Figure 43.14 


4. For the magnetically coupled circuit shown in 


Figure 43.15, determine (a) the self impedance 

of the primary circuit, (b) the self impedance of 

the secondary circuit, (c) the impedance reflected 

into the primary circuit, (d) the effective primary 

impedance, (e) the primary current, and (f) the 
secondary current. 

[(a) (100 + j200)22 

(b) (40 +780)&2 (c) (40.5 — j81.0)Q 

(d) (140.5 + 7119)Q (e) 0.543 7—40.26° A 

(f) 0.5462—13.69° A] 
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10020° V | 


@ = 1000 rad/s 


Figure 43.15 


5. In the coupled circuit shown in Figure 43.16, each 
winding is tuned to resonance at the same fre- 
quency. Calculate (a) the resonant frequency, (b) the 
value of Cs, (c) the effective primary impedance, 
(d) the primary current, (e) the secondary cur- 
rent, (f) the p.d. across capacitor Cs, and (g) the 
coefficient of coupling. 

[(a) 14.235 kHz (b) 12.5 nF (c) 1659.9 Q 
(d) 18.0720° mA (e) 80.94.290° mA 
(f) 72.4020° V (g) 0.253] 


M=4mH 


Figure 43.16 


43.7 Dot rule for coupled circuits 


Applying Kirchhoff’s voltage law to each mesh of the 
circuit shown in Figure 43.17 gives: 


Figure 43.17 


Ey =1(R, + joL;) + joMln 
and 0=/(Ro + Rp +jol.) +joMh 


In these equations the ‘M’ terms have been written as 
+ because it is not possible to state whether the mag- 
netomotive forces due to currents J; and /> are added 
or subtracted. To make this clearer a dot notation is 
used whereby the polarity of the induced e.m.f. due 
to mutual inductance is identified by placing a dot 
on the diagram adjacent to that end of each equiva- 
lent winding which bears the same relationship to the 
magnetic flux. 

The dot rule determines the sign of the voltage of 
mutual inductance in the Kirchhoff’s law equations shown 
above, and states: 


(i) when both currents enter, or both currents leave, 
a pair of coupled coils at the dotted terminals, the 
signs of the ‘M’ terms will be the same as the signs 
of the ‘L’ terms, or 

(ii) when one current enters at a dotted terminal and one 
leaves by a dotted terminal, the signs of the ‘M’ terms 
are opposite to the signs of the ‘L’ terms. 


Thus Figure 43.18 shows two cases in which the signs of 
M and L are the same, and Figure 43.19 shows two cases 
where the signs of M and L are opposite. In Figure 43.17, 
therefore, if dots had been placed at the top end of coils LZ; 
and L» then the terms jwM7y and jwMT7, in the Kirchhoff’s 
equation would be negative (since current directions are 
similar to Figure 43.19(a)). 


[ oe} e ¢ 
(a) (b) 


Figure 43.18 


ee ee 
(a) (b) 


Figure 43.19 
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Problem 13. For the coupled circuit shown in Figure 
43.20, determine the values of currents /; and Jp 


I Ip 


M=j102 


25020°V | 50.0 


Figure 43.20 


The position of the dots and the current directions corres- 
pond to Figure 43.19(a), and hence the signs of the M and 
L terms are opposite. Applying Kirchhoff’s voltage law to 
the primary circuit gives: 


25020° = (10 + j50)N — j10 (1) 


and applying Kirchhoff’s voltage law to the secondary 
circuit gives: 


0= (104+ 50+ j50)h — j10h (2) 


From equation (2), j10/; = (60+ j50)/2 


aa pa + Jd0)In 
j10 
60 50 
(s+ 55) 2 = (-j64+ 5)h 
ie. [1 =(5—jO)h (3) 


Substituting for J; in equation (1) gives: 


25020° = (10 + j50)(5 — j6) 


10h 
= (50 — j60 + j250 + 300 — j10) 


= (350 + j180)/5 
250Z0° 250Z0° 
~ (350+ 7180)  393.57227.22° 


from which, I 


= 0.635 7—27.22° A 
From equation (3), 


= (5 —j6)bn 
= (5 — j6)(0.635Z—27.22°) 
= (7.8102—50.19°)(0.635/—27.22°) 
Le. Ty =4.959/—-77.41° A 


Problem 14. The circuit diagram of an air-cored 
transformer winding is shown in Figure 43.21. The 
coefficient of coupling between primary and secondary 
windings is 0.70. Determine for the circuit (a) the 
mutual inductance M, (b) the primary current J; and 
(c) the secondary terminal p.d. 


Z,= 2002—60° 2 


Figure 43.21 


(a) From equation (43.9), 
mutual inductance, M=k.,/(L\L2) 


=0.70/10 x 1077)(6 x 10-7)} 
= 1.715mH 
(b) The two mesh equations are: 
4020° = (Ri + joLi)h — joMh (1) 
and 0 = (R2 + jol2 + Zp )h — joMl, (2) 


(Note that with the dots and current directions shown, 
the jwMI terms are negative) 


Ri + jal, =5 + j27(20 x 10°)(1 x 1077) 
= (5 + j125.66) Q or 125.76287.72° Q 
joM = j2n(20 x 10°)(1.715 x 1073) 


=j215.51Q or 215.51290° Q 


Ry + joly + Zy = 40 + j27(20 x 10°)(6 x 1074) 
+2002—60° 
= 40 + j753.98 + 100 — j173.21 
= (140 + 7580.77) Q or 
597.41276.45° Q 


Hence 4020° = 125.76287.72°I; — 215.51290°ly 
(3) 
0 = —215.51290°N + 597.41276.45°lh 
(4) 
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215.51290° 
From equation (4), b= pe ae 1 
597.41276.45° 
= 0.361213.55°X (5) 
Substituting for J in equation (3) gives: 


4020° = 125.76287.72°h 
—(215.51290°)(0.361213.55°11) 


= 1\(125.76287.72° — 77.802103.55°) 
=1,[(5 + 125.66) — (—18.23 + j75.63)] 
= I,(23.23 — j50.03) 

ie. 4020° = 1)(55.162—65.09°) 


4020° 
55.162—65.09° 


= 0.725 265.09° A 


Hence primary current, I, = 


(c) From equation (5), /2 = 0.36113.55°X 
= (0.361213.55°)(0.725 265.09°) 


= 0.262278.64° A 
Hence secondary terminal p.d. 


2p, 
= (0.262278.64°)(2002—60°) 
= 52.4/18.64° V 


Problem 15. A mutual inductor is used to couple a 
20 Q resistive load to a 500° V generator as shown 
in Figure 43.22. The generator has an internal resist- 
ance of 5 Q and the mutual inductor parameters are 
R, = 20 02, ly = 0.2H, Ro = 25 Q, In=04H and 
M =0.1H. The supply frequency is (75/z) Hz. Deter- 
mine (a) the generator current 7; and (b) the load 
current Ip 


Figure 43.22 


(a) Applying Kirchhoff’s voltage law to the primary 


winding gives: 


Kr + Rj + joL,) — joMIh = 5020° 
75 
ie. Tj [5 + 20+ j27 (=) 02] 
ua 
; 75 
_j2n (=) O.1)b = 50Z0° 
a 


ie. (25 + 730) —j15h = 5020° (1) 


Applying Kirchhoff’s voltage law to the secondary 
winding gives: 


— joMl, + In(R2 + Rt + jwL2) = 0 
: : 75 
ie. —j2r| —]O.Dh 
a 


7 
+) [25 + 20 + j2m (=) ce) =0 
Le. = —J15I, + (45 + j60) = 0 (2) 


Hence the equations to solve are: 


(25 + j30)h, — j15I2 — 5020° = 0 (ly 


and —j15h + (45 + j60)l2 = 0 (2) 
Using determinants: 
q —h 
—j15 —50Z0°| (25 +730) —50Z0° 


(45+j60) 0 —j15 0 
1 


~ 125-4730) —j15 
—j15 (45 + j60) 


1.e. 
vf —Ih 


50(45+j60) —S0G15) 


1 
~ (25 +j30)(45 + j60) — (715)? 
qh b 
50(75253.13°)  750290° 


1 


~ (39.05250.19°)(75253.13°) + 225 
A bh 
3750253.13°  750290° 


~ 2928.752103.32° + 225 
qh b 


3750253.13°  75090° 


~ (—449.753 + j2849.962) 
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rf Ih 
3750253.13°  750290° 
_ 1 
~~ 2885.23798.97° 


3750£53.13° 
2885.23298.97° 
= 1.304—45.84° A 
750290° 
2885.23 298.97° 
= 0.262—8.97° A 


(a) Generator current, 1, = 


(b) Load current, [2 = 


Problem 16. The mutual inductor of problem 15 is 
connected to the circuit of Figure 43.23. Determine the 
source and load currents for (a) the windings as shown 
(i.e. with the dots adjacent), and (b) with one winding 
reversed (i.e. with the dots at opposite ends). 


Rp = 202 


Figure 43.23 


(a) The left hand mesh equation in Figure 43.23 is: 
Ey=h(r+Ri +R+joLl; + joL) 
—j@MIh — In(R + joL) 
(Note that with the dots as shown in Figure 43.23, and 


the chosen current directions as shown, the jwM1y is 
negative — see Figure 43.19(a)). Hence 


75 
5020° = 1; [5 +2048 +4 j2n (2) (0.2) 
IT 


Pa es . {5 
c +j2n (”) 0.0] — jn (*) (0.Dhb 
Iv Iv 
ay E + jan (2) 0.0] 
ms 


ie. 50Z0° = 1,(33+j30+j15) —j15b — (8 +j15) 
(i) 
ie. 50Z0° = (33 + j45)h — (8 + [302 (1) 


The right hand mesh equation in Figure 43.23 is: 
O=h(R+R2.4+ Rp + jol2 +joL) 


—~joMI, — 1\(R + joL) 


ie. O=h is + 25 + 20+ j2m (=) (0.4) 
+ j2z (=) co.) jn (F)o.mn 
be 
: 75 
I is + j20 ei) 
a 


i.e. 0 = b(53 + j60 + j15) — j151) — (8 +15) 


(ii) 

ie. 0 = (534+ 775) — (8 + j30)h (iii) 
Hence the simultaneous equations to solve are: 

(33 + j45)h — (8 + j30)b — 5020° = 0 (1) 

—(8 + j30), + (53 +j75)h =0 (2) 


Using determinants gives: 


q = —lh 
—(8 + 730) —5020° | (33 + j45) —50Z0° 
(53 + j75) 0 —(8 + j30) 0 
1 
~ |(33 +745) —(8 +730) 
fs —(8 + j30) (53 + j75) on 
q —Ih 3 


50(53+)75) —50(8 +30) 


1 
~ (33 +j45)(53 + j75) — (8 +30) 


i.e. 
q 1) 
50(91.84254.75°)  50(31.05275.07°) 
1 
> eee | 


—(31.05275.07°)? 
q _ bh 
4592/54.75°  1552.5275.07° 


1 
~ 5124.6722108.50° — 964.1032150.14° 
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A hb 
4592/54.75° — 1552.5275.07° 
1 
~ —789.97 + j4379.84 


1 
~ 4450.512100.22° 


4592 254.75° 
4450.512100.22° 
= 1.032—45.47°A 


__1952,.5275.07° 
~ 4450.512100.22° 


= 0.352—25.15° A 


Hence source current, J, = 


and load current, I, 


(b) When one of the windings of the mutual inductor is 
reversed, with, say, the dots as shown in Figure 43.24, 
the jwMI terms change sign, i.e. are positive. With 
both currents entering the dot ends of the windings 
as shown, it compares with Figure 43.18(a), which 
indicates that the ‘L’ and ‘M’ terms are of similar sign. 


Figure 43.24 


Thus equations (i) and (ii) of part (a) become: 


500° = 1,(33 + j30 + j15) + j15h — b(8 + j15) 
and 0= (53 + j60 +15) +/151) — (8 +15) 


ie. 1)(33 +45) — (8) — 5020° = 0 
and 1(8) + (53 + j75) = 0 


Using determinants: 


q _ —h 
—§ —5040°| |(33 +j45) —5020° 
(53+j75) 0 =8 0 
7 1 
~ 1334-745). = 


8 
—§ 63+ | 


; q —h 
** 5053-4 775) —400Z0° 
1 
~ (33 + j45)(53 + j75) — 64 
qT In 
4592754.75°  400Z0° 
1 
~ 5124.6722108.50° — 64 
1 
~ —1690.08 + j4859.85 


1 
~ 5145.347109.18° 


4592 254.75° 


Hence source current, vi = 5145.347109.18° 
= 0.89 7—54.43° A 


4000° 


and load current, I, = 5145.347109.18° 


= 0.078 7—109.18° A 


Now try the following exercise. 


Exercise 161 Further problems on the dot rule for 
coupled circuits 


1. Determine the values of currents J, and J, in the 
coupled circuit shown in Figure 43.25. 

Up = 893.32—60.57° mA, 

I, =99.8822.86° mA] 


Figure 43.25 


2. The coefficient of coupling between the primary 
and secondary windings for the air-cored trans- 
former shown in Figure 43.26 is 0.84. Calculate 
for the circuit (a) the mutual inductance M, (b) the 
primary current J,,, (c) the secondary current J,, and 
(d) the secondary terminal p.d. 
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[(a) 13.28 mH (b) 1.6032—28.97° A 
(c) 0.913217.71° A (d) 73.042—27.29° V] 


Z, = 802-45° 9 
10040° V 
1 kHz 


Figure 43.26 


3. A mutual inductor is used to couple a 50 Q resistive 
load to a 25020° V generator as shown in Figure 
43.27. Calculate (a) the generator current J, and 
(b) the load current J; 

[(a) Ig = 9.6532—36.03° A 
(b) I, = 1.084227.28° A] 


25020° V 
50 Hz 


Figure 43.27 


4. The mutual inductor of problem 3 is connected to 
the circuit as shown in Figure 43.28. Determine 
(a) the source current, and (b) the load current. (c) 
If one of the windings is reversed, determine the 
new value of source and load currents. 

[(a) 6.6582—28.07° A (b) 1.4447—7.79° A 
(c) 6.087 2—35.38° A, 0.931 2—73.25° A] 


M= 30 mH 


50 Hz 


Figure 43.28 
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44 Transmission lines 


At the end of this chapter you should be able to: 


@ appreciate the purpose of a transmission line 

e define the transmission line primary constants R, L, 
C and G 

e calculate phase delay, wavelength and velocity of 
propagation on a transmission line 

@ appreciate current and voltage relationships on a 
transmission line 

e define the transmission line secondary line constants 
Zo, y, a and B 


e calculate characteristic impedance and propagation 
coefficient in terms of the primary line constants 

e understand and calculate distortion on transmission 
lines 

e understand wave reflection and calculate reflection 
coefficient 

e understand standing waves and calculate standing 
wave ratio 


44.1 Introduction 


A transmission line is a system of conductors connect- 
ing one point to another and along which electromagnetic 
energy can be sent. Thus telephone lines and power distri- 
bution lines are typical examples of transmission lines; in 
electronics, however, the term usually implies a line used 
for the transmission of radio-frequency (r.f.) energy such 
as that from a radio transmitter to the antenna. 

An important feature of a transmission line is that it 
should guide energy from a source at the sending end to 
a load at the receiving end without loss by radiation. One 
form of construction often used consists of two similar 
conductors mounted close together at a constant separ- 
ation. The two conductors form the two sides of a balanced 
circuit and any radiation from one of them is neutralized 
by that from the other. Such twin-wire lines are used for 
carrying high r.f. power, for example, at transmitters. The 
coaxial form of construction is commonly employed for 
low power use, one conductor being in the form of a cylin- 
der which surrounds the other at its centre, and thus acts 
as a screen. Such cables are often used to couple f.m. and 
television receivers to their antennas. 

At frequencies greater than 1000 MHz, transmission 
lines are usually in the form of a waveguide which may be 
regarded as coaxial lines without the centre conductor, the 
energy being launched into the guide or abstracted from 
it by probes or loops projecting into the guide. 


44.2 Transmission line primary constants 


Let an a.c. generator be connected to the input terminals of 
a pair of parallel conductors of infinite length. A sinusoidal 


wave will move along the line and a finite current will flow 
into the line. The variation of voltage with distance along 
the line will resemble the variation of applied voltage with 
time. The moving wave, sinusoidal in this case, is called 
a voltage travelling wave. As the wave moves along the 
line the capacitance of the line is charged up and the mov- 
ing charges cause magnetic energy to be stored. Thus the 
propagation of such an electromagnetic wave constitutes 
a flow of energy. 

After sufficient time the magnitude of the wave may 
be measured at any point along the line. The line does 
not therefore appear to the generator as an open circuit 
but presents a definite load Zo. If the sending-end voltage 
is Vs and the sending-end current is Js then Zp = Vs/Ts. 
Thus all of the energy is absorbed by the line and the line 
behaves in a similar manner to the generator as would a 
single ‘lumped’ impedance of value Zp connected directly 
across the generator terminals. 

There are four parameters associated with transmis- 
sion lines, these being resistance, inductance, capacitance 
and conductance. 


(i) Resistance R is given by R= pl/A, where p is the 
resistivity of the conductor material, A is the cross- 
sectional area of each conductor and / is the length 
of the conductor (for a two-wire system, / represents 
twice the length of the line). Resistance is stated in 
ohms per metre length of a line and represents the 
imperfection of the conductor. A resistance stated in 
ohms per loop metre is a little more specific since 
it takes into consideration the fact that there are two 
conductors in a particular length of line. 

(ii) Inductance L is due to the magnetic field surround- 
ing the conductors of a transmission line when a 
current flows through them. The inductance of an 
isolated twin line is considered in Section 40.7. From 
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equation (40.23), page 523, the inductance L is 
given by 


i= MoMr 
a 


1 D 
| —+In— | henry/metre 
4 a 


where D is the distance between centres of the con- 
ductor and a is the radius of each conductor. In most 
practical lines jz, = 1. An inductance stated in henrys 
per loop metre takes into consideration the fact that 
there are two conductors in a particular length of line. 
(ii) Capacitance C exists as a result of the electric 
field between conductors of a transmission line. The 
capacitance of an isolated twin line is considered in 
Section 40.3. From equation (40.14), page 516, the 
capacitance between the two conductors is given by 


_ WEOEr 
~ In(D/a) 


In most practical lines ¢, = 1 

(iv) Conductance G is due to the insulation of the line 
allowing some current to leak from one conductor to 
the other. Conductance is measured in siemens per 
metre length of line and represents the imperfection 
of the insulation. Another name for conductance is 
leakance. 


farads/metre 


Each of the four transmission line constants, R, L, C 
and G, known as the primary constants, are uniformly 
distributed along the line. 

From Chapter 41, when a symmetrical T-network is 
terminated in its characteristic impedance Zo, the input 
impedance of the network is also equal to Zp. Similarly, if 
a number of identical T-sections are connected in cascade, 


Figure 44.1 


the input impedance of the network will also be equal 
to Zo. 

A transmission line can be considered to consist of a net- 
work of a very large number of cascaded T-sections each 
a very short length (6/) of transmission line, as shown in 
Figure 44.1. This is an approximation of the uniformly 
distributed line; the larger the number of lumped param- 
eter sections, the nearer it approaches the true distributed 
nature of the line. When the generator Vs is connected, 
a current Is flows which divides between that flowing 
through the leakage conductance G, which is lost, and that 
which progressively charges each capacitor C and which 
sets up the voltage travelling wave moving along the trans- 
mission line. The loss or attenuation in the line is caused 
by both the conductance G and the series resistance R. 


44.3 Phase delay, wavelength and velocity of 
propagation 


Each section of that shown in Figure 44.1 is simply a 
low-pass filter possessing losses R and G. If losses are 
neglected, and R and G are removed, the circuit simpli- 
fies and the infinite line reduces to a repetitive T-section 
low-pass filter network as shown in Figure 44.2. Let a 
generator be connected to the line as shown and let the 
voltage be rising to a maximum positive value just at the 
instant when the line is connected to it. A current Js flows 
through inductance L; into capacitor C;. The capacitor 
charges and a voltage develops across it. The voltage sends 
a current through inductance L‘ and Lp into capacitor C2. 
The capacitor charges and the voltage developed across it 


lp 


Load 


Figure 44.2 
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sends a current through L and L3 into C3, and so on. Thus 
all capacitors will in turn charge up to the maximum input 
voltage. When the generator voltage falls, each capaci- 
tor is charged in turn in opposite polarity, and as before 
the input charge is progressively passed along to the next 
capacitor. In this manner voltage and current waves travel 
along the line together and depend on each other. 

The process outlined above takes time; for example, by 
the time capacitor C3 has reached its maximum voltage, 
the generator input may be at zero or moving towards its 
minimum value. There will therefore be a time, and thus a 
phase difference between the generator input voltage and 
the voltage at any point on the line. 


Phase delay 


Since the line shown in Figure 44.2 is a ladder network of 
low-pass T-section filters, it is shown in equation (42.27), 
page 576, that the phase delay, 6, is given by: 


B = w./(LC) radians/metre (44.1) 


where L and C are the inductance and capacitance per 
metre of the line. 


Wavelength 


The wavelength A on a line is the distance between a given 
point and the next point along the line at which the voltage 
is the same phase, the initial point leading the latter point 
by 27 radian. Since in one wavelength a phase change of 
2m radians occurs, the phase change per metre is 277/A. 
Hence, phase change per metre, 6 = 277/A 


2 
or wavelength, 1 = 7 metres (44.2) 


Velocity of propagation 


The velocity of propagation, u, is given by u=fA, where 
f is the frequency and A the wavelength. Hence 


2nf _@ 


u=fh=fQx/p)= =F 


(44.3) 


The velocity of propagation of free space is the same 
as that of light, ie. approximately 300 x 10° m/s. The 
velocity of electrical energy along a line is always less than 
the velocity in free space. The wavelength A of radiation 
in free space is given by 1 =c/f where c is the velocity of 
light. Since the velocity along a line is always less than c, 
the wavelength corresponding to any particular frequency 
is always shorter on the line than it would be in free space. 


Problem 1. A parallel-wire air-spaced transmis- 
sion line operating at 1910 Hz has a phase shift of 
0.05 rad/km. Determine (a) the wavelength on the line, 
and (b) the speed of transmission of a signal. 


(a) From equation (44.2), wavelength A = 27/8 
= 27/0.05 
= 125.7km 
(b) From equation (44.3), speed of transmission, 
u = fr=(1910)(125.7) 
= 240 x 10° km/s or 240 x 10° m/s 


Problem 2. A transmission line has an inductance 
of 4mH/loop km and a capacitance of 0.004 WF/km. 
Determine, for a frequency of operation of 1 kHz, 
(a) the phase delay, (b) the wavelength on the line, and 
(c) the velocity of propagation (in metres per second) 
of the signal. 


(a) From equation (44.1), phase delay, 
B=o0/f(LC) 
= (2771000),/[(4 x 10~7)(0.004 x 10~°)] 
= 0.025 rad/km 
(b) From equation (44.2), wavelength 7 = 27/8 
= 27/0.025 
= 251km 
(c) From equation (44.3), velocity of propagation, 


u = fA = (1000)(251) km/s = 251 x 10° m/s 


Now try the following exercise. 


Exercise 162 Further problems on phase delay, 
wavelength and velocity of propagation 


1. A parallel-wire air-spaced line has a phase-shift of 
0.03 rad/km. Determine (a) the wavelength on the 
line, and (b) the speed of transmission of a signal 
of frequency 1.2 kHz. 

[(a) 209.4 km (b) 251.3 x 10° m/s] 


2. A transmission line has an inductance of 5 ~jH/m 
and a capacitance of 3.49 pF/m. Determine, for an 
operating frequency of 5 kHz, (a) the phase delay, 
(b) the wavelength on the line and (c) the velocity 
of propagation of the signal in metres per second. 

[(a) 0.131 rad/km (b) 48 km (c) 240 x 10° m/s] 
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3. An air-spaced transmission line has a capacitance 
of 6.0 pF/m and the velocity of propagation of a 
signal is 225 x 10° m/s. If the operating frequency 
is 20 kHz, determine (a) the inductance per metre, 
(b) the phase delay, and (c) the wavelength on the 
line. [(a) 3.29 wH/m (b) 0.558 x 107? rad/m 

(c) 11.25 km] 


44.4 Current and voltage relationships 


Figure 44.3 shows a voltage source Vs applied to the input 
terminals of an infinite line, or a line terminated in its char- 
acteristic impedance, such that a current Js; flows into the 
line. At a point, say, 1 km down the line let the current 
be J;. The current 7; will not have the same magnitude 
as Is because of line attenuation; also J; will lag Is by 
some angle f. The ratio Js /, is therefore a phasor quan- 
tity. Let the current a further 1 km down the line be h, 
and so on, as shown in Figure 44.3. Each unit length of 
line can be treated as a section of a repetitive network, as 
explained in Section 44.2. The attenuation is in the form 
of a logarithmic decay and 

Ee cle Ty 

Qh bh & 
where y is the propagation constant, first introduced in 
Section 42.7, page 573. y has no unit. 
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Figure 44.3 


The propagation constant is a complex quantity given 
by y=a+ jf, where @ is the attenuation constant, 
whose unit is the neper, and # is the phase shift coef- 
ficient, whose unit is the radian. For n such | km sections, 
Ts /Tr = e"” where Ip is the current at the receiving end. 


Hence ‘ = eMO+JP) — (na + jnB) — ene yng 
R 


from which,| Ir = Ise~"” = Ise" Z—nB (44.4) 


In equation (44.4), the attenuation on the line is given by 
na nepers and the phase shift is nf radians. 

At all points along an infinite line, the ratio of voltage 
to current is Zo, the characteristic impedance. Thus from 
equation (44.4) it follows that: 


receiving end voltage, 


Vr = Vse—"” = Vse""* Z—nB (44.5) 


Zo, y, a, and f are referred to as the secondary line 
constants or coefficients. 


Problem 3. When operating at a frequency of 2 kHz, 
a cable has an attenuation of 0.25 Np/km and a phase 
shift of 0.20 rad/km. If a 5 V rms signal is applied at 
the sending end, determine the voltage at a point 10 km 
down the line, assuming that the termination is equal 
to the characteristic impedance of the line. 


Let Ve be the voltage at a point n km from the sending end, 
then from equation (44.5), Ve = Vse""” = Vse-"*Z—nB 


Since a=0.25Np/km, 6=0.20rad/km, Vs=5V and 
n= 10km, then 


Vr = (5)e~ 190-25) /_(10)(0.20) = 5e77°Z—2.0 V 
=0.41/-2.0V or 0.41/—114.6° V 


Thus the voltage 10km down the line is 0.41V rms 
lagging the sending end voltage of 5 V by 2.0 rad or 114.6°. 


Problem 4. A transmission line 5km long has a 
characteristic impedance of 8007—25° Q. At a par- 
ticular frequency, the attenuation coefficient of the 
line is 0.5 Np/km and the phase shift coefficient is 
0.25 rad/km. Determine the magnitude and phase of 
the current at the receiving end, if the sending end 
voltage is 2.020° V rm.s. 


The receiving end voltage (from equation (44.5)) is 
given by: 
Vr =Vse_"” = Vse" Z—nB 
= (2.020° eS) 7 (5)(0.25) 
= 2.0e775 Z—1.25 = 0.1642/—71.62° V 
Receiving end current, 
Vr _ 0.16422—71.62° 
Zy 8002—25° 
= 9.05 x 10*Z7(71.62° 2A 
= 0.2057—46.62° mA or 2057—46.62° nA 


Irp= 
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Problem5. The voltages at the input and at the output 
of a transmission line properly terminated in its charac- 
teristic impedance are 8.0 V and 2.0 V rms respectively. 
Determine the output voltage if the length of the line 
is doubled. 


The receiving-end voltage Vr is given by Vp =Vse_"”. 
Hence 2.0 = 8.0e~"”, from which, e~”” = 2.0/8.0 = 0.25 
If the line is doubled in length, then 
Ve = 8.0e77"” = 8.0(e7"”)? 

= 8.0(0.25)? =0.50V 


Now try the following exercise. 


Exercise 163 Further problems on current and 
voltage relationships 


1. When the working frequency of a cable is 1.35 kHz, 
its attenuation is 0.40 Np/km and its phase-shift 
is 0.25 rad/km. The sending-end voltage and cur- 
rent are 8.0V rms and 10.0mA rms. Determine 
the voltage and current at a point 25 km down the 
line, assuming that the termination is equal to the 
characteristic impedance of the line. 

[Vr =0.3632—6.25 mV or 0.36321.90° mV 
Tr =0.4542—6.25 pA or 0.45421.90° pA] 


2. A transmission line 8 km long has a charac- 
teristic impedance 6002—30° Q. At a particular 
frequency the attenuation coefficient of the line 
is 0.4Np/km and the phase-shift coefficient is 
0.20 rad/km. Determine the magnitude and phase 
of the current at the receiving end if the sending-end 
voltage is 520° V rms. [0.3402—61.67 mA] 


3. The voltages at the input and at the output of a trans- 
mission line properly terminated in its characteristic 
impedance are 10 V and 4 V rms respectively. Deter- 
mine the output voltage if the length of the line is 
trebled. [0.64 V] 


44.5 Characteristic impedance and 
propagation coefficient in terms of 
the primary constants 


Characteristic impedance 


At all points along an infinite line, the ratio of voltage 
to current is called the characteristic impedance Zo. The 
value of Zp is independent of the length of the line; it 
merely describes a property of a line that is a function of 


the physical construction of the line. Since a short length 
of line may be considered as a ladder of identical low- 
pass filter sections, the characteristic impedance may be 
determined from equation (41.2), page 528, i.e. 


Zo = J(ZocZsc) (44.6) 


since the open-circuit impedance Zoc and the short-circuit 
impedance Zsc may be easily measured. 


Problem 6. At a frequency of 1.5kHz the open- 
circuit impedance of a length of transmission line 
is 8002—S0° Q and the short-circuit impedance is 
413 Z—20°Q. Determine the characteristic impedance 
of the line at this frequency. 


From equation (44.6), characteristic impedance 
Zo = J/(ZocZsc) 

= ,/[(8002—50°)(4132—20°)] 

= /(330 4002—70°) = 5752—35° Q 


by de Moivre’s theorem. 


The characteristic impedance of a transmission line 
may also be expressed in terms of the primary constants, 
R, L, G and C. Measurements of the primary constants 
may be obtained for a particular line and manufacturers 
usually state them for a standard length. 

Let a very short length of line 5/ metres be as shown 
in Figure 44.4 comprising a single T-section. Each series 
arm impedance is Z =3(R + jwL)él ohms, and the shunt 
arm impedance is 


1 1 


Q= >= : 
Y. (G+jaC)al 


F(R +joL)sI 


re 


(A+ joL)él 


Loe 


}-—____—— —___+ 
él | 
Figure 44.4 


[i.e. from Chapter 25, the total admittance Y2 is the sum 
of the admittance of the two parallel arms, i.e. in this case, 
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the sum of 


Gél and ( : ) él] 
1/G@C) 


From equation (41.1), page 528, the characteristic 
impedance Zp of a T-section having in each series arm 
an impedance Z; and a shunt arm impedance Z) is given 
by: Zo =/(Z} + 2Z1Z2). 

Hence the characteristic impedance of the section shown 
in Figure 44.4 is 


1 2 
Zy= / | EG + jot] 


1 F 


The term Ze involves 6/? and, since 4/ is a very short length 
of line, 5/* is negligible. Hence 


R+joL 
Foe ans (44.7) 
G+joC 


If losses R and G are neglected, then 


Zo = V(L/C) ohms 


(44.8) 


Problem7. A transmission line has the following pri- 
mary constants: resistance R = 15 Q/loop km, induct- 
ance L = 3.4 mH/loop km, conductance G=3 w~S/km 
and capacitance C = 10 nF/km. Determine the charac- 
teristic impedance of the line when the frequency is 
2 kHz. 


From equation (44.7), 


Sena R+joL 
characteristic impedance Zp = ,| ——~—— ohms 
G+joC 


R + joL = 15 + j(212000)(3.4 x 1077) 
= (15 + j42.73) Q = 45.29270.66° Q 
G+ joC =3 x 10~° + j(272000)(10 x 107?) 
= (3 + j125.66)10-°S 
= 125.7 x 107° 288.63° S 


tae ‘ 45.29210.66° 
ence = 
OV 125.7 x 10-°288.63° 


= ,/[0.360 x 10°2—17.97°] Q 
i.e. characteristic impedance, Zo = 6007—8.99° Q 


Propagation coefficient 


Figure 44.5 shows a T-section with the series arm 
impedances each expressed as Z,4 /2 ohms per unit length 
and the shunt impedance as Zg ohms per unit length. The 
p.d. between points P and Q is given by: 


ZA 
Veg = 1 — 12)Zp =n 5) + Zo 
: InZa 
1.e. Zp — hZp = 7 + IhZo 


ZA 
Hence Zp =lh|Zpt+ cy + Zo 


Ty Zgp+(Za/2)+Zo 
bh a ZB 
, al? 


from which 


Z,/2 


x 


Figure 44.5 


From equation (41.1), page 528, Zop= MZR + 2Z|Zp). 
In Figure 44.5, Z; = Z,4/2 and Z) =Zp 


Thus Zp = (4) #2 (4) | 


Z2 
= 2 + 2000) 
\ PART 
Ze + (Zal2)+ [ZaZe + Z3/4) 3 
Hence = 
b ZB 
Zn (Zal2) , \ZaZn + 23/4) 
a Zp 


1/Z ZZ, Z2/4 
=14+5(A)+ aca 5 Eat) 
2 \ZB vis Ze 


I 1(Z Fie PERE 

; 1 ‘A ‘A ‘A 

e. = 

eG 2 (F)+ E “a (2) 
(44.9) 


From Section 44.4, I; /In =e”, where y is the propagation 
coefficient. Also, from the binomial theorem: 


nn — I) n-2p2 fees 


| n n | n—ly | 
(a+ b)" =a" +na" “b4 T 
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Hence, from equation (44.9), 


hy 41()\,|(4 ae Zi cen 
bh = 2, ZB ZB 8 ZB 


R Se ee are 
earrangin. ives: e° = 
ging g a ae 


Bae pa ear) 
a Ze 


Let length XY in Figure 44.5 be a very short length of line 
61 and let impedance Z4 = Zd1, where Z=R+jwL and 
Zp = 1/(Y5l), where Y=G+jwC 


Then 


wt 4 (28 MeO | Ne Zl 
i 1/Yél ' 2\ 1/81 
yl Zl in 
8 \1/Yél 


1 1 
=14+4(zY8l?)!/? + 5 (2¥ 8") + g(Zver ye fees 


=14(zyY)!/2314 3 Zv8)? + 5 Zvy0a0° foes 


=1+4 (zY)!/281 


if (s1)*, (d1)> and higher powers are considered as 
negligible. 


e* may be expressed as a series: 


Comparison with eV! — 1 + (ZY)!/281 shows that 
ysl = (ZY)'/* lie. y=./(ZY). Thus 


propagation coefficient, 


y = VIR +joL\(G +joC)] (44.10) 


The unit of y is /(Q)(S), ie. /[(Q)1/Q)] thus y is 
dimensionless, as expected, since Ij /Iy =e”, from which 


y =In(1/1), i.e. a ratio of two currents. For a lossless 
line, R= G=O and 


y = JGj@L)(joO) = jo /(LC) (44.11) 


Equations (44.7) and (44.10) are used to determine the 
characteristic impedance Zp and propagation coefficient 
y of a transmission line in terms of the primary constants 
R, L, Gand C. When R= G=0, i.e. losses are neglected, 
equations (44.8) and (44.11) are used to determine Zo 
and y. 


Problem 8. A transmission line having negligible 
losses has primary line constants of inductance 
L=0.5 mH/loop km and capacitance C=0.12 wF/km. 
Determine, at an operating frequency of 400 kHz, 
(a) the characteristic impedance, (b) the propagation 
coefficient, (c) the wavelength on the line, and (d) the 
velocity of propagation, in metres per second, of a 
signal. 


(a) Since the line is lossfree, from equation (44.8), the 
characteristic impedance Zo is given by 


wae 
0=y¥o 


(b) From equation (44.11), for a lossfree line, the propa- 
gation coefficient y is given by 


0.5 x 10-3 
0.12 x 10-6 


= 64.55 Q 


y =jo/(LC) 
= j(27400 x 103)/[(0.5 x 10-3)(0.12 x 10-5)] 
=j19.47 or 0 + 19.47 


Since y=a-+jf, the attenuation coefficient, a=0 
and the phase-shift coefficient, 6 = 19.47 rad/km. 


(c) From equation (44.2), wavelength 


am 27 _ 9.323km or 323 
= — > =U. m or m 
B 19.47 


(d) From equation (44.3), velocity of propagation 
u=fa=(400 x 10°)(323) = 129 x 10° mis. 


Problem 9. At a frequency of 1 kHz the primary 
constants of a transmission line are resistance 
R=25 Q/loop km, inductance L=5mH/loop km, 
capacitance C=0.04yF/km and _ conductance 
G=80\S/km. Determine for the line (a) the char- 
acteristic impedance, (b) the propagation coefficient, 
(c) the attenuation coefficient and (d) the phase-shift 
coefficient. 
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(a) From equation (44.7), 


[R+j@L 
characteristic impedance Zp = 110 ohms 
G+joC 


R + jal = 25 + j(271000)(5 x 1077) 
= (25 + j31.42) 
= 40.15251.49° Q 
G + jwC = 80 x 10~© + j(271000)(0.04 x 10~°) 
= (80 + j251.33)10~° 
= 263.76 x 107°272.34° S 


Thus characteristic impedance 


40.15251.49° 
Zo = = 
263.76 x 107° 272.34° 


= 390.22—10.43° Q 


(b) From equation (44.10), propagation coefficient 


y= VJ[(R + joL\(G + joC)] 


= J[(40.15251.49°)(263.76 x 10-6272.34°)] 


= /(0.01059/123.83°) = 0.102961.92° 


(c) y=a+jB=0.1029(cos 61.92° +7 sin 61.92°) 
ie. y= 0.0484 + 0.0908 


Thus the attenuation coefficient, 
oa = 0.0484 nepers/km 


(d) The phase shift coefficient, 8 = 0.0908 rad/km 


Problem 10. An open wire line is 300km long 
and is terminated in its characteristic impedance. 
At the sending end is a generator having an open- 
circuit e.m.f. of 10.0V, an internal impedance of 
(400 + j0) Q and a frequency of 1 kHz. If the line pri- 
mary constants are R= 8 Q/loop km, L = 3 mH/loop 
km, C = 7500 pF/km and G = 0.25 S/km, determine 
(a) the characteristic impedance, (b) the propagation 
coefficient, (c) the attenuation and phase-shift coeffi- 
cients, (d) the sending-end current, (e) the receiving- 
end current, (f) the wavelength on the line, and (g) the 
speed of transmission of signal. 


(a) From equation (44.7), 
R+joL 
G+jwC 


characteristic impedance, Zp = / ohms 


R+ jal =8 + j(271000)(3 x 1074) 
= 84 j6r = 20.48267.0° Q 


G+joC 
= 0.25 x 107° + j(271000)(7500 x 107!) 
= (0.25 + j47.12)107~° 
= 47.12 x 107° 289.70° S 


Hence characteristic impedance 


20.48.267.0° 
Z= =. 
47.12 x 10~°289.70° 


= 659.32—11.35° Q 


(b) From equation (44.10), propagation coefficient 


y=VJ[(R + joL\(G + jo)] 
= /[(20.48267.0°)(47.12 x 10-6289.70°)] 
= 0.03106.278.35° 


(c) y=a+jB=0.03106(cos 78.35° + 7 sin 78.35°) 
= 0.00627 + j0.03042 
Hence the attenuation coefficient, a = 0.00627 Np/km 
and the phase shift coefficient, 6 = 0.03042 rad/km 


(d) With reference to Figure 44.6, since the line 
is matched, i.e. terminated in its characteristic 
impedance, Vs/Is = Zo. Also 


Vs = Vg —IsZg = 10.0 — Is(400 + 0) 
V. 10.0 — 
ae k= Sus 0.0 — 400/s 
Zo Zo 
Is 
Y4=10.0 V { 


Ze = (400 +j0)Q 


Figure 44.6 
Rearranging gives: IsZy = 10.0 — 400 Js, from which, 
Is(Zo + 400) = 10.0 


Thus the sending-end current, 


ip= 10.0 _ 10.0 
Z +400 659.32—11.35° + 400 
10.0 10.0 
~ 646.41 — j129.75+400  1054.4Z—7.07° 
= 9.4847.07° mA 
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(e) From equation (44.4), the receiving-end current, 
IR =Ise"” = Ise "*Z—nB 
= (9.48427.07° je G000.00627) /_(300)(0.03042) 
= 9.48427.07°e7 | 88! 79.13 rad 
= 1.4467—516° mA = 1.4467—156° mA 


(f) From equation (44.2), 
20 


oF _ _ _ 206.5km 
B 0.03042 


wavelength, A = 
(g) From equation (44.3), 
speed of transmission, u =f = (1000)(206.5) 
= 206.5 x 10° km/s 
= 206.5 x 10° m/s 


Now try the following exercise. 


Exercise 164 Further problems on characteristic 
impedance and propagation coefficient in terms of 
the primary constants 


1. At a frequency of 800Hz, the open-circuit 
impedance of a length of transmission line is 
measured as 5002—35° Q and the short-circuit 
impedance as 3007—15°&2. Determine the charac- 
teristic impedance of the line at this frequency. 

[tssyZ— 25) | 


2. A transmission line has the following primary con- 
stants per loop kilometre run: R= 12 Q, L=3 mH, 
G=4uS and C=0.02 FE. Determine the charac- 
teristic impedance of the line when the frequency 
is 750 Hz. [443.47—18.95°Q] 


3. A transmission line having negligible losses has 
primary constants: inductance L = 1.0 mH/loop km 
and capacitance C = 0.20 .F/km. Determine, at an 
operating frequency of 50 kHz, (a) the character- 
istic impedance, (b) the propagation coefficient, 
(c) the attenuation and phase-shift coefficients, 
(d) the wavelength on the line, and (e) the velocity 
of propagation of signal in metres per second. 

[(a) 70.71 Q (b) 74.443 (c) 0; 4.443 rad/km 
(d) 1.414 km (e) 70.70 x 10° m/s] 


4. At a frequency of 5 kHz the primary constants of a 
transmission line are: resistance R = 12 Q/loop km, 
inductance L=0.50mH/loopkm, capacitance 
C=0.01 wF/km and G=60\S/km. Determine 
for the line (a) the characteristic impedance, (b) 
the propagation coefficient, (c) the attenuation 
coefficient, and (d) the phase-shift coefficient. 

[(a) 248.627—13.29° Q (b) 0.0795265.91° 
(c) 0.0324 Np/km (d) 0.0726 rad/km] 


5. A transmission line is 50 km in length and is ter- 


minated in its characteristic impedance. At the 
sending end a signal emanates from a gener- 
ator which has an open-circuit e.m.f. of 20.0V, 
an internal impedance of (250+ j0)Q at a fre- 
quency of 1592Hz. If the line primary con- 
stants are R = 30 Q/loop km, L = 4.0 mH/loop km, 
G=5.0pS/km, and C=0.01 wF/km, determine 
(a) the value of the characteristic impedance, (b) the 
propagation coefficient, (c) the attenuation and 
phase-shift coefficients, (d) the sending-end cur- 
rent, (e) the receiving-end current, (f) the wave- 
length on the line, and (g) the speed of transmission 
of a signal, in metres per second. 
[(a) 706.62—17° Q (b) 0.0708270.14° 
(c) 0.024 Np/km; 0.067 rad/km 
(d) 21.1212.58° mA (e) 6.352—178.21° mA 
(f) 94.34 km (g) 150.2 x 10° m/s] 


44.6 Distortion on transmission lines 


If the waveform at the receiving end of a transmission line 
is not the same shape as the waveform at the sending end, 
distortion is said to have occurred. The three main causes 
of distortion on transmission lines are as follows. 


(i) The characteristic impedance Zo of a line varies with 


the operating frequency, i.e. from equation (44.7), 


Z= / Rasoh ohms 
G+joC 

The terminating impedance of the line may not vary 
with frequency in the same manner. 

In the above equation for Zo, if the frequency is very 
low, @ is low and Zp ~ ./(R/G). If the frequency is 
very high, then wl >> R, aC > Gand Zo ¥ /(L/C). 
A graph showing the variation of Zowith frequency f 
is shown in Figure 44.7. 


vie) 


ie) f 


Figure 44.7 


If the characteristic impedance is to be constant 
throughout the entire operating frequency range then 
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(ii) 


(iii) 


the following condition is required: 
V(L/C) = /(R/G), i.e L/C = R/G, from which 
LG=CR (44.12) 


Thus, in a transmission line, if LG = CR it is possible 
to provide a termination equal to the characteristic 
impedance Zp at all frequencies. 


The attenuation of a line varies with the operating 
frequency (since y= /[(R+ j@L)(G + joC)], from 
equation (44.10)), thus waves of differing frequen- 
cies and component frequencies of complex waves 
are attenuated by different amounts. 


From the above equation for the propagation 
coefficient: 


y* =(R+ jwL)\(G + joC) 
= RG + ja(LG + CR) — w?LC 


If LG=CR=x, then LG+ CR=2x and LG+CR 
may be written as 2,/x?, i.e. LG + CR may be written 


as 2,/[(LGNCR)] 


Thus = y” =RG + jo(2V[(LG)(CR)]) — @ LC 
=[V(RG) + joV(LO)P 
and y = V(RG) + joy (LC) 


Since y= a+ jf, 


attenuation coefficient, | « = / (RG) (44.13) 


and phase shift coefficient, | B = w,/ (EC) | (44.14) 


Thus, in a transmission line, if LG = CR, a = ./(RG), 
ie. the attenuation coefficient is independent of 
frequency and all frequencies are equally attenuated. 


The delay time, or the time of propagation, and thus 
the velocity of propagation, varies with frequency 
and therefore waves of different frequencies arrive 
at the termination with differing delays. From equa- 
tion (44.14), the phase-shift coefficient, B = w./(LC) 
when LG= CR. 


(2) @ 
Velocity of propagation, u = — = ——_— 

Bo wVf(LC) 
: 1 


Thus, in a transmission line, if LG=CR, the vel- 
ocity of propagation, and hence the time delay, is 
independent of frequency. 


From the above it appears that the condition LG = CR is 
appropriate for the design of a transmission line, since 
under this condition no distortion is introduced. This 
means that the signal at the receiving end is the same as the 
sending-end signal except that it is reduced in amplitude 
and delayed by a fixed time. Also, with no distortion, the 
attenuation on the line is a minimum. In practice, how- 
ever, R/L >> G/C. The inductance is usually low and the 
capacitance is large and not easily reduced. Thus if the 
condition LG = CR is to be achieved in practice, either L 
or G must be increased since neither CN or R can really 
be altered. It is undesirable to increase G since the attenu- 
ation and power losses increase. Thus the inductance L is 
the quantity that needs to be increased and such an artifi- 
cial increase in the line inductance is called loading. This 
is achieved either by inserting inductance coils at intervals 
along the transmission line — this being called ‘lumped 
loading’ — or by wrapping the conductors with a high- 
permeability metal tape — this being called ‘continuous 
loading’. 


Problem 11. An underground cable has the follow- 
ing primary constants: resistance R = 10 Q2/loop km, 
inductance L=1.5mH/loopkm, conductance G= 
1.2 wS/km and capacitance C = 0.06 wF/km. Deter- 
mine by how much the inductance should be increased 
to satisfy the condition for minimum distortion. 


From equation (44.12), the condition for minimum distor- 
tion is given by LG= CR, from which, 


CR _ (0.06 x 10~°)(10) 
G 1.2.x 10-6 
= 0.5 H or 500 mH. 


inductance L = 


PART 
Thus the inductance should be increased by 3 
(500 — 1.5) mH, i.e. 498.5 mH per loop km, for minimum 
distortion. 


Problem 12. A cable has the following primary con- 
stants: resistance R= 80 Q/loop km, conductance, 
G=2\S/km, and capacitance C=5nF/km. Deter- 
mine, for minimum distortion at a frequency of 1.5 kHz 
(a) the value of inductance per loop kilometre required, 
(b) the propagation coefficient, (c) the velocity of 
propagation of signal, and (d) the wavelength on 
the line. 


(a) From equation (44.12), for minimum distortion, 
LG= CR, from which, inductance per loop kilometre, 


CR _ (5 x 10~°)(80) 


L = => 
G (2 x 10-6) 


= 0.20H or 200 mH 
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(b) From equation (44.13), attenuation coefficient, 


a = (RG) = V/[(80)(2 x 10-%)] = 0.0126 Np/km 


and from equation (44.14), phase shift coefficient, 


B = wy (LC) = (2771500),/ [(0.20)(5 x 10-9)] 


= 0.2980 rad/km 
Hence the propagation coefficient, 
y=a+ jp = (0.0126 + 70.2980) or 0.298387.58° 
(c) From equation (44.15), velocity of propagation, 


i 1 
"VEO Ji025 x 10] 


= 31 620 km/s or 31.62 x 10° m/s 


u 31.62 x 10° 
f 1500 


(d) Wavelength, 7 = m= 21.08km 


Now try the following exercise. 


Exercise 165 Further problems on distortion on 
transmission lines 


1. Acable has the following primary constants: resist- 
ance R= 90 Q/loop km, inductance L = 2.0 mH/ 
loop km, capacitance C = 0.05 jtF/km and conduc- 
tance G = 3.0 S/km. Determine the value to which 
the inductance should be increased to satisfy the 
condition for minimum distortion. [1.5 H] 


2. A condition of minimum distortion is required for 
a cable. Its primary constants are: R = 40 Q/loop 
km, L=2.0mH/loop km, G=2.0wS/km and 
C=0.08 wF/km. At a frequency of 100 Hz deter- 
mine (a) the increase in inductance required, (b) the 
propagation coefficient, (c) the speed of signal 
transmission and (d) the wavelength on the line. 

[(a) 1.598 H (b) (8.944 + j225)10~3 
(c) 2.795 x 10° m/s (d) 27.93 km] 


44.7 Wave reflection and the reflection coefficient 


In earlier sections of this chapter it was assumed that the 
transmission line had been properly terminated in its char- 
acteristic impedance or regarded as an infinite line. In 
practice, of course, all lines have a definite length and 
often the terminating impedance does not have the same 


value as the characteristic impedance of the line. When 
this is the case, the transmission line is said to have a 
‘mismatched load’. 

The forward-travelling wave moving from the source 
to the load is called the incident wave or the sending- 
end wave. With a mismatched load the termination will 
absorb only a part of the energy of the incident wave, 
the remainder being forced to return back along the line 
toward the source. This latter wave is called the reflected 
wave. 

Electrical energy is transmitted by a transmission line; 
when such energy arrives at a termination that has a value 
different from the characteristic impedance, it experiences 
a sudden change in the impedance of the medium. When 
this occurs, some reflection of incident energy occurs 
and the reflected energy is lost to the receiving load. 
(Reflections commonly occur in nature when a change of 
transmission medium occurs; for example, sound waves 
are reflected at a wall, which can produce echoes, and 
light rays are reflected by mirrors.) 

If a transmission line is terminated in its characteristic 
impedance, no reflection occurs; if terminated in an open 
circuit or a short circuit, total reflection occurs, i.e. the 
whole of the incident wave reflects along the line. Between 
these extreme possibilities, all degrees of reflection are 
possible. 


Open-circuited termination 


If a length of transmission line is open-circuited at the 
termination, no current can flow in it and thus no power can 
be absorbed by the termination. This condition is achieved 
if a current is imagined to be reflected from the termin- 
ation, the reflected current having the same magnitude 
as the incident wave but with a phase difference of 180°. 
Also, since no power is absorbed at the termination (it is all 
returned back along the line), the reflected voltage wave at 
the termination must be equal to the incident wave. Thus 
the voltage at the termination must be doubled by the open 
circuit. The resultant current (and voltage) at any point on 
the transmission line and at any instant of time is given by 
the sum of the currents (and voltages) due to the incident 
and reflected waves (see Section 44.8). 


Short-circuit termination 


If the termination of a transmission line is short-circuited, 
the impedance is zero, and hence the voltage developed 
across it must be zero. As with the open-circuit condi- 
tion, no power is absorbed by the termination. To obtain 
zero voltage at the termination, the reflected voltage wave 
must be equal in amplitude but opposite in phase (i.e. 180° 
phase difference) to the incident wave. Since no power 
is absorbed, the reflected current wave at the termin- 
ation must be equal to the incident current wave and 
thus the current at the end of the line must be doubled 
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at the short circuit. As with the open-circuited case, the 
resultant voltage (and current) at any point on the line 
and at any instant of time is given by the sum of the 
voltages (and currents) due to the incident and reflected 
waves. 


Energy associated with a travelling wave 


A travelling wave on a transmission line may be thought 
of as being made up of electric and magnetic components. 
Energy is stored in the magnetic field due to the current 
(energy = 5LI  __ see page 525) and energy is stored in 


the electric field due to the voltage (energy = 5C y= 
see page 517). It is the continual interchange of energy 
between the magnetic and electric fields, and vice versa, 
that causes the transmission of the total electromagnetic 
energy along the transmission line. 

When a wave reaches an open-circuited termination 
the magnetic field collapses since the current J is zero. 
Energy cannot be lost, but it can change form. In this 
case it is converted into electrical energy, adding to that 
already caused by the existing electric field. The voltage at 
the termination consequently doubles and this increased 
voltage starts the movement of a reflected wave back 
along the line. A magnetic field will be set up by this 
movement and the total energy of the reflected wave will 
again be shared between the magnetic and electric field 
components. 

When a wave meets a short-circuited termination, the 
electric field collapses and its energy changes form to the 
magnetic energy. This results in a doubling of the current. 


Reflection coefficient 


Let a generator having impedance Zp (this being equal to 
the characteristic impedance of the line) be connected to 
the input terminals of a transmission line which is termin- 
ated in an impedance Zr, where Zy # Zp, as shown in 
Figure 44.8. The sending-end or incident current J; flow- 
ing from the source generator flows along the line and, 
until it arrives at the termination Ze behaves as though 
the line were infinitely long or properly terminated in its 
characteristic impedance, Zo. 


Figure 44.8 


The incident voltage V; shown in Figure 44.8 is given by: 


V; = 1:Zo (44.12) 
: Vi 

from which, J;= — (44.13) 
Zo 


At the termination, the conditions must be such that: 


total voltage 
= total current 
Since Zr # Zo, part of the incident wave will be reflected 


back along the line from the load to the source. Let the 
reflected voltage be V, and the reflected current be J. Then 


V,=—I,Zo (44.14) 
V, 

from which, J, =—— (44.15) 
Zo 


(Note the minus sign, since the reflected voltage and cur- 
rent waveforms travel in the opposite direction to the 
incident waveforms.) 


Thus, at the termination, 


Vi + V, 
a total current ‘7; + J, 


total voltage 


[Zo — 1,Zo . 
= ————— from equations (44.12) 
+1; and (44.14) 
LZ -L, 
1, ZR = Zolli ~ tr) 
(Ui + I-) 
Hence Zpr(; + 1-)= Zoi —1,) 
Zrii + Zr, = Zoli — Zoly 
Zol, + Zrl, = Zol; — Zrli PART 
I,(Zo + Zr) = Ti(Zo — Zr) 3 
I 24 —Z 
from which = = # 
I; Zo +Zr 


The ratio of the reflected current to the incident current 
is called the reflection coefficient and is often given the 
symbol p, i.e. 


I, Zo — ZR 
=p= 


= (44.16) 
[; Zo + Zr 


By similar reasoning to above an expression for the ratio 
of the reflected to the incident voltage may be obtained. 
From above, 


Vi + V, = Vit V, 
Iit+l, — (Vi/Zo) — Vr/Zo) 


from equations (44.13) and (44.15), 


R= 
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Vit Vr 


Le. Zr = ————— 
(Vi — V-)/Zo 


Hence 


ZR 
>i = V,) = V; a6 V, 
Zo 


from which, —V; — 


V, Zr — Z Zo —Z 
from which — = “9 _ ( ? *) (44.17) 
Vi Zo+Zp Zo + Zr 
V, I, 
Hence ee 44.18 
V; I; p ( ) 


Thus the ratio of the reflected to the incident voltage has 
the same magnitude as the ratio of reflected to incident 
current, but is of opposite sign. From equations (44.16) 
and (44.17) it is seen that when Zr = Zp, 0 = 0 and there 
is no reflection. 


Problem 13. A cable which has a characteristic 
impedance of 75 Q is terminated in a 250 Q resistive 
load. Assuming that the cable has negligible losses 
and the voltage measured across the terminating load 
is 10 V, calculate the value of (a) the reflection coef- 
ficient for the line, (b) the incident current, (c) the 
incident voltage, (d) the reflected current, and (e) the 
reflected voltage. 


(a) From equation (44.16), 


Zo —-Zr 75 —250 
flecti fficient, o = = 
reflection coeincient, 0 Fc Ze 75 4.250 
—175 
325 


(b) The circuit diagram is shown in Figure 44.9. Current 
flowing in the terminating load, 


Vr 10 
2S SS 00rk 
Re Tp 250 


Bes es othe +---4 
| 
\ Ip ' 
t 
V; Vg=10 V | |%-2800 
Q=75 2 
Figure 44.9 


However, current Jp = J; + I. From equation (44.16), 
T, = pl; 
Thus Jp =]; + pli =[,1 + p) 
IR 
(1+ p) 
0.04 
~ 1+ (—0.538) 
= 0.0866A 
or 86.6mA 


from which incident current, J; = 


(c) From equation (44.12), 
incident voltage, Vj = /;Zy) = (0.0866)(75) = 6.50 V 


(d) Since Jp =]; +1, 


reflected current, J, = pr — I; = 0.04 — 0.0866 


= —0.0466A or — 46.6mA 


(e) From equation (44.14), 
reflected voltage, V = —I-Z) = —(—0.0466)(75) 
=3.50V 


Problem 14. A long transmission line has a char- 
acteristic impedance of (500 — j40) Q and is termin- 
ated in an impedance of (a) (500+/40)Q and 
(b) (600 +720) &. Determine the magnitude of the 
reflection coefficient in each case. 


(a) From equation (44.16), reflection coefficient, 
Zo — Zr 
p — 
Zo + ZR 
When Zp =(500 — j40) Q and Zr = (500 + j40) Q 
_ (500 — 740) — (500+ 740) — —j80 | 
~ (500 — j40) + (500 +740) 1000 


j0.08 


Hence the magnitude of the reflection coefficient, 
|e| = 0.08 
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(b) When Zo = (500 — j40) Q and Zp = (600 + j20) @ 


__ (500 — j40) — (600 + j20) _ —100 — j60 
a (500 — j40) + (600 +j20) 1100 — j20 


_ 116.622—149.04° 


~ 1100.187—1.04° 
= 0.1067—148° 


Hence the magnitude of the reflection coefficient, 
|o| = 0.106 


Problem 15. A loss-free transmission line has a char- 
acteristic impedance of 50020° Q and is connected 
to an aerial of impedance (320 + j240)Q. Determine 
(a) the magnitude of the ratio of the reflected to the 
incident voltage wave, and (b) the incident voltage if 
the reflected voltage is 20235° V 


(a) From equation (44.17), the ratio of the reflected to the 
incident voltage is given by: 
V, _Zre—Zo 


V; Zr+Zo 


where Zo is the characteristic impedance 50020° Q 
and Zp is the terminating impedance (320 + j240) Q. 
V, (320+ 7240) — 50020° 
V;  500Z0° + (320 + j240) 
—180+ j240  3002126.87° 
~ 820+ )240 ~~ 854.4716.31° 
= 0.3512110.56° 


Thus 


Hence the magnitude of the ratio V,:V; is 0.351 
(b) Since V,/V; = 0.3512110.56°, 


V 
incident voltage, Vj = —————_ 
0.3512110.56° 
Thus, when V, = 20235° V, 
20235° 


i = 57.02—75.56° V 


~ 0.3512110.56° 


Now try the following exercise. 


Exercise 166 Further problems on wave reflection 
and the reflection coefficient 


1. A coaxial line has a characteristic impedance of 
100 Q2 and is terminated in a 400 resistive load. 
The voltage measured across the termination is 
15V. The cable is assumed to have negligible 


losses. Calculate for the line the values of (a) the 

reflection coefficient, (b) the incident current, 

(c) the incident voltage, (d) the reflected current, 
and (e) the reflected voltage. 

[(a) —0.60 (b) 93.75 mA (c) 9.375 V 

(d) —56.25 mA (e) 5.625 V] 


2. A long transmission line has a characteristic 
impedance of (400 — j50) Q and is terminated in an 
impedance of (i) 400+ j50) Q, (i) (500 + j60) Q 
and (iii) 40020° (2. Determine the magnitude of 
the reflection coefficient in each case. 

[G) 0.125 (ii) 0.165 (iii) 0.062] 


3. A transmission line which is loss-free has a char- 
acteristic impedance of 60020° Q and is connected 
to a load of impedance (400 + /300) &. Determine 
(a) the magnitude of the reflection coefficient and 
(b) the magnitude of the sending-end voltage if the 
reflected voltage is 14.60 V 

[(a) 0.345 (b) 42.32 V] 


44.8 Standing waves and the standing wave 
ratio 


Consider a lossfree transmission line open-circuited at its 
termination. An incident current waveform is completely 
reflected at the termination, and, as stated in Section 44.7, 
the reflected current is of the same magnitude as the inci- 
dent current but is 180° out of phase. Figure 44.10(a) 
shows the incident and reflected current waveforms drawn 
separately (shown as J; moving to the right and J, moving 
to the left respectively) at a time t=0, with J; =0 and 
decreasing at the termination. 

The resultant of the two waves is obtained by adding 
them at intervals. In this case the resultant is seen to 
be zero. Figures 44.10(b) and (c) show the incident and 
reflected waves drawn separately as times tf = T/8 seconds 
and t=T/4, where T is the periodic time of the signal. 
Again, the resultant is obtained by adding the incident and 
reflected waveforms at intervals. Figures 44.10(d) to (h) 
show the incident and reflected current waveforms plotted 
on the same axis, together with their resultant waveform, 
at times t= 37/8 to t=7T/8 at intervals of 7/8. 

If the resultant waveforms shown in Figures 44.10(a) 
to (g) are superimposed one upon the other, Figure 44.11 
results. (Note that the scale has been increased for clarity.) 
The waveforms show clearly that waveform (a) moves to 
(b) after 7/8, then to (c) after a further period of T/8, then 
to (d), (e), (f), (g) and (h) at intervals of 7/8. It is noted 
that at any particular point the current varies sinusoidally 
with time, but the amplitude of oscillation is different at 
different points on the line. 
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Figure 44.10 Current waveforms on an open-circuited 
transmission line 


Whenever two waves of the same frequency and ampli- 
tude travelling in opposite directions are superimposed 
on each other as above, interference takes place between 
the two waves and a standing or stationary wave is pro- 
duced. The points at which the current is always zero are 
called nodes (labelled N in Figure 44.11). The standing 
wave does not progress to the left or right and the nodes 
do not oscillate. Those points on the wave that undergo 
maximum disturbance are called antinodes (labelled A 


1A Receiving-end 
r termination 


re 


> 
= 


» 


ba 


Figure 44.11 


in Figure 44.11). The distance between adjacent nodes or 
adjacent antinodes is 4/2, where A is the wavelength. A 
standing wave is therefore seen to be a periodic variation 
in the vertical plane taking place on the transmission line 
without travel in either direction. 

The resultant of the incident and reflected voltage for 
the open-circuit termination may be deduced in a similar 
manner to that for current. However, as stated in Sec- 
tion 44.7, when the incident voltage wave reaches the 
termination it is reflected without phase change. Fig- 
ure 44.12 shows the resultant waveforms of incident and 
reflected voltages at intervals of t=7/8. Figure 44.13 
shows all the resultant waveforms of Figure 44.12(a) to 
(h) superimposed; again, standing waves are seen to result. 
Nodes (labelled N) and antinodes (labelled A) are shown 
in Figure 44.13 and, in comparison with the current waves, 
are seen to occur 90° out of phase. 

If the transmission line is short-circuited at the termin- 
ation, it is the incident current that is reflected without 
phase change and the incident voltage that is reflected 
with a phase change of 180°. Thus the diagrams shown 
in Figures 44.10 and 44.11 representing current at an 
open-circuited termination may be used to represent volt- 
age conditions at a short-circuited termination and the 
diagrams shown in Figures 44.12 and 44.13 represent- 
ing voltage at an open-circuited termination may be 
used to represent current conditions at a short-circuited 
termination. 

Figure 44.14 shows the rms current and voltage wave- 
forms plotted on the same axis against distance for the 
case of total reflection, deduced from Figures 44.11 and 
44.13. The rms values are equal to the amplitudes of the 
waveforms shown in Figures 44.11 and 44.13, except that 
they are each divided by ./2 (since, for a sine wave, rms 
value = (1/,/2) x maximum value). With total reflection, 
the standing-wave patterns of rms voltage and current 
consist of a succession of positive sine waves with the 
voltage node located at the current antinode and the cur- 
rent node located at the voltage antinode. The termination 
is a current nodal point. The rms values of current and 
voltage may be recorded on a suitable rms instrument 
moving along the line. Such measurements of the max- 
imum and minimum voltage and current can provide a 
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Figure 44.12 Voltage waveforms on an open-circuited 
transmission line 
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Figure 44.14 


reasonably accurate indication of the wavelength, and 
also provide information regarding the amount of reflected 
energy relative to the incident energy that is absorbed at 
the termination, as shown below. 


Standing-wave ratio 


Let the incident current flowing from the source of a mis- 
matched low-loss transmission line be J; and the current 
reflected at the termination be /,. If Jyjax is the sum of 
the incident and reflected current, and yn is their differ- 
ence, then the standing-wave ratio (symbol s) on the line 
is defined as: 


I +L, 
p= Max thr (44,19) 
In fi -T- 
Hence sUj -—/,)=, +1, 
sl; <= sl, =I; Sa 1 I, 
sl; —I;=sl,+ 1, 
I(s — 1) =1,(s +1) 
(oe (44.20) 
1.e. = : 
[i s+1 


The power absorbed in the termination P; = PZ and the 


Fee T%, EN? 
reflected power, P, = 1?Zo. Thus — = - = (+) 
P; T-Zo vf 
Hence, from equation (44.20), 
P, aPY? 
aT (: ) (44.21) 
P; st 1 


Thus the ratio of the reflected to the transmitted power may 
be calculated directly from the standing-wave ratio, which 
may be calculated from measurements of Jyax and Jin. 
When a transmission line is properly terminated there is 
no reflection, ie. J-=0, and from equation (44.19) the 
standing-wave ratio is 1. From equation (44.21), when 
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s=1, P,=0, ie. there is no reflected power. In practice, 

the standing-wave ratio is kept as close to unity as possible. 

From equation (44.16), the reflection coefficient, p = [-/Tj 

—1 

Thus, from equation (44.20), |o| = _ 
KY 


Rearranging gives: |p|(s + 1)=(s— 1) 
lpls+|pl=s—1 


1+ |p| =sC — lel) 


_ 1+iol 


from which s= 
1- |p| 


(44.22) 


Equation (44.22) gives an expression for the standing- 
wave ratio in terms of the magnitude of the reflection 
coefficient. 


Problem 16. A transmission line has a characteris- 
tic impedance of 60020° and negligible loss. If the 
terminating impedance of the line is (400 + j250)Q, 
determine (a) the reflection coefficient and (b) the 
standing-wave ratio. 


(a) From equation (44.16), 


Zo — ZR 
Zo + ZR 
60020° — (400 + j250) 
~ 60020° + (400 + 7250) 
200 — j250 
~ 1000 + 250 
320.162—51.34° 
~~ 1030.78214.04° 


Hence p = 0.31062—65.38° 


reflection coefficient, o = 


(b) From above, |o|=0.3106. Thus from equation 
(44.22), 


: . 1+ pel 1+0.3106 
standing-wave ratio, s = = 
1— |p| 1—0.3106 
= 1.901 


Problem 17. A low-loss transmission line has a 
mismatched load such that the reflection coefficient 
at the termination is 0.2Z—120°. The characteris- 
tic impedance of the line is 80. Calculate (a) the 
standing-wave ratio, (b) the load impedance, and 
(c) the incident current flowing if the reflected current 
is 1OmA. 


(a) From equation (44.22), 


1+ |ol 140.2 


standing-wave ratio, s = = 
? : 1—|p| 1-02 


1.2 
=—=15 
0.8 
(b) From equation (44.16) reflection coefficient, 
Zo — ZR 
Pp — 
Zo + Zr 


Rearranging gives: p(Zp + Zr) = Zo — Zr 
Zr(p + 1)=ZoU — p) 
Ze, Lap A 097190" 
yo Lp. Pe OI2 = 108 
1 =(=0/10' 0-173) 
~ 1+ (—0.10 — j0.173) 
1.10 + j0.173 
~ 0.90 — 70.173 
1.113528.94° 
~ 0.91652Z—10.88° 
= 1.215/19.82° 


from which 


and 


Hence load impedance Zr = Zo(1.215219.82°) 
= (80)(1.215219.82°) 


= 97.2/19.82°2 
or (91.4 + j33.0)Q2 
(c) From equation (44.20), 
L s—1l 
iA = stl 


10 15-1 05 _ 
i 1541 25° 
Thus the incident current, 7; = 10/0.2 =50mA 


Hence 0.2 


Problem 18. The standing-wave ratio on a mis- 
matched line is calculated as 1.60. If the incident power 
arriving at the termination is 200 mW, determine the 
value of the reflected power. 


From equation (44.21), 


P, ea (60:0 60\7 

ay ee eee — (9:00\" _ 0.0533 
P, s+1 1.60+1 2.60 

Hence the reflected power, P; = 0.0533P; 


= (0.0533)(200) 
= 10.66 mW 
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Now try the following exercise. 


Exercise 167 Further problems on standing waves 
and the standing wave ratio 


1. A transmission line has a characteristic impedance 
of 50020° Q and negligible loss. If the terminating 
impedance of the line is (320 + j200) Q determine 
(a) the reflection coefficient and (b) the standing- 
wave ratio. [(a) 0.31927—61.72° (b) 1.937] 


2. A low-loss transmission line has a mismatched load 
such that the reflection coefficient at the termination 
is 0.57—135°. The characteristic impedance of the 
line is 60 (2. Calculate (a) the standing-wave ratio, 
(b) the load impedance, and (c) the incident current 
flowing if the reflected current is 25 mA. 

[(a) 3 (b) 113.93.243.32° Q (c) 50 mA] 


3. The standing-wave ratio on a mismatched line is 
calculated as 2.20. If the incident power arriving at 
the termination is 100 mW, determine the value of 
the reflected power. [14.06 mW] 


4. The termination of a coaxial cable may be 
represented as a 150 Q resistance in series with a 
0.20 tH inductance. If the characteristic impedance 
of the line is 1000° Q and the operating frequency 
is 80 MHz, determine (a) the reflection coefficient 
and (b) the standing-wave ratio. 

[(a) 0.4172Z—138.35° (b) 2.43] 


5. A cable has a characteristic impedance of 700° Q. 
The cable is terminated by an impedance of 
60230° 2. Determine the ratio of the maximum 
to minimum current along the line. [1.77] 
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Transients and Laplace transforms 


At the end of this chapter you should be able to: 


e determine the transient response of currents and volt- 
ages in R-L, R-C and L—R-C series circuits using 
differential equations 

e define the Laplace transform of a function 

e use a table of Laplace transforms of functions com- 
monly met in electrical engineering for transient 
analysis of simple networks 

e use partial fractions to deduce inverse Laplace 
transforms 

e deduce expressions for component and circuit 
impedances in the s-plane given initial conditions 


e use Laplace transform analysis directly from circuit 
diagrams in the s-plane 

e deduce Kirchhoff’s law equations in the s-plane 
for determining the response of R-L, R-C and 
L-R-C networks, given initial conditions 

e explain the conditions for which an L—R-C circuit 
response is over, critical, under or zero-damped and 
calculate circuit responses 

e predict the circuit response of an L—R-C network, 
given non-zero initial conditions 


45.1 Introduction 


A transient state will exist in a circuit containing one or 
more energy storage elements (i.e. capacitors and induct- 
ors) whenever the energy conditions in the circuit change, 
until the new steady state condition is reached. Tran- 
sients are caused by changing the applied voltage or 
current, or by changing any of the circuit elements; such 
changes occur due to opening and closing switches. Tran- 
sients were introduced in Chapter 17 where growth and 
decay curves were constructed and their equations stated 
for step inputs only. In this chapter, such equations are 
developed analytically by using both differential equa- 
tions and Laplace transforms for different waveform 
supply voltages. 


45.2 Response of R-C series circuit to a 
step input 


Charging a capacitor 


A series R—-C circuit is shown in Figure 45.1(a). 

A step voltage of magnitude V is shown in Figure 
45.1(b). The capacitor in Figure 45.1(a) is assumed to 
be initially uncharged. 


From Kirchhoff’s voltage law, supply voltage, 


V=vct+upR (45.1) 
d d 
Voltage ve = iR and current i = ce, hence vr = cro 


a ———— > V 
Vo Ve i | 


Switch 0 t 
a 


(a) (b) 
Figure 45.1 


Therefore, from equation (45.1) 


duc 
V =vc + CR— 


= (45.2) 


This is a linear, constant coefficient, first order differen- 
tial equation. Such a differential equation may be solved, 
i.e. find an expression for voltage uc, by separating the 
variables. (See Higher Engineering Mathematics) 
Rearranging equation (45.2) gives: 


V cree 
—ye=CR— 
" dt 
duc V- UC 
and a 
dt CR 
from which, ave = ld 
V—vue CR 
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: . : ; duc dt 
and integrating both sides gives: = { — 
V-— ve CR 
t 
H In(V = k 45.3 
ence n( Uc) CR + ( ) 


where k is the arbitrary constant of integration 


: dv . of 
(To integrate / 7 © make an algebraic substitution, 


—vuc 


u=V—vc — see Engineering Mathematics or Higher 
Engineering Mathematics, J.O. Bird, 2004, 4h edition, 
Elsevier.) 


When time t =0, vc = 0, hence —In V=k 


t 
Thus, from equation (45.3), —In(V — uc) = InV 


ls CR 
Rearranging gives: 
t 
InV — In(V = 
n nV — vc) = Ge 
Vv t : 
In = — by the laws of logarithms 
V—vuc CR 
V 
Le. =i 
V— UC 
Vee ! —t/CR 
and VaR e 


V—uc = Ve 
V — Ve VCR — 6 


i.e. capacitor p.d., ve = VdA- els) (45.4) 


This is an exponential growth curve, as shown in Fig- 
ure 45.2. 


Figure 45.2 


From equation (45.1), 

VR = V- UC 
=V—[V(1 — e~/)] from equation (45.4) 
=V-V4 Ve /R 


vR = Ve-t/CR 


Le. resistor p.d., (45.5) 


This is an exponential decay curve, as shown in Fig- 
ure 45.3. 


o| t 


Figure 45.3 


d 
In the circuit of Figure 45.1(a), current i= C —< 


. d —t/CR : 
Hence i = eriuee. =e )] from equation (45.4) 
. ; d —1/CR 
le. i=C—[V—Ve ] 
dt 


=C lo (V) (=) ao 


6 lee’ | 


CR 


i.e. current, | i= —e~ 


(45.6) 


V 
where R is the steady state current, /. 


This is an exponential decay curve as shown in Fig- 
ure 45.4. 
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Figure 45.4 


After a period of time it can be determined from equations 
(45.4) to (45.6) that the voltage across the capacitor, uc, 
attains the value V, the supply voltage, whilst the resistor 
voltage, vr, and current i both decay to zero. 


Problem 1. A500 nF capacitor is connected in series 
with a 100kQ resistor and the circuit is connected to 
a SOV, d.c. supply. Calculate (a) the initial value of 
current flowing, (b) the value of current 150 ms after 
connection, (c) the value of capacitor voltage 80 ms 
after connection, and (d) the time after connection 
when the resistor voltage is 35 V. 
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V 
(a) From equation (45.6), current, i= ra CR 


Initial current, i.e. when t= 0, 


Vigo 50 


= = =0.5mA 
0 R° ~R~ 100x103 m 


V 
(b) Current, i= —e~‘ /CR hence, when time t = 150 ms or 
0.15 s, 


50 7 0-5/(500x 10~°)(100x 103) 


i= ——_ 
100 x 103 
= (0.5 x 1077)e~? = (0.5 x 1077)(0.049787) 
= 0.0249 mA or 24.9 pA 
(c) From equation (45.4), capacitor voltage, 


vc =V(1— eR) 
When time t = 80 ms, 
= 500= e—80x10-Y/(500x 10° x 100x 10°), 
= 50(1 — e~'®) = 50(0.7981) 
= 39.91V 


(d) From equation (45.5), resistor voltage, ur = VeWt/Ck 


When vr=35V, 


then 35 — 50e—t/(500x 10-9 x 100 103) 


ie 35 = e-1/0.05 
50 

and ie mee 3 
50.005 


from which, time, t = —0.05 In 0.7 
= 0.0178 s or 17.8 ms 


Discharging a capacitor 


If after a period of time the step input voltage V applied to 
the circuit of Figure 45.1 is suddenly removed, by opening 
the switch, then 


from equation (45.1), vr +uc =0 
; duc 
or, from equation (45.2), CBs +vuc=0 


Rearranging gives: 


: : . duc dt 
and separating the variables gives) }=§=£— =——— 
UC CR 
d dt 
and integrating both sides gives: eee / ee 
UC CR 
t 
fi hich, 1 =—-—+k 45.7 
rom which, In vc CR + (45.7) 


where k is a constant. 

At time t=0 (ie. at the instant of opening the switch), 

UC = V 

Substituting t= 0 and vc = V in equation (45.7) gives: 
InV=O+k 


Substituting k = In V into equation (45.7) gives: 


t 
1 =—-—-+InV 
nvuc Crt 


t 


and Inve —InV = —-— 
CR 
UC t 
In — = —-— 
4 CR 
and Pe gner 
V 
from which, v= VeWH/CR (45.8) 


i.e. the capacitor voltage, vc , decays to zero after a period 
of time, the rate of decay depending on CR, which is the 
time constant, t (see Section 17.3, page 200). Since 
vr + vc =0 then the magnitude of the resistor voltage, 


up, is given by: 


duc d 
d since i = C—- =C—(Ve"/& 
and since i i at e ) 


= _ 1 \ ter 
=icvy( ae 


i.e. the magnitude of the current, 


V 
V gn tiCR 
R 


i= 


(45.10) 


Problem 2. A d.c. voltage supply of 200V is con- 
nected across a5 4F capacitor as shown in Figure 45.5. 
When the supply is suddenly cut by opening switch S, 
the capacitor is left isolated except for a parallel 
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resistor of 2 MQ. Calculate the p.d. across the capaci- 
tor after 20s. 


Figure 45.5 


From equation (45.8), uc = Ve7"/ 


After 20s, vc = 200¢720/5*10-°x2x 10°) _ 999 e-? 
= 200(0.13534) 
=27.07V 


45.3 Response of R-L series circuit to a 
step input 


Current growth 


A series R-L circuit is shown in Figure 45.6. When the 
switch is closed and a step voltage V is applied, it is 
assumed that L carries no current. 


Figure 45.6 

From Kirchhoff’s voltage law, V = uz, + ur 
di : 

Voltage vy = Le and voltage vr = iR 
ds, 

Hence V=L—-+iR 
dt 


(45.11) 


This is a linear, constant coefficient, first order differential 
equation. 


Again, such a differential equation may be solved by 
separating the variables. 


‘ : : di V-—iR 
Rearranging equation (45.11) gives: — = 
dt L 
from which, us — dt 
V-iR L 
di 
and / ; — / a 
V—iR L 
1 . t 
Hence In(V —iR)=—+k (45.12) 
R L 


where k is a constant 


(Use the algebraic substitution u=V — ik to integrate 
di 
ia 
V—iR 


1 
At time t= 0, i=0, thus on ee 


1 
Substituting k = — R In V in equation (45.12) gives: 


1 ; t 1 
In(V — iR) = InV 
R L eR 


1 t 
Rearranging gives: giav In(V iR)| = 7 


and In x es 
V—-iR L 


4 
Hence — = et/L 
—iR 
V-iR_ 1 & 
= /L 
and V ORL 
V —iR=Ve-RU/L 


and current, (45.13) 


This is an exponential growth curve as shown in Fig- 
ure 45.7. 


0 t 


Figure 45.7 


The p.d. across the resistor in Figure 45.6, ur =iR 
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V 
Hence vg = R [za — eriy| from equation (45.13) 


ie. Vr=V(I—eWRt/L) (45.14) 


which again represents an exponential growth curve. 


di 

The voltage across the inductor in Figure 45.6, vz, = Lo 
d|V LV d 

ie. vy =L—|—U —e ®/4)| = “ry eo RHUL 

Le. vp i K e ) 7 AL e ] 


a let jae a(S ee 
R L RAL 


i.e. vL = Ve-Rt/L 


Problem 3. A coil of inductance 50 mH and resist- 
ance 5 Q is connected to a 110V, d.c. supply. Deter- 
mine (a) the final value of current, (b) the value of 
current after 4 ms, (c) the value of the voltage across the 
resistor after 6 ms, (d) the value of the voltage across 
the inductance after 6 ms, and (e) the time when the 
current reaches 15 A. 


(45.15) 


(a) From equation (45.13), when tf is large, the final, or 
steady state current i is given by: 
V_ 110 


i= — = —=22A 
R 5 


V 
(b) From equation (45.13), current, i= ris —eRt/Ly 


110 : “5 
When t= 4ms, i= ——(1 ef GN(4x10™)/50x 10) 


= 22(1 — e794) = 22(0.32968) 
=7.25V 


(c) From equation (45.14), the voltage across the resistor, 
ve = V1 —e 8/4) 


Whent = 6 ms, vr = 1100 — &-S)(6x10~)/50x 10) 
= 110(1 — e~ 9) = 110(0.45119) 
= 49.63V 


(d) From equation (45.15), the voltage across the induct- 
ance, 


UL = Veo Rt/L 


When t= 6ms, 


ce 110e(— 06x 10-)/50x 107%) — 110e79-60 


= 60.37V 
(Note that at f= 6 ms, 
ut + Ur = 60.37 + 49.63 = 110 V = supply p.d., V) 


(e) When current i reaches 15A, 


4 
b= au — e~*t/L) from equation (45.13) 


I5— =a = e75t/(50x10~*)) 


and =e 100" 1 fe 
110 
Hence —100t = In (1 i ) 
110 
; 1 75 
and time, t = 00" (1 = a) 
= 0.01145 s or 11.45 ms 


Current decay 


If after a period of time the step voltage V applied to the 
circuit of Figure 45.6 is suddenly removed by opening the 
switch, then from equation (45.11), 


di 
O=L—+iR 
a 
R . : L di R di iR 
earranging gives: =—iRor — = 
pie dt dt L 
: : ; i R 
Separating the variables gives: -=- Fad 


and integrating both sides gives: 


di R 
rs eeeaNy 
ic f ris 


R 
Injd=—-t+k (45.16) 
L 
At t=0 (i.e. when the switch is opened), 


4 
i=l (- R the steady state current) 


then InJ=0O+k 
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Substituting k =InJ into equation (45.16) gives: 


R 
Ini =—-t+InI 
I L + 
ea R 
Rearranging gives: Ini — InJ = Fi 
i R 
In-=-—-t 
I L 
FL gO RIL 
I 
. Rey Vt 
and current,| i=TJe or Rr. (45.17) 


i.e. the current i decays exponentially to zero. 


: . Y cin : 
From Figure 45.6, vg =iR=R rR? from equation 
(45.17) 


ie. vp = Ve~ RAL (45.18) 


dt dt \R 
from equation (45.17) 


“(Jom 


Hence the magnitude of vz, is given by: 


VL = Vo Rt/L 


Hence both vp and vz, decay exponentially to zero. 


di d (V 
The voltage across the coil, vz, = fase =f— (fer) 


(45.19) 


Problem 4. In the circuit shown in Figure 45.8, a 
current of 5 A flows from the supply source. Switch S 
is then opened. Determine (a) the time for the current in 
the 2 H inductor to fall to 200 mA and (b) the maximum 
voltage appearing across the resistor. 


Figure 45.8 


(a) When the supply is cut off, the circuit consists of just 
the 10 Q resistor and the 2H coil in parallel. This is 
effectively the same circuit as Figure 45.6 with the 
supply voltage zero. 


V 
From equation (45.17), current i= a se 


V 
In this case R = 5A, the initial value of current. 


When i= 200 mA or 0.2A, 


0.2 = 5e 10/2 
0.2 

ie. —- =e! 
5 


2 
thus ne =—5t 


1 0.2 


and time, ¢ = —5 In = 0.644 s or 644 ms 


(b) Since the current through the coil can only return 
through the 10 Q resistance, the voltage across the 
resistor is a maximum at the moment of disconnec- 
tion, i.e. 


vR,, = IR = (5)(10) = 50 V 


Now try the following exercise. 


Exercise 168 Further problems on R-C and 
R-L series circuits 


1. A5 wF capacitor is connected in series with a 20 kQ 
resistor and the circuit is connected to a 10V d.c. 
supply. Determine (a) the initial value of current 
flowing, (b) the value of the current 0.4 s after con- 
nection, (c) the value of the capacitor voltage 30 ms 
after connection, and (d) the time after connection 
when the resistor voltage is 4 V. 

[(a) 0.5 mA (b) 9.16 WA (c) 2.59 V 
(d) 91.63 ms] 


2. A 100V d.c. supply is connected across a 400 nF 

capacitor as shown in Figure 45.9. When the switch 

S is opened the capacitor is left isolated except for a 

parallel resistor of 5 MQ. Determine the p.d. across 
the capacitor 5 s after opening the switch. 

[8.21 V] 


5 MQ 
400 nF 


Figure 45.9 
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3. A 40V d.c. supply is connected across a coil of 
inductance 25 mH and resistance 5 Q. Calculate 
(a) the final value of current, (b) the value of cur- 
rent after 10 ms, (c) the p.d. across the resistor after 
5 ms, (d) the value of the voltage across the induc- 
tance after 2 ms, and (e) the time when the current 
reaches 3 A. 

[(a) 8A (b) 6.92 A (c) 25.28 V (d) 26.81 V 
(e) 2.35 ms] 


4. In the circuit shown in Figure 45.10 a current of 2A 
flows from the source. If the switch S is suddenly 
opened, calculate (a) the time for the current in the 
0.5 H inductor to fall to 0.8 A, and (b) the maximum 
voltage across the resistor. 

[(a) 114.5ms (b) 8 V] 


40 


Figure 45.10 


45.4 L-R-C series circuit response 


L-R-C circuits are widely used in a variety of appli- 
cations, such as in filters in communication systems, 
ignition systems in automobiles, and defibrillator circuits 
in biomedical applications (where an electric shock is used 
to stop the heart, in the hope that the heart will restart with 
rhythmic contractions). 

For the circuit shown in Figure 45.11, from Kirchhoff’s 
voltage law, 


V=vur+ur+uc (45.20) 
r@ ae cave i 
UL = at and 1= dt ,» Nnence 
d [{_.dvc duc 
=L—(c—£)=L 
= ral z) de 
d d 
ue=iR = (C ro) R= RC ae 
t dt 
L R 


ame 
ibm oh 


Figure 45.11 


Hence from equation (45.20): 


d? d 
yore 2 +Rc< ae 


45.21 
dt? d ae) 


This is a linear, constant coefficient, second order differen- 
tial equation. (For the solution of second order differential 
equations, see Higher Engineering Mathematics). 


To determine the transient response, the supply p.d., V, is 
made equal to zero, 


duc duc 
ie. LC— + RC— =0 
Ge Eg Fe 


(45.22) 
A solution can be found by letting vc = Ae”, from which, 


d d 
OPE = Amat and “© = Anta 
dt dt” 


Substituting these expressions into equation (45.22) gives: 


LC(Am*e™) + RC(Ame™) + Ae™ =0 
ie. Ae” (m?LC + mRC + 1)=0 


Thus vc=Ae” is a solution of the given equation 
provided that 


m-LC +mRC +1=0 (45.23) 


This is called the auxiliary equation. 
Using the quadratic formula on equation (45.23) gives: 


—RC + J[(RCY — 420)()1 


2LC 
_ —RC + /(R°C? — 4LC) 
7 2LC 
—RC (ae —4LC 
1e M= 
TC (2LC)* 


R ra / R°C?2 4LC 
2L 412C2— 4L?.C? 
(45.24) 


This equation may have either: 


(i) two different real roots, when (R/2L)* > (1/LC), 
when the circuit is said to be overdamped since the 
transient voltage decays very slowly with time, or 

(ii) two real equal roots, when (R/2L)* = (1/LC), when 
the circuit is said to be critically damped since the 
transient voltage decays in the minimum amount of 
time without oscillations occurring, or 
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(iii) two complex roots, when (R/2L)* <(1/LC), 
when the circuit is said to be underdamped since 
the transient voltage oscillates about the final steady 
state value, the oscillations eventually dying away to 
give the steady state value, or 

(iv) if R=0 in equation (45.24), the oscillations would 
continue indefinitely without any reduction in ampli- 
tude — this is the undamped condition. 


Damping is discussed again in Section 45.8 with typical 
current responses sketched in Figure 45.30 on page 651. 


Problem 5. A series L—R-C circuit has induct- 
ance, L = 2 mH, resistance, R = 1 kQ and capacitance, 
C=5wF (a) Determine whether the circuit is over, 
critical or underdamped. (b) If C = 5 nF, determine the 
state of damping. 


R\? 1° = 102 
ae = = 6.25 x 10!9 
(a) (=) East ieee 


1 1 10° 


= =f = 108 
LC (2x 10-3)(5 x 10°) 10 


2 
Since { — ] > — the circuit is overdamped. 
2L LC 


1 1 
b) WhenC =5nF, — = =10!! 
Dyer ™ TC (x 10-3\(5 x 10-9) 


RY 4 
Since { — ] < — the circuit is underdamped. 
2L LC 


Problem 6. In the circuit of problem 5, what value of 


capacitance will give critical damping? 


. RY? 4 
For critical damping: {| — ] =— 
2L LC 
from which, capacitance, 
ol 1 4? AL 
RN R2 LR? R2 
L{ — L—, 
(=) 41? 
4(2x 1073) -9 
="qose oe For 8 nF 


Roots of the auxiliary equation 
With reference to equation (45.24): 


(i) when the roots are real and different, say m= a and 
m = 8, the general solution is 


vc =Ae™ + Be (45.25) 


P R REO A 
~ OL 2L LC 
(ii) when the roots are real and equal, say m = a twice, 
the general solution is 


vc = (At + Bye“ (45.26) 


R 
where a = —— 
2L 


(iii) when the roots are complex, say m=a + jf, the 
general solution is 


vc =e“ {Acos Bt +B sin pt} 


R 1 RY 
where a = —— and B= See fe es 
2L LC 2L 


To determine the actual expression for the voltage under 
any given initial condition, it is necessary to evaluate 
constants A and B in terms of vc and current i. The 
procedure is the same for each of the above three cases. 
Assuming in, say, case (iii) that at time t = 0, vc = vo and 
i(= C(dvc/dt)) = io then substituting in equation (45.27): 


(45.27) 


vo = e°{A cos 0 + Bsin 0} 
ie. vg=A (45.29) 
Also, from equation (45.27), 
d 
as = [AB sin Bt + BB cos fr] 


+ [Acos Bt + Bsin Bt\(ae™) (45.30) 


by the product rule of differentiation 


UC 


When t = 0, a = e°[0 + BB] + [A](ae®) = BB+ aA 


duc 
dt 


From equation (45.29), A= vo hence ip = C(BB + avo) 
= CBB + Cauo 


Hence at t = 0,i9 = C C(BB + aA) 


ig — Cavo 


CB (45.31) 


from which, B= 


Problem 7. A coil has an equivalent circuit of induc- 
tance 1.5 H in series with resistance 90 Q. It is con- 
nected across a charged 5 wF capacitor at the moment 
when the capacitor voltage is 10V. Determine the 
nature of the response and obtain an expression for 
the current in the coil. 
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RY? 90 7° 1 I 
(=) 7 laa, = 900 and 5 = @5y5x10-5 


= 1.333x 10° 


Rye. J 
Since | — ] <-— the circuit is underdamped. 
2L LC 


From equation (45.28), 


R 90 
2L—O(..5) 


= ,/[1.333x 10° — 900] = 363.9 


With vp =10V and ip9=0, from equation (45.29), 
vp =A=10 
and from equation (45.31), 


p= Cav _ 0-6 x 10-)(—30)(10) 


CB ——sS(5 x 10-®)(363.9) 
ee 0.8244 
363.9 


d 
Current, i= C and from equation (45.30), 


i = C{e>""[—10(363.9) sin Bt 
+ (0.8244)(363.9) cos Br] 
+ (10 cos Bt + 0.8244 sin Bt)(—30e7*")} 
= C{e~*"[—3639 sin Bt + 300 cos Bt 
— 300 cos Bt — 24.732 sin Br]} 
= Ce >""'[_3663.732 sin Ar] 
= —(5 x 10-°)(3663.732)e >” sin Bt 


ie. current, i= —0.0183e—>"sin 363.9¢ amperes 


Now try the following exercise. 


Exercise 169 Further problems on L —R-C series 
circuit response 


1. In a series L — R — C circuit the inductance, 
L=5mH and the resistance R=5kQ. Determine 
whether the circuit is over, critical or under damped 


when (a) capacitance C=S500pF, and (b) 
C=10uF. [(a) underdamped (b) overdamped] 


2. For the circuit in Problem 7 calculate the value of 
capacitance C for critical damping. [800 pF] 


3. Acoil having an equivalent circuit of inductance 1 H 
in series with resistance 50 Q is connected across a 
fully charged 0.4 F capacitor at the instant when 
the capacitor voltage is 20 V. Determine the nature 
of the response and obtain an expression for the 
current in the coil. 

[underdamped; 
i=—0.0127e~?* sin 1580.91 A] 


4. If the coil in Problem 7 had a resistance of 500 Q 
and the capacitance was 16 LF, determine the nature 
of the response and obtain an expression for the 
current flowing. 

[critically damped; i = —20te~>' A] 


45.5 Introduction to Laplace transforms 


The solution of most electrical problems can be reduced 
ultimately to the solution of differential equations and 
the use of Laplace transforms provides an alterna- 
tive method to those used previously. Laplace trans- 
forms provide a convenient method for the calculation 
of the complete response of a circuit. In this section 
and in Section 45.6 the technique of Laplace trans- 
forms is developed and then used to solve differen- 
tial equations. In Section 45.7 Laplace transforms are 
used to analyse transient responses directly from circuit 
diagrams. 


Definition of a Laplace transform 


The Laplace transform of the function of time f(f) is 
defined by the integral 


lo) 
i; e “f(t)dt where s is a parameter 
0 


There are various commonly used notations for the 
Laplace transform of f(t) and these include P{f(t)} or 
L{f(t)} or Lf) or Lf or f(s). 

Also the letter p is sometimes used instead of s as 
the parameter. The notation used in this chapter will be 
fd) for the original function and #{ f(H)} for its Laplace 
transform, 


ie. Al f(t} = / r ef (t) dt (45.32) 
0 
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Laplace transforms of elementary functions 


Using equation (45.32): 


—st70CO 
() when f()=1, Z{I}= [O° edt = E 
=. 


me ace — 0°] 


1 
=—-[0-1] 
K) 
1 ‘ 
=-— (provided s>0) 
s 


(ii) when f(Q=k, L{k} 
(i) above 
(iii) when f() =e", Lle“} = fy? e"(e") dt 
= feet dt 


kL{l} ‘(-) Beet 
s s 


from the laws of indices 


eT sat oO 
- E - al 
1 


“=6=9°"" 


1 
= — (provided s >a) 
s-a 
0 eat 


i 
r 


(iv) when f(t) =t, L{t 


—st 
—st 


te 
te 


S 
Ss 
Ss ew st oo 

Ss s* | 

by integration by parts 


coe 8609) e800) 
ses maaan 


since (oo x 0) =0 


1 ; 
= 2 (provided s > 0) 
(v) when f(t) = cos wt, 


[oe 


L {cos wt} = if e' cos wt dt 
0 


(oe) 


est 
= | ~—(wsin at — scos at) 
E + w? 


0 
by integration by parts twice 


Baal (provided s > 0) 
S*+@ 


A list of standard Laplace transforms is summarized in 
Table 45.1 below. It will not usually be necessary to derive 
the transforms as above — but merely to use them. 


Table 45.1 Standard Laplace Transforms 


Time function f(t) Laplace transform 


LFO}= 
Io? "FO dt 


1. 6 (unit impulse) 


2. 1 (unit step function) 


3. e (exponential function) 


s—a 
et 
4. unit step delayed by T 
Ss 
5. sin wt (sine wave) 5 = 5 
+a 
Ss 
6. cos wt (cosine wave) 5 5 
Se+a 
1 
7. ¢ (unit ramp function) = 
Ss 
2! 
2 
8. ¢ 3 
n! 
N — 
9. t" (n=1, 2,3...) vat 
Ss 
10. coshat 
@ P=? 
o 
ll. sinhat 
, Ron 
12. ete" ud 
(s L ay't 
13. e “ sin wt (damped sine wave) G a 7 
: sta 
14. e “cos wt (damped cosine wave) 7 3 
stay +o 
o 
15. — sinh wt 
e“ sinh w Gino 
sta 
16. e“ coshat eS 
(sta)? — a? 


The following worked problems only require using the 
standard list of Table 45.1. 


Problem 8. Find the Laplace transforms of 


(a)1+2¢—414 (db) Se? —3e# 


PART 
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1 1 A 
(a2) £4142-—4b = 411} 4+24(H — <tc} id v 
3 3 10 10- 
1 4G ( 1 ) 1 ( 4! ) | 
~ 2 441 
Ss Ss 3\s 0} > ; ; > 
from 2, 7 and 9 of Table 45.1 
(a) (b) 
1 - 2 1/4x3x2x1 
“sgt 3 s V 
_1,2 = 8 
ee ae ‘All nee a 
> 
(b) L{5e7 — 3e7"} = 5_L{e} —3.Lle"} i 0 1 2 ¢ 
1 1 (d) 
= 3)~3 1 
7 es Figure 45.12 
from 3 of Table 45.1 
5 3 (b) From 4 of Table 45.1, a step function of 10 V which is 
=—=0 cla delayed by t=5s is given by: 
_ SX(s +1I- 3(s = 2) ‘6 (—) is eos 10 _s, 
= =—e 
(s — 2)(s + 1) . ¥ : 
_ s+il 
~ g2_g-2 This is, in fact, the function starting at t=0 given in 


—sT 


part (a), i.e. (10/s) multiplied by e~’ , where T is the 


; delay in seconds. 
Problem 9. Find the Laplace transform of 


6 sin 3t — 4cos 5t. The waveform is shown in Figure 45.12(b). 


(c) From 7 of Table 45.1, the Laplace transform of the 
unit ramp, L{t} = (1/s7) 
Hence the Laplace transform of a ramp voltage 


3 * increasing at 4 V/s is given by: 
24.32 24.52 4 
se +3 se +5 4L{t}= 5 
s 


L{6sin 3t — 4cos 51} = 6.L{sin 3t} — 4.L{cos 5t} 


from 5 and 6 of Table 45.1 
The waveform is shown in Figure 45.12(c). 
_ 18 = 4s (d) As with part (b), for a delayed function, the Laplace 
~ 5249 524.25 transform is the undelayed function, in this case (4/ s?) 
from part (c), multiplied by e~*” where T in this 


Problem 10. Use Table 45.1 to determine the Laplace vey is 1s. Hence the Laplace transform is given by: 
transforms of the following waveforms: (3) es 
s 
(a) a step voltage of 10 V which starts at time t = 0 The waveform is shown in Figure 45.12(d). 
(b) a step voltage of 10 V which starts at time f=5s 
(c) a ave voltage which starts at zero and increases Problem 11. Determine the Laplace transforms of 
at 4 Vis the following waveforms: 
(d) a ramp voltage which starts at time f=1s and 
increases at 4 V/s (a) animpulse voltage of 8 V which starts at time t = 0 
(b) an impulse voltage of 8V which starts at time 
From 2 of Table 45.1, p28 
Eee nly (c) a sinusoidal current of 4A and angular frequency 
1 10 5 rad/s which starts at time t = 0 
{10} = 10. 7{1}=10( - ) =— 
{10} {1} (<) - 


(a) An impulse is an intense signal of very short duration. 
The waveform is shown in Figure 45.12(a). This function is often known as the Dirac function. 


Transients and Laplace transforms 633 


V V 
8 8 
0 an) | 2 i 
(a) (b) 

ck 

AL 

0 z lant 

5 5 
4b 


Figure 45.13 


From | of Table 45.1, the Laplace transform of an 
impulse starting at time t=0 is given by 7{5}=1, 
hence an impulse of 8 V is given by: 8.7{6} =8 

This is shown in Figure 45.13(a). 

From part (a) the Laplace transform of an impulse 
of 8V is 8. Delaying the impulse by 2s involves 
multiplying the undelayed function by e~°7 where 
T=2s. 

Hence the Laplace transform of the function is given 
by: 8e~75 

This is shown in Figure 45.13(b). 
(c) From 5 of Table 45.1, {sin wr} 


(b 


wm 


~ 52 4 @y2 


When the amplitude is 4A and w=5S, then 


F 5 20 
Lissinon=4(5>3) = 2405 


The waveform is shown in Figure 45.13(c). 


Problem 12. Find the Laplace transforms of 
(a) 2t*e* (b) 4c cos 5t. 


(a) From 12 of Table 45.1, 
Lt} =2A {tte} 


4! 
= la FT| 


_—244x3x2xI1) 48 
(gs —3 ~ (s—3) 


(b) From 14 of Table 45.1, 
L{4e* cos 5t} = 4.L{e* cos 5t} 


s—3 
-4| “5 | 


46-3) = 3) 


~ §2—65+9+425 5265434 


Problem 13. Determine the Laplace transforms of 


(a) 2cosh3t (b) e~” sin 3¢. 


(a) From 10 of Table 45.1, 


2s 
{2 cosh 3t} = 2L cosh 3t = 2 E * 3 =4-5 


(b) From 13 of Table 45.1, 


3 3 
Lie! sin 3t} = = 
ne (s+2)2+32  s2?+4s+4+9 
_ 3 
~ s24 45413 


Laplace transforms of derivatives 
Using integration by parts, it may be shown that: 


(a) for the first derivative: 


Lf O}=sL{fO}-FO) 


ad 
or Z| ra =sP¥{y}—y(0) (45.33) 
. PART 
where y(0) is the value of y at x =0 3 


(b) for the second derivative: 
Af" O} =" AAFO}— sf) —f' 0) 
d’y 2 ’ 
or Ly —5 7 =s° Ly} — sy) —y"(0) (45.34) 
dx 
where y’(0) is the value of (dy/dx) atx =0 


Equations (45.33) and (45.34) are used in the solution of 
differential equations in Section 45.6. 


The initial and final value theorems 


The initial and final value theorems can often considerably 
reduce the work of solving electrical circuits. 


(a) The initial value theorem states: 
limit [f(4)] = limit [s 2{f()}] 
t>0 500 
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Thus, for example, if f(t)=v = Ve"/@ 


and if, say, 
V=10and CR = 0.5, then 
f)=v= 10e 7 


1 
Lf} = 10 || 


from 3 of Table 45.1 


s 
sL{f(t)} = 10 =| 


From the initial value theorem, the initial value of f(t) 
is given by: 


CO 


(b) The final value theorem states: 


limit [f(0] = limit [ ASO} 


In the above example of f(t) = 10e~~! the final value 
is given by: 
0 
10| ——~|]=0 
lava 


The initial and final value theorems are used in pulse cir- 
cuit applications where the response of the circuit for small 
periods of time, or the behaviour immediately the switch 
is closed, are of interest. The final value theorem 1s partic- 
ularly useful in investigating the stability of systems (such 
as in automatic aircraft-landing systems) and is concerned 
with the steady state response for large values of time ¢, 
i.e. after all transient effects have died away. 


Now try the following exercise. 


Exercise 170 Further problems on Laplace 
transforms 


1. Determine the Laplace transforms in Problems 1 


to7 
(a) 2t—3 (b) 542 +41 —3 
2 3 10 4 3 
(a) Sie (b) Pe aF 2 
Pp P pate 
De — 2 = = Yi = 
(a) 7A 3t+2 (b) 15 + 5) 
(a) 1 3 a 2 (b) 8 48 - 1 
4s 52 sg 6 55 3 


3. (a) 5e** (b) e 7 


10. 


ih, 


. (a) 4 sin 3t (b) 3 cos 2t 


12 3s 
lo x35 © aya 


. (a) 2te”* (b) re 


oe =a 
(a) ye (b) ae 


1 
. (a) 43e-*" (b) ane 


Dime eee le 
® Gam © Ge 


. (a) 5e~~! cos 3t (b) 4e~ sin t 


(b) 


g 5(s + 2) 


s2 +45 + 13 overs | 


. Determine the Laplace transforms of the following 


waveforms: 


(a) astep voltage of 4V which starts at time t =0 

(b) astep voltage of 5 V which starts at time t = 2 s 

(c) a ramp voltage which starts at zero and 
increases at 7 V/s 

(d) a ramp voltage which starts at time t = 2s and 
increases at 3 V/s. 


4 5 7 3 
lc — (b) —e-** ©) ax 0) ae] 
ry ry s s 


. Determine the Laplace transforms of the following 


waveforms: 


(a) an impulse voltage of 15 V which starts at time 
t=0 

(b) an impulse voltage of 6 V which starts at time 
ss) 

(c) a sinusoidal current of 10A and angular fre- 
quency 8 rad/s. 


_55 80 
li 15 (b) 6e (c) a 


State the initial value theorem. Verify the theorem 
for the functions: 


(a) 3—4sint 
(b) (t— 4)? and state their initial values. 
[(a) 3 (b) 16] 


State the final value theorem and state a prac- 
tical application where it is of use. Verify the 
theorem for the function 4+ e~~!(sint+ cos f) 
representing a displacement and state it’s final 
value. [4] 
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45.6 Inverse Laplace transforms and the 
solution of differential equations 


1 
Since from 2 of Table 45.1, “{1} = — then 
s 


Gra {| aa 


Ss 


where “| means the inverse Laplace transform. 
Similarly, since from 5 of Table 45.1, 


@ 


7 w —1 
L (sin wt} = Zaz ne [rts 


| =sin wt 


Thus finding an inverse transform involves locating 
the Laplace transform from the right-hand column of 
Table 45.1 and then reading the function from the left-hand 
column. The following worked problems demonstrate the 
method. 


Problem 14. Find the following inverse Laplace 
transforms: 


= 1 “1 5 
ee {x5 | Oe, tsi] 


= 1 pri 1 
ee |ax3}-2 (=| 


and from 5 of Table 45.1, 


E secepif 3 1. 
32 {rss = 5 sina 


(b) ee ? jee" de 
= 3(s- 5) 
3 
Spel 1 51 
=32 a = ae 
3 


from 3 of Table 45.1 


Problem 15. Determine the following inverse 
Laplace transforms: 


6 3 
O25} OF La 


2 
(a) From 8 of Table 45.1, 77! {=| =f 
s 


Hence #7! {5} =3f7! {=| = 37? 
s s 


(b) From 9 of Table 45.1, if s is to have a power of 4 then 
n= 3. 


! 
Thus 7! {=| =fie. Lo! {=| =f 
s 


al 


Problem 16. Determine 


—] WKY =. 4s 
Oa eed 7 fees 


=i 7s = ~] S 
weft }-12' fatal 


=7 cos 2t from 6 of Table 45.1 


4 
b) go! {3 “| =4g"! {3 : a} 


= 4 cosh 4¢ from 10 of Table 45.1 


2 
Problem 17. Find 47! 
(s— 3) 


! 
From 12 of Table 45.1, 2" | id } = ea 


1 | = A at yn 


-1 
Thus Y | ast prt 7 


and comparing with @ a | | shows that n=4 


2 
(s — 3) 


anda=3. 


—1 2 = —] 1 
Hence Y {| -22 {—=| 


=2 Fag 
rm 


1 
= — ¢3t4 
12 


Problem 18. Determine 


4 3 Laff. 2@4) 
Oe (zara [Fen] 
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3 3 
= _ gol 
ae {za} lo-seee| 
=e sin 3¢ 
from 13 of Table 45.1 
Bh Biesety if 24+) 
b ee ene ay a ee, 
Oe feesies ai = [| 
=2e~* cos 3t 


from 14 of Table 45.1 


Note that in solving these examples the denominator in 
each case has been made into a perfect square. 


Now try the following exercise. 


Exercise 171 Further problems on_ inverse 
Laplace transforms 


Determine the inverse Laplace transforms in Problems 
1to8 


i] 2 
1. (a) z (b) as [(a) 7 (b) 2e%] 


3 2s 
ms 
OS Wcueer 


l«@ eet (b) 20521] 


1 4 
or Ae ora 
Le ab 
g eo (b) = sin3s] 
5s 6 5 
4, (a) 252 + 18 (b) w) lc 5 O83 (b) a] 
5 8 5 4 
5. (a) = (b) a gE at (b) =| 
15 4 
OO) =o =e 
5) ‘ 
le eee 3t (b) 2e't 
vi z b a 
MW) meaaeata: ) P= ae 10 


[(a) e~ sin 3t (b) 2e~ sin t] 


st] 3 


8. b 
20 ROSS 


le e-' cos 3t (b) at sn24] 


Use of partial fractions for inverse Laplace 
transforms 


Sometimes the function whose inverse is required is not 
recognizable as a standard type, such as those listed in 
Table 45.1. In such cases it may be possible, by using 
partial fractions, to resolve the function into simpler 
fractions which may be inverted on sight. 


S 


For example, the function F(s) = ( cannot be 
s(s — 
inverted on sight from Table 45.1. However, using partial 


fractions: 


2s —3 A B 


s(s — 3) - 5s s-3) 


A(s — 3)+ Bs 
s(s — 3) 


from which, 2s — 3=A(s — 3) + Bs 
Letting s=0 gives: —3 = —3A from which A= 1 
Letting s=3 gives: 3 = 3B from which B= 1 


2s—-3 1 1 
s(s—3) s) s—3 


_1 f{ 25-3 fl 1 
Pe ere teed {s+<=5} 


Hence 


= 1+ e* from2 and 3 of Table 45.1 


Partial fractions are explained in Engineering Mathemat- 
ics and Higher Engineering Mathematics. The following 
worked problems demonstrate the method. 


4s —5 
Problem 19. Determine 77! | : | 


st—s—2 


_ 4s —5 _ A B 
Ree) 1G DeEtil) 6-2) Ged 
_ A(s +1) 4+ Bs — 2) 


(s — 2)(s + 1) 


Hence 4s — 5=A(s + 1) + B(s — 2) 
When s=2, 3=3A from which, A= 1 
When s=—1, —9=-—3B from which, B= 3 
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4s —5 1 3 
H —1 = —1 
eras {= a {+ 


3 
pet | | 
s+l1 
=e” +3e—‘from 3 of Table 45.1 


359 +52 +4+125+2 
Problem 20. Find 2" | ae | 


(s — 3)(s + 13 


353 + s* + 125+ 12 
(s — 3)(s + 1)3 
Eg LBA « SC D 
ee ae i Gas ae 
A(s + 1)? + B(s — 3)(s + 1)? 
+ C(s —3)(s +1) + D(s —3) 
(s — 3)\(s + 13 


Hence 35° + s* + 12s + 2=A(s+ 1)? + B(s — 3)(s + 1)? 
+ C(s — 3)(s + 1) + D(s — 3) 

When s= 3, 128 =64A from which, A = 2 

When s =—1, —12=—4D from which, D=3 

Equating s* terms gives: 3= A + B from which, B= 1 


Equating s* terms gives: |=3A — B + C from which, 


c=-4 
(aus ee 39° +5* + 12542 
(s — 3)(s + 1)3 
2 1 4 3 
—1 
= [= s+1 toot 


3 
= 2e* +e! —d4e“t+ set 


from 3 and 12 of Table 45.1 


Problem 21. Determine #7! | 


5s* + 85-1 | 
(s + 3)(s2 +1) 


When s=—3 20=10A from which, A= 2 
Equating s? terms gives: 5 =A + B from which, B=3 
Equating s terms gives: 8= 3B + C from which, C=—1 


Hence 
een (a 3 ae 
=| 
raen 
1 


= 2e—* +3 cost—sint 


from 3, 6 and 5 of Table 45.1 


Now try the following exercise. 


Exercise 172 Further problems on_ inverse 
Laplace transforms using partial fractions 
Use partial fractions to find the inverse Laplace trans- 
forms of the functions in Problems 1 to 6. 
11 —3s 
1. =. 2e' — 5e** 
42s —3 Les 
2s* — 95 — 35 
eae [4e-* — 36" + 0-3] 
(s + 1)(s — 2)(s + 3) 
25-3 
3. —— 2e7 + Tte! 
G2» [2e“ + Tte~"] 
557 — 25 — 19 
1 = Qe 4 3e! — Ate! 
(+ 3)6—12 ee eee 
3s* + 16s +15 
5. ——_.__. “HE = Di — Be 
(433 [e-"( ) 
6 26 — s? 
* s(s2 + 45+ 13) 
D2 
E — 3e~' cos 3t — aoe sin 3] 


5s?>+8s-1 A Bst+C 
(s+3\(s2? +1) s+3 set] 
A(s* + 1) + (Bs + C\(s +3) 


(s + 3)(s? + 1) 


Hence 5s? + 8s — 1=A(s* + 1) + (Bs + C)(s +3) 


Procedure to solve differential equations by using 
Laplace transforms 


(i) Take the Laplace transform of both sides of the 
differential equation by applying the formulae for 
the Laplace transforms of derivatives (i.e. equa- 
tions (45.33) and (45.34) on page 633) and, where 
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necessary, using a list of standard Laplace trans- 
forms, such as Table 45.1 on page 631. 
(ii) Put in the given initial conditions, i.e. y(0) and y’(0) 
(iii) Rearrange the equation to make Y{y} the subject 
(iv) Determine y by using, where necessary, partial frac- 
tions, and taking the inverse of each term by using 
Table 45.1. 


This procedure is demonstrated in the following problems. 


Problem 22. Use Laplace transforms to solve the 
differential equation 
dy | dy 


2, 5 
dx2 si dx 


3y =0 


d 
given that when x = 0, y = 4 and - =9 
x 


dy dy _ 
(i) 22{ Sl +s2{FI —3L{y}= L{0} 


2[s?-L{y} — sy(0) — y(O)] + Sls-Lfy} — yO] 
—3.L{y} = 0 
from equations (45.33) and (45.34) 
(ii) y(0) =4 and y'(0)=9 
Thus 


ls? Lf{y} — 4s — 9] + 5[s Lfy} — 4] -— 3.2L} =0 
i.e. 
2s? A{y} — 89 — 18 + 5s. LA{y} — 20 —3.L{y} = 0 


(iii) Rearranging gives: (2s7 + 5s — 3) L{y} =8s + 38 


85 + 38 
Be) SUN peas a 
8s + 38 
: —1 
ee Peed 
85 + 38 85 +38 
Let = 
2s? +5s—3 (2s—1)(s+3) 
A 7 B 
~%s—-1  s+3 


A(s + 3) + B(2s — 1) 
~ (Qs — 1)(s + 3) 
Hence 85+ 38=A(s+3)+ Bs — 1) 
When s=5, 42=33A from which, A= 12 


— oe 
When s=-—3, 14=—7B from which, B = —2 
= 85 + 38 
H =f! 
re Las| 


psi 12 | 2 | 
2(s — 5) s+3 


Hence y= 6e/2)* — 2e—>* from 3 of Table 45.1. 


Problem 23. Use Laplace transforms to solve the 
differential equation: 
dy 


d’y 
6 + 13y=0 
dx? e dx zs 


da 
given that when x = 0, y=3 and ~ =7 
Ix 


Using the above procedure: 


1 dy | dy | = 
(i) 2\5| ov? + 13.D{y} = L{0} 


Hence [s?-Z{y} — sy(0) — y'(0)] + 6[s-L{y} — y(0)] 
+ 13L{y}=0 
from equations (45.33) and (45.34) 
(ii) y(O) =3 and y'(0) =7 
Thus s?_L{y} —3s—7+6sL{y} — 184+ 13.L{y} =0 
(iii) Rearranging gives: (s? + 6s + 13)-Z{y} = 3s + 25 


, 3s + 25 
OS s?+6s+ 13 
3s + 25 
‘ = —1 
Ine \zpes dl 
_ y-1 3s +25 _gy-l 3(s +3) + 16 
(s+ 3)? +2? (s+ 3)? + 22 


=] 3(s + 3) | —] | 8(2) | 
=e Fesiess si GS 2? 


= 3e~* cos 2t + 8e~* sin 2t 
from 14 and 13 of Table 45.1, page 631. 


Hence y = e—*(3 cos 2t + 8 sin 2t) 


Problem 24. A step voltage is applied toa series C—R 
circuit. When the capacitor is fully charged the circuit 
is suddenly broken. Deduce, using Laplace transforms, 
an expression for the capacitor voltage during the tran- 
sient period if the voltage when the supply is cut is 
V volts. 


From Figure 45.1, page 622, ve + vc = 0 when the supply 
is cut 


i.e. iR+vu.=0 
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A 
ie. (c 2) Rv = 
dt 


ave + 0 
p— 
dt f 


Using the procedure: 


i.e. CR 


duc 
dt 


(i) ver | + 2ived= 210 
ie. CR[sL{v.} — vo] + Lf{vu.} =0 
(ii) vp = V, hence CR[sL{v.} — V] + L{v,} =0 


CRV + L{v-}=0 


(iii) Rearranging gives: CRs-Z{v¢} 
i.e. (CRs + 1)L{v.} = CRV 


CRV 
h Liv} = —_—_— 
ence {uc} (CRs F 1) 
CRV 
(iv) Capacitor voltage, ve = Z~! | CRs 1 | 
= 1 
=CRVZL i 
CR — 
(s+ =z) 
= CRV g-l 1 
CR ap 
"CR 


i.e. ve = Ve as previously obtained in equation 


(45.8) on page 624. 


Problem 25. A series R—L circuit has a step input V 
applied to it. Use Laplace transforms to determine an 
expression for the current i flowing in the circuit given 
that when time t=0, i=0. 


From Figure 45.6 and equation (45.11) on page 625, 
F di 
Ur + vt = V becomes R+L— =V 


Using the procedure: 
(i) LR} +L {eo} = L{V} 


ie. RL{i} + L[s Li} — i(0)] = a 


AY 


(ii) i(0) =0, hence RL{i} + Ls L{i} 


AY 


a and a a! 
(iii) Rearranging gives: (R + Ls) L{i} = — 
Ss 


ie. Pues”! 
s(R + Ls) 
(iv) i= 27! | u | 
s(R + Ls) 
i V _A B A(R + Ls) + Bs 
REE) RE Te. RGIS) 


Hence V=A(R+ Ls) + Bs 


V 
When s=0, V =AR from which, A = R 


R R : 
When s = ,V=B from which, 
L L 


VL 
B=-— 
R 
Hence as ¥ | 
s(R + Ls) 
oe ie 
Ss R+Ls 
V VL 
—1 
aa = WEIS} 
V/i1 4 1 
_ g-l 
= a) RY, 
ale 
Vo-+1)!i 1 
Hae 


4 
Hence current, i = R (1 — e~®/L) as previously obtained 


in equation (45.13), page 625. 


Problem 26. If after a period of time, the switch in 
the R-L circuit of Problem 25 is opened, use Laplace 
transforms to determine an expression to represent the 
current transient response. Assume that at the instant 
of opening the switch, the steady-state current flowing 
is I. 


From Figure 45.6, page 625, vz + vr =0 when the switch 
is opened, 
di 


ie. L— iR=0 
1.e a 
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Using the procedure: 


(i) {Ls &| + ZUR} = 210) 


ie. Li[sL{i}— ip] +RL{i}= 

(ii) ig =J, hence L[s f{i} — + RL {i} = 

(iii) Rearranging gives: Ls #{i} — LI + RL{i} =0 
ie. (R4 LS) Li} = 


LI 
and Liij= 
R+Ls 
LI 
(iv) Current, i= 47! 
R+Ls 
=—[] Sf! tt 
7 L aes 
—+s 
L 
agi} 
L Pa 
as 


ie. i= TeF/)) from 3 of Table 45.1 


Vv V 
Since [= R theni= ae © as previously derived in 


equation (45.17), page 627. 


Now try the following exercise. 


Exercise 173 Further problems on solving differ- 
ential equations using Laplace transforms 


In Problems 1 to 5, use Laplace transforms to solve the 
given differential equations. 


d’y dy ; ‘ 
1. 924 + 1b6y = 0), given y(0) = 3 and y (0) =3 
by=G6- ne] 
dx 


2, We + 100x =0, given x(0) = 2 and x/(0)=0 
[x =2cos 104] 
3 aa 4p 1000! + 250 000i = 0, given i(0) = 0 and 
de dt : 
i/(0)= 100 


d*x dx 
4, + 6— + 8x=0, given x(0) =4 and x’(0)= 


dt dt 
[x =4(Be~2! — 2e- i 


[i= 100te97] 


da? d 2 
5 — = = + y=3e¥, given y(0)=—5 and 
y(0)=4— y= (4t — Del + 5e"] 


6. Use Laplace transforms to solve the differential 
2y dy 

ae ans oe ae 3 cos 3t—11 sin 3f given 

y(0) =0 and y/(0) = 


equation: 


ly=e —e 7 4 sin 34] 


45.7 Laplace transform analysis directly from 
the circuit diagram 


Resistor 
At any instant in time v= Ri 


Since v and i are both functions of time, a more correct 
equation would be v(t) =Ri(t) 

However, this is normally assumed. The Laplace 
transform of this equation is: 


V(s) = RI(s) 


V(s) 

Is) 

(Note that V(s) merely means that it is the Laplace trans- 
form of v and /(s) is the Laplace transform of 7. Whenever 
the Laplace transform of functions is taken it is referred 
to as the ‘s-domain’ — as opposed to the ‘time domain’). 
The resistor is shown in Figure 45.14 in both the time 
domain and the s-domain. 


Hence, in the s-domain R(s) = 


Time i R 


- 


- 


Figure 45.14 


Inductor 


If an inductor has no initial current, i.e. i=O at time 
t =0, the normal equation is v = L(di/dt) where L is the 
inductance. 

The Laplace transform of the equation is: 


V(s) = L[sI(s) — i(0)] from equation 45.33 
and as i(0) = 0 then V(s) = sLI(s) 


Thus the impedance of the inductor in the s-domain is 
given by: 


The inductor is shown in Figure 45.15 in both the time 
domain and the s-domain. 
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Time > SV. 


domain + 


— 
Vv 
I(s) sL 
s-domain WW» sv) 
ie _ 
eS 
vs) 


Figure 45.15 


Capacitor 


If a capacitor has no initial voltage, i.e. v= 0 at time t= 0, 


Problem 28. Determine the impedance of a 200 Q 
resistor in series with an 8 mH inductor in the 
s-domain. 


The impedance of the resistor in the s-domain is 200 Q 
The impedance of the inductor in the s-domain is 
sL=8x 1077s 
Since the components are in series, 

Z(s) = (200 + 8 x 1073s) & 


the normal equation is i= C(dv/dt) 
The Laplace transform of the equation is: 


I(s) = C[sV(s) — v(0)] 
= sC V(s) since v(0) = 0 
Thus the impedance of the capacitor in the s-domain is 
given by: 
Vis) *V(s) 1 


I(s)  sCV(s)sC 


Z(s) = 


The capacitor is shown in Figure 45.16 in both the time 
domain and the s-domain. 


i Cc 
Time + | 
domain * = 
—_— 
Vv 
i 
’ K(s) sC 
s-domain 
a > | | = 
—— 
vs) 


Figure 45.16 


Summarizing, in the time domain, the circuit ele- 
ments are R, L and C and in the s-domain, the circuit 
elements are R, sL and (1/sC). 

Note that the impedance of L is X,=jwL and the 
impedance of C is X. = (—j/w@C) = (1/jowC). 

Thus, just replacing jw with s gives the s-domain expres- 
sions for L and C. (Because of this apparent association 
with j, s is sometimes called the complex frequency and 
the s-domain called the complex frequency domain). 


Problem 27. Determine the impedance of a 5 wF 
capacitor in the s-domain. 


1 
In the s-domain the impedance of a capacitor is C hence 
s 


1 2x 10° 
= Q or Q or . Q 
s(5 x 107°) 5x 10-s s 


Z(s) 


Problem 29. A circuit comprises a50 Q resistor, a5 mH 
inductor and a 0.04 \F capacitor. Determine, in the 
s-domain (a) the impedance when the components are 
connected in series, and (b) the admittance when the 
components are connected in parallel. 


(a) R,L and C connected in series in the s-domain give 
an impedance, 


1 
Z(s)=R L+— 
(s) ets sC 


1 
=(50+4+5 x 1077s + —_—____] Q 
( FS 004 x a) 


(b) R, L and C connected in parallel gives: 


1 1 1 
admittance Y= Y} + ¥9+ Y3= zZz+ZtZ 
In the s-domain, admittance, 
Cee 
s=— — — 
Rs sb _ 
i. 4 PART 
=—+—44sC 
zr a 3 
ie. Y(s) u ee + 0.04 x 107°s } § 
1.e. = pases a x 
=\50 7 5x 10-35 : 
vy = + (2.4 —" _ 4.0.04 x 10-7) 8 
or sy=- es oss i x 
y= 50 | Sx 108 . 
0.04 x 1076 ( s 
~ s 50(0.04 x 10-6) 


I 2 
s 
* ] x 10-3(0.04 x 10-5) +) 


4x 10-8 


ie. Y(s)= (s7 +5 x 105s +5 x 10°)S 


Kirchhoff’s laws in the s-domain 


Kirchhoff’s current and voltage laws may be applied 
to currents and voltages in the s-domain just as they 
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can with normal time domain currents and voltages. To 
solve circuits in the s-domain using Kirchhoff’s laws the 
procedure is: 


(i) change the time domain circuit to an s-domain 

circuit, 

(ii) apply Kirchhoff’s laws in terms of s, 

(iii) solve the equation to obtain the Laplace transform of 
the unknown quantity, and 

(iv) determine the inverse Laplace transform after rear- 
ranging into a form that can be recognised in a table 
of standard transforms. 


This procedure is demonstrated in the following problems. 


Problem 30. Determine an expression for (a) the 
current i through, and (b) the voltage vu, across the 
capacitor for the circuit shown in Figure 45.17, after 
the switch is closed with a supply step voltage of V 
volts. Assume that the capacitor is initially uncharged. 


Figure 45.17 


(a) Using the above procedure: 


(i) In the s-domain the circuit impedance, 
Z(s)=R-+(1/sC) and the step input voltage is 
(V/s) and the circuit is as shown in Figure 45.18. 


K(s) R 


Figure 45.18 


(ii) Applying Kirchhoff’s voltage law: 
Vv 
RS + ves) 
= RI(s) + 2) (s) 
= RI(s sc pi 


2 Lata(te 
1.e. Pim Te 


(45.35) 


(iii) Rearranging gives: 


V 
Is) = i _ mis 
R+— R{ 1+ 
( +} ( +c) 
_ V 
7 R( 1+ ; 
. RsC 
V 
ie. I(s) = i (45.36) 
R a 
(s+ x) 
(iv) Hence current, i= £~!{I(s)} 
=f! a Se 
1 
R ae 
(s+ x) 
= Vo | 
R re 1 
°™ RC 
‘ i | at 
since & =e 
s—a 
1 
then Z! | =e “ from 3 of Table 45.1. 
sta 


V V 
current, i= —e~“1/RO#! = — 9-t/RC 
R R 


as previously obtained in equation (45.6), page 
623. 


(b) From equation (45.35), uc(s) = v — RI(s) and from 
Ss 
equation (45.36), 


wie 2 R r 
s Rl ee 
"RC 
V V 1 1 
= =V 
K) eons Oe iget e 
“TRC RC 
1 = 1 1 
Hence v. = LZ {u-(s)}= LAV -— — i 
s 
** RE 


ie. ve =V(1—e7/RC) from 2 and 3 of Table 45.1, 
as previously obtained in equation (45.4), page 623. 
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‘ du, 
Alternatively, current, i= C fi hence 


¥ t/RC : 
t; t=—e— —t/RC 
w= f ca= [2 pe 7 
0 Cc 0 Cc RC a. 
RC 4o 
= =Vierey, = —V[eWt/RC = e"] 
= —V[e/RC _ 1] 
ive. Ve = VA —e/RC) 


Problem 31. In the R-C series circuit shown in Fig- 
ure 45.19, a ramp voltage V is applied to the input. 
Determine expressions for (a) current, i, and (b) 
capacitor voltage, vu, 


Figure 45.19 


(a) Using the procedure: 


(i) The time domain circuit of Figure 45.19 is 
changed to the s-domain as shown in Figure 
45.20, where the ramp function is (V/s) from 
7 of Table 45.1. 


"(s) A 


at 
s? AL 
sc 


Figure 45.20 


(ii) Applying Kirchhoff’s voltage law gives: 


V RI au =I (e =) 
Oa (s) + al (s) = I(s) TG 


(iii) Hence 


V V 
I(s) = i< 2 
s2(R+ — a 
5 ( +5) cor 
_ ve 
~ s(1+sRC) 


Using partial fractions: 


vc _A rn B 
s(i+sRC) ss  (1+5sRC) 


A(1 + sRC) + Bs 
~ 5(1 + sRC) 


Thus VC = A(1+sRC)+ Bs 
Whens=0 VC=A+0 ie. A=VC 


=| = 
When s = — ve=0+8(=) 
RC 


RC 
ie. B= —VC-R 
Hence 
VC A B 
I(s)= =—+ 
s(1 + sRC) s  (1+sRC) 
VC  —VC?R 
= + —————— 
Ss (1+ sRC) 
VC VC2R 
sg 1 
RC (| — 
(ac . :) 
VC VC 


=— (45.37) 


= VC — VCe~"/®© from 2 and 3 of Table 45.1 


i.e. current, i = VC(1 — e—t/RC ) 
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(b) Capacitor voltage, v-(s) = I(s) (=) 


sc 
vc VC 
Ss I 
s 
_ St RE 
sc 
from equation (45.37) 


1 
hence V=A (s+ x) +Bs 
When s=0 
1 
V =A{| — ]} +0 from which, A = VCR 
RC 


Thus 
V 
vel$) = a 
S| S RC 
_vV VCR VCR 
2 s n 1 
eT RE 
V = VCR VCR 
= + 


s2 Ss " 1 
gees 
RC 


Thus, capacitor voltage, 


V VCR VCR 


s2 KY aL 
oe 


= Vt — VCR + VCR et/RC 
from 7, 2 and 3 of Table 45.1 
i.e. ve = Vt —VCR(1 —e7"®°) 


v= LZ! 


Problem 32. Determine for the R — L series circuit 
shown in Figure 45.21 expressions for current 7, induc- 
tor voltage vz and resistor voltage ve when a step 
voltage V is applied to the input terminals. 


Figure 45.21 


Using the procedure: 


(i) The s-domain circuit is shown in Figure 45.22. 


Is) sL 


v.(s) 


al< 
D 
a 
a 


Figure 45.22 


(ii) Using Kirchhoff’s voltage law: ia =I1(s)(sL)+1(s)R 
V/s V * 
R+sL s(R+sL) 
V —  V/L 
sL (s+ ) Ss (s+ ) 
L L 


Using partial fractions: 


(iii) Current [(s) = 


V/L ri B a(s+F) + Bs 
R Ss R R 
(ez) 7 Gz) ora) 
V R 
Hence ae (s+ ) +Bs 


V R : V 
When s=0: —=A( — ) +0 from which, A= — 
L L R 


When s= 


R 
= 04 a( r) from which, 


Hence /(s) = RB 7s R 
Ay) a 


(45.38) 
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V/R -V/R V Ve 


; kyl Re 
i 


from 2 and 3 of Table 45.1 


(iv) Currenti= 27! 


Vv 
ie. i= —(1—e(Rt/D) 
R 


as previously obtained in equation (45.13), page 625, 
and in Problem 25, page 639. 


In the s-domain, inductor voltage 


up(s) = I(s)(sL) 


V/R V/R 
= (sL) | —— 2 R 
ae? 
from equation (45.38) 
VL VL Ss 


1 
a. R 
st—])s 
s - R 
R needs to be divided out: eae 
(+7) — 
R 
R/L . 
Thus ° =] / 
+ : + . 
sta sta 
L L 
VL VL R/L 
Hence vz (s) = 1 


1 
Thus inductor voltage v, = ZY! {V —# 
s+ 7 
1 
=Vet{— 
s+ L 
1.€. vL = Ve~RtUL 


from 3 of Table 45.1, as previously obtained in equa- 
tion (45.15), page 626. 


Since V = vy + up in Figure 45.21, 

resistor voltage, vr = V — vz = V — Ve Rt/L 
=V(1—e-Ft/l) 

as previously obtained in equation (45.14), page 626. 


Problem 33. For the circuit of Figure 45.21 of Prob- 
lem 32, aramp of V volts/s is applied to the input termi- 
nals, instead of a step voltage. Determine expressions 
for current i, inductor vy, and resistor voltage up 


(i) The circuit for the s-domain is shown in Figure 45.23. 


Figure 45.23 


V 
(ii) From Kirchhoff’s voltage law: z= I(s)(R+sL) 


Ss 


a V V 
(iii) Current [(s) = RTD) = ; a 
sL(s+— 
L 
_ V/L 
~ R 
2 — 
Ss (s+7) 
Using partial fractions: 
V/L _A is B % C 
3 R ss? a R 
set s+ L L 
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from which, 

V R 2 

—=As(s¢4 + Byst+ + Cs 

L L L 

when s =0, 
= OR £ +0 f ich 
ran L rom which, =i 
R 

when s=—~—, 
L 


V R\* 
=0+0+4+C from which, 
L L 


Ba (EN VE 
~ LR?) R2 


Equating s* coefficients: 0=A+C from which, 


VL 
A=-C=-— 
R2 
V/L 
Thus /(s) = / R 
2 pes 
S (s+7) 
A,B Cc 
Peg veer e ge 
oe 
—VL/R2 -V/R VL/R2 
= Lae ih / (45.39) 


Ss "52 4s R 
ste 
L 


(iv) Current, 


i=L'{I(s)} 
a VE galt Vg 1 
R2 Ss R 2 
VEE sey 1 
ae 


VL 4 VL 
== OP Orme 
from 2, 7 and 3 of Table 45.1 


VL 
; ae pS — e(-Rt/L) 
le. i= R! ) (1 — e(-Rt/L)) 


Inductor voltage, 


—VL/R2-V/R_— VL/R* 
ui(s) = I(s)(sL) = sL / t A t es 
s S s+ : 


from equation (45.39) above 


VL" P VL/R n (VL? /R7)s 


eRe 5 R 
S + 7m 
VL? racer VL? | ss 
TRE SRE RE Ne oR 
L 
The division — R was shown on page 645, 
S + L 
: ‘ R/L 
and is equivalent to 1 — aes 
S + a 
FF G) VLE VL, VL" : R/L 
ence vz(s)= 
R sR PR we: 
L 
VL VL?>R{ 1 
= 5 R 
sR RR? L ei 
VL VL 1 
sR R R 
s+ i 
Thus vy = Z| {vz(s)} 
= VL 1 1 VE 1 1 
R Ss R ae R 
L 


VL VL 
i.e. inductor voltage, vy = eo 7 ee 


= ha — e(Rt/L)) 
R 
Resistor voltage, 
—VL/R?  V/R  VL/R? 


2 at ag 
sta 
L 


from equation (45.39) 


ur(s)=I(s)R=R 
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VL V VL 
hence ve=Z%! + | 


sR so R 
R as 
(s + *) 
VL 


VL 
— ay 2 CRD 
R + Vt+ R e 


from 2, 7 and 3 Table 45.1 


L 
ie. vr=Vt—- <a = e(-Rt/L)) 


Problem 34. At time t=O, a sinusoidal voltage 
10 sin wt is applied to an L—R series circuit. Determine 
an expression for the current flowing. 


(i) The circuit is shown in Figure 45.24 and the s-domain 
circuit is shown in Figure 45.25, the 10 sin wt input 


voltage becoming 10 


from 5 of Table 45.1 


(73) : . 
a7 | the s-domain 
sé +O 

i ia 


10) 


Figure 45.24 


I(s) sL 


Figure 45.25 


(ii) From Kirchhoff’s voltage law: 
10a 
Page => I(s)(sL) + I(s)R 
10m 
(s? + w?)(R+5L) 
10m 


(iii) Hence current, /(s) = 


(s* + w*)L (s+ ) 


_ 10w/L 


(s2 +w?) (: + r) 


Using partial fractions: 


10w/L 
R 
2 2 ee 
(s +0 (s+) 
_ Ast+B Cc 
~ (52 + 2) © ( ) 
ue 


R 
(As + B) (: + r) + C(s? + w”) 


(s2 + w?) (: + ) 


1 R 
hence we = (As + B) (: + ) 4O(s? +07) 


R_ 10w RY? 
When s = : =0+C +o 
L L L 


1 1 
from which, C = a == oe 
2 2 
us +0?) F(R? + 120) 
= 10aL 
~ (R? + @°L?) 


Equating s* coefficients, 


10aL 
(R? + wL?) 


10 3 R oe 
i OE ’ 


0 =A+C, from which, A = —C = 


. L (10m 2 
from which, B= R\ aT Cw 


10m La 10wL 
OR R \(R24+@°L’) 


10@(R? + w?L?) — Lw*(10wL) 
~ R(R? + @?L?) 


10mR2 + 10@°L? — 10w*L? 
R(R2 + w2L2) 


_ 10@R 
(R24 aL?) 
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Hence 


10w/L As+B Cc 


I(s) = =F aay 
(8 +0 (545) (s“ + w) (+5) 


—10aL 10a@R 
s4 
R2 + w?L? R? + w?L? 


(s* + @*) 

10a@L 
(m + =n) 

R 

(s + r) 

10w L sb R 

~ R24 021? ( ri *) (s? + @*) * (s* + w?) 
L 


(iv) Current, i= ~!{I(s)} 
= ee Le®!/) _ 1 cos wt 
R +01? 


R., | 
+ — sin wt 
@ 


from 3, 6 and 5 of Table 45.1 


Problem 35. In the series-parallel network shown 
in Figure 45.26, a 5V step voltage is applied at the 
input terminals. Determine an expression to show how 
current i varies with time. 


4Q 100 mH 


5 V step 


Figure 45.26 


10(4 wl 
In the s-domain, Z(s) = 15 4 oro) 
10+4+0.1s 


40+ 5 


15114 + 0.15) + (40 4+ s) 
7 144+0.1s 

210+ 1.55+40+5 
i: 14+ 0.1s 

250 + 2.55 
~ 1440.15 


Since in the s-domain the input voltage is (V/s) then 


i V(s) 5/s 5(14 + 0.15) 
= Fey [0+258\ 2504258) 
14+ 0.1s 
_ 70+ 0.58 
~~ §(250 + 2.55) 
70 0.58 
~ 5(250 + 2.5s) | s(250 + 2.5s) 
70 " 0.5 
~ 2.55(s + 100) — 2.5(s + 100) 
seat 28 : 0.2 
1... y= 
= (e+ 100) | (s + 100) 
28 A B 


Using partial fractions: 


e100; » | @E100) 


A(s + 100) + Bs 


s(s + 100) 
from which, 28 =A(s+ 100) + Bs 
When s = 0 28 = 100A and A=0.28 
When s =—100 28=0-—100B and B= —0.28 
0.28 0.28 0.2 


Hai 
ee COy G00) 


0.28 0.08 
sg (s + 100) 


and current, i= S ~!{1(s)} = 0.28 — 0.08¢7 10% 


from 2 and 3 of Table 45.1 


Now try the following exercise. 


Exercise 174 Further problems on circuit analysis 
using Laplace transforms 


1. Determine the impedance of a 2000 pF capacitor 
1 5 108 9] 


in the s-domain. Q 
in the s-domain cere or , 


2. Determine the impedance of a 0.4H inductor in 
series with a 50 Q resistor in the s-domain. 
[(50 + 0.438) Q] 
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3. Determine the circuit impedance in the s-domain 


for the following: 


(a) a resistor of 100Q in series with a 1uF 
capacitor 


(b) an inductance of 10 mH, a resistance of 500 Q 
and a capacitance of 400 nF in series 


(c) a 10Q resistance in parallel with a 10mH 
inductor 


(d) a 10mH inductor in parallel with a 1ywF 


capacitor 
1 6 
g (100+ ~) Q 
s 


10’ 
AY 


0.15 6 10s 


Q 
(©) 105 0.0is 7" 54 1000 


(d) 


10+ 10°s 
Q or 
0.01s2 + 10° s2 + 108 


. An L-R-C network comprises a 202 resistor, 
a 20mH inductor and a 20\F capacitor. Deter- 
mine in the s-domain (a) the impedance when the 
components are connected in series, and (b) the 
admittance when the components are connected in 
parallel. 


1 
2 02s + ——_ ] 2 
li ( 0+0.0 raw os) 


50 
(b) (0.05 +—+2x 10-Ss) 5| 
Ss 


. A circuit consists of a 0.5 MQ resistor in series 
with a 0.5 j.F capacitor. Determine how the voltage 
across the capacitor varies with time when there 
is a step voltage input of 5 V. Assume the initial 
conditions are zero. 

[vc = 5(1 — e~*) volts] 


. An exponential voltage, V=20e—> volts is 
applied to a series R-L circuit, where R = 10 Q and 
L=0.1H. If the initial conditions are zero, find the 
resulting current. 

i= Ae Sot te 4e— 100t A] 


. If in Problem 6 a supply of 20.2 sin(10r + ¢) volts 
is applied to the circuit find the resulting current. 
Assume the circuit is switched on when ¢ = 0. 

[i =2 sin 10¢ — 0.2 cos 10¢ + 0.2e7 A] 


8. An R-C series network has (a) a step input voltage 
E volts, and (b) a ramp voltage E volts/s, applied 
to the input. Use Laplace transforms to determine 
expressions for the current flowing in each case. 
Assume the capacitor is initially uncharged. 


g a (b) EC(1 — =) 


9. An R-L series network has (a) a step input of E 
volts, (b) a ramp input of 1 V/s, applied across it. 
Use Laplace transforms to develop expressions for 
the voltage across the inductance L in each case. 
Assume that at time t= 0, current i= 0. 


lc Ee7Rt/E (b) = - | 


10. A sinusoidal voltage 5 sin ¢ volts is applied to a 
series R-L circuit. Assuming that at time t=0, 
current i=0 derive an expression for the current 
flowing. 


5 
! Some {Le\®/L) _ L cost + Rsin a] 


11. Derive an expression for the growth of current 
through an inductive coil of resistance 20 Q and 
inductance 2H using Laplace transforms when a 
d.c. voltage of 30 V is suddenly applied to the coil. 

[i= 1.5—1.5e7 1A] 


45.8 L-R-C series circuit using Laplace 
transforms 


An L-R-C series circuit is shown in Figure 45.27 with a 
step input voltage V. In the s-domain, the circuit compo- 
nents are as shown in Figure 45.28 and if the step is applied 
at time t = 0, the s-domain supply voltage is (V/s). 


V 1 
Hence — =/(s) (« + sL 4 ) 
Ss sC 


Figure 45.27 
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Ks) sl R | a 
Vv 
Figure 45.28 
from which, current, 
I V/s V/s 
(= RY SL+d/sQ) ~ G/noR+"L+ C/O) 
V V 
~ sR+s*L+(1/C)  L(s2 +.s(R/L) + (1/LC)) 
V/L 
~ (s2 + (R/L)s + (1/LC)) 


The denominator is made into a perfect square (as in 
Problem 18): 


Hence /(s) = i 
[ert (a) J+ {ze- Ga) | 
se + Ss T 
L 2L LC 2L 
V/L 
R\? / 1 Ne 
(:+ 57) 7 ac) 
(45.40) 
or I(s) 


V/L ice 7 (=) 


(2065460) 


and current, i=! {I(s)} 
From 13 of Table 45.1, 


—1 o —at o 
| (pay bet | =e sin wt, hence 
current, 
2 
i= ues ga sin| a ( E 
1 /R\ LC \2n 
\(ze~ (zz) 


(45.41) 


Problem 36. For the circuit shown in Figure 45.29 
produce an equation which shows how the current 
varies with time. Assume zero initial conditions when 
the switch is closed. 


Figure 45.29 


In the s-domain, applying Kirchhoff’s voltage law gives: 


2 
= I(s)|5+0.1 
5 OF + 
d t I(s) s 
and curren' sS= 
5 x 10* 
s({5+0.1ls+ 
S 
7 2 
~ 55+0.1s2 +5 x 104 
7 2 
7 5 5x 104 
Ch ee ee 
(: oa On ) 


20 
~ (s2 + 50s +5 x 10°) 


20 
~ {52 + 50s + (25)2} + {5 x 105 — (25)?} 


20 
(s+ 25) + /(499 375)? 


20 /(499 375) 
~ \/(499 375) (s + 25)2 + (499 375) 


20 706.7 
~~ 706.7 (s + 25)? + (706.7)? 


Hence current, i = Z| {1(s)} = 0.0283e~?™ sin 706.7t, 
from 13 of Table 45.1, 


ice. i = 28.3e~2° sin 706.7t mA 
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Figure 45.30 


Damping 


The expression for current /(s) in equation (45.40) has 
four possible solutions, each dependant on the values of 
R, Land C. 


Solution 1. When R= 0, the circuit is undamped and, 
from equation (45.40), 


V/L 

I(s) = ——————_ 

52 + _— 

"LC 

1 
From Chapter 28, at resonance, w, = ie hence 
I(s) V/L V Or 
sjy= = 
(s2 + w?) o,L (s2 + w?) 


Hence current, i= 7! {I(s)}= 


Table 45.1 


sin w,t from 5 of 
T- 


which is a sine wave of amplitude and angular 


Or 
velocity w, rad/s. 


This is shown by curve A in Figure 45.30. 


ey. 4 
Solution 2. When {| — < —., the circuit is under- 
2L LC 


damped and the current i is as in equation (45.41). The 
current is oscillatory which is decaying exponentially. 
This is shown by curve B in Figure 45.30. 


2 


Solution 3. When (— ] =—, the circuit is criti- 
2L LC 
cally damped and from equation (45.40), 


V/L 
ios / : 
a 
(s x) 
V/L 
and current, i=! / 


oe 
S OL 


4 
=F pe7(Rt/2L) 
L 


PART 
(45.42) 3 


from 12 of Table 45.1 


The current is non-oscillatory and is as shown in curve C 
in Figure 45.30. 


R\2 

Solution 4. When | —} > —, the circuit is over- 
2L LC 

damped and from equation (45.40), 


[(s)= 
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and current i= 4—!{I(s)} 


ara Ot 


~ LC 


from 15 of Table 45.1 
This curve is shown as curve D in Figure 45.30. 


Problem 37. An L—R-C series circuit contains a coil 
of inductance | H and resistance 8 Q and a capacitor 
of capacitance 50 WF. Assuming current i= 0 at time 
t=O, determine (a) the state of damping in the cir- 
cuit, and (b) an expression for the current when a step 
voltage of 10 V is applied to the circuit. 


ry 8 \? 
(a) (=) -(=5) = 16 and 


1 1 
LC (1)(50 x 10-6) 


= 20000 


Ry od 
Since { — ] <— the circuit is underdamped 
2L LC 


See | 
(b) When (=) < Tak equation (45.41) applies, 


V/L 1 R\? 
Lei= Emp sin] —— —— t 
| 1 ( R ) LC 2L 


be Ve 
10/1 


=! g-4t sin (20000 — 16)t 
Jeo 16° inv ) 


i.e. i= 0.0707e—*! sin 141.4¢A 


Problem 38. Values of R, L and C ina series R-L—C 
circuit are R= 100 Q, L= 423 mH and C = 169.2 wF. 
A step voltage of 2 V is applied to the circuit. Assuming 
current i= 0 at the instant of applying the step, deter- 
mine (a) the state of damping, and (b) an expression 
for current i. 


RY 100 7 
@) (=) ~ Euan nee 


1 1 
LC (0.423)(169.2 x 10~®) 


and = 13972 


2L LC 
(b) From equation (45.42), current 


RY 
Since (=) = — the circuit is critically damped. 


4 2 
i= —te @PD — _“~_t¢ 


0.423 
ie. i= 4.73 te 18-4 a 


(—100/2(0.423))t 


45.9 Initial conditions 


In an L—R-C circuit it is possible, at time t=0, for an 
inductor to carry a current or a capacitor to possess a 
charge. 


(a) For aninductor: vp, =L— 


The Laplace transform of this equation is: 
ui(s) = L[sI(s) — i(0)] 


If, say, (0) = Jp then vz(s) = sLI(s) — Lip (45.43) 
The p.d. across the inductor in the s-domain is given by: 
(sL)I(s) 
Equation (45.43) would appear to comprise two series 
elements, i.e. 
uy(s) = (p.d. across L) + (voltage generator of — LI) 

An inductor can thus be considered as an impedance sL 
in series with an independent voltage source of —Lip as 
shown in Figure 45.31. 


Series equivalent circuit for 
an inductor in the s-domain 


Figure 45.31 
Transposing equation (45.43) for I(s) gives: 


up(s) + Llp _ ur(s) , lo 


I 
(s) sL sb Ss 


Thus, alternatively, an inductor can be considered to be 
an impedance sZ in parallel with an independent current 
source ([9/s) 


I 
i.e. 7(s) = (current through L) + (curren source a) 
Ss 


as shown in Figure 45.32. 
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sL 


K(s) 


‘o 


s 
Parallel equivalent circuit for 
an inductor in the s-domain 


Figure 45.32 


Problem 39. An JL-R series circuit has a step voltage 
V applied to its input terminals. If after a period of 
time the step voltage is removed and replaced by a 
short-circuit, determine the expression for the current 
transient. 


The L — R circuit with a step voltage applied to the input 
is shown in Figure 45.33. 


B 


Figure 45.33 


Using Kirchhoff’s voltage law: 
V=iR+ ri (45.44) 
dt 


If the step voltage is removed the circuit of Figure 45.34 
results. 


L 
A ° re) 
R 
B ® <) 
Figure 45.34 


The s-domain circuit is shown in Figure 45.35 where 
the inductor is considered as an impedance sZL in series 
with a voltage source LJ with it’s direction as shown. 


di 
If V =0 in equation (45.44) then 0 = iR + Le 
i.e. 0 = I(s)R + L[sI(s) — Io] 

= I(s)R + sLI(s) — LIp which verifies Figure 45.35 


Figure 45.35 


In this case Jp = (V/R), the steady state current before the 
step voltage was removed. 


4 
Hence O=/(s)R+sLI(s) — i 


i Yet R+sL 
i.e. z= (s)(R + sL) 


L/R 
and = I(s)= MEd 
R+sL 
VL/R V/R 
~ L(s+(R/L)) (s+ (R/L)) 
V/R V 
Hence current i= 77! ve er e(-Rt/L) 
s+ (R/L) R 
F : dv 
(b) For a capacitor: i= Ce 


The Laplace transform of this equation is: 


I(s) = C[sV(s) — v(0)] 


I(s) = CsV(s) — CVo 
(45.45) 


If, say, v(0) = Vo then 


Rearranging gives: CsV(s) = I(s) + CVo PART 
I(s) _ CVo 3 
fi hich, Vis) = — + — 
rom whic (s) Cs + Gs 
=(4)19+" 
~ \sc Ss 
Le. V(s) = (p.d. across capacitor) 


+ (votaze source *) (45.46) 
Ss 


as shown in Figure 45.36. 

Thus the equivalent circuit in the s-domain for a 
capacitor with an initial voltage Vo is a capacitor with 
impedance (1/sC) in series with an impedance source 
(Vo/s). Alternatively, from equation (45.45), 

I(s) =sCV(s) — CVo 


= (current through C) + (a current source of — CVo) 


as shown in Figure 45.37. 
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4E-Q— 
+ 1 aa 


SC wo 


Series equivalent circuit for 
a capacitor in the s-domain 


Figure 45.36 
ah. 
sC 
Ks) 
Ae 
CV 
Parallel equivalent circuit for 
a capacitor in the s-domain 
Figure 45.37 


Problem 40. A C-R series circuit is shown in Figure 
45.38. The capacitor C is charged to a p.d. of Vo when it 
is suddenly discharged through the resistor R. Deduce 
how the current i and the voltage v vary with time. 


Figure 45.38 


The s-domain equivalent circuit, from equation (45.46), 
is shown in Figure 45.39. 


I(s) 


Figure 45.39 


Applying Kirchhoff’s voltage law: 
vi 1 

2 =19)(%) +816) 

Ss sc 


1 
=10)(R+ 5) 


from which, 
Vi Vi Vi 
i= o/s 0 __ Vo 
Rose Re) wee 
( m a x ( Es =) Cc 
7 R{st : 
*T RE 
Vi 1 
and current i= £—!{I(s)} = ae" a 
‘FRE 
— M0 5(-1/cR) 
V 
i.e. i= — e(-t/CR) 


Vi 
Since v = iR, then v= (Bevo) R 


i.e. v = Voe'—/CR) 


Problem 41. Derive an equation for current i flowing 
through the 1 kQ resistor in Figure 45.40 when the 
switch is moved from x to y. Assume that the switch 
has been in position x for some time. 


50 vf 1kQ 
2 uF 


Figure 45.40 


The 2 WF capacitor will have become fully charged to 50 V 
after a period of time. When the switch is changed from 
x to y the charged capacitor can be considered to be a 
voltage generator of voltage (50/s).The s-domain circuit 
is shown in Figure 45.41. 


I(s) 


1 kQ 


Figure 45.41 
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Applying Kirchhoff’s voltage law in the s-domain gives: 


50 1 
—=! a ——— 
s ‘s) ( Toy =) 


50/s 


103 4 2X 10° 
RY 


50 
~ (103s +5 x 105) 

50/107 _ 0.05 
( 5 x =) ~ (8 +500) 


from which, I(s) = 


103 7 103 


1 
= 0.05 | ———_— 
(. + =) 


Hence current, i = 0.05¢—50 4 


Now try the following exercise. 


4. Ina C-R series circuit the 5 |LF capacitor is charged 
to a p.d. of 100V. It is then suddenly discharged 
through a 1kQ resistor. Determine, after 10 ms 
(a) the value of the current, and (b) the voltage 
across the resistor. [(a) 13.53 mA (b) 13.53 V] 


5. In the circuit shown in Figure 45.43 the switch has 
been connected to point a for some time. It is then 
suddenly switched to point b. Derive an expression 
for current i flowing through the 20 resistor. 


[i= Se 10% Ay 


100 | 20 Q 
50 nF 


Figure 45.43 


Exercise 175 Further problems on circuit analysis 
using Laplace transforms 


1. For the circuit shown in Figure 45.42, derive an 
equation to represent the current i flowing. Assume 
zero conditions when the switch is closed. Is the 
circuit over, critical or under damped? 

[i= 4.47e~ | sin 447¢ mA; underdamped] 


102 0.5 H 10 WF 


4 


Figure 45.42 


2. If for the circuit of Problem 1, R= 100 Q, L=0.5H 
and C=200F, derive an equation to represent 
current. [i= 2te 1A] 


3. If for the circuit of Problem 1, R=1kQ, L=0.5H 
and C=200\F derive an equation to represent 
current. [2.01e7 100% sinh 995t mA] 
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Revision test 14 


7. A 4km transmission line has a characteristic 
impedance of 6007—30° 2. At a particular fre- 
quency, the attenuation coefficient of the line 


This revision test covers the material contained in 
chapters 42 to 45. 


The marks for each question are shown in brackets at 


the end of each question. 


1. A filter section is to have a characteristic impedance 


at zero frequency of 720 Q and a cut-off frequency of 
2 MHz. To meet these requirements, design (a) a low- 


100.20° f 


Figure RT14.1 


is 0.4Np/km and the phase-shift coefficient is 
0.20 rad/km. Calculate (a) the magnitude and phase 
of the voltage at the receiving end if the sending end 
voltage is 5.020° V, and (b) the magnitude and phase 
of the receiving end current. (5) 


: : 8. The primary constants of a transmission line at a 

pass T section filter, and (b) a low-pass z section ae freguenty of Skis are. resistance, k= 20 Oiloop 

km, inductance, L=3mH/loop km, capacitance, 

. A filter is required to pass all frequencies above 50 kHz C=50nF/km, and conductance, G=0.4mS/km. 

and to have a nominal impedance of 620 Q. Design Determine for the line (a) the characteristic 

(a) a high-pass T section filter, and (b) a high-pass zr impedance, (b) the propagation coefficient, (c) the 

section filter to meet these requirements. (8) attenuation coefficient, (d) the phase-shift coeffi- 

cient, (e) the wavelength on the line, and (f) the speed 

. Design (a) a suitable ‘m-derived’ T section, and (b) a of transmission of signal. (13) 
suitable ‘m-derived’ z section having a cut-off fre- 

quency of 50 kHz, a nominal impedance of 600 Q and 9. A loss-free transmission line has a characteristic 

a frequency of infinite attenuation 30 kHz. (14) impedance of 60020° Q and is connected to an aerial 

; } ; of impedance (250+ 7200) 2. Determine (a) the 

. Two coils, A and B, are magnetically coupled; coil A magnitude of the ratio of the reflected to the inci- 

has 400 turns and a self inductance of 20 mH and coil dent voltage wave, and (b) the incident voltage if the 

B has 250 turns and a self inductance of 50 mH. When reflected voltage is 10.260° V. (5) 
a current of 10 A is reversed in coil A, the change 

of flux in coil B is 2mWb. Determine (a) the mutual 10. A low loss transmission line has a mismatched load 

inductance between the coils, and (b) the coefficient such that the reflection coefficient at the termination 

of coupling. (4) is 0.52—150°. The characteristic impedance of the 

; : line is 200 2. Determine (a) the standing wave ratio, 

: Steer eee ee (b) the load impedance, and (c) the cent current 

of 0.8 H and resistance 2 Q; coil Q has an inductance Howie Mea cS a a) 

of 1.2 Hand aresistance of 5 Q. Determine the mutual 11. Determine, in the s-domain, the impedance of 

inductance between the coils if, at a certain instant (a) an inductance of 1 mH, a resistance of 1002 

after the circuit is connected, the current is 5A and and a capacitance of 2 .F connected in series, and 

increasing at a rate of 7.5 A/s. (3) (b) a 50. resistance in parallel with an inductance 

. For the coupled circuit shown in Figure RT14.1, of 5 mH. (6) 

plete aie valves cubits fa anats; 0) 12. A sinusoidal voltage 9 sin 2¢ volts is applied to a series 


R-L circuit. Assuming that at time t=0, current 
i=O and that resistance, R=6 Q and inductance, 
L=1.5 H, determine using Laplace transforms an 
expression for the current flowing in the circuit. 

(12) 


Main formulae for part 3 advanced circuit 


theory and technology 


Complex numbers 

z=a+jb=r(cosé+/siné)=rZ6, 

where j>=—1 Modulus, r =|z| = /(a? + b?) 
b 

Argument, 6 = arg z= tan! — 
a 

Addition: (a + jb) + (c + jb) =(a+c)+j(b+d) 

Subtraction: (a + jb) — (c + jd) = (a—c)+j(b—d) 

Complex equations: If a+jb=c+ jd, then a=c and 

b=d 


If z} =71 ZO, and z7 = 12 Z6> then 
Multiplication: z)z2 =r1r2Z(@1 + 62) 
and Division: ont Ley — 62) 

Z2 «92 


De Moivre’s theorem: 


[rZ6]" =r” Zn = r"( cos nd + j sinnd) 


General 


V ; 
Z= > =R+j(X,—Xe)=1Z|2o 


where |Z| = /[R? + (X_ — Xc)*]and@ = tan7! “— Ac 
i=? Xx, Le Hohe G49 
ES OUI BER pag: yg 
Series: Zp =Z, +22+Z3--- 
| ae ee aes 
Parallel: + 1 pee 


Zr 4 tw 
P=VIcos ¢ or P IpR S=VI Q=VIsing 


R 
Power factor = cos @ = Z 


If V=a+jbandIl=c+jd then P=ac+bd 
Q=bc—ad S=VI*=P+jO 


R-L-C series circuit 


1 o,L 1 1 /L 
Ir= FLO) Q= R =e 
Ment VG sz Sle 
VoeoV f-f 
fr=J(fi f2) 


LR-C network 


~InVA\LC 1 


CR I; R 


1 1 R L I o,L 
fr ( ) R= 0222" 


LR-CR network 
ie es 1 1 Ri —L/C 
"2m /(LC)V \ R2,—L/C 


Determinants 


ab 
cd 


abe 
def 
ghj 


=ad— bc 


ef) ,|jdf de 
ef of J] + ele 


=a 


Delta-star 
ZAZB 


= ——_— etc 
Zat+Zpt+Ze 


Z| 


Star-delta 
Z| 22 + 2223 + Z3Z| 
etc 


Za= 
‘A DB 


Impedance matching 


ga vA 
Z| = N> 16) 


Complex waveforms 


2472 
i= pg dim *lam t ** 
s 2 


7 1”, r. 
ia4y = — id(ot) form factor = 
a Jo mean 


m.s 


P=Volo+ Viti cos ¢1 + Volo cosgo + --- 
P 

power factor = — 
VI 


Harmonic resonance: nwL = —— 
nwC 


or P=I?R 
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Fourier series 


If f(x) is a periodic function of period 27 then its Fourier 
series is given by: 


foe) 
S() =ag+ 3 (an cos nx + by sinnx) 


n=1 
where, for the range —z to +7: 
1 as 
a=— f(x) dx 
2m J_x 


1 4 
a= — f@)cosnxdx (n= 1,2,3,...) 
te =r 


1 4 
by =— f@)sinnxdx (n= 1,2,3,...) 
aa 


iT 


If f(x) is a periodic function of period L then its Fourier 
series is given by: 


f(x) =aot+ a {¢ cos (=) +b, sin (=) | 


n=1 


L 
where for the range — 5 to+—: 


2 
L/2 
a= f(x) dx 
LJ_1p 
Sl pee ae Gia 
a cos | —— — a See 
an fy Ep x L x (n 
> pL > 
b=— | fdsin (=) dx (n= 1,2,3,...) 
LJ-1p2 L 


2 
ao —>° ye an® = Y~ yg cos nx, 
= a er 


2 
by - > ye sin NXK 
Prey 


Hysteresis and Eddy current 


Hysteresis loss/cycle = AaB J/m? 
or hysteresis loss = knuf(By)"” W 


Eddy current loss/cycle = ke(Bm)-f 2 PW. 


Dielectric loss 


Series representation: tand = RswCs = 1/Q 


Parallel representation: tan 6 = 
Rp@Cy 


Loss angle 6 = (90° — ¢) 
Power factor= cos @* tand 
Dielectric power loss = V*wC tan 5 


Field theory 
; 2IEQEr V 
Coaxial cable: C = 5 Fm E= a V/m 
In — rin — 
a a 
Hor (1 
L= 1 H/ 
On G * 7) - 
apes TEQEr 
Twin line: C= D F/m 
In — 
a 
1 D 
= Hoe ( + In ) im 
XN 4 a 


Energy stored: in a capacitor, W = 5C Va: 
in an inductor W = 5LI 2 J 


in electric field per unit volume, 


D2 
of = 5DE = 5£0e,E* = J/m3 


EQEr 
in a non-magnetic medium, 
1 1 2 B 3 
of = 5BH = 5 u9H* =— J/m 
+f 2 2 210 


Attenuators 
Logarithmic ratios: 


: : Py V2 In 
in decibels = 101g — = 20lg— =20lg 
Pi vi q 


in nepers = In 


n = 
Pi vi q 
Symmetrical T-attenuator: 


Ro = (Ri + 2R1R2) = J(RocRsc) 


R=R N-1 R=R 2N 
1=0\ a7 2="0\ y2_7 


Symmetrical zr-attenuator: 


Ri R3 
Ro= (Se) = /(RocRsc) 


rae N2-1 A ots N+1 
1=A0 ON 2 = AKO N—1 


L-section attenuator: 


R, = /[Roa(Roa — Ros)] 
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ABCD parameters 


Network 


ABCD transmission matrix 


Series impedance 


I Ip 
Oo > ~< 
Vj = 
o——_ ——ae 


Shunt admittance 


° i “<< Oo 
V; Vo 
oO re) 
L-network 


T-network 
I Ip 
@ > <q 
Z 2 
V; Y 
Oo 
z-network 
I lp 
oO > @ @ <¢ 
V; Y; Yo 
eo) e o. 


(0 *) 


(r 1) 


(1+YZ) Z 
Y 1 


(+Y¥Z\) (24; +2,+YZ\Z) 
Y (1 + YZ) 


(1+ ¥2Z) Z 
(Yi+%+¥i%Z) A+%Z) 
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ABCD parameters (Continued) 


Network 


ABCD transmission matrix 


Pure mutual inductance 


Oo > ee ~# O 
V; 3 : Vp 0 jaM 
1 
— 0 
JoM 
O O 
ad 
Symmetrical lattice 
oO > ~<t O 
(F +?) ( 2Z, Zp ) 
V, Vs Z, —-Zi LZ —Z 
2 Z1+Z 
Z,—-Zi LZ — Zi 
O O 


|B 
Characteristic impedance, Zy = Cc 


Filter networks 


Low-pass T or 2: fc = 


1 ay 
mf(LC) ° VC 


ne, gai 
tRofc fc 
2 
@ 
wnf-(2)] 
oc 
Ro 


1 L 
High-pass T : =——___. _ a= jf — 
igh-pass T or m: fc in MLO) 0 iz 

i — Ro 

4mRofc Anfc 

wc \2 

aoerfi- (5) 

Ro 


Low and high-pass: 
Zor Zon = 2Z\ 22 = Ri 


ih h &b 
bh bk kl 


Phase angle B = w,/(LC) 
time delay = ./(LC) 
m-derived filter sections: 


Lopes nyt (£) 


Magnetically coupled circuits 


eY = et tiB — 6% /B 


By = —M = $ jomI 
ee ae ena 

doz do La — Lg 
Mean! =i = i= 

Th 1b J(LiL2) r 
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Transmission lines 
21 
Phase delay B = w,/(LC) wavelength A = 3 


velocity of propagation u=fA = 


DIE 


IR =Ise—"’ =Ise—-"* Z—nB 
Vr=Vse-"Y = Vse" Z—nB 
R+joL 
G+joC 
y= J[(R+joL)\(G+joC)] 


Zo = J/(ZocZsc) = i 


I, _ Zo — ZR = V, 
Ii Zo+Ze OV; 
Tmax i, +1, 1+ lol 


Reflection coefficient, p= 


Standing-wave ratio, Ss 


Imn I—-I, 1-\|pl 


Pe eal? 
P, \s+i 


Transients 


C—R circuit t=CR 
Charging: ve=V(1— e@/CR)) y= Ve“(/CR) 
Pie VS 


—(t/CR) —(t/CR) 


Discharging: ve = ur = Ve i=Te 


eps L 
L—R circuit t= — 
R 
Current growth: vz, = Ve~(Rt/L) 
vr = VC — e (Rt/L)) 
i=1(1— e7®t/D)y 
Current decay: vy =vg=Ve~R/)) j= Je~Ft/L) 
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Standard electrical quantities — their symbols and units 665 
Greek alphabet 667 

Common prefixes 668 

Resistor colour coding and ohmic values 669 


Standard electrical quantities — their 


symbols and units 


QUANTITY QUANTITY UNIT UNIT 
SYMBOL SYMBOL 
Admittance Y siemen S 
Angular frequency o radians per second rad/s 
Area A square metres m? 
Attenuation coefficient (or constant) a neper Np 
Capacitance Cc farad F 
Charge Q coulomb Cc 
Charge density o coulomb per square metre C/m? 
Conductance G siemen S 
Current I ampere A 
Current density J ampere per square metre Alm? 
Efficiency n per-unit or per cent p.u. or % 
Electric field strength E volt per metre V/m 
Electric flux wv coulomb Cc 
Electric flux density D coulomb per square metre C/m? 
Electromotive force E volt Vv 
Energy Ww joule J 
Field strength, electric E volt per metre V/m 
Field strength, magnetic el ampere per metre A/m 
Flux, electric w coulomb Cc 
Flux, magnetic ® weber Wb 
Flux density, electric D coulomb per square metre C/m? 
Flux density, magnetic B tesla T 
Force F newton N 
Frequency F hertz Hz 
Frequency, angular o radians per second rad/s 
Frequency, rotational n revolutions per second rev/s 
Impedance Z ohm Q 
Inductance, self L henry H 
Inductance, mutual M henry H 
length l metre m 
Loss angle 0) radian or degrees rad or ° 
Magnetic field strength el ampere per metre A/m 
Magnetic flux ® weber Wb 
Magnetic flux density B tesla T 
Magnetic flux linkage Ww weber Wb 
Magnetising force HH ampere per metre A/m 
Magnetomotive force Fin ampere A 
Mutual inductance M henry H 
Number of phases m - - 
Number of pole-pairs Pp - - 
Number of turns (of a winding) N - - 
Period, Periodic time T second s 
Permeability, absolute be henry per metre H/m 
Permeability of free space Lo henry per metre H/m 


(Continued) 
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QUANTITY QUANTITY UNIT UNIT 
SYMBOL SYMBOL 
Permeability, relative Ly - - 
Permeance A weber per ampere or per henry WD/A or /H 
Permittivity, absolute € farad per metre F/m 
Permittivity of free space €0 farad per metre F/m 
Permittivity, relative E> - - 
Phase-change coefficient B radian rad 
Potential, Potential difference 4 volt Vv 
Power, active P watt W 
Power, apparent S volt ampere VA 
Power, reactive Q volt ampere reactive var 
Propagation coefficient (or constant) y - - 
Quality factor, magnification Q - - 
Quantity of electricity Q coulomb Cc 
Reactance x ohm Q 
Reflection coefficient p - - 
Relative permeability Ly - - 
Relative permittivity E> - - 
Reluctance S or Rin ampere per weber or per henry A/Wb or /H 
Resistance R ohm Q 
Resistance, temperature coefficient of a per degree Celsius or per kelvin I°’Cor/K 
Resistivity p ohm metre Qm 
Slip Ss per unit or per cent p.u. or % 
Standing wave ratio Ss - - 
Susceptance B siemen S 
Temperature coefficient of resistance a per degree Celsius or per kelvin I°’Cor/K 
Temperature, thermodynamic T kelvin K 
Time t second S 
Torque T newton metre Nm 
Velocity v metre per second m/s 
Velocity, angular o radian per second rad/s 
Volume Vv cubic metres m 
Wavelength Xr metre m 


(Note that m/s may also be written as ms~!, C/m? as Cm~?, /K as K~!, and so on.) 
y 


Greek alphabet 


LETTER UPPER CASE LOWER CASE LETTER UPPER CASE LOWER CASE 
Alpha A a Nu N v 
Beta B B Xi 1) é 
Gamma r y Omicron O 0) 
Delta A 5 Pi I cd 
Epsilon E € Rho P p 
Zeta Z c Sigma x o 
Eta H n Tau T T 
Theta iS) 6 Upsilon YT v 
Iota I l Phi ® @d 
Kappa K K Chi x x 
Lambda A Xr Psi Ww w 
Mu M LL Omega Q o 
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Common prefixes 


PREFIX NAME MEANING: PREFIX NAME MEANING: 
multiply by multiply by 

E exa 10!8 d deci 107! 

P peta 10! c centi 10-7 

T tera 10!? m milli 10-3 

G giga 10° lL micro 10-6 

M mega 10° n nano 10~-° 

k kilo 103 p pico 10-!2 

h hecto 10? f femto 10-5 

da deca 10! a atto 10-18 


Resistor colour coding and ohmic values 


Colour code for fixed resistors 


COLOUR SIGNIFICANT MULTIPLIER TOLERANCE 
FIGURES 

Silver - 10-2 +10% 

Gold - 107! +5% 

Black 0 1 - 

Brown 1 10 +1% 

Red 2 102 42% 

Orange 3 103 - 

Yellow 4 10+ - 

Green 5 10° +0.5% 

Blue 6 10° +0.25% 

Violet 7 107 +0.1% 

Grey 8 108 - 

White 9 10° - 

None = - +20% 


Thus, for a four-band fixed resistor (i.e. resistance values 
with two significant figures): 

yellow-violet-orange-red indicates 47 kQ with a tolerance 
of £2% 


orange-orange-silver-brown indicates 0.33 Q with a toler- 
ance of +1% 


and brown-black-brown indicates 100 Q with a tolerance 
of +20% 

(Note that the first band is the one nearest the end of the 
resistor). 

For a five-band fixed resistor (i.e. resistance values with 
three significant figures): 
red-yellow-white-orange-brown indicates 249kQ with a 
tolerance of +1% 


(Note that the fifth band is 1.5 to 2 times wider than the 
other bands). 


Letter and digit code for resistors 


RESISTANCE VALUE MARKED AS 
0.47 Q R47 

1Q 1RO 

4.7 Q 4R7 

47 Q. 47R 

100 Q 100R 

1kQ 1KO 

10 kQ 10K 

10 MQ 10M 


Tolerance is indicated as follows: 


F=+1%,G=+2%, J =+5%, K =+10% and 
M=+20% 


Thus, for example, R33M = 0.33 Q + 20% 
4R7K = 4.7 Q + 10% 
390RJ = 390 Q + 5% 
6K8F=6.8kQ + 1% 
68KK = 68 kQ + 10% 
4M7M = 4.7 MQ + 20% 
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ABCD networks in cascade, 548 
for networks, 550 
parameters, 546 
Absolute permeability, 54, 486 
permittivity, 42 
Absolute voltage, 36 
A.c. bridges, 99, 340 
generator, 155, 476 
values, 157 
Acceptor circuit, 178 
Active power, 182, 329, 336, 465 
Admittance, 316 
Alkaline cell, 20 
Alternating current, 155 
waveforms, 156 
Alternative energy sources, 26 
Ammeter, 8, 82 
Ampere, 3, 5 
Amplifier gain, 215, 216 
Amplitude, 88, 157, 301 
Analogue instrument, 80 
to-digital conversion, 89, 222 
Anderson bridge, 428 
Anode, 21, 108 
Antinode, 618 
Apparent power, 182, 329, 330, 331 
Argand diagram, 297 
Argument, 301 
Armature, 258 
reaction, 259 
Asymmetrical z-section, 527, 539 
T-section, 527, 539 
Atom, 7, 487 
Attenuation, 88, 527, 530 
bands, 558 
coefficient, 574, 613 
constant, 607 
Attenuators, 527 
asymmetrical 2, 527, 539 
asymmetrical T, 527, 539 
cascade, 544 
L-section, 542 
symmetrical zr, 527, 528, 532 
symmetrical T, 527, 528, 531 
Attraction type of m.i. instrument, 81 
Auto transformers, 251 


Auxiliary equation, 628, 629 

Avalanche effect, 107 
breakdown, 110 

Average value, 157 

Avometer, 8, 84 


Back e.m.f., 266 
Band-pass filter, 572, 559 
stop filter, 559 
Bandwidth, 180, 181, 213, 356 
Barrier potential, 105 
Base, 112 
Batteries, 20, 22 
disposal of, 26 
Bell, electric, 13, 64 
B-H curves, 54, 55 


Bipolar junction transistor, 113, 115, 117, 


120 
Breakdown voltage, 107 
Bridge, a.c., 99, 340 
rectifier, 109, 166 
Brush contact loss, 264 
Brushes, 258 
Buffer amplifier, 217 


Calibration accuracy, 100 
Camera flash, 206 
Candela, 3 
Capacitance, 39, 40, 305, 316 
between concentric cylinders, 510 
of isolated twin line, 514, 605 
Capacitive reactance, 169, 306 
Capacitors, 39, 41 
discharging, 51, 204 
in parallel 45 
in series 45 
parallel plate 43, 500 
practical types 49, 502 
Car ignition, 13 
Cartesian complex numbers, 297, 298 
Cathode, 22, 108 
Cell, 21, 25 
capacity, 26 
Ceramic capacitor, 50 
Characteristic impedance, 528, 555 
of filters, 560 
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Characteristic impedance (Continued) 
of transmission line, 608 
in terms of ABCD parameters, 555 
Characteristics, d.c. generator, 261, 262, 
263 
d.c. machines, 259 
d.c. motor, 268, 270, 271 
transistor, 117 
Charge, 3, 8, 41 
density, 42 
Charged particles, 20 
Charging of cell, 22, 25 
capacitor, 199, 622 
Chemical effect of electric current, 13, 20 
Choke, 76 
Circuit magnification factor, 352 
Class A amplifier, 125 
Closed-loop gain, 215 
Coaxial cable, 510 
Coefficient of coupling, 597 
Coercive force, 60, 488 
Cofactor, 373 
Coils in series, cumulatively coupled, 589 
differentially coupled, 590 
Collector, 113 
Combination of waveforms, 163 
Commercial bridge, 100 
Common-mode rejection ratio, 213 
Commutation, 258 
Commutator, 257, 258 
Complex conjugate, 298 
equations, 300 
Complex frequency, 641 
Complex numbers, 297 
applications to parallel networks, 316, 319 
330 
applications to series circuits, 305 
Cartesian form, 297 
De Moivres theorem, 303 
determination of power, 327, 330 
equations, 300 
operations involving, 298 
polar form, 301 
Complex wave, 95, 444 
form factor, 463 
general equation, 444 
harmonics in single-phase circuits, 467 
mean value, 463 
power associated with, 465 
resonance due to harmonics, 474 
rm.s. value, 462 
sources of harmonics, 476 
waveform considerations, 483 
Composite filters, 584 


Compound winding, 258 
wound generator, 263 
motor, 271 
Concentric cable, 510 
field plotting, 512 
Conductance, 5, 316, 605 
Conduction in semiconductor materials, 104 
Conductor, 8, 11, 102 
Constant-current source, 146 
Constant-k high-pass filter, 571 
low-pass filter, 565 
Contact potential, 104, 105 
Continuity tester, 84 
Continuous function, 453 
Continuous loading, 613 
Cooker, 13 
Copper loss, 246, 264 
Core loss, 264 
component, 240 
Corrosion, 22 
Coulomb, 3, 8 
Coulomb’s law, 40 
Coupled circuits, 592 
dot rule, 598 
Coupling coefficient, 588 
Covalent bonds, 104 
Critically damped circuit, 628, 651, 652 
Cumulative compound motor, 271 
Curie temperature, 488 
Current, 3, 5, 7 
division, 33, 320 
magnification, 193, 364 
main effects of, 13 
transformer, 254 
Current gain in transistors, 119 
Curvilinear squares, 506, 507 
Cut-off frequency, 558, 563, 568 
Cycle, 156 


Damping, 69, 651 
device, 80 

D.c. circuit theory, 133, 140 
generators, 260 
machine construction, 258 
machine losses, 264 
machines, 257 
motors, 68, 265 
motor starter, 273 
potentiometer, 99 
transients, 199 

Decibel, 96, 529 
meter, 97 

Delta connection, 225, 228, 235, 423 
star transformation, 423 
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De Moivre’s theorem, 303 
Depletion layer, 104, 105 
De Sauty bridge, 100, 343 
Design impedance, 564 
Detector types, a.c. bridges, 341 
Determinants, 372, 657 
Deviation from resonant frequency, 360 
Diamagnetism, 487 
Dielectric, 41, 42, 500 
hysteresis, 502 
liquid, 502 
loss, 500, 502 
strength, 48, 501 
stress, 511 
Differential amplifier, 218, 220 
compound motor, 271 
voltage amplifier, 212 
Differential equation solution, 635, 637 
Differentiator circuit, 211 
Diffusion, 105 
Digital multimeter, 85 
Digital oscilloscopes, 89 
Digital to analogue conversion, 221 
Digital voltmeter, 84 
Dimensions of most economical cable, 511 
Diode characteristics, 109 
Dirac function, 632 
Discharging of capacitors, 51, 204, 624 
cells, 22, 25 
Disposal of batteries, 26 
Dissipation factor, 503 
Distortion on transmission line, 612 
Diverter, 275 
Domains, 488 
Doping, 104 
Dot rule for coupled circuits, 598 
Double beam oscilloscope, 89 
cage induction motor, 290 
Dust core, 244, 497 
Dynamic current gain, 120, 127 
resistance, 192, 363 


Earth, 36 
Eddy current loss, 247, 491 
Effective value, 157 
Efficiency of d.c. generator, 265 
d.c. motor, 271 
induction motor, 284 
transformer, 246 
Electrical energy, 5, 12 
power, 5, 11 
symbols, 7, 665 
measuring instruments and 
measurements, 8, 80 


Electric bell, 13, 64 
cell, 21 
field strength, 40, 500 
fire, 13 
flux density, 42, 500 
potential, 5 
Electrochemical series, 21 
Electrodes, 21 
Electrolysis, 20 
Electrolyte, 21, 25 
Electrolytic capacitors, 50 
Electromagnetic induction, 70 
laws of, 71 
Electromagnetic wave, 604 
Electromagnetism, 62 
Electromagnets, 64 
Electron, 7, 20, 102 
Electronic instruments, 84 
Electroplating, 13, 21 
Electrostatic field, 39 
E.m-f., 5,22 
equation of transformer, 241 
in armature winding, 259 
Emitter, 113 
Energy, 4, 5 
associated with travelling wave, 615 
electrical, 5, 12 
stored in capacitor, 48 
electric field, 517, 526 
electromagnetic field, 524 
magnetic field of inductor, 76, 525 
Equipotential lines, 506 
Errors, measurement, 100 
Exponential growth and decay curves, 200 
Even function, 457, 483 


Farad, 40 
Faraday’s laws of electromagnetic induction, 71 
Ferrites, 244, 493, 497 
Ferromagnetic-cored coils, 477 
materials, 56, 487 
Field effect transistor, 121 
amplifiers, 124 
characteristics, 121 
Field plotting, 506, 512 
theory, 506 
Filter networks, 558 
band-pass, 559 
band-stop, 559 
composite, 584 
high-pass, 559, 562, 568 
low-pass, 558, 561, 562 
‘m derived’, 579 
time delay, 573 
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Final value theorem, 633, 634 Hay bridge, 100, 342 
Fleming’s left-hand rule, 66 Heating effect of electric current, 13 
right-hand rule, 71 Heaviside bridge, 100 
Fluke, 8, 85 Henry, 74, 519 
Flux density, 53, 486 Hertz, 156, 279 
linkage, 519 High-pass filter, 559, 562, 568 
magnetic, 53, 486 ladder, 562 
Force, 4 ‘m derived’, 582 
on a charge, 69 Hole, 103, 104 
current-carrying conductor, 65 Hydroelectricity, 26 
Forced magnetization, 478 Hydrogen cell, 26 
resonant frequency, 365 Hysteresis, 60, 488, 489 
Form factor, 157, 463 loop, 60, 488, 489 
Formulae, 130, 292, 657 loss, 60, 246, 489 
Forward bias, 105, 106 
characteristics, 106, 107 Image impedance, 539 
Forward transconductance, 122, 123 Imaginary numbers, 297 
Fourier coefficients, 453, 480 Impedance, 170, 173, 307 
Fourier cosine series, 458 matching, 440 
Fourier series, 453 triangle, 170, 173 
for periodic functions, 453, 454 Impulse, 632 
for non-periodic functions, 459 Impurity, 103 
over any range, 457 Incident wave, 614 
Fourier sine series, 459 Induced e.m.f., 71, 519, 250 
Free magnetization, 478 Inductance, 74, 519, 604, 640 
Frequency, 88, 156, 178 mutual, 74, 78 
resonant, 192 of a coil, 76 


Friction and windage losses, 264 
Fuel cell, 26 

Full wave rectification, 109, 166 
Fundamental, 95, 444, 453 
Furnace, 13 

Fuse, 13 


Galvanometer, 98 
Gas insulation, 502 
Generator, 13, 71 
a.c., 155, 476 
efficiency of, 265 
Geothermal energy, 26 
Germanium, 105 
Gravitational force, 4 
Greek alphabet, 667 
Grip rule, 63 


Half-power points, 181, 357 
wave rectification, 166 
wave rectifier, 109, 450 
Harmonic analysis, 95, 446, 480 
numerical method, 480 
resonance, 474 
synthesis, 446 
Harmonics, 95, 444 
in single phase circuits, 467 
sources of, 476 


of a concentric cylinder, 519, 520 
of an isolated twin line, 522, 604 


Induction motor, three-phase, 277 
construction, 280 
copper loss, 283 
double cage, 290 
impedance and current, 283 
losses and efficiency, 284 
principle of operation, 280 


production of rotating magnetic field, 277 


rotor e.m.f. and frequency, 282 
starting, 288 
torque equation, 285 
speed characteristic, 287 

uses, 290 

Inductive circuit, switching, 211 
reactance, 168, 305 

Inductors, 75 

Initial conditions, 652 
value theorem, 633 


Initial slope and three-point method, 200 


Input bias current, 213 
impedance, 215, 217 
offset current, 213 

voltage, 213 

Insertion loss, 536 

Instantaneous values, 157 
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Instrument ‘loading’ effect, 85 
Insulated gate field effect transistor IGFET), 121 
Insulation resistance tester, 84 
Insulator, 8, 11, 102 

Integrator circuit, 211 

Internal resistance of a cell, 22 
Interpoles, 258 

Inverse Laplace transform, 635 
Inverting op amp, 214 

Ion, 7, 20 

Iron, 13 

Iron loss, 246, 264 

Isolating transformer, 253 
Iterative impedance, 528, 539 


Joule, 4, 12, 48, 76, 489 
Junction gate field effect transistor (JFET), 121 


Kelvin, 3 

Kettle, 13 

Kilo, 3, 9 

Kilowatt-hour, 6, 12 

Kirchhoff’s laws, 133, 372 
in the s-domain, 641 
network analysis, 374 


Ladder network, 561 
Lag, angle of, 161 
Lamps in series and parallel, 38 
Lap winding, 258, 259 
Laplace transforms, 622, 630 

by partial fractions, 636 

capacitor, 641 

definition of, 630 

elementary functions, 631 

inductor, 640 

initial 

conditions, 652 
value theorem, 633 

inverse, 635 

L-R-C circuit, 649 

of derivatives, 633 

resistor, 640 

to solve differential equations, 637 
Laws of electromagnetic induction, 71 
L-C parallel network, 187 
Lead, angle of, 160 
Lead-acid cell, 25 
Leakage currents, 502 
Lechlanché cell, 24 
Lenz’s law, 71 
Level-compounded machine, 264 
Lifting magnet, 13, 64 
Light emitting diodes, 109, 111 


Linear device, 9 
scale, 81 
Liquid dielectrics, 502 
Lithium-ion battery, 20 
Loading effect, 85, 613 
Load line, 125 
Local action, 21 
Logarithmic ratios, 96, 529 
Long-shunt compound motor, 263, 271 
Loop currents, 381 
inductance, 523 
Loss angle, 344, 502 
Losses in d.c. machines, 264 
induction motor, 277 
Loudspeaker, 65 
Low-pass filter, 558, 561 
ladder, 561 
‘m derived’, 580 
LR-C parallel network, 189, 363 
resonance, 363 
LR-CR parallel network resonance, 363 
L-R-C circuit using Laplace transforms, 652 
L-R-C series circuit, 174, 628, 649 
L-section attenuator, 542 
Luminous intensity, 3 
Lumped loading, 613 


Magnetically coupled circuits, 587 
Magnetic effect of electric current, 13 
field, 52, 486 
strength, 54, 486 
due to electric current, 62 
flux, 53, 486 
density, 53, 486 
force, 52 
moment, 487 
properties of materials, 487 
screens, 56 
space constant, 54, 486 
Magnetising component, 240 
force, 54, 665 
Magnetization curves, 54, 486 
Magnetomotive force, 54, 486 
Magnification factor, 352 
Majority carriers, 104, 105 
Manganese battery, 20 
Matched network, 531, 537 
Matching transformer, 440, 623 
Maximum power transfer theorems, d.c., 152 
a.c., 435 
Maximum repetitive reverse voltage, 109 
Maximum value, 157 
Maxwell bridge, 100, 341 
Maxwell—Wien bridge, 343 
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Maxwell’s theorem, 381 
Mean value, 157 
of complex wave, 463 
Measurement errors, 100 
of power in three phase systems, 231 
‘m derived’ filter, 579 
Mega, 3, 9 
Megger, 84 
Mercury cell, 24 
Mesh-connection, 225, 228, 235, 423 
current analysis, 381 
Mica capacitor, 49 
Micro, 3, 9 
Microelectronic systems, 479 
Milli, 3, 9 
Minor, 373 
Minority carriers, 105, 106 
Mismatched load, 614 
Modulus, 301 
Mole, 3 
Moores circle technique, 507 
Motor, 13, 257, 265 
compound, 271 
cooling, 276 
d.c., principle of operation, 68 
speed control, 274 
starter, 273 
Moving coil instrument, principle of, 68, 81, 82 
rectifier instrument, 81, 82 
Moving iron instrument, 81, 82 
Multimeter, 8, 84 
Multiples, 3, 9 
Multiplier, 82, 83 
Mutual inductance, 74, 78, 587 


Nano, 3 
Natural frequency, 365 
Negative feedback, 213 
Nepers, 529 
Network analysis, 372 
Neutral point, 226 
Neutron, 7 
Newton, 4 
Nickel cadmium cells, 25 
Nickel-iron alloys, 497 
Nickel metal cells, 25 
Nodal analysis, 385 
Node, 385, 618 
Nominal impedance, 563, 569 
Non-linear device, 9 
scale, 81 
Nonpermanent magnetic materials, 496 
Norton and Thévenin equivalent networks, 149, 417 
Norton’s theorem, 146, 410 


n—p-n transistor, 114 

n-type material, 103 

Nucleus, 7 

Null method of measurement, 98 


Odd functions, 457, 458, 483 

Ohm, 5, 8 

Ohmic values, 669 

Ohmmeter, 8, 84 

Ohm’s law, 9 

Operating point, 126, 127 

Operational amplifiers, 212 
integrator, 219 
inverting amplifier, 214 
non-inverting amplifier, 216 
parameters, 213 
summing amplifier, 217, 221 
transfer characteristics, 213 
voltage comparator, 218, 222 
voltage follower, 217 

Oscilloscope, analogue, 8, 87 
digital, 87, 89 

Overdamped circuit, 628, 651 

Over-compounded machine, 264 

Owen bridge, 100, 343 


Paper capacitor, 50 


Parallel networks, 31, 316, 319, 362 


plate capacitor, 43, 500 
resonance, 191, 362 

Paramagnetism, 487 

Partial fractions, 636 

Passbands, 558 

Peak factor, 157 
Peak-to-peak value, 157 
value, 88, 157 

Peak inverse voltage, 109 

Pentavalent impurity, 104 

Period, 156, 444 

Periodic function, 444, 453 
time, 88, 156, 241 

Permanent magnet, 52 
magnetic materials, 497 

Permeability, absolute, 54, 486 
of free space, 54, 486 
relative, 54, 486 

Permeance, 487 

Permittivity, absolute, 42 
of free space, 42, 666 
relative, 42, 500 

Phase delay, 605, 606 
shift coefficient, 574, 607, 613 

Phasor, 160 

Photovoltaic cells, 26 
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Pico, 3 

zr-attenuator, 531, 532 
connection, 527 

Plastic capacitors, 50 

p-—n junction, 104 

p—n-p transistor, 114 

Polar form of complex number, 301 

Polarization, 21, 500 

Poles, 258 

Potential difference, 5, 8 
divider, 29 
gradient, 40 

Potentiometer, 29, 99 

Power, 4, 11 
associated with complex waves, 465 
factor, 182, 195, 329, 330, 465, 503 

improvement, 195, 334 

gain, 127 
in a.c. circuits, 181, 327 
in three phase systems, 230 
loss, 503 
triangle, 182, 329 

Prefixes, 668 

Primary cell, 20, 24 
constants, 604 

Principal node, 385 

Product-arm bridge, 341 

Propagation coefficient, 573, 609 
constant, 574, 607 

Protons, 7, 102 

Prototype filter, 567, 571 

p-type material, 104 


Q-factor, 179, 193, 351, 362 

in parallel, 364 

in series, 355 
Quantity of electric charge, 3, 8 
Quiescent point, 126, 127 


Rating of a machine, 330 
transformer, 238 
Ratio-arm bridge, 341 
R-C parallel network 186 
series circuit 173, 307, 622 
Reactive power, 182, 329, 330, 336 
Real number, 299, 415 
Reciprocity theorem, 548, 549 
Rectangular complex number, 297 
Rectification, 109, 166 
Rectifier, 81, 109, 476 
Rectifier diodes, 108, 109 
Reference level, 96 
Reflected impedance, 594 
wave, 614 


Reflection coefficient, 615 
Regulation of a transformer, 246 
Rejector circuit, 192 
Relative permeability, 54, 487 
permittivity, 42, 500 
Relative voltage, 36 
Relay, 13, 64 
Reluctance, 56, 487 
Remanence, 60, 488, 490 
Renewable energy sources, 26 
Repulsion type of m.i. instrument, 81 
Residual flux density, 60 
Resistance, 5, 8, 15, 249 
internal, 22 
matching, 249 
variation, 15 
Resistivity, 15 
Resistor colour coding, 669 
Resonance, applications of, 192 
Resonance, by tuning capacitors, 596 
due to harmonics, 474 
parallel, 181, 192, 362 
series, 175, 178, 349 
Reverse bias, 105, 106 
characteristics, 109, 110 
R-L-C circuit using Laplace transforms, 649 
R-L-C series circuit, 174, 308, 364, 365, 628 
R-L parallel network, 185 
series circuit, 170, 625 
R.m.s. value, 89, 157 
complex wave, 462 
Roots of auxiliary equation, 629 
Rotation of loop in magnetic field, 73 


s-domain, 641 

Kirchhoff’s laws, 133 
Saturation flux density, 60, 488, 496 
Schering bridge, 100, 344, 346, 348 
Schottky diodes, 112 
Screw rule, 63 
Secondary cell, 20, 24, 27 

line constants, 607 
Selective resonance, 474 
Selectivity, 180, 181, 358 
Self-excited generator, 260 
Self inductance, 587 
Semiconductor diodes, 102, 108 
Semiconductor materials, 102, 103 
Semiconductors, 102, 103 
Separately-excited generator, 260, 261 
Separation of hysteresis and eddy current 

losses, 494 

Series circuit, 28 

a.c., 168, 305 
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Series magnetic circuit, 57 
resonance, 175, 178, 349 
winding, 258 
wound motor, 268, 270, 275 
generator, 260 

Shells, 7, 103 

Short-shunt compound motor, 271 

Shunt, 82 
field regulator, 274 
winding, 258 
wound generator, 262 

motor, 268, 274 

Siemens, 5, 316 

Silicon, 103 

Silicon controlled rectifiers, 111 

Silicon-iron alloys, 496 

Silver oxide battery, 20 

Simple cell, 21 

Simultaneous equations using determinants, 

372 

Single-phase parallel a.c. network, 185 
series a.c. circuit, 168 
supply, 225 

Sine wave, 156 
general equation, 160 

S.I. units, 3 

Skin effect, 519 

Slew rate, 214 

Slip, 281 

Solar energy, 26 

Soldering iron, 13 

Solenoid, 64 

Spectrum analysis, 94 

Speed control of d.c. motors, 274 

Squirrel-cage rotor, 280, 288 

Standing wave, 617 
ratio, 619 

Star connection, 225, 226, 230, 235, 423 
delta transformation, 431 

Star point, 226 

Stator, 258 

Steady state, 199, 201 

Steinmetz index, 490 

Step input, L-R-C circuit, 649 
R-C circuit, 622 
R-L circuit, 625 

Stopbands, 558 

Streamline, 506 

Sub-multiples, 9 

Summing amplifier, 217, 221 
point, 218 

Superposition theorem, 137, 391 

Susceptance, 316 

Switched-mode power supplies, 112 


Symmetrical zr-attenuator, 532, 534 
T-attenuator, 527, 528, 531, 658 

Symmetrical lattice 553, 660 

Synchronous speed, 279, 281 


Tangent method, 200 
T-attenuator, 531, 658 

connection, 527 
Telephone receiver, 64, 65 
Temperature coefficient of resistance, 17 
Tesla, 53, 486 
Thermal effects of dielectrics, 502 
Thermodynamic temperature, 3, 666 
Thévenin’s theorem, 142, 400, 575 


Thévinin and Norton equivalent networks, 149, 417 


Three-phase induction motors, 277 
construction, 280 
copper loss, 283 
double cage, 290 
impedance and current, 283 
losses and efficiency, 284 
principle of operation, 280 
production of rotating magnetic field, 277 
rotor e.m.f. and frequency, 282 
starting, 288 
torque equation, 285 
speed characteristics, 287 
uses, 290 
Three-phase systems, 225 
advantages of, 236 
power, 230 
Three-phase transformers, 253 
Thyristor, 111, 479 
Tidal power, 26 
Time constant, C-R circuit, 200 
L-R circuit, 207 
Time delay, 576 
Titanium oxide capacitor, 50 
Torque of a d.c. machine, 266 
Torque-speed characteristic, of induction motor, 
287 
Transfer characteristics, 213 
Transformation ratio, 238 
Transformer, 13, 237, 440 
a.f., 244 
auto, 251 
cooling, 244 
construction, 244 
current, 254 
e.m.f. equation, 241 
equivalent circuit, 244 
isolating, 253 
losses and efficiency, 246 
maximum efficiency, 248 
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no-load phasor diagram, 239 
on-load phasor diagram, 242 
power, 244 
principle of operation, 237 
regulation, 246 
rf., 244 
three-phase, 253 
voltage, 255 
windings, 244 
Transient curves, C—R, 200, 201 
L-R, 206, 207 
Transients, 199, 622 
Transistor, 113, 477 
action, 114, 115 
amplifier, 124 
characteristics, 117 
connections, 114 
maximum ratings, 120 
symbols, 114 
Transistor classification, 113 
operating configurations, 116 
parameters, 118 
Transit time, 577 
Transmission lines, 604 
current and voltage relationships, 607 
distortion, 612 
primary constants, 604 
secondary constants, 607 
standing waves, 617 
wave reflection, 614 
Transmission matrix, 547 
parameters, 547 
Trapezoidal rule, 480 
Travelling wave, 604 
Trivalent impurity, 104 
True power, 182, 329 
Two port networks, 527 
in cascade, 544 
Types of capacitor, 49 


UK supply voltage, 226 
Under compounded machine, 264 
Underdamped circuit, 629, 651 
Unit of electricity, 12 
Units, 3, 6 

S.L,3 


Universal bridge, 100 
instrument, 84 
Vacuum, 42 
Valence shell, 103 
Valves, 477 
Varactor diodes, 109, 111 
Variable air capacitor, 49 
Velocity of propagation, 605, 606, 613 
Virtual digital storage oscilloscope, 92 
Virtual test and measuring instruments, 91 
Volt, 5, 8 
Voltage, 7, 8 
comparator, 218, 222 
follower op amp, 217 
gain, 127 
magnification at resonance, 179, 353 
relative, 36 
transformer, 255 
triangle, 170, 173 
Voltage regulator, 110 
Voltmeter, 8, 84 


Water heater, 13 

Watt, 4, 11 

Wattmeter, 85 

Waveform analyser, 446 
considerations, 483 
harmonics 95, 446 

Waveforms, 156 
combination of, 163 

Wavelength, 606 

Wave reflection, 614 
winding, 258, 259 

Weber, 53, 486 

Weight, 4 

Wheatstone bridge, 98, 130 

Wien bridge, 100, 345, 346 

Wind power, 26 

Work, 4 

Wound rotor, 280, 288 


Yoke, 258 


Zener diode, 110 
effect, 107 


